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Orthogonal Polynomials

• Recurrence coefficients
• Modified Chebyshev algorithm
• Discrete Stieltjes and Lanczos algorithm
• Discretization methods
• Cauchy integrals of orthogonal polynomials
• Modification algorithms

Sobolev Orthogonal Polynomials
• Moment-based algorithm

• Discretization algorithm

• Zeros
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Quadrature

• Gauss-type quadrature formulae
• Gauss formula
• Gauss-Radau formula
• Gauss-Lobatto formula

• Gauss-Kronrod quadrature
• Gauss-Turán quadrature
• Quadrature formulae based on rational functions
• Cauchy principal value integrals
• Polynomials orthogonal on several intervals
• Quadrature estimates of matrix functionals
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Approximation

• Polynomial least squares approximation
• classical
• constrained
• in Sobolev spaces

• Moment-preserving spline approximation
• on the positive real line
• on a compact interval

• Slowly convergent series
• generated by a Laplace transform or

derivative thereof
• occurring in plate contact problems
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Part I

Orthogonal Polynomials
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Background

measure (of integration)

absolutely continuous measure

dλ(t) = w(t)dt on [a, b], −∞ ≤ a < b ≤ ∞

discrete measure

dλN(t) =
N

∑

k=1

wkδ(t − xk)dt, x1 < x2 < · · · < xN

standing assumption (for absolutely continuous measures)

existence of the moments

µr =

∫

R

trdλ(t), r = 0, 1, 2, . . .

OPQA – p. 7/99



Background

measure (of integration)

absolutely continuous measure

dλ(t) = w(t)dt on [a, b], −∞ ≤ a < b ≤ ∞

discrete measure

dλN(t) =
N

∑

k=1

wkδ(t − xk)dt, x1 < x2 < · · · < xN

standing assumption (for absolutely continuous measures)

existence of the moments

µr =

∫

R

trdλ(t), r = 0, 1, 2, . . .

OPQA – p. 7/99



inner product and norm

(p, q)dλ =

∫

R

p(t)q(t)dλ(t), (p, p)dλ = ‖p‖2
dλ

orthogonal polynomials

πk( · ) = πk( · ; dλ) ∈ Pk, k = 0, 1, 2, . . .

(πk, π`)dλ







= 0, k 6= `

> 0, k = `

orthonormal polynomials

π̃k( · ; dλ) =
πk( · ; dλ)

‖πk‖dλ

, k = 0, 1, 2, . . .
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three-term recurrence relation (for monic orth. pol.’s)

πk+1(t) = (t − αk)πk(t) − βkπk−1(t), k = 0, 1, . . . , n − 1

αk = αk(dλ) ∈ R, βk = βk(dλ) > 0
(

β0 =
∫

R
dλ(t)

)

Proof Expand πk+1(t) − tπk(t) ∈ Pk in orthogonal polynomials

π0, π1, . . . , πk and use orthogonality and the property

(tp, q)dλ = (p, tq)dλ of the inner product. The result is (Darboux)

αk(dλ) =
(tπk, πk)dλ

(πk, πk)dλ

, k = 0, 1, 2, . . . ,

βk(dλ) =
(πk, πk)dλ

(πk−1, πk−1)dλ

, k = 1, 2, . . . �

normalization constants

‖πk‖2
dλ = β0β1 · · · βk
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Jacobi matrix
of infinite order

J(dλ) =











α0
√

β1 0√
β1 α1

√
β2

√
β2 α2

. . .
. . . . . .

0











of order n

Jn(dλ) = J(dλ)[1:n,1:n]

three-term recurrence relation (for orthonormal pol’s)

in matrix form (π̃(t) = [π̃0(t), π̃1(t), . . . , π̃n−1(t)]
T )

tπ̃(t) = Jn(dλ)π̃(t) +
√

βnπ̃n(t)en

=⇒ the zeros τν of π̃n are the eigenvalues of Jn(dλ) and π̃(τν)

corresponding eigenvectors
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"Classical" weight functions

dλ(t) = w(t)dt

name w(t) support comment

Jacobi (1 − t)α(1 + t)β [−1, 1] α > −1,
β > −1

Laguerre tαe−t [0,∞] α > −1

Hermite |t|2αe−t2 [−∞,∞] α > − 1
2

Meixner- 1
2π

e(2φ−π)t|Γ(λ + it)|2 [−∞,∞] λ > 0,
Pollaczek 0 < φ < π
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"Classical" discrete measures

dλ(t) =
M

∑

k=0

wkδ(t − k)dt

name M wk comment

discrete N − 1 1
Chebyshev

Krawtchouk N
(

N
k

)

pk(1 − p)N−k 0 < p < 1

Charlier ∞ e−aak/k! a>0

Meixner ∞ ck

Γ(β)
Γ(k+β)

k!
0 < c < 1, β > 0

Hahn N
(

α+k
k

) (

β+N−k
N−k

)

α > −1, β > −1
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Matlab

Example ab=r jacobi(N,a,b)

α0 β0

α1 β1
... ...

αN−1 βN−1

N ∈ N, a > −1, b > −1

ab
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Demo #1
N=10;
ab=r jacobi(N,-.5,1.5);
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Modified Chebyshev algorithm

modified and mixed moments

mk =
∫

R
pk(t)dλ(t), k = 0, 1, 2, . . .

σkl =
∫

R
πk(t; dλ)p`(t)dλ(t), k, l ≥ −1

modified moment map

R2n 7→ R2n : [mk]
2n−1
k=0 7→ [αk, βk]

n−1
k=0

conditioning: G., 1968, 1982, 2004
algorithm: Sack et al., 1971; Wheeler, 1974

assumption

pk+1(t) = (t − ak)pk(t) − bkpk−1(t), k = 0, 1, 2, . . .
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Modified Chebyshev algorithm(cont’)

initialization:

α0 = a0 + m1/m0, β0 = m0,

σ−1,` = 0, ` = 1, 2, . . . , 2n − 2,

σ0,` = m`, ` = 0, 1, . . . , 2n − 1

continuation (if n > 1): for k = 1, 2, . . . , n − 1 do

σk` = σk−1,`+1 − (αk−1 − a`)σk−1,` − βk−1σk−2,`

+b`σk−1,`−1, ` = k, k + 1, . . . , 2n − k − 1,

αk = ak +
σk,k+1

σkk
− σk−1,k

σk−1,`−1
, βk =

σkk

σk−1,k−1
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Modified Chebyshev algorithm(cont’)

initialization:
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Modified Chebyshev algorithm,schematically
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Matlab

m0 m1 m2 · · · m2N−1

mom

a0 b0

a1 b1
... ...

a2N−2 b2N−2

abm

ab=chebyshev(N,mom,abm)
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Demo #2
elliptic orthogonal polynomials

dλ(t) = [(1 − ω2t2)(1 − t2)]−1/2dt on [−1, 1],

0 ≤ ω < 1

Chebyshev moments

m0 =
∫ 1

−1 dλ(t), mk = 1
2k−1

∫ 1

−1 Tk(t)dλ(t), k ≥ 1

Matlab

function ab=r elliptic(N,om2)
abm=r jacobi(2*N-1,-1/2);
mom=mm elliptic(N,om2);
ab=chebyshev(N,mom,abm);
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Demo #2 (cont’)

ω2 = .999, N = 40

OPQA – p. 20/99



Demo #2 (cont’)

ω2 = .999, N = 40
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Discrete measure

dλN(t) =
∑N

k=1 wkδ(t − xk)dt

inner product (p, q)N =
∑N

k=1 wkp(xk)q(xk)

Algorithm #1: Stieltjes, 1884; G., 1968
Darboux’s formulae

(D)

{

αk = (tπk,πk)N

(πk,πk)N
, k = 0, 1, . . . , n − 1,

βk = (πk,πk)N

(πk−1,πk−1)N
, k = 1, 2, . . . , n − 1

plus recurrence relation (R)

