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Quadrature

Gauss-type guadrature formulae
» Gauss formula
» Gauss-Radau formula
» Gauss-Lobatto formula

Gauss-Kronrod quadrature

Gauss-Turan quadrature

Quadrature formulae based on rational functions
Cauchy principal value integrals

Polynomials orthogonal on several intervals

» Quadrature estimates of matrix functionals
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Approximation

» Polynomial least squares approximation
« classical
 constrained
* In Sobolev spaces

« Moment-preserving spline approximation
 on the positive real line
e O0n a compact interval

 Slowly convergent series

 generated by a Laplace transform or
derivative thereof

e occurring In plate contact problems
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Background

measure (of integration)
absolutely continuous measure

dA(t) = w(t)dt on |a,b], —oco<a<b< o

discrete measure

N
d)\N(t) = Zwké(t — ZCk)dt, T < XTo < -+ <IN
k=1
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Background

measure (of integration)
absolutely continuous measure

dA(t) = w(t)dt on |a,b], —oco<a<b< o

discrete measure
N

d)\N(t) :Zwké(t—ﬂfk)dt, T < XTo < -+ <IN
k=1

standing assumption (for absolutely continuous measures)
existence of the moments

,ur:/trd)\(t), r=20,1,2,...
R
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Inner product and norm

(9, @)ar = / (OO, (P p)ar = 19l

orthogonal polynomials

(- ) =m(;dN) €Pg, k=0,1,2,...

/

=0, k#/L
(Th, Te)an S
\>O,k:€
orthonormal polynomials
o dA
7~Tk(';d)\):m( V) Ek=0,1,2,...

|7 llaxn
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three-term recurrencerelation (for monic orth. pol.’s)

7Tk+1(t):(t— k)ﬁk(t)— kﬂ'k—l(t)a k:(),l,...,n—l
= ap(d)\) € R, Jx = Jp(dA) > 0 ( Oszd)\(t))
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three-term recurrencerelation (for monic orth. pol.’s)

7Tk+1(t):(t— k)ﬁk(t)— kﬂ'k_l(t),k:(),l,...,n—l
r=0p(d\) €R, B = k(d)) >0 (g = [ dA(®))

Proof Expand 7, 1(t) — tmi(t) € P, in orthogonal polynomials
To, T1, - - . , T, and use orthogonality and the property
(tp, q@)ar = (p,tq)q, Of the inner product. The result is (Darboux)

L
k(d)\) _ ( 7Tk777k)d>\’ 1.
(Wkaﬂk)d/\

() = TR
(Wk—lyﬂk—l)dk7 77

— WL
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three-term recurrencerelation (for monic orth. pol.’s)

7Tk+1(t):(t— k)ﬁk(t)— kﬂ'k_l(t),k:(),l,...,n—l
r=0p(d\) €R, B = k(d)) >0 (g = [ dA(®))

Proof Expand 7, 1(t) — tmi(t) € P, in orthogonal polynomials
To, T1, - - . , T, and use orthogonality and the property
(tp, q@)ar = (p,tq)q, Of the inner product. The result is (Darboux)

L
k(d)\) _ ( 7Tk777k)d>\’ 1.
(Wkaﬂk)d/\

() = TR
(7Tlc—1,7T/~e—1)dA7 H

normalization constants

— WL

)

Imillan = Jo1--- O
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VBL a1 P2

J(dA) = VP2 o2
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VB1 a1 DBz

J(dA) = V2 o2

0

of order n
Jn(d)\) — J(d)\)[lzn,lzn]

three-term recurrence relation (for orthonormal pol’s)
in matrix form (7 (t) = [7o(t), 71 (), ..., Tpo1(t)]?)
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Jacobl matrix
of infinite order

[ a0 VBi 0]
VB1 a1 DBz

J(dA) = V2 o2

0

of order n
Jn(d)\) — J(d)\)[lzn,lzn]

three-term recurrence relation (for orthonormal pol’s)
in matrix form (7 (t) = [7o(t), 71 (), ..., Tpo1(t)]?)

t7(t) = J (AN 7)) + v/ nin(t)en

—> the zeros 7, of 7, are the eigenvalues of J,(d\) and 7 (7,)
corresponding eigenvectors

OPOA = Dn. 10/¢€



" Classical" weight functions

name w(t) support  comment
Jacobi (1 —t)*(1+1t)° [—1,1] o> —1,
6> —1
Laguerre t%e~? [0, 00] |
Hermite ¢]2xet" [—00,00]  a>—1
Meixner- o= e®*=™HT(\ +it)|> [—o0,00] A >0,
Pollaczek O<op<m

OPOA =Dn. 11/¢€



"Classical" discrete measures

AN(t) = wed(t — k)dt

name M Wi comment
discrete N —1 1
Chebyshev

Krawtchouk N (%) p*(1 —p)V* 0<p<l

Charlier 00 e %a” k! a>0
Meixner 0 roy T 0<ec<1,8>0

Hahn N (Y (YR a>—1,8> 1
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Matlab

Example ab=r _j acobi (N, a, b)

NeN a>-1,b06>—-1
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Demo #1

N=10;
ab=r j acobi (N, -.5,1.5);
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Demo #1
N=x K0k

ab=r  acobi (N,
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Modified Chebyshev algorithm

modified and mixed moments

myp — prk(t)d)\(t), /{20,1,2,...
Okl =— fR Wk(t; d)\)pg(t)d)\(t), k,l > —1
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Modified Chebyshev algorithm

modified and mixed moments

myp — prk(t)d)\(t), /{20,1,2,...
Okl =— fR Wk(t; d)\)pg(t)d)\(t), k,l > —1

modified moment map

R — R [yl — [0k Jkli

conditioning: G., 1968, 1982, 2004
algorithm: Sack etal., 1971; Wheeler, 1974

assumption
pk—l—l(t) — (t — ak)pk(t) — bkpk—l(t)a k= Ov 17 27 >0 C
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M odifi ed Chebyshev algorithm(cont’)
Initialization:

0 = ag +my/mg, o= my,
o_10=0, £=12,...,2n—2,
000 — 1y, 520,1,...,277,—1
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M odifi ed Chebyshev algorithm(cont’)

Initialization:
0 = ap + mi/mo, 0 = My,
o_10=0, £=12,...,2n—2,
000 — 1y, 520,1,...,271—1
continuation (if n > 1): fork =1,2,....,n—1do

Okt — Ok—140+1 — ( k—1 — az)(fk—w — Pk—-10k—2¢

—FbgU]C_l’g_l, =k k+1,....2n—k—1,

Ok.k+1 Ok—1,k Okk

E— Qf )
OLk Ok—14—1 Ok—1,k—1

OPOA =D. 16/€



M odifi ed Chebyshev algorithm,schematically

Computing stencil




Mo | Ty | ™Mo | =+ | TNON -1
MM
A bo

aoN_9 | ban_9

abm

ab=chebyshev( N, rom abm
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Demo #2

elliptic orthogonal polynomials

dA(t) = [(1 — w2t2)(1 — tQ)]_l/th on |—1, 1],
D0<w<l
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D0<w<l
Chebyshev moments
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Demo #2

elliptic orthogonal polynomials

AN(E) = [(1 — w22)(1 — $2)]7Y2d¢ on [-1,1],

D0<w<l
Chebyshev moments

mo = [1, dN(®), mp = 5 [, Te(®)dAA(), k> 1

Matlab

function ab=r_elliptic(N, onk)
abmer j acobi (2*N-1, -1/ 2);
nonFmmel | 1 ptic(N, on?);
ab=chebyshev(N, nrom abm ;

OPOA =Dn. 19/¢



Demo #2 (cont’)

w? =.999, N =40
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Demo #2 (cont’)

w? =.999, N =40

A

&
0
1
2
3
3
o
G
=
0

022704012
0.23108088
0. 2454 2253
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0. 2d&2587 ]
0. 2d==0Ra 5
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0. 30054 70
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o by 3

M=

Ly Ly Lo W Wy L Lo o W L
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0. 230DE]1 85
0. 23002357
0. 230DE=0G
0. 2300=037
0. 23000052
0. 23000151
0. 23000213
0. 230003 22
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Discrete measure
AAN(t) = S0 wid(t — xy)dt

inner product  (p,q)n = Zgﬂ wip(xr)q(xy)
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Discrete measure
AAN(t) = S0 wid(t — xy)dt

inner product  (p,q)n = 2521 wip(xr)q(xy)

Algorithm #1:  Stieltjes, 1884; G., 1968
Darboux’s formulae

(=l p g1 p—1
(D) < kE — G Yy Ly e ey )
k:((”’f’”’*)N , k=12,....n—1

7Tk—177rk—1)N

\
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Discrete measure
AAN(t) = S0 wid(t — xy)dt

inner product  (p,q)n = 2521 wip(xr)q(xy)

Algorithm #1:  Stieltjes, 1884; G., 1968
Darboux’s formulae

(=l p g1 p—1
(D) < k — G — YUy dly.eo.y 9
k:(m’”k)N Ck=12....n—1

Wk—l{ﬂk—l)N

\

plus recurrence relation (R)
D R
7-‘-0_1:é 70:>7T1(:L 1y 1(:)>

(:; n—1, n—1

OPOA =p. 21/¢€



Algorithm #2

QT

1

N
NG

LLanczos, 1950

VW1 A/ W JWN ]
T 0 - 0
N R
s 0 - 0
vBo ag B1 - 0
0 1 1 e 0
0 0 0 No1

stable version of Lanczos algorithm

Rutishauser, 1963; Gragg and Harrod, 1984
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Matlab

n <N

ab=stielt]es(n, xw
ab=l anczos( n, xw)

X1 | Wy
Lo | Wy
N | WN
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Discretization methods G.: 1968, 1982

basic Idea

d)\(t) ~ d)\N(t), { k(d)\)
Example

wit)=1—-t)"Y2+con[-1,1], ¢>0
discretization

(p,q) =
[L p)g() (1 — t3)H2dt + ¢ [, p(t)q(t)dt

N N
~ Y wi ' p(a{Mg(@$") + ¢ >y whp(zh) ()

OPOA = p. 24/¢€



In general
discretize d\ on

using

tailor-made quadratures

general-purpose quadratures |

> on each |a;, b;]

