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A gallery of weight functions
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gallery (cont’)
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Moment-based approach
The first 2n moments

µk =

∫ b

a

tkw(t)dt, k = 0, 1, . . . , 2n − 1,

of a weight function w on [a, b] determine uniquely
the first n recurrence coefficients αk, βk, k = 0, 1,
. . . , n − 1 in the three-term recurrence relation for
the orthogonal polynomials πk( · ; w),

πk+1(t) = (t − αk)πk(t) − βkπk−1(t),

k = 0, 1, . . . , n − 1,

π−1(t) = 0, π0(t) = 1
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Moment map

mom = [µk]
2n−1
k=0 7→ ab = [αk, βk]

n−1
k=0

Implementation

Chebyshev algorithm (1859)
Matlab

ab=chebyshev(N,mom)
Ill-conditioned!

Remedy: symbolic Matlab

ab=schebyshev(dig,N,mom)
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The weight function w(t) = 1 + sin(1/t) on [0, 1]

moments
let

µ0
k =

∫ 1

0 tk sin(1/t)dt =
∫ ∞

1 t−(k+2) sin t dt

then
µ0

k+1 = 1
k+2

[

1
k+1(cos 1 − µ0

k−1) + sin 1
]

where

µ0
−1 = π

2 − Si(1), µ0
0 = sin 1 − Ci(1)

thus

µk =

∫ 1

0

tk[1 + sin(1/t)]dt =
1

k + 1
+ µ0

k
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Matlab routine
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output (N=40, d=16)
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Example 1
∫ 1

0 tan((1
2π − δ)t) sin(1/t)dt

∫ 1

0 f(t) sin(1/t)dt =
∫ 1

0 f(t)[1 + sin(1/t)]dt −
∫ 1

0 f(t)dt
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output (δ = .1)

1000-point Gauss-Legendre
on [0,1] yields 6 correct digits
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output (δ = .1)

1000-point Gauss-Legendre
on [0,1] yields 6 correct digits
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The weight function w(t) = e−1/t on [0, 1]

moments

µk =
∫ 1

0 tke−1/tdt =
∫ ∞

1 t−(k+2)e−tdt = Ek+2(1)

recurrence

µk+1 = 1
k+2 (e−1 − µk), µ0 = E2(1)

Matlab routine
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Example 2
∫ 1

0 ln(1 + t)e−1/tdt

Gauss quadrature with weight function e−1/t

102-point Gauss–Laguerre quadrature of
e−1(1 + t)−2 ln(1 + (1 + t)−1) yields the
same limit value
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The weight function w(t) = e−1/t−t on [0,∞]

moments
µk =

∫ ∞
0 tke−(1/t+t)dt = 2Kk+1(2)

recurrence
µk+1 = (k + 1)µk + µk−1, µ−1 = 2K0(2), µ0 = 2K1(2)

Matlab routine
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The weight function w(t) = e−1/t−t on [0,∞]

moments
µk =

∫ ∞
0 tke−(1/t+t)dt = 2Kk+1(2)

recurrence
µk+1 = (k + 1)µk + µk−1, µ−1 = 2K0(2), µ0 = 2K1(2)

Matlab routine

OP.saff – p. 14/24



output (N=40, d=16)
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Example 3
∫ ∞

0 J0(t)e
−1/t−tdt

Gauss quadrature with weight function e−1/t−t

1000-point Gauss–Laguerre quadrature of
J0(t)e

−1/t yields eleven correct digits
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The weight function w(t) = e−1/t2−t2 on R

moments
µ2k+1 = 0, µ2k = 2Kk+1/2(2)

recurrence
µ2k+2 = (k + 1

2)µ2k + µ2k−2, µ−2 = µ0 = 2K1/2(2)

Matlab routine
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The weight function w(t) = e−1/t2−t2 on R

moments
µ2k+1 = 0, µ2k = 2Kk+1/2(2)

recurrence
µ2k+2 = (k + 1

2)µ2k + µ2k−2, µ−2 = µ0 = 2K1/2(2)

Matlab routine
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output (N=40, d=16)
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Example 4
∫ ∞
−∞ e−t cos t e−1/t2−t2dt

Gauss quadrature with weight function e−1/t2−t2

1000-point Gauss–Hermite quadrature of
e−t−1/t2 cos t yields eight correct digits
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Circle theorem for Gaussian quadrature
(Davis and Rabinowitz, 1961)

Theorem The nodes τ ν and weights λν of the n-point Gaussian

quadrature formula on [−1, 1] satisfy

nλν/(πw(τ ν)) ∼
√

1 − τ 2
ν , n → ∞.

Example Gauss-Jacobi formula, with Jacobi parameters

α, β= –.75:.25:1.0, β ≥ α
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n = 20 : 5 : 40 n = 60 : 5 : 80

Query True for 1 + sin(1/t) or exp(−1/t)?
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The circle theorem gone berserk

w(t) = 1 + sin(1/t) on [0, 1]
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The circle theorem impaired
w(t) = exp(−1/t) on [0, 1]
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w(t) = exp(−1/t) on [c, 1], c = .1
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The circle theorem for weight functions in the

Szegö class

Theorem (Nevai, 1979). If log w(t)/
√

1 − t2 ∈ L1[−1, 1] and

1/(
√

1 − t2 w(t)) ∈ L1[∆], where ∆ is any compact subinterval

of (−1, 1), then

nλν/(πw(τ ν)) ∼
√

1 − τ 2
ν on ∆, n → ∞.

Example Pollaczek weight function w( · ; a, b), a ≥ |b|
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a = 4, b = 1
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“Circle theorem” for Pollaczek weight function
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