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A gallery of weight functions

1 + sin(1/%) 1 + cos(1/t)
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gallery (cont’)

exp (—1/t — 1) exp (—1/t* — t%)
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M oment-based approach

The first 2n moments

b
uk:/tkw(t)dt, k=0,1,....2n—1,

of a weight function w on |a, b] determine uniquely
the first n by Uy bk =0,1,

...,n — 1 In the three-term recurrence relation for
the orthogonal polynomials 7. ( - ; w),

Th1(t) = (t — og)m(t) — Opmp_1(),
k=0,1,....,n—1,
7T_1(t) — O, Wo(t) =1
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Moment map

mom = [p)25t — ab = [ay, Fuli)
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Moment map

mom = [Mk:]zi—ol — ab = |, Oklp=g

Implementation
Chebyshev algorithm (1859)
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Moment map

mom = [i]yZy" — ab = [0k, Tk]ig

Implementation

Chebyshev algorithm (1859)
Matlab
=chebyshev(N, nom
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Implementation
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Moment map

mom = [i]yZy" — ab = [0k, Tk]ig

Implementation

Chebyshev algorithm (1859)
Matlab
=chebyshev(N, nom
l1l-conditioned!

Remedy: symbolic Matlab
=schebyshev(di g, N, nom
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Theweight function w(t) = 1 + sin(1/t) on |0, 1]
moments

let
fo thsin(1/t)dt = [t~ *2) sin ¢ dt
then
M = s g (cos 1 — gy o) +sin 1]
where

ply =% —8Si(1), pg=sinl — Ci(1)
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Theweight function w(t) = 1 + sin(1/t) on |0, 1]
moments
let

fo thsin(1/t)dt = [t~ *2) sin ¢ dt

then

M = s g (cos 1 — gy o) +sin 1]
where
ply =% —8Si(1), pg=sinl — Ci(1)
thus

uk_/oltk[lJrsin(l/t)]dt_ : 0

kr1 M
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M atlab routine

2R SINO 2ymbolic/variasble—precision recurrence
coefficients for the weight function wiz)=
1+sin(1/=z) on [0,1]

SYILS mom ab
digits(d); dig=d;

R S Y g
momi1l)="sin(1)-Ci{1):

mom(2) =210 1)-pif2+sinil)+cos(1)] /27 ;
Tor k=32:2+%HN
-~ b - 1 ] 5 - k| 1 b
mom Lk} =00 *cosil) *—momik—2)) fllk—1)+ sin(1) * ) fl;

end
Tor k=1:2%N
mon (k) =momik)+1
end
ab=schebyshev(dig,N,mom) ;
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output (N=40, d=16)

o
[.5841 0295516095668, 1. Sﬁiﬁﬁ?ﬁﬁlﬂﬁﬁﬂ“ﬂ]
[.4634474607 77o499 ,

[. 4uTTﬁ:u.141TG::2. .fgazurrrr4ua4554u—1]
[.53545900858623750, .BEAFE85019105795e—1]
[.4669 144430825117, 6250489434 316932e—1]
[.4951 2045601062358, .72624197318451858e—1]

[.5109848577 717308, 5919672749724 703e—1]
[.49193468787 523436, 6215164541801 303e—1]
[L49730F0207 106440, 5404413841 533854e—1]
[.51002581 141 08339 T;. CA093 A3 20420589541 ]
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Example 1 [ tan((3m — 8)t) sin(1/t)dt
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Example 1 [ tan((3m — 8)t) sin(1/t)dt

[ f@) sin(1/8)dt = [ f()[1 +sin(1/8)]dt — [ £(t)dt



Jy 1

Example 1 [ tan((%w — §)t)sin(1/t)dt

)sin(1/t)dt = [} f(#)[1 + sin(1/8)]dt — [ f(t)dt

% INTSINO Ezanple 1
|:|III
i1
load —ascil absind;
P : s g A AT

ab=absint; abl=r_jacobiol(d0);
Tor n=1:4:35

El;-:r1=gaussli_n,ah1_.lr Iy=gaussin, ab)

intl=sumf=zwl(:,2) .*tan( (pi/2—deltal...
kEwl(:,12)):
int s=sunf zwl :, 1}.#tanﬂipif2—delta}...
+TU[:_1JJ|;
int=ints—-intl
end
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output (0 = .1)