OPOA = p. 25/¢



Matlab

ab=ntdi s(n, epsO, quad, Nmax)

global variables to describe details of discretization

mc, mp, iq

aq b1 X1 Y1

b
AB — CLIQ .2 DM — 9, Y2

Ame bmc Lmp | Ymp

OPOA = Dn. 26/€



Example
Jacobi weight function plus a discrete measure

AA(t) = (80)L(1 —t)o(1 +t)ﬁdt+§p:wj5(t—xj)dt on [—1,1]

1 j=1
3 —/ (1=t)*(1+t)°dt, a>-1,8> -1

1
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Example
Jacobi weight function plus a discrete measure

dA(t) = (8)) 7 (1 —t)*(L+8)°dt+ ) " w;d(t — z;)dt on [—1, 1]
By = /1(1 —1)%(1 +t)5dt,]z a>—1,03>-1

1
discretization (yields <, (d)), 'x(d)) exactly for £ < n — 1)

[ CECED SEV RS S c)

1
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Example
Jacobi weight function plus a discrete measure

dA(t) = (8)71(1 —t)*(1 +t)ﬁdt+§p:wj5(t—xj)dt on [—1,1]

1 j=1
3 —/ (1=t)*(1+t)°dt, a>-1,8> -1

1
discretization (yields <, (d)), 'x(d)) exactly for £ < n — 1)

[ CECED SEV RS S c)

1

here, mc=1, mp=p, iq=1(ifz; € [-1,1]), and

1 | Wy
Lo | Wo

AB=| -1 |1 DM=

Lp | Wp

OPOA =p. 27/¢€



Demo #3 logistic density function

d\(t) = g5=m2, t€ER
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Demo #3 logistic density function

d\(t) = g5=m2, t€ER

discretization

Ja @A) = [y (1er( —t)2 e~'dt + [, (1+e —>t)2 e™tdt
~ 5" LP( ) +p(r))

(Tte—rt)e

OPOA = p. 28/¢



Demo #3 logistic density function

d\(t) = g5=m2, t€ER

discretization

fR p(t)d)\( — fooo (13_( —)2 e tdt + fO _>t)2 e tdt

AL p(— )+p( )
~ Zl/ 1 (1—|—6_TV )2

exact answers
HdN) =0, Jg=1, Jp=k*n?/(4k*-1), k> 1
numerical results (N=40, eps0=1000 xeps)

EIT err
T.18(-17) 3.33(—16)
3.2808681337(0) 120(-16) 2 70{-16)
a OLL7A03523(1) 152(-16) 1.13(-15)

GET8278300(2) 2.14{-11) 0.00{+00)
ﬁ?.ﬁ.ﬁ_m 52(3) 6.24{-14) 118{-18)
6.24{-11) & 75(-15)

OPOA = p. 28/¢



Cauchy integrals of orthogonal polynomials

() = palzsn) = [ TG

g <~—1

d\(t), z € C\[a,b],

where [a, b] = supp(dX). By convention p_(z;d)\) = 1.

OPOA = p. 29/¢



Cauchy integrals of orthogonal polynomials

(2 = () = [ 2B, 2 e ot

g <~—1

where [a, b] = supp(dX). By convention p_(z;d)\) = 1.
Let o = ap(dN), T = Je(dN), k=0,1,2,... .

Theorem (G., 1981). If z € C\|a, b], then {px(2)}3>_, is the

minimal solution of the three-term recurrence relation

yk—H — (Z— k)yk — kYk—1, /€ — 0,1,2,... g

with initial value y_; = 1. [
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Cauchy integrals of orthogonal polynomials

() = palzsn) = [ TG

g <~—1

d\(t), z € C\[a,b],

where [a, b] = supp(dX). By convention p_(z;d)\) = 1.
Let o = ap(dN), T = Je(dN), k=0,1,2,... .

Theorem (G., 1981). If z € C\|a, b], then {px(2)}3>_, is the

minimal solution of the three-term recurrence relation

yk—H — (Z— k)yk — kYk—1, /€ — 0,1,2,... g

with initial value y_; = 1. [

If 2 = x € (a,b), the integrals are Cauchy principal value
Integrals. They satisfy the same three-term recurrence relation,
but with initial values p_, (z) = 1, po(x) = £ d\(#)/(x — 1).

OPOA = p. 29/¢



Continued fraction algorithm (G., 1967)

Formally,

pn(z) — n n+1 n-+2
Pn—1(2) Z—Op— Z—Optl— Z—Qpt2—

'n—1 -—
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Continued fraction algorithm (G., 1967)

Formally,

pn(z) — n n+1 n-+2
Pn—1(2) Z—Op— Z—Optl— Z—Qpt2—

'n—1 -—

Theorem (Pincherle, 1894). The continued fraction converges if
and only if {pr(2)}22_, is a minimal solution of the three-term
recurrence relation. [

OPOA = p. 30/¢



Continued fraction algorithm (G., 1967)

Formally,

. Pn(z) _ n n+1 n-+2
Ty = - =
Pn—1(2) Z—Op— Z—Optl— Z—Qpt2—

Theorem (Pincherle, 1894). The continued fraction converges if
and only if {pr(2)}22_, is a minimal solution of the three-term
recurrence relation. [

To compute p,,(z), n = —1,0,..., N, suppose first that 7, is
known for some v > N. Then

r-1=-—=—, n=v,v—1,...,0,

n—Tn

and

p_1(2) =1, ppo(2) =rpn_1pn_1(z), n=0,1,...,N

OPOA = p. 30/¢



Continued fraction algorithm (G., 1967)

Formally,

. Pn(z) _ n n+1 n-+2
Ty = - =
Pn—1(2) Z—Op— Z—Optl— Z—Qpt2—

Theorem (Pincherle, 1894). The continued fraction converges if
and only if {pr(2)}22_, is a minimal solution of the three-term
recurrence relation. [

To compute p,,(z), n = —1,0,..., N, suppose first that 7, is
known for some v > N. Then

r-1=-—=—, n=v,v—1,...,0,

n—Tn

and

p_1(2) =1, ppo(2) =rpn_1pn_1(z), n=0,1,...,N
If r, 1s not known, replace it by r, =~ 0.

OPOA = p. 30/¢



Algorithm

Define
[y] . v e n n+1 4
Ty = 07 Fn-1 = Z—Op— 22— n—-i_|-1— £— Oy
Then
v n
=0, M, = i =yl
/e n T?’L

p[f]l =1, ,07[1”] = rgllpg]_l, n=01...,N

OPOA = p. 31/¢€



Algorithm

Define
V] _ vl n n v
Ty = 07 Fn-1 = Z—Op— 22— n—:-ll— £— Oy
Then
v n
7~[V]:07 Tn_lz [l/]’ n_V7V_1 707
/e n - n

p[f]l =1, ,07[1”] = rgllpg]_l, n=01...,N

Theorem (G., 1981) If z € C\|a, b], then

lim p¥ = p,(2), n=0,1,...,N.O

V—00

OPOA = p. 31/¢€



Algorithm

Define
[y] . 14 e n n+1 v
Ty = 07 Fn-1 = Z—Op— 22— n—:-l— £— Oy
Then
U n
7~[V]:O7 rn_lz [V]’ n_V,V_l 707
/e n - n

p[f]l =1, ,07[1”] = riﬂlpgj]_l, n=01...,N

Theorem (G., 1981) If z € C\|a, b], then

lim p¥ = p,(2), n=0,1,...,N.O

V—00

Convergence is faster the larger dist(z, [a, b]).

OPOA = p. 31/¢€



Matlab

[ rho, r, nu] =cauchy(N, ab, z, eps0, nu0, nun

po(2) ro(2) o7y Bo

p1(2) r1(z) Q] B

PN (Z ) N (Z ) (pumax 6numax

rho r ab
where

re(z) = ,01@+1(Z)’ k=0,1,...,N
pi(2)

OPOA = p. 32/¢



Modification algorithms



Modification algorithms

Problem: given the recurrence coefficients of d ),
generate those of

A

dA(t) = r(t)dA(t), r > 0 on supp(d)), rational

OPOA = p. 33/¢



Modification algorithms

Problem: given the recurrence coefficients of d ),
generate those of

AN(t) = r(¢)dA(t), > 0 on supp(d)), rational
Example: Galant, 1971
r(t) =s(t—c), c&R\supp(d)), s==+1

OPOA = p. 33/¢



Modification algorithms

Problem: given the recurrence coefficients of d ),
generate those of

AN(t) = r(¢)dA(t), > 0 on supp(d)), rational
Example: Galant, 1971
r(t) =s(t—c), c€R\supp(d)), s==+1

one step of (symmetric, shifted) LR algorithm:
[T p41(dN\) — eIl = LL*

Jn(dj\) — (LTL T CI) [1:n,1:n]

nonlinear recurrence algorithm

OPOA = p. 33/¢



generalized Christoffel theorem (Uvarov, 1969)
dA(t) = 53 dt, w(t) = £ [Thoy (t = wa), o(8) = [T (= va)

OPOA = p. 34/¢



generalized Christoffel theorem (Uvarov, 1969)

dA(t) = 53 dt, w(t) = £ [Thoy (t = wa), o(8) = [T (= va)
Let m < n. Then
w(t)m, (t; d\) = const X

Tn-m(t) -+  Taoa(l) Ta(t) 0 Tnyel(t)

7Tn—'m(u1> e 7Tn—l(ul) 7Tn(ul) T 7Tn+€(ul)
Wn—m(uﬁ) T 7Tn—l(uﬁ) Wn(uﬁ) e 7Tn+€<u€)
Pr—m(V1) o ppoa(Vi)  palvr) o0 pate(vr)
pn—m(vm) T Pn—l(vm) pn(vm) T pn+€(vm)

where
on(2) = [ ZEN q\@), k=0,1,2,... .0

OPOA = p. 34/¢



generalized Christoffel theorem (Uvarov, 1969)

dA(t) = 53 dt, w(t) = £ [Thoy (t = wa), o(8) = [T (= va)
Let m < n. Then
w(t)m, (t; d\) = const X

Tn-m(t) -+  Taoa(l) Ta(t) 0 Tnyel(t)

7Tn—'m(u1> e 7Tn—l(ul) 7Tn(ul) T 7Tn+€(ul)
Wn—m(uﬁ) T 7Tn—l(uﬁ) Wn(uﬁ) e 7Tn+€<u€)
Pr—m(V1) o ppoa(Vi)  palvr) o0 pate(vr)
pn—m(vm) T Pn—l(vm) pn(vm) T pn+€(vm)

where
on(2) = [ ZEN q\@), k=0,1,2,... .0

Christoffel’s theorem: m = 0

OPOA = p. 34/¢



Theorem (Uvarov, 1969) Let m > n. Then
u(t)m,(t; d)\) = const X

o 0 --- 0 mo(t) -+ Tpae(t)

o 0 --- 0 mo(uy) -+ mpae(uq)
o 0 --- 0 mo(ue) -+ mhae(up)
1w - o po(vr) co pnge(vi)
1 vy - Urnr:_n_l Po(Um) *+* Pnte(Um)

where p,(2) is the Cauchy integral defined previously.[]

OPOA = p. 35/¢



Theorem (Uvarov, 1969) Let m > n. Then
u(t)m,(t; d)\) = const X

o 0 --- 0 mo(t) -+ Tpae(t)

o 0 --- 0 mo(uy) -+ mpae(uq)
o 0 --- 0 mo(ue) -+ mhae(up)
1w - o po(vr) co pnge(vi)
1 vy - Urnr:_n_l Po(Um) *+* Pnte(Um)

where p,(2) is the Cauchy integral defined previously.[]

The generalized Christoffel theorems remain valid for complex
uy, v, If orthogonality Is understodd in the sense of formal
orthogonality.