π0 = 1
(D)
=⇒ α0, β0

(R)
=⇒ π1

(D)
=⇒ α1, β1

(R)
=⇒ · · ·

(D)
=⇒ αn−1, βn−1
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Algorithm #2 Lanczos, 1950

QT







1
√

w1
√

w2 ··· √
wN√

w1 x1 0 ··· 0√
w2 0 x2 ··· 0
... ... ... . . . ...√
wN 0 0 ··· xN






Q

=







1
√

β0 0 ··· 0√
β0 α0

√
β1 ··· 0

0
√

β1 α1 ··· 0
... ... ... . . . ...
0 0 0 ··· αN−1







stable version of Lanczos algorithm
Rutishauser, 1963; Gragg and Harrod, 1984
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Matlab

ab=stieltjes(n,xw)
ab=lanczos(n,xw)

}

n ≤ N

x1 w1

x2 w2
... ...

xN wN

xw
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Discretization methods G.; 1968, 1982

basic idea

dλ(t) ≈ dλN(t),

{

αk(dλ) ≈ αk(dλN)

βk(dλ) ≈ βk(dλN)
Example

w(t) = (1 − t2)−1/2 + c on [−1, 1], c > 0

discretization

(p, q) =
∫ 1

−1 p(t)q(t)(1 − t2)−1/2dt + c
∫ 1

−1 p(t)q(t)dt

≈
∑N

k=1 wCh
k p(xCh

k )q(xCh
k ) + c

∑N
k=1 wL

k p(xL
k )q(xL

k )
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in general

discretize dλ on
s

⋃

j=1

[aj, bj]

using

tailor-made quadratures

general-purpose quadratures











on each [aj, bj]
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Matlab

ab=mcdis(n,eps0,quad,Nmax)

global variables to describe details of discretization

mc, mp, iq

AB =

a1 b1

a2 b2
... ...

amc bmc

, DM =

x1 y1

x2 y2
... ...

xmp ymp
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Example
Jacobi weight function plus a discrete measure

dλ(t) = (βJ
0 )−1(1− t)α(1+ t)βdt+

p
∑

j=1

wjδ(t−xj)dt on [−1, 1]

βJ
0 =

∫ 1

−1

(1 − t)α(1 + t)βdt, α > −1, β > −1

discretization (yields αk(dλ), βk(dλ) exactly for k ≤ n − 1)
∫ 1

−1

p(t)dλ(t) ≈
n

∑

ν=1

λJ
ν p(τJ

ν ) +

p
∑

j=1

wjp(xj)

here, mc=1, mp=p, iq=1 (if xj ∈ [−1, 1]), and

AB= −1 1 DM=

x1 w1

x2 w2
...

...
xp wp
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Demo #3 logistic density function

dλ(t) = e−t

(1+e−t)2
, t ∈ R

discretization
∫

R
p(t)dλ(t) =

∫ ∞
0

p(−t)
(1+e−t)2

e−tdt +
∫ ∞

0
p(t)

(1+e−t)2
e−tdt

≈ ∑n
ν=1 λL

ν
p(−τL

ν )+p(τL
ν )

(1+e−τL
ν )2

exact answers

αk(dλ) = 0, β0 = 1, βk = k4π2/(4k2 − 1), k ≥ 1

numerical results (N=40, eps0=1000 ×eps)

OPQA – p. 28/99



Demo #3 logistic density function

dλ(t) = e−t

(1+e−t)2
, t ∈ R

discretization
∫

R
p(t)dλ(t) =

∫ ∞
0

p(−t)
(1+e−t)2

e−tdt +
∫ ∞

0
p(t)

(1+e−t)2
e−tdt

≈ ∑n
ν=1 λL

ν
p(−τL

ν )+p(τL
ν )

(1+e−τL
ν )2

exact answers

αk(dλ) = 0, β0 = 1, βk = k4π2/(4k2 − 1), k ≥ 1

numerical results (N=40, eps0=1000 ×eps)

OPQA – p. 28/99



Demo #3 logistic density function

dλ(t) = e−t

(1+e−t)2
, t ∈ R

discretization
∫

R
p(t)dλ(t) =

∫ ∞
0

p(−t)
(1+e−t)2

e−tdt +
∫ ∞

0
p(t)

(1+e−t)2
e−tdt

≈ ∑n
ν=1 λL

ν
p(−τL

ν )+p(τL
ν )

(1+e−τL
ν )2

exact answers

αk(dλ) = 0, β0 = 1, βk = k4π2/(4k2 − 1), k ≥ 1

numerical results (N=40, eps0=1000 ×eps)

OPQA – p. 28/99



Cauchy integrals of orthogonal polynomials

ρn(z) = ρn(z; dλ) =

∫ b

a

πn(t; dλ)

z − t
dλ(t), z ∈ C\[a, b],

where [a, b] = supp(dλ). By convention ρ−1(z; dλ) = 1.

Let αk = αk(dλ), βk = βk(dλ), k = 0, 1, 2, . . . .

Theorem (G., 1981). If z ∈ C\[a, b], then {ρk(z)}∞k=−1 is the

minimal solution of the three-term recurrence relation

yk+1 = (z − αk)yk − βkyk−1, k = 0, 1, 2, . . . ,

with initial value y−1 = 1. �

If z = x ∈ (a, b), the integrals are Cauchy principal value

integrals. They satisfy the same three-term recurrence relation,

but with initial values ρ−1(x) = 1, ρ0(x) =
∫ b

a
− dλ(t)/(x − t).
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Continued fraction algorithm (G., 1967)

Formally,

rn−1 := ρn(z)
ρn−1(z)

= βn

z−αn−
βn+1

z−αn+1−
βn+2

z−αn+2−
· · ·

Theorem (Pincherle, 1894). The continued fraction converges if

and only if {ρk(z)}∞k=−1 is a minimal solution of the three-term

recurrence relation. �

To compute ρn(z), n = −1, 0, . . . , N , suppose first that rν is

known for some ν ≥ N . Then

rn−1 = βn

z−αn−rn
, n = ν, ν − 1, . . . , 0,

and

ρ−1(z) = 1, ρn(z) = rn−1ρn−1(z), n = 0, 1, . . . , N

If rν is not known, replace it by rν ≈ 0.
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Algorithm

Define

r
[ν]
ν = 0, r

[ν]
n−1 = βn

z−αn−
βn+1

z−αn+1−
· · · βν

z−αν

Then

r[ν]
ν = 0, r

[ν]
n−1 =

βn

z − αn − r
[ν]
n

, n = ν, ν − 1 . . . , 0,

ρ
[ν]
−1 = 1, ρ

[ν]
n = r

[ν]
n−1ρ

[ν]
n−1, n = 0, 1, . . . , N

Theorem (G., 1981) If z ∈ C\[a, b], then

lim
ν→∞

ρ[ν]
n = ρn(z), n = 0, 1, . . . , N. �

Convergence is faster the larger dist(z, [a, b]).
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Matlab

[rho,r,nu]=cauchy(N,ab,z,eps0,nu0,numax)

ρ0(z)

ρ1(z)
...

ρN(z)

r0(z)

r1(z)
...

rN(z)

α0 β0

α1 β1
... ...

