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discrete “spiral of Theodorus” (also known as
“Quadratwurzelschnecke’”; Hlawka, 1980)

parametric representation 7' (a) e C, a >0
defining properties

T(n)="1, |
T,| = +/n » n=0,1,2,...
|Tn—|—1 Tn| — )
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problem: Interpolate the discrete Theodorus spiral by a
smooth (or even analytic) spiral
solution (P.J. Davis, 1993; inspired by Euler’s work on the

gamma function)

& 1+ifVE e
T(&)_glJri/\/kJroz—l’ @20 (i=v-1)

properties

T(a)| = Va

T(a+1) = (1 4 %a) T(a)
“heart” of the spiral: T'(a), 1 < a <2

(Gronau, 2004) Davis’s function is the unique solution
of the above difference equation with |7'(«)| and
arg T (o) monotonically increasing, and 7'(1) = 1.
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a little bit of number theory

distribution of the angles

n

1
On = L1111 = sin~! :
1 ToT 41 ;; —

equidistribution (Hlawka, 1979)

n=1273,...

The sequence {y,, }>2, is equidistributed mod 27

more generally

n

l<a<?2 n=123 ...

The sequence {y, () }°2; is equidistributed mod 27 for
any o wWith 1 < o < 2 (Niederreiter, email Feb. 3, 2009)
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logarithmic derivative of T'(«)

T () 531+v¢k+&—1<1 1 +i/Vk
T(a) “~— 1+i/Vk da\1+i/Vk+a—1

, i (k+a—1)37
(1+1/\//~c+oz—1)§(1“/\/1“%_1)2

1

©.@)
k=

Theo = p. 7/1



logarithmic derivative of T'(«)

T' (o) i1+i/\/k+a—1 d 1+i/VEk
T(a) 4= 1+i/vVk da \1+i/vVk+a—1

i (k+a-—1)732
2 (1+i/Vk+a—1)2

=531+M¢h+@—ﬂ

N)Ir—“

Si 1
~ (k+a—1)(Vk+a—1+i)

1

Theo = p. 7/1



logarithmic derivative of T'(«)

T' (o) i1+i/\/k+a—1 d 1+i/VEk
T(a) 4= 1+i/vVk da \1+i/vVk+a—1

i (k+a-—1)732
2 (1+i/Vk+a—1)2

=531+M¢h+@—ﬂ

N)Ir—“

Si 1
~ (k+a—1)(Vk+a—1+i)

1

@)

i Vk+a—1-—i
(k+a—1)k+ a)

k=1

Theo = p. 7/1



logarithmic derivative of T'(«) (cont’)

1

1 o
_§; k+a—1 )(k+ ) 3

- 1
; k4+a—1)324+(k+a—1)1/2

Theo — p. 8/1



logarithmic derivative of T'(«) (cont’)

1

1 o0
_52 k+a—1 (k + «) T3

- 1
— ; k+a—1324+ (k+a—1)1/2

] — 1 i
_§Z<k+a—1 k+&>+§U<O‘>

k=1

Theo — p. 8/1



logarithmic derivative of T'(«) (cont’)
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Integrate from 1 to o>1

InT () = In(a'/?) + % /1a U(a)da

polar representation of T'(«)
T(a) = va exp (% / U(a)da), a>1
1

since T"(1) = £ + 4 U(1), the slope of the tangent vector to the
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Integrate from 1 to o>1
InT(a) = In(a'?) + = / U(a)da
1

polar representation of T'(«)
T(a) = va exp (% / U(a)da), a>1
1

since T"(1) = £ + 4 U(1), the slope of the tangent vector to the
spiralat v = 1 1S

©@,

1

U(l) = Z TP RYE (Theodorus constant)
k=1

numerical analysis and special functions: compute and identify

Ula) => 12, (k+a_1)3/2}r(k+a_1)1/2 , [ U(e)da for 1 < a < 2
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summation by integration (G. & Milovanovic, 1985)

s=Y ap, ap=(Lf)(k)

Theo - p. 10/1



first digression
summation by integration (G. & Milovanovic, 1985)

s=Y ap, ap=(Lf)(k)
k=1
_ >

hHk) =3 / e ()t

1

Theo - p. 10/1



first digression
summation by integration (G. & Milovanovic, 1985)