OPOA = p. 35/¢



linear factor d\(t) = (t — 2)d\(¢), z € C\a, }]
Christoffel:

7Tn(t) 7Tn+1(t)
Tn(2) Tnt1(2)

—Tn(2)

7Tn+1(z)
Tn(2)

(t—2)m,(t) = = Tpa1(t)—Tnmn(t), r, =

OPOA = pn. 36/€



linear factor d\(t) = (t — 2)d\(¢), z € C\a, }]
Christoffel:

Tn (t) Tn+1 (t)
Tn(2) Tnt1(2)

—Tn(2)

7Tn+1(z)
Tn(2)

(t—2)m,(t) = = Tpa1(t)—Tnmn(t), r, =

write (t — z)tme(t) in two ways (Verlinden, 1999)
(t — Z)tﬁ'k(t) — tﬂ'k_H(t) — Tk - t?'l'k(t)

=Tg4-2 () (kg1 —T8) o1 (O)F(Trg1 =Tk k) TR () =Tk T —1(2)

A

(t = 2)t7x(t) = (¢ = 2)[Trrs + OnTe(t) + e ()]

=Tpt2(E)+( k=Tt 1) Mo 1 O+ =78 B TR () —Th—1 g TR—1(2)

OPOA = pn. 36/€



linear factor d\(t) = (t — 2)d\(¢), z € C\a, }]
Christoffel:

Tn (t) Tn+1 (t)
Tn(2) Tnt1(2)

7Tn+1(z)

(t—2)m,(t) = = Tpa1(t)—Tnmn(t), r, =

— T, (2)
write (t — z)tme(t) in two ways (Verlinden, 1999)
(t — 2)t7x(t) = tmppa(t) — 71 - tma(2)

=Tg4-2 () (kg1 —T8) o1 (O)F(Trg1 =Tk k) TR () =Tk T —1(2)

A

(t — 2)t7r(t) = (t — 2)[Frg1 + OxFe(t) + pTr—1(D)]
=Tpt2(E)+( k=Tt 1) Mo 1 O+ =78 B TR () —Th—1 g TR—1(2)

comparison:

AN

E— Tk+t1 = Ck+1 — Tky Tk—1 =Tk k

Tn(2)

OPOA = pn. 36/€



Algorithm (M odifi cation by alinear factor ¢t — z)
Initialization:
ro—=<—=op, T1=%~—01— 1/7“07

A

0= ('1 +T1— To, 0= —To 0

OPOA = p. 37/¢



Algorithm (M odifi cation by alinear factor ¢t — z)

Initialization:
o =< — oo, T1==r—01— 1/7"07
Yo = a1 + 11 — T, 0= —To0 0
continuation (if n > 1): fork =1,2,...,n—1do
Tk+1 — 2 — Vg1 — kz+1/"“k:>

AN

k= kg1 T Th+1 — Tk,

A

L= Tk /TE_1

OPOA = p. 37/¢



Algorithm (M odifi cation by alinear factor ¢t — z)

Initialization:
o =< — oo, T1==r—01— 1/7“07
Yo = a1 + 11 — T, 0= —To0 0
continuation (if n > 1): fork =1,2,...,n—1do
Tk+1 — 2 — Vg1 — kz+1/"“k:>
Yk = gl + Thtl — Tk,
L= prk/TE_1
Matlab

ab=chri1l1(N,ab0,z)

OPOA = p. 37/¢



Algorithm (quadraticfactor (t—x)%+y* =

Initialization:

(t=2)(t=2))

ro=— %< — g, T'1 = 2 — (V1 — 1/7°0,7°2=Z— 2 — 2/7“1,

A

A

0

0

1

/ T /

o( 71+ |70l?)

(Tl ‘|‘ 7 To)

OPOA = p. 38/¢



Algorithm (quadraticfactor (t—z)?+y% = (t—2)(t—2))

Initialization:
ro==<—0p, "'t = < — 1 — 1/7“0, ro — 2 — tig — 2/7“1,
Vg = 2—|-7“é—|—;—%7°’1— (Tl—l— ,,7“0)
o= o( 1+ [rof?)
continuation (if n > 1):. fork =1,2,...,n—1do
Tha2 = 2 — Ok — g2/ Thtt,
T = Ogy2 T Tk—l—Z + ::i Pl — (Tl/c+1 T Tf«? Tk)
A 2
i

OPOA = p. 38/¢



Algorithm (quadraticfactor (t—z)?+y% = (t—2)(t—2))

Initialization:
ro==<—0p, "'t = < — 1 — 1/7“0,7”222— 2 — 2/7“1,
Vg = 2—|-7“§—|—:—:§7“'1—(7“1—|— ,,7“0)
o= o( 1+ [rof?)
continuation (if n > 1):. fork =1,2,...,n—1do
Tha2 = 2 — Ok — g2/ Thtt,
U = Qo + Tya + ;:i Pl — (Tl/c+1 T Tf«? Tk)
A 2
k= krk[*,,};ﬁ’é‘l —

Matlab ab=chri2(N,ab0,x,y)

OPOA = p. 38/¢



linear divisor d\(t) = 2% 2 € C\[a, b]
generalized Christoffel:

Tn—1(t) 7n(t)
pn—1(2) pn(z)

—,On_1(Z)

— _ T e pn+1(z)
— n(t) n—1 n—l(t)> n ,On(Z)

T (t) —

OPOA = p. 39/¢



linear divisor d\(t) = 29 > € C\[a, D]
generalized Christoffel:

Tn—1(t) 7n(t)
pn—1(2) pn(z)

—,On_1(Z)

Algorithm (Modification by a linear divisor ¢t — z)
Initialization:

L Pn+1 (Z)

T (t) = = T, (t) — Tn_1Tn_1(t), Tn = on(2)

Yo = Qg + T, Ao = —po(2)

continuation (if n > 1): fork =1,2,...,n—1do
Vg = Qg + T — Tk—1,
Ak — k—17“k—1/7°k—2

computation of the rj: continued fraction algorithm

OPOA = p. 39/¢



linear divisor d\(t) = 29 > € C\[a, D]
generalized Christoffel:

Tn—1(t) 7n(t)
pn—1(2) pn(z)

—,On_1(Z)

Algorithm (Modification by a linear divisor ¢t — z)
Initialization:

L Pn+1 (Z)

T (t) = = T, (t) — Tn_1Tn_1(t), Tn = on(2)

Yo = Qg + T, Ao = —po(2)

continuation (if n > 1): fork =1,2,...,n—1do
= O TR — Tp—1,
Ak== k—1Tk—1/Tk—2
computation of the rj: continued fraction algorithm
Matlab

[ ab, nu] =chri 4(N, abO0, z, eps0, nuO, nunax, r hoO, | opt)

OPOA = p. 39/¢



quadratic divisor d)\( ) = 7 dﬁ)giy

notations

z
’r’n:—
ol \ P
. . n—
Sn:_(n1+n2n_2>7n>1’ tn__,r.//Q‘/rn_2|7n22

OPOA = pn. 40/¢€



quadratic divisor d)\( ) = 7 d;)giy

notations
r, = p”*—(l()z) rt +ir!
Sn:—(’ + ;’;;r;_2>,n21; tnzié—:;\rn_gﬁ n > 2
Algorithm
Initialization:
o = T+ phu/ s Bo = —pl/y,
1= 01— S+ 81, A1 = (31 + s1(ag — Ga) — £a,

A

9 = (19 — S3 + Sag, o = lJg 4+ s9(0y — (o) — t3 + to

A

OPOA = pn. 40/¢€



quadratic divisor d)\( ) = 7 dﬁ)giy

notations
r, = p”*—(l()z) rt +ir!
Sn:—(’ + Z;r;_2>,n21; tnzié—:;\rn_gﬁ n > 2
Algorithm
Initialization:
o =+ phy/el, o= —pi/v,
Y1 = Q1 — 83 + 81, A1 = 1 + s1(ag — G1) — 1o,

A

Vg = (19 — 83 + 89, o = lJg 4+ s9(0y — (o) — t3 + to

continuation (ifn > 3):fork=3,4,...,n—1do

A
A

k — Qg — Skg+1 + Sk, L= Up_otr/ti_q

OPOA = pn. 40/¢€



dA(t)

quadratic divisor dA(t) =

(t—x)2+y?
notations
r, = p”*—(l()z) r —Hr;{
Sn:—(’ + 7; 1r;_2>,n21; tn = ==L [rp_al? n>2
n 2 n—2

Algorithm
Initialization:

o =2+ ohy/ol,  Bo=—pi/y,

Y1 = 1 — S9 + Sq, 1 — 1—|—S1(0—A1)—t27

AN
AN

0 = (vg — 83 + Sg, o = o+ 82(0y — (o) — 3+t
continuation (ifn > 3):fork=3,4,...,n—1do

A

k — Qg — Skg+1 + Sk, L= Up_otr/ti_q

Matlab
[ ab, nu] =chri 5(N, ab0, z, eps0, nuO, nunmax, r hoO, | opt)

A

OPOA = pn. 40/¢€



Sobolev orthogonal polynomials

OPOA =p. 41/¢€



Sobolev orthogonal polynomials

Sobolev inner product
fR (£)dAo(t) + f]R )¢ (t)d A (2)

oo Jg P ()¢ () dA(8)



Sobolev orthogonal polynomials

Sobolev inner product
fR (£)dAo(t) + f]R )¢ (t)d A (2)

ot e p<8> (t)g"™ (t)dAs(t)
Sobolev orthogonal polynomials {7 (-;S)}

(=0, k£

Tk, <
(i, 7e)s >0, k=¢

\

OPOA =p. 41/¢€



Sobolev orthogonal polynomials

Sobolev inner product
fR (£)dAo(t) + fR )¢ (t)d A (2)

ot e p<8> (t)g"™ (t)dAs(t)
Sobolev orthogonal polynomials {7 (-;S)}

(=0, k£

Tk, <
(i, 7e)s >0, k=¢

\

recurrence relation

k
mea(t) = tmp(t) = S e i(t), k=0,1,2,...