αnumax βnumax

rho r ab

where

rk(z) =
ρk+1(z)

ρk(z)
, k = 0, 1, . . . , N
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Modification algorithms

Problem: given the recurrence coefficients of dλ,
generate those of

dλ̂(t) = r(t)dλ(t), r ≥ 0 on supp(dλ), rational

Example: Galant, 1971

r(t) = s(t − c), c ∈ R\supp(dλ), s = ±1

one step of (symmetric, shifted) LR algorithm:

s[Jn+1(dλ) − cI] = LLT

Jn(dλ̂) =
(

LTL + cI
)

[1:n,1:n]

nonlinear recurrence algorithm
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generalized Christoffel theorem (Uvarov, 1969)

dλ̂(t) = u(t)
v(t)

dt, u(t) = ±∏`
λ=1(t − uλ), v(t) =

∏m
µ=1(t − vµ)

Let m ≤ n. Then

u(t)πn(t; dλ̂) = const ×
∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

πn−m(t) · · · πn−1(t) πn(t) · · · πn+`(t)

πn−m(u1) · · · πn−1(u1) πn(u1) · · · πn+`(u1)

· · · · · · · · · · · · · · · · · ·
πn−m(u`) · · · πn−1(u`) πn(u`) · · · πn+`(u`)
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∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

where
ρk(z) =

∫

R

πk(t;dλ)
z−t

dλ(t), k = 0, 1, 2, . . . . �

Christoffel’s theorem: m = 0
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generalized Christoffel theorem (Uvarov, 1969)

dλ̂(t) = u(t)
v(t)

dt, u(t) = ±∏`
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∏m
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Theorem (Uvarov, 1969) Let m > n. Then

u(t)πn(t; dλ̂) = const ×
∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0 · · · 0 π0(t) · · · πn+`(t)

0 0 · · · 0 π0(u1) · · · πn+`(u1)

· · · · · · · · · · · · · · · · · · · · ·
0 0 · · · 0 π0(u`) · · · πn+`(u`)

1 v1 · · · vm−n−1
1 ρ0(v1) · · · ρn+`(v1)

· · · · · · · · · · · · · · · · · · · · ·
1 vm · · · vm−n−1

m ρ0(vm) · · · ρn+`(vm)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

where ρk(z) is the Cauchy integral defined previously.�

The generalized Christoffel theorems remain valid for complex

uλ, vµ if orthogonality is understodd in the sense of formal

orthogonality.
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linear factor dλ̂(t) = (t − z)dλ(t), z ∈ C\[a, b]

Christoffel:

(t−z)π̂n(t) =

∣

∣

∣

πn(t) πn+1(t)
πn(z) πn+1(z)

∣

∣

∣

−πn(z)
= πn+1(t)−rnπn(t), rn =

πn+1(z)

πn(z)

write (t − z)tπ̂k(t) in two ways (Verlinden, 1999)

(t − z)tπ̂k(t) = tπk+1(t) − rk · tπk(t)

=πk+2(t)+(αk+1−rk)πk+1(t)+(βk+1−rkαk)πk(t)−rkβkπk−1(t)

(t − z)tπ̂k(t) = (t − z)[π̂k+1 + α̂kπ̂k(t) + β̂kπ̂k−1(t)]

=πk+2(t)+(α̂k−rk+1)πk+1(t)+(β̂k−rkα̂k)πk(t)−rk−1β̂kπk−1(t)

comparison:

α̂k − rk+1 = αk+1 − rk, rk−1β̂k = rkβk
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Algorithm (Modification by a linear factor t − z)

initialization:
r0 = z − α0, r1 = z − α1 − β1/r0,

α̂0 = α1 + r1 − r0, β̂0 = −r0 β0

continuation (if n > 1): for k = 1, 2, . . . , n − 1 do

rk+1 = z − αk+1 − βk+1/rk,

α̂k = αk+1 + rk+1 − rk,

β̂k = βkrk/rk−1

Matlab
ab=chri1(N,ab0,z)
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Algorithm (quadratic factor (t−x)2+y2 = (t−z)(t−z))

initialization:

r0 = z − α0, r1 = z − α1 − β1/r0, r2 = z − α2 − β2/r1,

α̂0 = α2 + r′2 + r′′2
r′′1

r′1 −
(

r′1 + r′′1
r′′0

r′0

)

,

β̂0 = β0(β1 + |r0|2)

continuation (if n > 1): for k = 1, 2, . . . , n − 1 do

rk+2 = z − αk+2 − βk+2/rk+1,

α̂k = αk+2 + r′k+2 +
r′′k+2

r′′k+1
r′k+1 −

(

r′k+1 +
r′′k+1

r′′k
r′k

)

,

β̂k = βk
r′′k+1r

′′

k−1

[r′′k ]2

∣

∣

∣

rk

rk−1

∣

∣

∣

2

Matlab ab=chri2(N,ab0,x,y)
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Algorithm (quadratic factor (t−x)2+y2 = (t−z)(t−z))

initialization:

r0 = z − α0, r1 = z − α1 − β1/r0, r2 = z − α2 − β2/r1,

α̂0 = α2 + r′2 + r′′2
r′′1

r′1 −
(

r′1 + r′′1
r′′0

r′0

)

,

β̂0 = β0(β1 + |r0|2)

continuation (if n > 1): for k = 1, 2, . . . , n − 1 do

rk+2 = z − αk+2 − βk+2/rk+1,

α̂k = αk+2 + r′k+2 +
r′′k+2

r′′k+1
r′k+1 −

(

r′k+1 +
r′′k+1

r′′k
r′k

)

,

β̂k = βk
r′′k+1r

′′

k−1

[r′′k ]2

∣

∣

∣

rk

rk−1

∣

∣

∣

2

Matlab ab=chri2(N,ab0,x,y)
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Algorithm (quadratic factor (t−x)2+y2 = (t−z)(t−z))

initialization:

r0 = z − α0, r1 = z − α1 − β1/r0, r2 = z − α2 − β2/r1,

α̂0 = α2 + r′2 + r′′2
r′′1

r′1 −
(

r′1 + r′′1
r′′0

r′0

)

,

β̂0 = β0(β1 + |r0|2)

continuation (if n > 1): for k = 1, 2, . . . , n − 1 do

rk+2 = z − αk+2 − βk+2/rk+1,

α̂k = αk+2 + r′k+2 +
r′′k+2

r′′k+1
r′k+1 −

(

r′k+1 +
r′′k+1

r′′k
r′k

)

,

β̂k = βk
r′′k+1r

′′

k−1

[r′′k ]2

∣

∣

∣

rk

rk−1

∣

∣

∣

2

Matlab ab=chri2(N,ab0,x,y)
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linear divisor dλ̂(t) = dλ(t)
t−z

, z ∈ C\[a, b]

generalized Christoffel:

π̂n(t) =

∣

∣

∣

πn−1(t) πn(t)
ρn−1(z) ρn(z)

∣

∣

∣

−ρn−1(z)
= πn(t) − rn−1πn−1(t), rn =

ρn+1(z)

ρn(z)

Algorithm (Modification by a linear divisor t − z)

initialization:

α̂0 = α0 + r0, β̂0 = −ρ0(z)

continuation (if n > 1): for k = 1, 2, . . . , n − 1 do

α̂k = αk + rk − rk−1,

β̂k = βk−1rk−1/rk−2

computation of the rk: continued fraction algorithm

Matlab
[ab,nu]=chri4(N,ab0,z,eps0,nu0,numax,rho0,iopt)
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quadratic divisor dλ̂(t) = dλ(t)
(t−x)2+y2

notations

rn = ρn+1(z)
ρn(z)

= r′n + ir′′n

sn = −
(

r′n−1 +
r′′n−1

r′′n−2
r′n−2

)

, n ≥ 1; tn =
r′′n−1

r′′n−2
|rn−2|2, n ≥ 2

Algorithm

initialization:

α̂0 = x + ρ′
0y/ρ′′

0, β̂0 = −ρ′′
0/y,

α̂1 = α1 − s2 + s1, β̂1 = β1 + s1(α0 − α̂1) − t2,

α̂2 = α2 − s3 + s2, β̂2 = β2 + s2(α1 − α̂2) − t3 + t2

continuation (if n > 3): for k = 3, 4, . . . , n − 1 do

α̂k = αk − sk+1 + sk, β̂k = βk−2 tk/tk−1

Matlab
[ab,nu]=chri5(N,ab0,z,eps0,nu0,numax,rho0,iopt)
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Sobolev orthogonal polynomials