A2 int=sing

27160550361 252+00
205738994 256 e +00
296173003358 82+00
2951860624657 +00
0153 1003e+00
21 oAl Le+00
2a1l702821le+00
2817088382 +00

1
1
1
1
1.
1
1
1
1

8A170E039e+00
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output (0 = .1)

A2 int=sing

2716655036125 +00
L 2A5TEE994 258 0 +00
2951790099452 G +00)
. 295188062485 Te+00
2951851489 160 32e+00
295186170823 de+00
. 295186170863 1e+00

. 2958186170853 02+00

1
1
1
1
1
1
1
1
1

. 2981861708626 +00

1000-point Gauss-Legendre
on [0,1] yields 6 correct digits
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Theweight function w(t) = e~1/* on [0, 1]
moments

= [ theVtdt = [t~ tDetdt = Fy (1)

recurrence

Hk+1 = %39 (€™ — 1), o = En(1)
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Theweight function w(t) = e/t on [0, 1]
moments

Ll = fo k‘ —1/tdt _ fl —(k+2) _tdt _ Ek—i—Q(l)

recurrence

Hk+1 = %19 (€™ =), po = Ex(1)
Matlab routine

% BREXP0O Symbolic/variable-precision recurrence coefficients
g L . | " -

-+ for the weight function wiz)=ezpi-1/z) on [0,1]

|'

SYME Mom ab
lﬂlE its (d) ; dig=d;

mem (1) =vpal(’Ei(2,1),d);
for k=2:2%N | :
mom (k) =(exp (-1 "—mem(k-1)) /k;

schebyshev(dig,N,mom,) ;



Example 2 [ In(1 + t)e~/*dt
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Example 2 [ In(1 + t)e~/*dt
Gauss quadrature with weight function e~/

A7 intezpo

n-point Gauss
2.12625541 0047 9e—02
8.1255735149253e—02
2.1255733983155e—02
8.1256733982820e—02
2.125573398281 9e—02

8.12557233982819:e—02

102-point Gauss—Laguerre quadrature of
e 1(1+1t)?In(1 + (1 +¢)~ ') yields the
same limit value

OPsaff = n. 13/7



Theweight function w(t) = e/t~ on [0, oo]
moments

g = [ the= WAt = 2K, (2)

recurrence
k1 = (B + D pg + pp—1, p—1 = 2Ko(2), po = 2K:(2)
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Theweight function w(t) = e~'/*=* on [0, oc]
moments

g = [ the= WAt = 2K, (2)
recurrence
e = (b 4+ 1) + pp—1, po1 = 2Ko(2), po = 2K4(2)

Matlab routine

E SR EXPOINE Wariable-—precision recurrence coefficients

for the weight function wiz)=ezp(-1/z-z) on [0,inf]

|I
|I

SYMS Mom &b
d1g1+~fdJ; dig=d;
mnmlll—mpil‘“*EEEEElHil,E}’,digj;
mnmllj—mnmlll+'p1L’*#Eesselﬁﬁﬂ,E]’,dig};
Tor k=2 :2%1

mom (k) =(k-1)*momik—-1)+momik—2) :

end
ab=schebyshevidig,N,mon) ;
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output (N=40, d=16)

o

LB14307756763789, 279731 7636330449]
3. .AL7E350505815285, 1.338690287401 7094 ]
5.56300340824 2503,
7F.51024858581089434, 9.7751100455354546]
9 47 2385776425676, 16.95364518291704]
11.44360258233455, 26.116220481 7 2850]

[
[
[
[
[
[

F . 2390095242497 0, 1300 . 2904223771922
L2EAETR0500584581, 1373 .374088736522]

FYL.2345147 5399122, 1448 .453190623454 ]
02328242567 6095, 1525.53162067 3047
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Example 3 [ Jo(t)e™Viidt

OPsaff = n. 16/7



Example3 [~ Jo(t)e 1/t d¢
Gauss quadrature with weight function e 1/t~

A2 intezpOint

n-point Gauss
119240270088 3e—01
-1153340191221e—01
.115323395780%e—01
115328917550 %e-01
1153288176820 7e—01