=0

OPOA =p. 41/¢€



Recurrence matrix
recurrence relation

T (t) = () — 3 B (0)

J=0

matrix of recurrence coefficients

p—t

e OO

O3 .

33?333
B DO QO NN DD

|
N

o3I —3 .
|

33?333
T RN

|
—_ =

OPOA =p. 42/¢€



Modified Chebyshev algorithm



Modified Chebyshev algorithm

modified moments

m](:):f]pgpk(t)d)\m
k=0,1,2,...,; c=0,1,...,5

OPOA = p. 43/¢€



Modified Chebyshev algorithm

modified moments

m](:):f]gpk(t)d)\m
k=0,1,2,...,; c=0,1,...,5

modified moment map

[m,(f)]zigl, c=0,1,...,s — H,

OPOA = p. 43/¢€



Modified Chebyshev algorithm

modified moments

m](f):f]gpk(t)d)\m
k=0,1,2,...,; c=0,1,...,5

modified moment map
[m,(f)]zigl, c=0,1,...,s — H,

algorithm G. and Zhang, 1995

conditioning Zhang, 1994

Matlab (for s = 1)
B=chebyshev_sob( N, rom abm

OPOA = p. 43/¢€



Example d\o(¢t) =dt, d\(t) =~dt on[-1,1]
(Althammer, 1962)

modified moments

pr(t) = monic Legendre

méo) = 2, m(()l) = 2v; m,io) = mé” =0, £>0

Matlab

nonrzer os(2, 2*N) ;

non( 1, 1) =2; non( 2, 1) =2*q;
abmer _j acobi (2*N-1) ;
B=chebyshev_sob( N, nrom abm ;

OPOA = p. 44/¢€



Discretized Stieltjes algorithm



Discretized Stieltjes algorithm
(G. and Zhang, 1995)

t Y
gz(ﬂhmfh, j=0,1,... k

(T‘-k—j7 Wk—j)S

OPOA = p. 45/¢



Discretized Stieltjes algorithm
(G. and Zhang, 1995)

e (T, Thj)s
/ (Wk—jaﬂ-k—j)s

C i=0.1,...k

Gauss quadrature discretization
(@), = Y wpla)g(z)”), 0 =0,1,...,s
k=1

Matlab
B=stielt]es_sob(N, s, nd, xw, a0, sane)

al= O(d)\O)

OPOA = p. 45/¢



Matlab (cont’)

mgo) fgs) wg()) wf)
xé@) xés) wg()) wés)
=
Twd U Td | Und T W

OPOA = n. 46/€



Example Althammer’s polynomials

Matlab
s=1; nd=[N N|;
a0=0; sane=1,
ab=r j acobi (N);
zw=gauss( N, ab) ;
XW=[ zW @, 1) zw:,1) ...
ZW(:,2) g*zwW(:, 2)];

B=stieltjes_sob(N, s, nd, xw, a0, sane) ;

OPOA =p. 47/€



Zeros
1
WT(t) = |mo(t), m (1), ..., T 1(t)]
then
tel (t) = 7' () H,, + 7,(t)el

Theorem The zeros 7, of «,, are the eigenvalues of
H, and =1 (7,) corresponding (left) eigenvectors.

Matlab
z=sobzer os(n, N, B)

OPOA = p. 48/¢€



Part |11

Quadrature

OPOA = p. 49/¢



Gauss quadrature formula

/R FHINE) = S AG£(7C) + RE(f)



Gauss quadrature formula
[ s ZAGf )+ BS()

Theorem (Golub and Welsch, 1969)

The nodes 7¢ are the eigenvalues of J,,(d)\) and the
weights A& are

v

where ' = fR dA(t) and v, is the first component
of the normalized eigenvector v,,

Jp(dN)v, = )\ffuy, vay = 1.

OPOA = p. 50/¢



Gauss quadrature formula
[ s ZAGf )+ BS()

Theorem (Golub and Welsch, 1969)

The nodes 7¢ are the eigenvalues of J,,(d)\) and the
weights A& are

v

where ' = fR dA(t) and v, is the first component
of the normalized eigenvector v,,

Jp(dN)v, = )\ffuy, ’vffvy = 1.
Matlab

xw=gauss( N, ab)

OPOA = p. 50/¢



Corollary If f i1s sufficiently smooth, then

ZV 1)‘5 ( ): 061f( ( ))617 61:[1707”‘70]{

OPOA = p. 51/¢



Corollary If f i1s sufficiently smooth, then
EV 1)‘5 ( ): 061f( ( ))617 61:[1707'”70]{

Proof LetV = |vy,vq,...,v,]and J = J,(d)).
Then (spectral decomposition of J)

JV =VD,, D,=dag’ 5, . .. %
and
Qeipf(J)el — Oe{Vf(DT)VTel
= 0 o f(T0) = 20 i XS F(T5)

since gv5; = AJ.

OPOA = p. 51/¢



Example Zeros of Sobolev orthogonal polynomials of
Gegenbauer type (Groenevelt, 2002)
Sobolev inner product

(u,0)s = J2, u()o(t)(1 = #)°71dt + v [, w/ ()0 () Sebh dt

t2 _|_y2

OPOA = p. 52/¢



Example Zeros of Sobolev orthogonal polynomials of
Gegenbauer type (Groenevelt, 2002)
Sobolev inner product

(u,0)s = J2, u()o(t)(1 = #)°71dt + v [, w/ ()0 () Sebh dt

t2 _|_y2

Matlab program

s=1; same=0; eps0=1e-14; numax=250; nd=[N N];
abO=r_jacobi (numax,alpha);

z=complex(0,Yy);

nuO=nuOjac(N,z,eps0); rhoO=0; mopt=1;
abl=chri6(N,ab0O,y,eps0,nu0,numax,rho0, 1opt);
zwl=gauss(N,abl);

ab=r_gjacobi(N,alpha-1); zw=gauss(N,ab);
xw=[zw(:,1) zwl(:,1) zw(:,2) gamma*zwl(:,2)];
a0=ab(1,1); B=stieltjes sob(N,s,nd,xw,a0,same)
z=sobzeros(N,N,B)

OPOA = p. 52/¢



Demo #4 N=12,a =1, 4

|
p—t

OPOA = p. 53/¢



Demo #4 N=12,a=1,y=1

i1}

2 ZErOS
09 0110861681531
28118007 Th1E
AA0aRTALEEREE
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=
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e
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BEBREN182T13
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All other zeros are the same with opposite signs

OPOA = p. 53/¢



Gauss-Radau formula
Jr fF@)AA(®) = A§f(a) + > ) Ao f(7)) + Ri(f)



Gauss-Radau formula

Jr f@AAE) = A5 f (@) + Xopy A0S (7)) + R (f)

Jacobi-Radau matrix

R.a Jn nCn Tn—1a
Jpi1(dA) = {\/—fb(i%) \/:ﬁe } : Ozf,}f = a — Dy Wn(é))

Jacobl resp. Laguerre measure

2n(n+a) R
(2n+a+08)(2n+a+6+1)? n

ot = —14

OPOA = p. 54/¢



Gauss-Radau formula

Jr f@AAE) = A5 f (@) + Xopy A0S (7)) + R (f)

Jacobi-Radau matrix

R,CL Jn nCn Tn—1\a
Jn—|—1(d>\) — {\/—fb(i%) \/:fe } ) O‘rr}f — d— Un wn(c(z))

Jacobl resp. Laguerre measure

R _ | 2n(n+a) R _
&y, = 1 (2n+a+08)(2n+a+6+1)? &, =N
VEIEe

xwW=r adau( N, ab, endO0)
XW=r adau_j acobi (N, 1 opt, a, b)
XW=r adau_l aguerre(N, a)

OPOA = p. 54/¢



Gauss-Lobatto formula
[ @A) m N fa) + S0 ALF(TE) + AL, f (D)



Gauss-Lobatto formula

17 f() =N fla)+ >0 A f(rr) + A f(D)
Jacobi-Lobatto matrix
J (d)\) _ Jn+1(d)‘) ﬂ£+1€n+1
n-+2 -

V £+163{+1 04£Z+1
|:7Tn+1(a) mn(a) i| |: n+1 i| — |:a7rn+1(a) }
7Tn—|—1(b> 7Tn(b) 7%_'_1 bﬂ-n—l-l(b)
Jacobl measure

I a-B L _ gtatl)(ntptl)(ntatB+1)

OPOA = p. 55/¢



Gauss-Lobatto formula

[ F@ANE) = Ny f(a) + S0  ALF(rF) + AL, £ (D)
Jacobi-Lobatto matrix
J (d)\) L Jn—|-1(d)‘) ﬂfr%—klen-l—l
n-+2 —

V £+163{+1 04£Z+1
|: Tnt1(a) mn(a) i| |: n+1 i| — |: ampy1(a) }
Tn+1(b) (D) £+1 b +1(b)

Jacobl measure

. a—f L 4(n+&+1)(n+5+1)(n+a+ﬁ+l)
Matlab

XxW=l obatt o( N, ab, endl , endr)
XW=| obatt o_ acobi (N, a, b)

OPOA = p. 55/¢



Error bounds
Gauss-Radau formulae

J, F(@) = Aof(a) + 2y A0S (7)) + Ry (f)
—ZV 1S (7) + A £(B) + Ry (f)

Theorem If f € C*"*1[q, b], then
Ry(f) >0, Ry(f) <0 if sgn f*"*Y =1 on [a,0],
with the inequalities reversed if sgn f2"+1) = —1.