Sobolev inner product

(p, q)S =
∫

R
p(t)q(t)dλ0(t) +

∫

R
p′(t)q′(t)dλ1(t)

+ · · · +
∫

R
p(s)(t)q(s)(t)dλs(t)

Sobolev orthogonal polynomials {πk( · ; S)}

(πk, π`)S

{

= 0, k 6= `

> 0, k = `

recurrence relation

πk+1(t) = tπk(t) −
k

∑

j=0

βk
jπk−j(t), k = 0, 1, 2, . . .
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Sobolev orthogonal polynomials
Sobolev inner product
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∫
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Recurrence matrix
recurrence relation

πk+1(t) = tπk(t) −
k

∑

j=0

βk
jπk−j(t), k = 0, 1, 2, . . .

matrix of recurrence coefficients

Hn =



















β0
0 β1

1 β2
2 · · · βn−2

n−2 βn−1
n−1

1 β1
0 β2

1 · · · βn−2
n−3 βn−1

n−2

0 1 β2
0 · · · βn−2

n−4 βn−1
n−3

· · · · · · · · · · · · · · · · · ·
0 0 0 · · · βn−2

0 βn−1
1

0 0 0 · · · 1 βn−1
0
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Modified Chebyshev algorithm

modified moments

m
(σ)
k =

∫

R
pk(t)dλσ,

k = 0, 1, 2, . . . , ; σ = 0, 1, . . . , s

modified moment map

[m
(σ)
k ]2n−1

k=0 , σ = 0, 1, . . . , s 7→ Hn

algorithm G. and Zhang, 1995
conditioning Zhang, 1994

Matlab (for s = 1)
B=chebyshev sob(N,mom,abm)
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Example dλ0(t) = dt, dλ1(t) = γdt on [−1, 1]
(Althammer, 1962)

modified moments

pk(t) = monic Legendre

m
(0)
0 = 2, m

(1)
0 = 2γ; m

(0)
k = m

(1)
k = 0, k > 0

Matlab
mom=zeros(2,2*N);
mom(1,1)=2; mom(2,1)=2*g;
abm=r jacobi(2*N-1);
B=chebyshev sob(N,mom,abm);
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Discretized Stieltjes algorithm

(G. and Zhang, 1995)

βk
j =

(tπk, πk−j)S

(πk−j, πk−j)S
, j = 0, 1, . . . , k

Gauss quadrature discretization

(p, q)dλσ
≈

nσ
∑

k=1

w
(σ)
k p(x

(σ)
k )q(x

(σ)
k ), σ = 0, 1, . . . , s

Matlab
B=stieltjes sob(N,s,nd,xw,a0,same)

a0=α0(dλ0)
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Matlab (cont’)

xw=

x
(0)
1 · · · x

(s)
1 w

(0)
1 · · · w

(s)
1

x
(0)
2 · · · x

(s)
2 w

(0)
2 · · · w

(s)
2

... ... ... ...

x
(0)
md · · · x

(s)
md w

(0)
md · · · w

(s)
md

md=max(nd)
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Example Althammer’s polynomials

Matlab
s=1; nd=[N N];
a0=0; same=1;
ab=r jacobi(N);
zw=gauss(N,ab);
xw=[zw(:,1) zw(:,1) ...

zw(:,2) g*zw(:,2)];
B=stieltjes sob(N,s,nd,xw,a0,same);
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Zeros

if
πT (t) = [π0(t), π1(t), . . . , πn−1(t)]

then
tπT (t) = πT (t)Hn + πn(t)e

T
n

Theorem The zeros τν of πn are the eigenvalues of
Hn and πT (τν) corresponding (left) eigenvectors. �

Matlab
z=sobzeros(n,N,B)
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Part II

Quadrature
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Gauss quadrature formula
∫

R

f(t)dλ(t) =
n

∑

ν=1

λG
ν f(τG

ν ) + RG
n (f)

Theorem (Golub and Welsch, 1969)
The nodes τG

ν are the eigenvalues of Jn(dλ) and the
weights λG

ν are
λG

ν = β0v
2
ν,1

where β0 =
∫

R
dλ(t) and vν,1 is the first component

of the normalized eigenvector vν ,

Jn(dλ)vν = λG
ν vν, vT

ν vν = 1. �

Matlab
xw=gauss(N,ab)
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Matlab
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Corollary If f is sufficiently smooth, then
∑n

ν=1 λG
ν f(τG

ν ) = β0e
T
1 f(Jn(dλ))e1, e1 = [1, 0, . . . , 0]T

Proof Let V = [v1, v2, . . . , vn] and J = Jn(dλ).
Then (spectral decomposition of J )

JV = V Dτ , Dτ = diag(τG
1 , τG

2 , . . . , τG
n )

and

β0e
T
1 f(J)e1 = β0e

T
1 V f(Dτ)V

Te1

= β0

∑n
ν=1 v2

ν,1f(τG
ν ) =

∑n
ν=1 λG

ν f(τG
ν )

since β0v
2
ν,1 = λG

ν . �
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Example Zeros of Sobolev orthogonal polynomials of

Gegenbauer type (Groenevelt, 2002)

Sobolev inner product

(u, v)S =
∫ 1

−1
u(t)v(t)(1 − t2)α−1dt + γ

∫ 1

−1
u′(t)v′(t) (1−t2)α

t2+y2 dt

Matlab program

s=1; same=0; eps0=1e-14; numax=250; nd=[N N];
ab0=r jacobi(numax,alpha);
z=complex(0,y);
nu0=nu0jac(N,z,eps0); rho0=0; iopt=1;
ab1=chri6(N,ab0,y,eps0,nu0,numax,rho0,iopt);
zw1=gauss(N,ab1);
ab=r jacobi(N,alpha-1); zw=gauss(N,ab);
xw=[zw(:,1) zw1(:,1) zw(:,2) gamma*zw1(:,2)];
a0=ab(1,1); B=stieltjes sob(N,s,nd,xw,a0,same);
z=sobzeros(N,N,B)
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Demo #4 N=12, α = 1
2 , γ = 1

All other zeros are the same with opposite signs
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Gauss-Radau formula
∫

R
f(t)dλ(t) = λa

0f(a) +
∑n

ν=1 λa
νf(τ a

ν ) + Ra
n(f)

Jacobi-Radau matrix

J
R,a
n+1(dλ) =

[

Jn(dλ)
√

βnen√
βneT

n αR
n

]

, αR
n = a − βn

πn−1(a)
πn(a)

Jacobi resp. Laguerre measure

αR
n = −1 + 2n(n+α)

(2n+α+β)(2n+α+β+1) , αR
n = n

Matlab
xw=radau(N,ab,end0)
xw=radau jacobi(N,iopt,a,b)
xw=radau laguerre(N,a)
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Gauss-Lobatto formula
∫ b

a f(t)dλ(t) ≈ λL
0 f(a) +

∑n
ν=1 λL

ν f(τL
ν ) + λL

n+1f(b)

Jacobi-Lobatto matrix

JL
n+2(dλ) =

[

Jn+1(dλ)
√

βL
n+1en+1√

βL
n+1eT

n+1 αL
n+1

]

[

πn+1(a) πn(a)
πn+1(b) πn(b)

] [

αL
n+1

βL
n+1

]

=
[

aπn+1(a)
bπn+1(b)

]

Jacobi measure

αL
n+1 = α−β

2n+α+β+2 , βL
n+1 = 4 (n+α+1)(n+β+1)(n+α+β+1)

(2n+α+β+1)(2n+α+β+2)

Matlab
xw=lobatto(N,ab,endl,endr)
xw=lobatto jacobi(N,a,b)
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Error bounds

Gauss-Radau formulae
∫ b

a
f(t)dλ(t) = λa

0f(a) +
∑n

ν=1 λa
νf(τ a

ν ) + Ra
n(f)

=
∑n

ν=1 λb
νf(τ b

ν) + λb
n+1f(b) + Rb

n(f)

Theorem If f ∈ C2n+1[a, b], then

Ra
n(f) > 0, Rb

n(f) < 0 if sgn f (2n+1) = 1 on [a, b],

with the inequalities reversed if sgn f (2n+1) = −1.