11532891 7a207e—-01

1000-point Gauss—Laguerre quadrature of
Jo(t)e~ 1/t yields eleven correct digits
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The weight function w(t) = e /*~* on R
moments

o1 = 0, o = 2K41/2(2)
recurrence
M2k+2 — (/f - %)M% T [2k—2, -2 = lp = 2K1/2(2)
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Theweight function w(t) = e /*~* on R
moments

o1 = 0, o = 2K41/2(2)
recurrence
topra = (K + 3)pok + pok—2, p—g = pio = 2K15(2)

Matlab routine

% BR_EXPMINFPINF Symbolic/variable—-precision recurrence
Y coefficients for the weight function

wiz)=ezpl(-1/xz 2-z°2) on [-inf,inf]
;yms mom ab
digits(d); dig=d;

mem ([ 2: 2:2#N) =vpai0,digl;
mom |'.|_:| ='i|"F|'.3_I ? 2:+:EE!E'E' =1F( -LII.I': . :_I,I 1 dlE::' ,
mom {30 =S«mom (1)

for k=3:2%I]

mom [ 24k-11=(k-3/2)*mnomn 2*k—3) tmom( 2*k—-5) :
end
5 &
ab=schebyshewidig,T,mom) ;
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output (N=40, d=16)

abh =

[0, .2398F55439361229]

[,

[m; 2.583333333333333
[0, 1.475308451612903]
[0, 3.852439450026441 ]

[0, 16.499463835631090]
[m; 20, 316049335 08655]
[0, 17.46711169129393]
[0, 21.34281282504155]
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Example4 [~ e cost e~ /Pt qy
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Example 4 [* e7tcoste /tHdt
Gauss quadrature with weight function =/t~

2> intezpminfpinf

n-point Gauss
CBOAORYA2TARTae—01
.1308193957943e—01
L1234 27982278032e—01
124269584074 5e—01
132895095159 2e—01
134269598147 5e—-01
134269592147 5e—-01

1000-point Gauss—Hermite quadrature of
e~ =Y cost yields eight correct digits
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Circle theorem for Gaussian quadrature
(Davis and Rabinowitz, 1961)

Theorem The nodes 7, and weights )\, of the n-point Gaussian
quadrature formulaon [—1, 1] satisfy

n\,/(rw(r,)) ~ /1 —72, n— oo.
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Circle theorem for Gaussian quadrature
(Davis and Rabinowitz, 1961)

Theorem The nodes 7, and weights )\, of the n-point Gaussian
quadrature formulaon [—1, 1] satisfy

n\,/(rw(r,)) ~ /1 —72, n— oo.

Example Gauss-Jacobi formula, with Jacobl parameters

a, 3==.75..25:1.0, 6 > «
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Circle theorem for Gaussian quadrature
(Davis and Rabinowitz, 1961)

Theorem The nodes 7, and weights )\, of the n-point Gaussian
quadrature formulaon [—1, 1] satisfy

n\,/(rw(r,)) ~ /1 —72, n— oo.

Example Gauss-Jacobi formula, with Jacobl parameters

a, 3==.75..25:1.0, 6 > «

Query Truefor 1 + sin(1/t) or exp(—1/t)?
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The circle theorem gone berserk
w(t) =14 sin(1/t) on |0, 1]

0 02 04 06 0.8
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The circle theorem impaired
w(t) = exp(—1/t) on |0, 1]
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The circle theorem impaired
w(t) = exp(—1/t) on |0, 1]

...and repaired
w(t) =exp(—1/t)on|c 1], c =1
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The circle theorem for weight functions in the
Szego class

Theorem (Nevai, 1979). If logw(t)/v1 —t? € L1[—1,1] and
1/(v1—1t2w(t)) € Li|A], where A isany compact subinterval
of (—1,1), then

nA,/(mw(7,)) ~ /1 =72 on A, n — 0.

OPsaff = n. 23/7



The circle theorem for weight functions in the
Szego class

Theorem (Nevai, 1979). If logw(t)/v1 —t? € L1[—1,1] and
1/(v1—1t2w(t)) € Li|A], where A isany compact subinterval
of (—1,1), then

n\,/(rw(7,)) ~ /1 —72 on A, n — oo.

Example Pollaczek weight function w( - ; a, b), a > |b|
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“Circle theorem” for Pollaczek weight function

a=4,0=1
n =180 : 5 : 200

OPsaff = n. 24/7
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