OPOA = p. 56/¢€



Error bounds
Gauss-Radau formulae

J, F(@) = Aof(a) + 2y A0S (7)) + Ry (f)
—ZV 1S (7) + A £(B) + Ry (f)

Theorem If f € C*"*1[q, b], then

R(f) >0, R:(f) <0 ifsgn f®™) =1 on |a,b],
with the inequalities reversed if sgn f2"+1) = —1.
Proof (for R2; for R® the proof is similar)

(2n+1) Ta b
R =il e = [mw i,
where d)\,(t) = (t — a)d\(t). O

o0 1)1

OPOA = p. 56/¢€



Gauss-Lobatto formula

Jo F@)ANE) = M5 f(@) + ooy ALF(TE) + At (B) + REA(f)

Theorem If f € C*"*2[a, b], then
RY(f) <0 if sgn f®"2 =1 on [a,b],

with the inequality reversed if sgn f?7+2) = —1.

OPOA =p. 57/¢



Gauss-Lobatto formula
J, F@)ANE) = N f (@) + S0y XeF(7F) + Awia £(B) + Ra®(f)
Theorem If f € C*"*2[a, b], then

RY(f) <0 if sgn f®"2 =1 on [a,b],

with the inequality reversed if sgn f?7+2) = —1.
Proof

a (2n+2) e b
Rn’b(f) — —In f(2n+2()!)7 Yn — fa [ﬂ-n(t) d)\a,b)]Qd)\a,b(t)a

where d)\g,(t) = (t — a)(b — t)d\(2).

OPOA =p. 57/¢



Gauss-Kronrod formula

Jo FOANR) = 320 NCFC ) + 25 N F ()



Gauss-Kronrod formula
Jo F@ANE) m S0 MEF(E) + 00 XK ()

Jacobi-Kronrod matrix (Laurie, 1997)
" S (AN Vin€n 0
Jopa(dX) = | V7n€L o €]

0 e J

n -

The trailing (symmetric, tridiagonal, and partially
known) matrix J can be computed by Laurie’s
Algorithm

OPOA = p. 58/¢



Gauss-Kronrod formula
Jo F@ANE) m S0 MEF(E) + 00 XK ()

Jacobi-Kronrod matrix (Laurie, 1997)
" S (AN Vin€n 0
Jopa(dX) = | V7n€L o €]

0 e J

n -

The trailing (symmetric, tridiagonal, and partially
known) matrix J can be computed by Laurie’s
Algorithm

Matlab
ab=r _kronrod(N, ab0)

XW=kr onr od( n, ab)

OPOA = p. 58/¢



Gauss-Turan formula (Turan, 1950)

/R FOANE) = S F (1) + -+ ALY ()]

OPOA = p. 59/¢



Gauss-Turan formula (Turan, 1950)

/ f(t)dA(t) = Z[)\Vf(ﬂ/) 4o AT =D )
R v=1
power orthogonality (r = 2s + 1, s > 0)

Jelwn (@) p(t)dA(t) =0, allp € P,
where w,(t) = [[,_,(t — 1)
s-orthogonal polynomial: w, () = m, ()
computation (basic idea): d\, s(t) := [m,.s(t)]**dA(2)

fR Wn,S(t)p(t>d)‘n,s(t) =0, alpel,,

OPOA = p. 59/¢



Gauss-Turan formula (Turan, 1950)

/ f(t)dA(t) = Z[)\Vf(ﬂ/) 4o AT =D )
R v=1
power orthogonality (r = 2s + 1, s > 0)

Jelwn (@) p(t)dA(t) =0, allp € P,
where w,(t) = [[,_,(t — 1)
s-orthogonal polynomial: w, () = m, ()
computation (basic idea): d\, s(t) := [m,.s(t)]**dA(2)

fR Wn,S(t)p(t>d)‘n,s(t) =0, alpel,,

Matlab
XW=t ur an(n, s, epsO0, ab0, hom

OPOA = p. 59/¢



Polynomial/rational quadrature

f]R g(t)dA(t) = EZ:l Avg(Tv) + Ra(g)

Problem: determine \,, 7, such that R,,(g) = O if
g € Sy, Where

SQn — Qm D IP)2n—m—17 0<m<2n
Py,,—m—1 = polynomials of degree < 2n —m — 1

Q,, = rational functions with prescribed poles

OPOA = pn. 60/¢€



Polynomial/rational quadrature

f]R g(t)dA(t) = EZ:l Avg(Tv) + Ra(g)

Problem: determine \,, 7, such that R,,(g) = O if
g € Sy, Where

Sop, = Qp, @ Pop—m—1, 0<m <2n

Py,,—m—1 = polynomials of degree < 2n —m — 1

Q,, = rational functions with prescribed poles
specifically:

Q,, = span {’r'(t) = ngﬂt, U= 1,2,...,m}
¢, €C, (,#0, 14 (,t+# 0onsupp(d))

OPOA = pn. 60/¢€




Theorem (G., 2000; Van Assche et al., 2000)

Let wy,(t) = [1,=1(1 + Ct). Assume the existence of
a (polynomial) Gauss formula

Jr g(t)ﬁi(é)) => oA 9(), g€ Py
Then

@ G\\CG
T, =T, AN =wn(t, )N, v=12,...,n,

14

yields the desired formula.

OPOA =Dn. 61/¢€



Theorem (G., 2000; Van Assche et al., 2000)

Let wy,(t) = [1,—; (1 + (ut). Assume the existence of

a (polynomial) Gauss formula

Jr g(t)ﬁi(é)) => oA 9(), g€ Py
Then

@ G\\CG
T, =T, AN =wn(t, )N, v=12,...,n,

14

yields the desired formula.

construction (assuming w,,, > 0)

» discretization method using Gauss quadrature

relative to d A .
» special techniques for “difficult” poles

OPOA -

n. 61/C



k_/
Example Fermi-Dirac integral Fi.(n,0) = o LV IHOU2

—Jo e~ ntt41
n€R, >0, k... Boltzmann constant (= 3, 2, or 2)

21
equivalently
Fi(n,0) = [ X222 0\ (),  dAR(t) = thetdt

0 e M+tet

OPOA =Dn. 62/€



00 tk \/1—|—9t/2 dt

Example Fermi-Dirac integral Fi.(n,0) = 0 _WH

n€R, >0, k... Boltzmann constant (= 3, 2, or 2)

equivalently
Fo(n,0) = [ X2 \R @), dAB(t) = thetdt

—Nte ¢

poles at n + pim, p = £1,4£3,+5,... (all “easy”)

wim () = TT721(1 + )% + 0,12, 2 < m(even) < 2n

where
2v—1)m

_ —17) _
g’/ 2+ (2v—1)2x2 T = n2+(2v—1)272

OPOA =Dn. 62/€



Example Fermi-Dirac integral F(n,0) = [ QAVELLULEY

0 —77+t+1

n€R, >0, k... Boltzmann constant (= 3, 2, or 2)

27
equivalently
Fo(n,0) = [ X2 \R @), dAB(t) = thetdt

—Nte ¢

poles at n + pim, p = £1,4£3,+5,... (all “easy”)

wim () = TT721(1 + )% + 0,12, 2 < m(even) < 2n

where
2v—1)m

_ —17) _
g’/ 2+ (2v—1)2x2 T = n2+(2v—1)272

] . ) N \/ 140z, /2
rational Gauss approximation F(n,0) ~ > . W=,
Matlab
xw=Fermi_dirac(N,m,eta,theta,k,eps0,Nmax)

OPOA =Dn. 62/€



Cauchy principal value integral
(CH)(x;dr) =, LEAND), = € (a,b)

OPOA = p. 63/¢€



Cauchy principal value integral
CH(;dN) = L5 AN®), @ € (a,b)
modified quadrature rule

(CH) (5 dA) = cole) fz) + 2y () f(70) + Bu(f; )

can be made "Gaussian": R,,(IPy,) =0

OPOA = p. 63/¢€



Cauchy principal value integral
CH(;dN) = L5 AN®), @ € (a,b)
modified quadrature rule

(CH) (5 dA) = cole) fz) + 2y () f(70) + Bu(f; )

can be made "Gaussian": R,,(IPy,) =0
quadrature rule in the strict sense

(CH(;dA) = >y (@) f(7)) + By (f; )
interpolatory at best: R* (P, 1) =0

OPOA = p. 63/¢€



Cauchy principal value integral
(CH)(x;dr) =, LEAND), = € (a,b)

modified quadrature rule

(CH)(@;dA) = co(@) f (@) + Xy (@) f(T0) + Ra(f; 7)

can be made "Gaussian": R,,(IPy,) =0
quadrature rule in the strict sense

(CH(;dN) = >y (@) f(77) + Ry (f; )
interpolatory at best: R* (P, 1) =0

Matlab
cpvi=cauchyPVI(N,x,f,ddf, iopt ab, rno0)

ddf(u,v) = {0 rhoo = £ 20O

OPOA = p. 63/¢€



Polynomials orthogonal on several
Intervals

ANE) = 3 Xy ) (DN 0

Problem Given JY) = J,(d))), find J = J,(d)\)

OPOA = n. 64/€



Polynomials orthogonal on several
Intervals
— Z X[Cjadj](t)d)‘ t

J
Problem Given JY) = J,(d)), find J = J,(d)\)
Solution by Stieltjes procedure
n-point Gauss quadrature discretization

d;
[ o zx p(r), pePy

J

by the corollary to the Golub-Welsch theorem
d; . | . d;
/ p(t)dr;(t) = el p(IV)er, ) = / dA;(t)

J J

OPOA = n. 64/€



Solution (cont’)
computation of the inner products (k < n — 1)

(tﬂ'k,ﬂ'k d.\ —/tﬂ'k d)\ Z/ ?fﬂ'k d)\

similarly

(i) = Y5 el [m(JO) T (T9)ey
J

OPOA = pn. 65/¢€



Algorithm
¢ = m(J)ey, e =][1,0,...,0]7
Initialization:
¢y =er, ¢Y1=0 (allj),
>, ing(j)el’ =, 0
continuation (if n > 1): fork =0,1,...,n — 2do

¢9 = (T — 0, ¢V — 5¢Y (all ),

O:

N 0T () ) N ()T .(5)
k—|—1 . Zj éj)Ck—HJ Ck—}—l k—|—1 . Zj (()J)Ck—H k+1
I N ()T e(7) ) T N ()T e(5)
> € Gl >, ¢ ¢
Matlab

ab=r_multidomain_sti(N,abmd)