5 = Zak, ap = (Lf)(k)

:/OOO (iek>f()dt /Oooett_lfit)dt

Theo - p. 10/1



first digression
summation by integration (G. & Milovanovic, 1985)

s=Y ap, ap=(Lf)(k)

:/OOO (iekt> f(t)dt_: /OOO LT,

Thus

Theo - p. 10/1



1 o2

TR AR k1
convolution theorem for Laplace transform

Lg-Lh=Lgxh, (g*xh)(t)= /Otg(T)h(t — 7)dT

Theodorus: ax

Theo -— p. 11/1



1 o2

TR AR k1
convolution theorem for Laplace transform

Lg-Lh=Lgxh, (g*xh)(t)= /Otg(T)h(t — 7)dT

Theodorus: ax

application to ay

=12 _ (£ t1/2) (k)

Theo -— p. 11/1



1 o2

TR AR k1
convolution theorem for Laplace transform

Lg-Lh=Lgxh, (g*xh)(t)= /Otg(T)h(t — 7)dT

Theodorus: ax

application to ay

=12 _ (£ t1/2) (k)

Theo -— p. 11/1



Theodorus (cont’)
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second digression
Gaussian quadrature  n-point quadrature formula
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second digression
Gaussian quadrature  n-point quadrature formula

/ Z)\k ng 7 g € Py
0

orthogonal polynomials

(7, m0) = 0, k # £, where (u,v) :/ u(t)v(t)w(t)dt
0
three-term recurrence relation

7Tk+1(t) — (t — Oék)ﬂ'k(t) — ﬁkﬂ'k_l(t), k = O, 1, 2, S0
m_1(t) =0, m(t) =1

where o, = Oék(w) e R, O = Bk( >0, fo = fO
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Jacobi matrix

Cap 0 7
Bi ar B
Jn(w) = By
B e @n—l
. 0 6n—1 1 -

Gaussian nodes and weights (Golub & Welsch, 1969)
7" = eigenvalues of J,,, A = Bovi 1

v = first component of (normalized) eigenvector vy

moments of w
m :/ t*w(t)dt, k=0,1,...,2n—1
0

Chebyshev algorithm
{e}is! — {aw, Be}izo
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numerical results for Gaussian quadrature (in 15D-arithmetic)
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numerical results for Gaussian quadrature (in 15D-arithmetic)

00 00 /
,uk:/o tkw(t)dt:/o tk+1idtzf(k+3/2)§(k+3/2)

et_
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Sp = —= A F T T

ﬁ — k ( k / k
TS,
5 1'85997
15 | 1'86002507922117,.
25 | 1:860025079221190307180689.
35 | 1:860025079221190307180695915717141 .
15 | 1.8600250792211903071806959157171433746665235,
55 | 1:8600250792211903071806959157171433246665241215
65 | 1:8600250792211903071806959157171433246665241215
75 | 1:8600250792211003071806959157171433246665241215
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computation and identification of U(«) and [;" U(«)da

(k4o —1)71/2 | /t 12 ()
_ Ddr ) (k+a— 1
Gtoa-D1l = L OT e T)(k+a—1)

applying the shift property for Laplace transform

(Lg) (s +b) = (Le"g(t)) (s)

yields
(k4o —1)71/2

(k+ta—1)+1 % . (eat /ot Tl/QerT) (k)
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Ula) = /OOO @ e(t)dt = % /OOZWWF(\\[?) w(t)dt

t1/2
w(t):et—l’ l<a<?2

identification of U («) as a Laplace transform

F(vt)

Ula) = (Lu) (a — 1), u(t):\; v

w(?)

the integral of U(«)
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Epilogue

* summation theory can be generalized to series

sy = kKr(k), s =) (=D r(k), 0<w<1
k=1 k=1

where (k) is a rational function

* regularizing transformation (J. Waldvogel, in preparation)

a=7r* reR
then
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1+i 1 1+i/Vk

T(O‘):T(T2):1+i/r 1+i/vVr2+k—1

k=2
Is analytic for r € C\ |i,io0| U [—i, —io0]

r > 0. spiral of Theodorus
r < 0: analytic continuation of the spiral
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