Proof (for Ra
n; for Rb

n the proof is similar)

Ra
n(f) = γa

n

f (2n+1)(τ a)

(2n + 1)!
, γa

n =

∫ b

a

[πn(t; dλa]
2dλa(t),

where dλa(t) = (t − a)dλ(t). �
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Gauss-Lobatto formula
∫ b

a
f(t)dλ(t) = λL

0 f(a) +
∑n

ν=1 λL
ν f(τL

ν ) + λn+1f(b) + Ra,b
n (f)

Theorem If f ∈ C2n+2[a, b], then

Ra,b
n (f) < 0 if sgn f (2n+2) = 1 on [a, b],

with the inequality reversed if sgn f (2n+2) = −1.

Proof

Ra,b
n (f) = −γn

f (2n+2)(τ)
(2n+2)! , γn =

∫ b

a [πn(t; dλa,b)]
2dλa,b(t),
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Gauss-Kronrod formula
∫

R
f(t)dλ(t) ≈

∑n
ν=1 λK

ν f(τG
ν ) +

∑n+1
µ=1 λ∗K

µ f(τK
µ )

Jacobi-Kronrod matrix (Laurie, 1997)

JK
2n+1(dλ) =

[

Jn(dλ)
√

βnen 0√
βneT

n αn

√
βn+1eT

1

0

√
βn+1e1 J

∗

n

]

The trailing (symmetric, tridiagonal, and partially
known) matrix J ∗

n can be computed by Laurie’s
Algorithm

Matlab
ab=r kronrod(N,ab0)
xw=kronrod(n,ab)
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Gauss-Turán formula (Turán, 1950)
∫

R

f(t)dλ(t) ≈
n

∑

ν=1

[λνf(τν) + · · · + λ(r−1)
ν f (r−1)(τν)]

power orthogonality (r = 2s + 1, s ≥ 0)
∫

R
[ωn(t)]

2s+1p(t)dλ(t) = 0, all p ∈ Pn−1

where ωn(t) =
∏n

ν=1(t − τν)

s-orthogonal polynomial: ωn(t) = πn,s(t)

computation (basic idea): dλn,s(t) := [πn,s(t)]
2sdλ(t)

∫
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Matlab
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Polynomial/rational quadrature

∫

R
g(t)dλ(t) =

∑n
ν=1 λνg(τν) + Rn(g)

Problem: determine λν , τν such that Rn(g) = 0 if
g ∈ S2n, where

S2n = Qm ⊕ P2n−m−1, 0 ≤ m ≤ 2n

P2n−m−1 = polynomials of degree ≤ 2n − m − 1

Qm = rational functions with prescribed poles

specifically:

Qm = span
{

r(t) = 1
1+ζµt , µ = 1, 2, . . . , m

}

ζµ ∈ C, ζµ 6= 0, 1 + ζµt 6= 0 on supp(dλ)
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Theorem (G., 2000; Van Assche et al., 2000)

Let ωm(t) =
∏m

µ=1(1 + ζµt). Assume the existence of
a (polynomial) Gauss formula

∫

R
g(t) dλ(t)

ωm(t) =
∑n

ν=1 λG
ν g(τG

ν ), g ∈ P2n−1.

Then

τν = τG
ν , λν = ωm(τG

ν )λG
ν , ν = 1, 2, . . . , n,

yields the desired formula. �

construction (assuming ωm ≥ 0)
• discretization method using Gauss quadrature

relative to dλ
• special techniques for “difficult” poles
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Example Fermi-Dirac integral Fk(η, θ) =
∫ ∞

0

tk
√

1+θt/2

e−η+t+1
dt

η ∈ R, θ ≥ 0, k . . . Boltzmann constant (= 1
2
, 3

2
, or 5

2
)

equivalently

Fk(η, θ) =
∫ ∞

0

√
1+θt/2

e−η+e−t dλ[k](t), dλ[k](t) = tke−tdt

poles at η + µiπ, µ = ±1,±3,±5, . . . (all “easy”)

ωm(t) =
∏m/2

ν=1[(1 + ξνt)
2 + ηνt

2], 2 ≤ m(even) ≤ 2n

where
ξν = −η

η2+(2ν−1)2π2 , ην = (2ν−1)π
η2+(2ν−1)2π2

rational Gauss approximation Fk(η, θ) ≈
∑N

n=1 wn

√
1+θxn/2

e−η+e−xn

Matlab

xw=fermi dirac(N,m,eta,theta,k,eps0,Nmax)
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Cauchy principal value integral

(Cf)(x; dλ) =
∫ b

a−
f(t)
x−t dλ(t), x ∈ (a, b)

modified quadrature rule

(Cf)(x; dλ) = c0(x)f(x) +
∑n

ν=1 cν(x)f(τν) + Rn(f ; x)

can be made "Gaussian": Rn(P2n) = 0
quadrature rule in the strict sense

(Cf)(x; dλ) =
∑n

ν=1 c∗ν(x)f(τ ∗
ν ) + R∗

n(f ; x)

interpolatory at best: R∗
n(Pn−1) = 0

Matlab
cpvi=cauchyPVI(N,x,f,ddf,iopt,ab,rho0)

ddf(u,v) = f(u)−f(v)
u−v

, rho0 =
∫ b

a
− dλ(t)

x−t
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Polynomials orthogonal on several
intervals

dλ(t) =
∑

j

χ[cj ,dj ](t)dλj(t)

Problem Given J (j) = Jn(dλj), find J = Jn(dλ)

Solution by Stieltjes procedure

n-point Gauss quadrature discretization
∫ dj

cj

p(t)dλj(t) =
n

∑

ν=1

λ(j)
ν p(τ (j)

ν ), p ∈ P2n−1

by the corollary to the Golub-Welsch theorem
∫ dj

cj

p(t)dλj(t) = β
(j)
0 eT

1 p(J (j))e1, β
(j)
0 =

∫ dj

cj

dλj(t)
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Solution (cont’)

computation of the inner products (k ≤ n − 1)

(tπk, πk)dλ =

∫

R

tπ2
k(t)dλ(t) =

∑

j

∫ dj

cj

tπ2
k(t)dλj(t)

=
∑

j

β
(j)
0 eT

1 J (j)[πk(J
(j))]2e1

=
∑

j

β
(j)
0 eT

1 [πk(J
(j))]TJ (j)πk(J

(j))e1

similarly

(πk, πk)dλ =
∑

j

β
(j)
0 eT

1 [πk(J
(j))]Tπk(J

(j))e1
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Algorithm

ζ
(j)
k := πk(J

(j))e1, e1 = [1, 0, . . . , 0]T

initialization:

ζ
(j)
0 = e1, ζ

(j)
−1 = 0 (all j),

α0 =
P

j β
(j)
0 eT

1 J
(j)

e1
P

j β
(j)
0

, β0 =
∑

j β
(j)
0

continuation (if n > 1): for k = 0, 1, . . . , n − 2 do

ζ
(j)
k+1 = (J (j) − αkI)ζ

(j)
k − βkζ

(j)
k−1 (all j),

αk+1 =
P

j β
(j)
0 ζ

(j)T

k+1 J
(j)