OPOA = n. 66/C€



Solution by modified Chebyshev algorithm
modified moments (by n-point Gauss quadrature, k¥ < 2n — 1)

my, = 325 [o7 pe(t)AN (1) = 325 0 el pi(T ey

OPOA =Dn. 67/€



Solution by modified Chebyshev algorithm
modified moments (by n-point Gauss quadrature, k¥ < 2n — 1)

me =3, [ pe(t)AN (1) = T, 5 el pu(TD)e
Algorithm
z,(fj) = pe(JNer, e =[1,0,...,07
Initialization:
z(()j) = e, 29 =0 (all §), mo = D (()j)

continuation: for k =0,1,...,2n — 2 do
z,(i)rl = (J9 — g, D)2V — 5,27 (all ),

_ (7) ()T
Mkg+1 = Zj 0 k161

—> modified Chebyshev algorithm

OPOA =Dn. 67/€



Solution by modified Chebyshev algorithm

modified moments (by n-point Gauss quadrature, k¥ < 2n — 1)

me =3, [ pe(t)AN (1) = T, 5 el pu(TD)e
Algorithm
z,(fj) = pe(JNer, e =[1,0,...,07
Initialization:
z(()j) = e, 29 =0 (all §), mo = D (()j)

continuation: for k =0,1,...,2n — 2 do
z,(i)rl = (J9 — g, D)2V — 5,27 (all ),

_ (9) ()T
Mpt1 = D5 6 Zhi €1

—> modified Chebyshev algorithm
Matlab ab=r_multidomain_cheb(N,abmd,abmm)

OPOA =Dn. 67/€



Quadrature estimates of matrix functionals

Problem Given A € RV*¥ postive definite, and f sufficiently
smooth, find lower and upper bounds for the quadratic form

u' f(A)u, ueRY, |luf =1

OPOA = Dn. 68/¢€



Quadrature estimates of matrix functionals

Problem Given A € RV*¥ postive definite, and f sufficiently
smooth, find lower and upper bounds for the quadratic form

u' f(A)u, ueRY, [ull =1
connection with quadrature (spectral resolution of A)
AV = VA, A= diag()\l, )\2, 560 g )\N), V = [’Ul, Wy oo ,’UN]

u = ij:l prvr =V p, p=p1,p2,...,pn]"
— ul f(A)u = TVTVf(A)VTVp = p" f(A)p,

— Zk 1:0kf )\k fR dﬂN

OPOA = Dn. 68/¢€



Quadrature estimates of matrix functionals

Problem Given A € RV*¥ postive definite, and f sufficiently
smooth, find lower and upper bounds for the quadratic form

u' f(A)u, uweRY, ||ul|=1
connection with quadrature (spectral resolution of A)
AV = VA, A =diag\, da, ..., \n), V = [v1,0s,...,0x]
w=> . p0r=Vp, p=p1,p2....pn]"
— u’ f(A)u = TVTVf(A)VTVp = p" f(A)p,
= > PEf (M) = : Jr, @) dpn(2)

Solution (for f with derivatives of constant sign)
* generate J y(dpy): Lanczos algorithm
* apply Gauss-type quadrature to

A)u = fR (t)dpn ()

OPOA = Dn. 68/¢€



Lanczos algorithm
ho =0 1 prvi, |lholl =1 (ho = u)
Initialization:
hg prescribed with ||hgl| =1, h_; =0
continuation: for y =0,1,..., N —1do

j=h; Ah;,
hj1 = (A —c;D)h; — b,
j+1 — H~hj+1H7

hjv1 = hj1/

OPOA = p. 69/C



Lanczos algorithm

ho = > oy vk, loll =1 (ho = u)

Initialization:

hg prescribed with ||hgl| =1, h_; =0

continuation: for y =0,1,..., N —1do

j=h; Ah;,
hj1 = (A —c;D)h; — b,
j+1 = |[Rjsall,
hjv1 = hj1/
Theorem -
0 1
1 1 2
Jn(dpn) =

OPOA = p. 69/C



Example

error bounds for linear algebraic systems
Ax =b, A symmetric, positive definite
ife* ~ax:= A 'bandr = b — Axz* then

|z — x*||* = rT A %r
hence

|z — 2" = [Ir|* - v f(A)u

where u = r/||r||, f(t) =t *

OPOA =p. 70/¢€



Example

error bounds for linear algebraic systems
Ax =b, A symmetric, positive definite
ife* ~ax:= A 'bandr = b — Axz* then

|z — x*||* = rT A %r
hence

|z — 2" = [Ir|* - v f(A)u

where u = r/||r||, f(t) =t *
derivatives of f

() >0, fOTU() <0 forte R,

OPOA =p. 70/¢€



Example (cont’)
| — || = |7 / 2 (1)
Ry

assume suppdpy C la,b], 0 <a<b

OPOA =p. 71/¢€



Example (cont’)
o~ = Il [+ dpn(t
assume suppdpy C la,b], 0 <a<b

lower bounds for ||z — x*||?
* n-point Gauss applied to fR+ t=2dpn(t)
* right-handed (n + 1)-point Gauss-Radau

OPOA =p. 71/¢€



Example (cont’)
o~ = Il [+ dpn(t
assume suppdpy C la,b], 0 <a<b

lower bounds for ||z — x*||?
* n-point Gauss applied to fR+ t=2dpn(t)
* right-handed (n + 1)-point Gauss-Radau
upper bounds for ||z — x*||?
* left-handed (n + 1)-point Gauss-Radau
* (n + 2)-point Gauss-Lobatto

OPOA =p. 71/¢€



Part |11

Approximation



|_east squares approximation

classical least squares problem: given N data points
(tg, fr), k=1,2,..., N, and the discrete measure

Ay (t) = S0 wpd(t — ti), find p, € Py, n < N,
such that

1D — flIZ, <llp—flla\., allpeP,

OPOA =p. 73/¢€



|_east squares approximation

classical least squares problem: given N data points

(tg, fr), k=1,2,..., N, and the discrete measure

Ay (t) = S0 wpd(t — ti), find p, € Py, n < N,
such that

1D — flIZ, <llp—flla\., allpeP,

solution

ﬁn(t) — Z?:O éz(f)ﬂ'z(t, d)\N), éz(f) _ (fﬂTz')dAN

2

m; not necessarily monic: m;(t) = d;t' + - - -

OPOA -

n. 73/C



|_east squares approximation

classical least squares problem: given N data points
(tg, fr), k=1,2,..., N, and the discrete measure

Ay (t) = S0 wpd(t — ti), find p, € Py, n < N,
such that

1Bn — fllin, <llp— flIZ,,, allpel,
solution

ﬁn(t) — Z?:O éz(f)ﬂ'z(t, d)\N), éz(f) _ (fﬂTz')dAN

2

m; not necessarily monic: m;(t) = d;t' + - - -
Matlab

[phat,c]=least_squares(n,f,xw,ab,d)

OPOA =p. 73/¢€



Demo #5

Lo error vs L, error for equally weighted least
squares approximation on equally spaced points on

[_171]

OPOA = p. 74/¢€



Demo #5

Lo error vs L, error for equally weighted least
squares approximation on equally spaced points on
[_17 1]
N=10; k=(1:N)’; d=ones(1,N);
xw(k,1)=-1+2*(k-1)/(N-1); xw(:,2)=2/N;
ab=r_hahn(N-1);ab(:,1)=-1+2*ab(:,1)/(N-1);
ab(:,2)=(2/(N-1))"2*ab(:,2); ab(1,2)=2;
[phat,c]=least_squares(N-1,f,xw,ab,d);

OPOA = p. 74/¢€



Demo #5

Lo error vs L, error for equally weighted least
squares approximation on equally spaced points on
[_17 1]
N=10; k=(1:N)’; d=ones(1,N);
xw(k,1)=-1+2*(k-1)/(N-1); xw(:,2)=2/N;
ab=r_hahn(N-1);ab(:,1)=-1+2*ab(:,1)/(N-1);
ab(:,2)=(2/(N-1))"2*ab(:,2); ab(1,2)=2;
[phat,c]=least_squares(N-1,f,xw,ab,d);

Example f(t)=1In(2—-1¢),—1 <t <1;N=10

. 37(—01)

3.19({-03)
7.06{-05)
3.11{—08)

OPOA = p. 74/¢€



Constrained least squares approximation
constraints

p(sj)=1fi, j=12,....m; m<n
Interpolation and constraint polynomials
Pm(t) = P[5 815+, Smit), om(t) = HT:l(t — 55)

OPOA = pn. 75/¢



Constrained least squares approximation
constraints

p(sj)=1fi, j=12,....m; m<n
Interpolation and constraint polynomials

P(t) = Pl f; 815 - - 5 Sms L), Om(t) = [T51 (& — 55)
reduction to unconstrained least squares

ﬁn(t) — pm(f§ Sly 5 Smy t) T Um(t)Cjn—m(t)

OPOA = pn. 75/¢



Constrained least squares approximation
constraints

p(sj)=1fi, j=12,....m; m<n
Interpolation and constraint polynomials

P(t) = Pl f; 815 - - 5 Sms L), Om(t) = [T51 (& — 55)
reduction to unconstrained least squares

p\n(t) — pm(fa Sly++ -3 Smy t) + O-m(t)q\n—m(t)
where

1f* = Gn-mlldre <INF*—dllarg, allqg € Ppp
@) = [s1,- - smitlfy  dAG(E) = o (B)dAN ()

OPOA = pn. 75/¢



Demo #6

Bessel function Jy(¢) for 0 <t < jo3
constraints (m=3)

S1 = Jo,1, S2 = Jo2, 83 = Jo3; p(sj) =0,1<75<3

OPOA =Dn. 76/€



Demo #6

Bessel function Jy(t) for 0 <t < jos
constraints (m=3)

S1 = Jo,1, S2 = Jo2, 83 = Jo3; p(sj) =0,1<75<3

constrained least squares n = 3,4, 5

OPOA =Dn. 76/€



Demo #/

(cont’)
additional constraints (m=5)

p(0) =1, p'(0)=0

OPOA =Dn. 77/€



Demo #/

(cont’)
additional constraints (m=5)

p(0) =1, p'(0)=0

derivative-constrained least squares n = 5,6, 7

OPOA =Dn. 77/€



Lo approximation in Sobolev spaces
Problem
minimize : > _, Z],j:l w,ia) [p)(t) — fkg)]2, pe P,
Sobolev inner product and norm