ζ
(j)

k+1
P

j β
(j)
0 ζ

(j)T

k+1 ζ
(j)

k+1

, βk+1 =
P

j β
(j)
0 ζ

(j)T

k+1 ζ
(j)

k+1
P

j β
(j)
0 ζ

(j)T

k ζ
(j)

k

Matlab

ab=r multidomain sti(N,abmd)
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Solution by modified Chebyshev algorithm

modified moments (by n-point Gauss quadrature, k ≤ 2n − 1)

mk =
∑

j

∫ dj

cj
pk(t)dλj(t) =

∑

j β
(j)
0 eT

1 pk(J
(j))e1

Algorithm

z
(j)
k := pk(J

(j))e1, e1 = [1, 0, . . . , 0]T

initialization:

z
(j)
0 = e1, z

(j)
−1 = 0 (all j), m0 =

∑

j β
(j)
0

continuation: for k = 0, 1, . . . , 2n − 2 do

z
(j)
k+1 = (J (j) − akI)z

(j)
k − bkz

(j)
k−1 (all j),

mk+1 =
∑

j β
(j)
0 z

(j)T
k+1e1

=⇒ modified Chebyshev algorithm

Matlab ab=r multidomain cheb(N,abmd,abmm)
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Quadrature estimates of matrix functionals

Problem Given A ∈ RN×N postive definite, and f sufficiently

smooth, find lower and upper bounds for the quadratic form

uT f(A)u, u ∈ RN , ‖u‖ = 1

connection with quadrature (spectral resolution of A)

AV = V Λ, Λ = diag(λ1, λ2, . . . , λN), V = [v1, v2, . . . , vN ]

u =
∑N

k=1 ρkvk = V ρ, ρ = [ρ1, ρ2, . . . , ρN ]T

=⇒ uT f(A)u = ρT V T V f(Λ)V T V ρ = ρT f(Λ)ρ,

=
∑N

k=1 ρ2
kf(λk) =:

∫

R+
f(t)dρN(t)

Solution (for f with derivatives of constant sign)
• generate JN(dρN): Lanczos algorithm
• apply Gauss-type quadrature to

uT f(A)u =
∫

R+
f(t)dρN(t)
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Lanczos algorithm

h0 =
∑N

k=1 ρkvk, ‖h0‖ = 1 (h0 = u)

initialization:

h0 prescribed with ‖h0‖ = 1, h−1 = 0

continuation: for j = 0, 1, . . . , N − 1 do

αj = hT
j Ahj,

h̃j+1 = (A − αjI)hj − γjhj−1,

γj+1 = ‖h̃j+1‖,
hj+1 = h̃j+1/γj+1

Theorem

JN(dρN) =













α0 γ1 0

γ1 α1 γ2

. . . . . . . . .
γN−2 αN−2 γN−1

0 γN−1 αN−1
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Example

error bounds for linear algebraic systems

Ax = b, A symmetric, positive definite

if x∗ ≈ x := A−1b and r = b − Ax∗ then

‖x − x∗‖2 = rT A−2r

hence

‖x − x∗‖2 = ‖r‖2 · uT f(A)u

where u = r/‖r‖, f(t) = t−2

derivatives of f

f (2n)(t) > 0, f (2n+1)(t) < 0 for t ∈ R+
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Example (cont’)

‖x − x∗‖ = ‖r‖2

∫

R+

t−2dρN(t)

assume supp dρN ⊆ [a, b], 0 < a < b

lower bounds for ‖x − x∗‖2

• n-point Gauss applied to
∫

R+
t−2dρN(t)

• right-handed (n + 1)-point Gauss-Radau

upper bounds for ‖x − x∗‖2

• left-handed (n + 1)-point Gauss-Radau

• (n + 2)-point Gauss-Lobatto
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lower bounds for ‖x − x∗‖2

• n-point Gauss applied to
∫

R+
t−2dρN(t)

• right-handed (n + 1)-point Gauss-Radau

upper bounds for ‖x − x∗‖2

• left-handed (n + 1)-point Gauss-Radau

• (n + 2)-point Gauss-Lobatto

OPQA – p. 71/99



Part II

Approximation
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Least squares approximation
classical least squares problem: given N data points
(tk, fk), k = 1, 2, . . . , N , and the discrete measure
dλN(t) =

∑N
k=1 wkδ(t − tk), find p̂n ∈ Pn, n < N ,

such that

‖p̂n − f‖2
dλN

≤ ‖p − f‖2
dλN

, all p ∈ Pn

solution

p̂n(t) =
∑n

i=0 ĉi(f)πi(t; dλN), ĉi(f) =
(f,πi)dλN

‖πi‖2
dλN

πi not necessarily monic: πi(t) = dit
i + · · ·

Matlab
[phat,c]=least squares(n,f,xw,ab,d)
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Demo #5
L2 error vs L∞ error for equally weighted least
squares approximation on equally spaced points on
[−1, 1]

N=10; k=(1:N)’; d=ones(1,N);
xw(k,1)=-1+2*(k-1)/(N-1); xw(:,2)=2/N;
ab=r hahn(N-1);ab(:,1)=-1+2*ab(:,1)/(N-1);
ab(:,2)=(2/(N-1))ˆ2*ab(:,2); ab(1,2)=2;
[phat,c]=least squares(N-1,f,xw,ab,d);

Example f(t) = ln(2 − t),−1 ≤ t ≤ 1; N=10
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Constrained least squares approximation
constraints

p(sj) = fj, j = 1, 2, . . . , m; m ≤ n

interpolation and constraint polynomials

pm(t) = pm(f ; s1, . . . , sm; t), σm(t) =
∏m

j=1(t − sj)

reduction to unconstrained least squares

p̂n(t) = pm(f ; s1, . . . , sm; t) + σm(t)q̂n−m(t)

where

‖f ∗ − q̂n−m‖2
dλ∗

N
≤ ‖f ∗ − q‖dλ∗

N
, all q ∈ Pn−m

f ∗(t) = [s1, . . . , sm, t]f, dλ∗
N(t) = σ2

m(t)dλN(t)

modification algorithm
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Demo #6
Example Bessel function J0(t) for 0 ≤ t ≤ j0,3

constraints (m=3)

s1 = j0,1, s2 = j0,2, s3 = j0,3; p(sj) = 0, 1 ≤ j ≤ 3

constrained least squares n = 3, 4, 5

0 1 2 3 4 5 6 7 8 9
−0.5
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Demo #7
Example (cont’)
additional constraints (m=5)

p(0) = 1, p′(0) = 0

derivative-constrained least squares n = 5, 6, 7
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Demo #7
Example (cont’)
additional constraints (m=5)

p(0) = 1, p′(0) = 0

derivative-constrained least squares n = 5, 6, 7
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L2 approximation in Sobolev spaces

Problem

minimize :
∑s

σ=0

∑N
k=1 w

(σ)
k [p(σ)(tk) − f

(σ)
k ]2, p ∈ Pn

Sobolev inner product and norm

(u, v)S =
∑s

σ=0

∑N
k=1 w

(σ)
k u(σ)(tk)v

(σ)(tk), ‖u‖S =
√

(u, u)S

Solution

p̂n(t) =
n

∑

i=0

ĉi(f)πi(t), ĉi(f) =
(f, πi)S

‖πi‖2
S

πi . . . Sobolev orthogonal polynomials

Matlab

[phat,c]=least squares sob(n,f,xw,B)
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Demo #8
Example f(t) = et2erfc t = 2√

π
et2

∫ ∞
t

e−u2
du, 0 ≤ t ≤ 2

N = 5, tk = 2 k−1
N−1

, w
(σ)
k = 1

N
, k = 1, 2, . . . , N
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Moment-preserving spline approximation

splines of degree 0 (piecewise constant) on R+

sn(t) =
∑n

ν=1 aνH(tν − t), t ∈ R+

where aν ∈ R, 0 < t1 < t2 < · · · < tn, and

H(u) =







1 if u ≥ 0

0 otherwise

Problem Given f ∈ C1(R+), determine aν ∈ R and

0 < t1 < t2 < · · · < tn such that
∫ ∞

0
sn(t)tjdt = µj, j = 0, 1, . . . , 2n − 1,

where
µj =

∫ ∞
0

f(t)tjdt

Solution Gauss quadrature relative to the measure

dλ(t) := −tf ′(t)dt on R+
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Theorem (G., 1984)
If the first 2n moments µj , j = 0, 1, . . . , 2n − 1, exist and

f(t) = o(t−2n) as t → ∞, then the problem has a unique

solution if and only if the measure dλ(t) = −tf ′(t)dt admits a

Gaussian quadrature formula

∫ ∞
0

g(t)dλ(t) =
∑n

ν=1 λG
ν g(τG

ν ), g ∈ P2n−1,

satisfying 0 < τG
1 < τG

2 < · · · < τG
n . If so, then

tν = τG
ν , aν =

λG
ν

τG
ν

, ν = 1, 2, . . . , n. �

Remark If f ′ < 0 on R+, then dλ(t) ≥ 0.
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Proof Integration by parts

∫ T

0
f(t)tjdt = 1

j+1
tj+1f(t)

∣

∣

∣

T

0
− 1

j+1

∫ T

0
f ′(t)tj+1dt

letting T → ∞ and recalling −tf ′(t)dt =: dλ(t)

µj = 1
j+1

∫ ∞
0

tjdλ(t), j = 0, 1, . . . , 2n − 1

on the other hand

∫ ∞
0

sn(t)tjdt =
∑n

ν=1 aν

∫ tν
0

tjdt = 1
j+1

∑n
ν=1 aνt

j+1
ν

moment matching

∑n
ν=1(aνtν)t

j
ν =

∫ ∞
0

tjdλ(t), j = 0, 1, . . . , 2n − 1

�
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Example Maxwell distribution (Calder & Laframboise, 1986)

f(t) = e−t2 , dλ(t) = 2t2e−t2dt on R+

The recurrence coefficientsαk(dλ), βk(dλ), k ≤ n − 1, and

hence the Gauss quadrature rule for dλ, can be obtained by twice

modifying the half-range Hermite measure by a linear factor t

(two applications of chri1).
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spline function of degree m > 0

sn,m(t) =
∑n

ν=1 aν(tν − t)m
+ , t ∈ R+

where

u+ = uH(u) =







u if u ≥ 0

0 otherwise

Problem Given f ∈ Cm+1(R+) and µj =
∫

R+
f(t)tjdt,

j ≤ 2n − 1, determine aν ∈ R and 0 < t1 < · · · < tn such that
∫

R+
sn,m(t)tjdt = µj, j = 0, 1, . . . , 2n − 1

Solution Gauss quadrature relative to

dλ[m](t) = (−1)m+1

m!
tm+1f (m+1)(t)dt on R+

Remark If f is completely monotonic on R+, then dλ[m] ≥ 0
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Example Maxwell distribution

dλ(t) = 1
m!

tm+1Hm+1(t)e
−t2dt on R+

existence and accuracy of spline approximant
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approximation on the interval [0, 1]

spline function of degree m ≥ 0

sn,m(t) = p(t) +
∑n

ν=1 aν(tν − t)m
+ , p ∈ Pm, 0 ≤ t ≤ 1

where aν ∈ R, 0 < t1 < t2 < · · · < tn < 1

Problem I Find sn,m such that
∫ 1

0
sn,m(t)tjdt = µj, j = 0, 1, . . . , 2n + m

Problem II Find sn,m such that
∫ 1

0
sn,m(t)tjdt = µj, j = 0, 1, . . . , 2n − 1

and

s(µ)
n,m(1) = f (µ)(1), µ = 0, 1, . . . , m
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Solution of Problem I (Frontini, G., and Milovanović, 1987)

generalized Gauss-Lobatto quadrature

dλ[m](t) = (−1)m+1

m!
f (m+1)(t)dt on [0, 1]

∫ 1

0
g(t)dλ[m](t) =

∑m
µ=0[λ

(µ)
0 g(µ)(0) + (−1)µλ

(µ)
n+1g

(µ)(1)]

+
∑n

ν=1 λL
ν g(τL

ν ), g ∈ P2n+2m+1

if this exists with 0 < τL
1 < · · · < τL

n < 1, then

tν = τL
ν , aν = λL

ν , ν = 1, 2, . . . .n

and p is uniquely determined by

p(µ)(1) = f (µ)(1) + (−1)mm!λ
(m−µ)
n+1 , µ = 0, 1, . . . , m

complete monotonicity of f implies dλ ≥ 0
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Solution of Problem I (Frontini, G., and Milovanović, 1987)

generalized Gauss-Lobatto quadrature

dλ[m](t) = (−1)m+1

m!
f (m+1)(t)dt on [0, 1]

∫ 1

0
g(t)dλ[m](t) =

∑m
µ=0[λ

(µ)
0 g(µ)(0) + (−1)µλ

(µ)
n+1g

(µ)(1)]

+
∑n

ν=1 λL
ν g(τL

ν ), g ∈ P2n+2m+1

if this exists with 0 < τL
1 < · · · < τL

n < 1, then

tν = τL
ν , aν = λL

ν , ν = 1, 2, . . . .n

and p is uniquely determined by

p(µ)(1) = f (µ)(1) + (−1)mm!λ
(m−µ)
n+1 , µ = 0, 1, . . . , m

complete monotonicity of f implies dλ ≥ 0
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n < 1, then

tν = τL
ν , aν = λL

ν , ν = 1, 2, . . . .n
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Solution of Problem II (Frontini, G., and Milovanović, 1987)

generalized Gauss-Radau quadrature

dλ[m](t) = (−1)m+1

m!
f (m+1)(t)dt on [0, 1]

∫ 1

0
g(t)dλ[m](t) =

∑m
µ=0 λ

(µ)
0 g(µ)(0) +

∑n
ν=1 λR

ν g(τR
ν ), g ∈ P2n+m

if this exists with 0 < τR
1 < · · · < τR

n < 1, then

tν = τR
ν , aν = λR

ν , ν = 1, 2, . . . .n

and (trivially)

p(t) =
∑m

µ=0
f (µ)(1)

µ!
(t − 1)µ

complete monotonicity of f implies dλ ≥ 0
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Solution of Problem II (Frontini, G., and Milovanović, 1987)

generalized Gauss-Radau quadrature

dλ[m](t) = (−1)m+1

m!
f (m+1)(t)dt on [0, 1]

∫ 1

0
g(t)dλ[m](t) =

∑m
µ=0 λ

(µ)
0 g(µ)(0) +

∑n
ν=1 λR

ν g(τR
ν ), g ∈ P2n+m

if this exists with 0 < τR
1 < · · · < τR

n < 1, then

tν = τR
ν , aν = λR

ν , ν = 1, 2, . . . .n

and (trivially)

p(t) =
∑m

µ=0
f (µ)(1)

µ!
(t − 1)µ

complete monotonicity of f implies dλ ≥ 0
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Solution of Problem II (Frontini, G., and Milovanović, 1987)

generalized Gauss-Radau quadrature

dλ[m](t) = (−1)m+1

m!
f (m+1)(t)dt on [0, 1]

∫ 1

0
g(t)dλ[m](t) =

∑m
µ=0 λ

(µ)
0 g(µ)(0) +

∑n
ν=1 λR

ν g(τR
ν ), g ∈ P2n+m

if this exists with 0 < τR
1 < · · · < τR

n < 1, then

tν = τR
ν , aν = λR

ν , ν = 1, 2, . . . .n

and (trivially)

p(t) =
∑m

µ=0
f (µ)(1)