S N o o o
(U,U)S — Za:O Zkzl w]({; )U( )(tk)v( )(tk)7 HUHS — (U,U)S

OPOA =p. 78/¢€



Lo approximation in Sobolev spaces
Problem
minimize : > _, Z],f:l w,ia) [p)(t) — ,50)]2, peP,
Sobolev inner product and norm

S N o o o
(w,0)s = 320 SOV wiu@ )0 @ (), [ulls = v/ (uw, u)s

Solution

pu(t) = Y _&(N)m(t), &(f) = (\Jfﬂéf

1=0

m; ... Sobolev orthogonal polynomials

OPOA =p. 78/¢€



Lo approximation in Sobolev spaces
Problem
minimize : > _, Z],f:l w,ig) [p)(t) — fkg)]2, pe P,
Sobolev inner product and norm

s N o o o
(U,U)S — Zg:() Zkzl w]({; )U( )(tk)v( )(tk)7 HUHS — (U,U)S

Solution

pu(t) = Y _&(N)m(t), &(f) = (Wf

1=0

m; ... Sobolev orthogonal polynomials

Matlab
| phat , c] =l east _.squares_sob(n, f, xw, B)

OPOA =p. 78/¢€



Demo #8

Example f(t) = e erfct = = e’ [Tedu, 0<t<2

N =5, t) =281 7 —

OPOA =p. 79/¢



Demo #8

Example f(t) = et erfct = = e’ [ e du, 0<t<2

1.153f+00%
7.356(-01)
1.106(-01%
2. 178(-08Y
3.853(-18)

2.871f-01}%
2. 245(-02)
1.053(-16%
1.053(-18)
1.053(-18)

Nz

10
1.750{-01)
&812(-02)
1.810f-D2)
4.710{-08}
1.130f-00)

.l
1.12&( +00}
2.2830(-01)
5 434(-02)
3.011{-08}
1.111({-D&)

1.128{ + 00}
3.612(-01)
5.1680{-D2}
£.121-02)
& 220{-02)

D
2.000{+00%
1.411({+400}
1.060{-01}
3. 150(-01)
1.986{-07)

2.000f+00%
1.500(+400}
1.956(-01Y
7.050(-01)
& 057(-01)

OPOA =p. 79/¢



Moment-preserving spline approximation

splines of degree O (piecewise constant) on R

su(t) = Y0 a, H(t, —t), teR,
wherea, e R, 0 <t <ty < --- < t,, and

)

1 iftu>0
H(u) = <
0 otherwise

\
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Moment-preserving spline approximation

splines of degree O (piecewise constant) on R

su(t) = Y0 a, H(t, —t), teR,
wherea, e R, 0 <t <ty < --- < t,, and

)
1 iftu>0
H(u) = <

0 otherwise

\
Problem Given f € C'(R,.), determine a, € R and

0 <ty <ty <---<t,such that

[ snt)t?dt = py, j=0,1,...,2n—1,

where . |
W= J7 P
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Moment-preserving spline approximation

splines of degree O (piecewise constant) on R

su(t) = Y0 a, H(t, —t), teR,
wherea, e R, 0 <t <ty < --- < t,, and

)

1 iftu>0
H(u) = <
0 otherwise

\
Problem Given f € C'(R,.), determine a, € R and

0 <ty <ty <---<t,such that

[ snt)t?dt = py, j=0,1,...,2n—1,

where . |
W= J7 P

Solution Gauss quadrature relative to the measure
dA(t) == —tf'(t)dt on R,

OPOA = pn. 80/¢



Theorem (G., 1984)

If the first 2n moments 1;, 5 =0,1,...,2n — 1, exist and

f(t) = o(t~*™) as t — oo, then the problem has a unique
solution if and only if the measure d\(t) = —tf'(¢)dt admits a
Gaussian quadrature formula

fooo g(t)dA(t) = ZZ:1 )‘59(7—5)» g € Pyy,_1,

satisfying 0 < 7& < 7¥ < .- < 7%, If s0, then

t,=7% a,="%, v=12....n0
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Theorem (G., 1984)

If the first 2n moments 1;, 5 =0,1,...,2n — 1, exist and

f(t) = o(t~*™) as t — oo, then the problem has a unique
solution if and only if the measure d\(t) = —tf'(¢)dt admits a
Gaussian quadrature formula

fooo g(t)dA(t) = ZZ:1 )‘SQ(TI/G)a g € Poyy,_1,

satisfying 0 < 7& < 7¥ < .- < 7%, If s0, then
t,=7% a,="%, v=12....n0

Remark If f/ <0onR,,then d\(t) > 0.

OPOA = Dn. 81/¢€



Proof Integration by parts

7 poed = 5 o] - 5 ST e

o Jt+1Jo
letting 7" — oo and recalling —¢ f'(¢)dt =: dA(t)
[ = ﬁ% [otdA(E¢), §=0,1,...,2n—1
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Proof Integration by parts

7 poed = 5 o] - 5 ST e

o Jt+1Jo
letting 7" — oo and recalling —¢ f'(¢)dt =: dA(t)
[ = ﬁ% [otdA(E¢), §=0,1,...,2n—1

on the other hand

[ sn@)t?dt =370 a, [, 7dE = ]ﬁ S a, !
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Proof Integration by parts

7 poed = 5 o] - 5 ST e

o Jt+1Jo
letting 7" — oo and recalling —¢ f'(¢)dt =: dA(t)
[ = ﬁ% [otdA(E¢), §=0,1,...,2n—1

on the other hand

7 sa(OBdt = 30 a, [3r Pdt = 2 S0 a, it

moment matching

S (@t = [ZHdAE), j=0,1,...,2n—1

r=1

[]

OPOA = p. 82/¢



Example Maxwell distribution (Calder & Laframboise, 1986)
Flt)=e*, d\t) = 2% “dton R,

The recurrence coefficients ., (d)), 7x(d)), K <n —1, and
hence the Gauss quadrature rule for d .\, can be obtained by twice

modifying the half-range Hermite measure by a linear factor ¢
(two applications of chril).
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Example Maxwell distribution (Calder & Laframboise, 1986)
Flt)=e*, d\t) = 2% “dton R,

The recurrence coefficients ., (d)), 7x(d)), K <n —1, and
hence the Gauss quadrature rule for d .\, can be obtained by twice

modifying the half-range Hermite measure by a linear factor ¢
(two applications of chril).
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spline function of degree m > 0

Spm(t) = >0 ay(t, — )7, teRy

where
w if u>0
uy = uH(u) =
0 otherwise
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spline function of degree m > 0

Spm(t) = >0 ay(t, — )7, teRy
where
u itu>0
uy = uH(u) =
0 otherwise

Problem Given f € C"™ (R, ) and p,; = fR H)t?dt,
7 <2n—1,determinea, e Rand 0 <t; <--- < t such that

fR+ S’n,m(t)tjdt:,uj, j:O,l,...,Qn—l
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spline function of degree m > 0

Snm(t) =D 0 _a,(t, — )7, teRy
where
w if u >0
uy = uH(u) =
0 otherwise

Problem Given f € C"™ (R, ) and p,; = fR H)t?dt,
7 <2n—1,determinea, e Rand 0 <t; <--- < t such that

fR+ S’n,m(t)tjdt:,uj, j:O,l,...,Qn—l
Solution Gauss guadrature relative to

dAml(3) = ER ymetd p(mt D) (1) d¢ on Ry

Remark If f is completely monotonic on R, then d\"™ >0
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Example Maxwell distribution

dA(t) = 5 t" 1 H, (e dt on Ry
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Example Maxwell distribution

d\t) = Lt H, 1 (t)etdt onR,

existence and accuracy of spline approximant

OPOA = p. 85/¢



approximation on the interval [0, 1]
spline function of degree m > 0

S’n,m(t) — p(t) + 27521 au(tu — t)Ta pel, 0<t<l1

wherea, e R, 0<t; <t <---<t, <1
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approximation on the interval [0, 1]
spline function of degree m > 0

Snm(t) =pt) +> 0 _ja,(t, — )T, peP,, 0<t<1
wherea, e R, 0<t; <t <---<t, <1

Problem I Find s, ,,, such that

f()l Sn,m(t)tjdt:,uj, j :O,l,...,2n+m
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approximation on the interval [0, 1]
spline function of degree m > 0

Snm(t) =pt) +> 0 _ja,(t, — )T, peP,, 0<t<1

wherea, e R, 0<t; <t <---<t, <1

Problem I Find s, ,,, such that

fOSnm Ordt = py, j=0,1,...,

Problem Il Find s,, ,,, such that

fosnm Ordt =p;, j=0,1,...,

and

s (1) = f¥W(1), p=0,1,...

2n +m

2n — 1

OPOA = n. 86/€



Solution of Problem I (Frontini, G., and Milovanovic, 1987)
generalized Gauss-Lobatto quadrature

dAmI (1) = E ¢t D) (5t on [0, 1]
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Solution of Problem I (Frontini, G., and Milovanovic, 1987)
generalized Gauss-Lobatto quadrature

dAmI (1) = E ¢t D) (5t on [0, 1]

1 m s
Jo AN (@) = 37 (A g (0) + (=1)EAL g® (1))
T 27321 )\SQ(TVL)a g € Popiomii
if this exists with 0 < 7" < --- < 78 < 1, then

_ L L _
ty =1, a,=AXA,, v=12....n

V)

and p Is uniquely determined by

pW (1) = fB ) + (=D)™m\T, p=0,1,...,m
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Solution of Problem I (Frontini, G., and Milovanovic, 1987)
generalized Gauss-Lobatto quadrature

dAmI (1) = E ¢t D) (5t on [0, 1]

1 m s
Jo AN (@) = 37 (A g (0) + (=1)EAL g® (1))
T 27321 )\SQ(TVL)a g € Popiomii
if this exists with 0 < 7" < --- < 78 < 1, then

_ L L _
ty =1, a,=AXA,, v=12....n

V)

and p Is uniquely determined by
p#(1) = fP(D) + ()™ mINTTY, p=0,1,...,m
complete monotonicity of f implies d\ > 0

OPOA = p. 87/¢€



Solution of Problem Il (Frontini, G., and Milovanovic, 1987)
generalized Gauss-Radau quadrature

()t

dA™ () = fmED(#)dt  on [0, 1]

m)!
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Solution of Problem Il (Frontini, G., and Milovanovic, 1987)
generalized Gauss-Radau quadrature

m-+1

daml(g) = B2

m)!