µ!
(t − 1)µ

complete monotonicity of f implies dλ ≥ 0
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Slowly convergent series

series generated by a Laplace transform

S =
∑∞

k=1 ak, ak = (L f)(k), k = 1, 2, 3, . . .

where
(L f)(s) =

∫ ∞
0

e−stf(t)dt

reduction to a quadrature problem

S =
∑∞

k=1

∫ ∞
0

e−ktf(t)dt

=
∫ ∞
0

∑∞
k=1 e−(k−1)t · e−tf(t)dt

=
∫ ∞
0

1
1−e−t e−tf(t)dt

=
∫ ∞

0
t

1−e−t

f(t)
t

e−tdt

OPQA – p. 89/99



Slowly convergent series

series generated by a Laplace transform

S =
∑∞

k=1 ak, ak = (L f)(k), k = 1, 2, 3, . . .

where
(L f)(s) =

∫ ∞
0

e−stf(t)dt

reduction to a quadrature problem

S =
∑∞

k=1

∫ ∞
0

e−ktf(t)dt

=
∫ ∞

0

∑∞
k=1 e−(k−1)t · e−tf(t)dt

=
∫ ∞

0
1

1−e−t e−tf(t)dt

=
∫ ∞

0
t

1−e−t

f(t)
t

e−tdt

OPQA – p. 89/99



S =
∫ ∞

0
t

1−e−t

f(t)
t

e−tdt

quadrature methods

• Gauss-Laguerre dλ(t) = e−tdt on R+

• rational/polynomial Gauss-Laguerre
• Gauss-Einstein dλ(t) = t

et−1
dt

Example Theodorus constant (P.J. Davis, 1993)

S =
∑∞

k=1
1

k3/2+k1/2 = 1.860025 . . .

here
1

s3/2+s1/2 = s−1/2 1
s+1

=
(

L 1√
πt

∗ e−t
)

(s)

↑
convolution

f(t) = 2√
π

F (
√

t), F (x) := e−x2 ∫ x

0
et2dt

OPQA – p. 90/99



S =
∫ ∞

0
t

1−e−t

f(t)
t

e−tdt

quadrature methods
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Demo #9 Theodorus constant

S =
2√
π

∫ ∞

0

t

1 − e−t

F (
√

t)√
t

t−1/2e−tdt

=
2√
π

∫ ∞

0

F (
√

t)√
t

t−1/2 t

et − 1
dt

OPQA – p. 91/99



Demo #9 Theodorus constant

S =
2√
π

∫ ∞

0

t

1 − e−t

F (
√

t)√
t

t−1/2e−tdt

=
2√
π

∫ ∞

0

F (
√

t)√
t

t−1/2 t

et − 1
dt
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Example Hardy-Littlewood function

H(x) =
∑∞

k=1
1
k

sin x
k
, x > 0

inverse Laplace transform of 1
s

sin x
s

f(t; x) = 1
2i

[I0(2
√

ixt) − I0(2
√
−ixt)]

integral representation for H

H(x) =
∫ ∞
0

t
1−e−t

f(t;x)
t

e−tdt =
∫ ∞

0
f(t;x)

t
t

et−1
dt
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x
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“alternating” series generated by a Laplace transform

S =
∑∞

k=1 ak, ak = (−1)k−1(L f)(k), k = 1, 2, 3, . . .

S =
∫ ∞

0
1

1+e−t f(t)e−tdt =
∫ ∞

0
f(t) 1

et+1
dt

Gauss-Laguerre, rat/pol Gauss-Laguerre, or Gauss-Fermi

Example
∑∞

k=1(−1)k−1k−1e−1/k, f(t) = J0(2
√

t)
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“alternating” series generated by a Laplace transform

S =
∑∞

k=1 ak, ak = (−1)k−1(L f)(k), k = 1, 2, 3, . . .

S =
∫ ∞

0
1

1+e−t f(t)e−tdt =
∫ ∞

0
f(t) 1

et+1
dt

Gauss-Laguerre, rat/pol Gauss-Laguerre, or Gauss-Fermi

Example
∑∞

k=1(−1)k−1k−1e−1/k, f(t) = J0(2
√

t)
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series generated by the derivative of a Laplace transform

S =
∑∞

k=1 ak, ak = − d
ds

(Lf)(s)
∣

∣

s=k
, k = 1, 2, 3, . . .

S =
∫ ∞

0
t

1−e−t f(t)e−tdt =
∫ ∞

0
f(t) t

et−1
dt

Gauss-Laguerre, rat/pol Gauss-Laguerre, or Gauss-Einstein

Example
∑∞

k=1(
3
2

+ 1)k−2(k + 1)−3/2, f(t) = erf
√

t√
t

· t1/2
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series generated by the derivative of a Laplace transform
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k=1 ak, ak = − d
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∣

∣
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∫ ∞
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t
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∫ ∞
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√
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t
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Slowly convergent series occurring in plate

contact problems

Rp(z) =
∞

∑

k=0

z2k+1

(2k + 1)p
, z ∈ C, |z| ≤ 1, p = 2 or 3

let
1

(k+ 1
2
)p = (Lf)(k), f(t) = 1

(p−1)!
tp−1e−t/2

then

Rp(z) =
z

2p

∞
∑

k=0

z2k

(k + 1
2
)p

=
z

2p

∞
∑

k=0

z2k

∫ ∞

0

e−kt · tp−1e−t/2

(p − 1)!
dt

=
z

2p(p − 1)!

∫ ∞

0

∞
∑

k=0

(z2e−t)k · tp−1e−t/2dt

=
z

2p(p − 1)!

∫ ∞

0

1

1 − z2e−t
tp−1e−t/2dt
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Slowly convergent series occurring in plate

contact problems

Rp(z) =
∞
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k=0
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, z ∈ C, |z| ≤ 1, p = 2 or 3

let
1

(k+ 1
2
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∞
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2
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∞
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z2k

∫ ∞

0
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(p − 1)!
dt
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z

2p(p − 1)!

∫ ∞

0

∞
∑

k=0

(z2e−t)k · tp−1e−t/2dt

=
z

2p(p − 1)!

∫ ∞

0

1

1 − z2e−t
tp−1e−t/2dt
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Rp(z) =
z

2p(p − 1)!

∫ ∞

0

tp−1et/2

et − z2
dt, z−2 ∈ C\[0, 1]

change of variables e−t 7→ t

Rp(z) =
1

2p(p − 1)!z

∫ 1

0

t−1/2[ln(1/t)]p−1

z−2 − t
dt

Cauchy integral of dλ[p](t) = t−1/2[ln(1/t)]p−1dt

continued fraction algorithm in combination with

modified Chebyshev algorithm to generate recurrence

coefficients of dλ[p]
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Example

Rp(x), p = 2 and 3, x = .8, .9, .95, .99, .999 and 1.0

for x ≥ .999 full accuracy cannot be achieved with
numax=100 recurrence coefficients
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Example
Rp(e

iα), p = 2 and 3, α = ωπ/2,
ω = .2, .1, .05, .01, .001 and 0.0
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Series involving ratios of hyperbolic cosines

Tp(x; b) =
∑∞

k=0
1

(2k+1)p

cosh(2k+1)k
cosh(2k+1)b

, 0 ≤ x ≤ b, b > 0, p = 2, 3

same Laplace transform technique, but after expanding

cosh(2k+1)x
cosh(2k+1)b

=
∑∞

n=0(−1)n
{

e−(2k+1)[(2n+1)b−x] + e−(2k+1)[(2n+1)b+x]
}

result

Tp(x, b) = 1
2p(p−1)!

∑∞
n=0(−1)ne(2n+1)b[ϕn(−x) + ϕn(x)]

where
ϕn(s) = es

∫ 1

0
dλ[p](t)

e2[(2n+1)b+s]−t
, −b ≤ s ≤ b,

continued fraction algorithm for dλ[p]
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