fmEl($)dt  on [0, 1]

Jo g@®)AN () = S (A g (0) + S0 ABg(rR), g € Py,

if this exists with 0 < 7* < .-+ < 7' < 1, then

t,=7% a, =X}, v=12...n

v

and (trivially)

m (1) (1
p(t) = Yoy T (£ — 1)

OPOA = p. 88/¢



Solution of Problem Il (Frontini, G., and Milovanovic, 1987)
generalized Gauss-Radau quadrature

m-+1

daml(g) = B2

m)!

fmEl($)dt  on [0, 1]

Jo g@®)AN () = S (A g (0) + S0 ABg(rR), g € Py,

if this exists with 0 < 7* < .-+ < 7' < 1, then

t,=7% a, =X}, v=12...n

v

and (trivially)

m (1) (1
p(t) = Yoy T (£ — 1)

complete monotonicity of f implies d\ > 0

OPOA = p. 88/¢



Slowly convergent series

series generated by a Laplace transform

S:ZZozlaka ak:(£f>(k)7 k:172737”°
where

(Lf)(s)= [y e ft)dt
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Slowly convergent series

series generated by a Laplace transform
S:ZZozlaka ak:(£f>(k)7 k:172737”°

= e

reduction to a quadrature problem

where

S=> ket Jo ™S (t)
—fo D ko1 € B=Dt et f(t)dt
_fo t€_tf )

oo ¢ ¢
_fo — t ) e~tdt

OPOA = p. 89/¢



S = fooo 1—i—t f(tt) e”'dt

quadrature methods

* Gauss-Laguerre dA(t) =e*dton R,
* rational/polynomial Gauss-Laguerre
* Gauss-Einstein dA\(t) = 5 dt

S |
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g — fOOO t_ ft) o—td¢

1—e t
quadrature methods
* Gauss-Laguerre dA(t) =e*dton R,

* rational/polynomial Gauss-Laguerre
* Gauss-Einstein  dA(t) =

Example Theodorus constant (P.J. Davis, 1993)
S =3 i gz = 1.860025. ..
33/2;1/2 _ 8—1/23%1 _ (g_ e t) (5)

convolution
f(#) = = F(Vt), Flz)=e™ [5e dt

here
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Demo #9 Theodorus constant

S:i/ t FWY t 120t q¢
VT o Jo 1—et i

2 [<FWD L,
==
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Demo #9 Theodorus constant

S:i/ t FWY t—1/207tq¢
VT o Jo 1—et i

2 [®FWHt), .
-7 b e e

au=s-Laguerre rabionsl Gauss Laguerre Gauss Finsbeir
3.6TEE(-03] BE36(—02) 1.3610(-01)
5.6052(-06) 1.18593(-08) 2.1735(-041)

1.0004(-08) 5 DESD(-16) 3.3159{-07)

5 9256(-10) | 6 0254(~10)
8.2683(-12) 9.1308(-15)
8.9175({-11) 1 T751(-16)

timung: 10.8
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Example Hardy-Littlewood function

H(x)=) 4o,z sin%, x>0

inverse Laplace transform of < sin 2

f(t;2) = 5; [Io(2V/izt) — Io(2v/—ixt)]

integral representatlon for H

z)

i

= Jy e B et = [ 48

t

_L_d
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Example Hardy-Littlewood function
H(z) =32, sing, >0

Inverse Laplace transform of % sin 7

f(t;2) = 5; [Io(2V/izt) — Io(2v/—ixt)]

integral representatlon for H
—~ oo f(tix) ¢
fO l—e_t tdt t t—ldt

OPOA = p. 92/¢



“alternating” series generated by a Laplace transform
S =30 ar, ax = (—1)*Y(L )k >, E=1,23,...
S = fooo 1+£—t ft)edt = fo t+1

Gauss-Laguerre, rat/pol Gauss-Laguerre, or Gauss-Fermi
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“alternating” series generated by a Laplace transform
S=>iar, a,= (=)L), k=123,...
S = fooo 1+t—t f(t)e"dt = fooo f(¢) etﬂ—l dt

Gauss-Laguerre, rat/pol Gauss-Laguerre, or Gauss-Fermi
Example >°° (=1 k~te VE f(t) = Jo(2V1)

Gauss-Laguerre rabional Gauss Laguerre Gauss Fermi
1.6861(-01) 1.0310(-01) 5. 6901(-01)
1 4754{-03) 1 6E05(—05) B154(-07)
1. T1A8( 04} 1.8274{-09) 1528(-15)

3.7881(-04) 1.5728(-13) 2.8163(-16)
SEI(-07 1.5180{-15)

bming: 1H.5
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series generated by the derivative of a Laplace transform
S:Z?lak, ak:—i(ﬁf ‘—k’ k:123,...
S fO 1—et _tdt fO et—l

Gauss-Laguerre, rat/pol Gauss-Laguerre, or Gauss-Einstein
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series generated by the derivative of a Laplace transform
S => 1, ag, ak:—i(ﬁf S‘_k, k:123,...
S fO l—e—t _tdt fO et—l

Gauss-Laguerre, rat/pol Gauss-Laguerre, or Gauss-Einstein
Example >"° (2 + 1)k~ 2(k+1)7%2, f(t) = erff . 2

Gauss-Laguerre rabonsl Gauss Laguerre Gauss Finstein
1 0125{-03) 5 1|| 1: ||.a,:| 8.1715(-02)
1.5108({-06) 1.68T72(-01)
L8 ..'ﬁ:': 08) L u.—.n:—lﬂ 3.1571(-07}

1.2087(-15) 5. 1AA1(—10]
_L ﬂmt"_ll':l l.EE[lE.{_l_L}
T ﬁﬁﬁ_]:t ]__]:':|

t]_'III'JJ_'ELJ:_.. g |||

OPOA = p. 94/¢



Slowly convergent series occurring Iin plate
contact problems

00
Z2k+1

Rp(z):;(2k+1)pa ZEC? |Z|S1ap:20r3
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Slowly convergent series occurring In plate
contact problems

o0
ZQk—H

Ry (2) :; w2 €C 2| <1, p=2o0r3
let 1 1 .
(k—|—%)p — (Ef)(k)a f(t) — (—1)! P~ e /
then
P ~2k
R,(z) =—
ST
_~ Zz% /OO okt tp_le_t/? 4t
2° k=0 0 (p _ 1)

tp—le—t/th

1 — z2et

OPOA = p. 95/¢



> ©.@) tp—let/Q
= dt, z* e C\[0,1
Rp(Z) 2p(p_ 1)' /O €t—22 ) < S \[ ) ]

change of variables e™! — ¢

1 L4=1/2Mn (1 /8)P L
o) - gt [,
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0 tp—l t/2
R,(2) = - /0 - dt, z*¢c C\[0,1]

2P(p —1)! el — 22
change of variables e™! — ¢
| L4=12Mn(1 /¢)p!
R.(2) = [,
20(p — )z J, 272 —t

Cauchy integral of dAPI(t) = ¢ 1/2[ln(1/¢)]P~'d¢
continued fraction algorithm in combination with
modified Chebyshev algorithm to generate recurrence
coefficients of d P

OPOA = p. 96/¢€



Example
R,(z),p=2and 3, z = .8,.9,.95,.99,.999 and 1.0

Bar) Ealr)
0.87728808352117 0.52218858052011
1.025938095111111  0.93111857586510

1.114088577R20805 0.881591543002243
1. 2020706617 7086 1. 03857423187 361
1. 22038318733

1.000 1.233625 1. 051785

for x > .999 full accuracy cannot be achieved with
nunmax =100 recurrence coefficients

OPOA =p. 97/¢



Example
R,(e"),p=2and 3, a = wm/2,
w=.21..05.01,.001and 0.0

=)

Re(K (] Im{ Kp(z))
0 B&a3a0 1101080 0171022700865
0868151021 26; "-'i""-
0.1 1.11033018512,
1.02685585567T

|
005 : [ 1 2015522
|:

1
|-TJ

(1 I
_

i

r'l

T
.
—]

I
—
d

n |:.|.E| I:_|._

oo oo

1

1 |_,|. i
L]

L

&

L

Bl

b
L]
bo h —]

1

=]

)

O By o=y

=

L G —] [0 B
Bl Bl )
Ty oo
1 [ I N |
Bl

L

1
(W)
Ll
[
Ll
[ b
(" )
Ll
=]

G by G B

0.01 l 315535—1—]:
1.05110829]6 T" 182820283
a4

[

65
.
39
B3
=

|_.|.| (1)
I—I =

0001 1.2321l668149 a0a-L00160
1.051791151 _.EllillEJ AR92

[ B Y R O T . I 0 I
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Seriesinvolving ratios of hyperbolic cosines

. L o) 1 cosh(2k+1)k .
Tp(2;0) = 2 k20 @ETT7 cosh@msnpe 0 ST <0, 6> 0, p=2,3

OPOA = p. 99/¢



Seriesinvolving ratios of hyperbolic cosines

. L o) 1 cosh(2k+1)k .
Tp(23b) = 2 kmo @17 com@hrnpy 0 S <b, 0>0,p=2,3

same Laplace transform technique, but after expanding

cosh(2k+1)x
cosh(2k+1)b

_ Z;O:()(_lyl {6—(2k—|—1)[(2n—|—1)b—a}] i 6—(2k—|—1)[(2n—|—1)b—|—a}]}
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Seriesinvolving ratios of hyperbolic cosines

. L o) 1 cosh(2k+1)k .
Tp(23b) = 2 kmo @17 com@hrnpy 0 S <b, 0>0,p=2,3

same Laplace transform technique, but after expanding

cosh(2k+1)x
cosh(2k+1)b

_ Z;O:O(_lyl {6—(2k—|—1)[(2n—|—1)b—a}] i 6—(2k—|—1)[(2n—|—1)b—|—a}]}

result

Ty(2,0) = 51 Pomeo(— 1)@ 0n (—2) + o (@)]

where

d)\ p]
fo 62[(2n+1)b—|—8 e —b < s <,

continued fraction algorithm for d 7!

OPOA = p. 99/¢



	Orthogonal Polynomials
	Orthogonal Polynomials
	Orthogonal Polynomials
	Orthogonal Polynomials
	Orthogonal Polynomials
	Orthogonal Polynomials
	Orthogonal Polynomials
	Orthogonal Polynomials
	Orthogonal Polynomials
	Orthogonal Polynomials
	Orthogonal Polynomials

	Quadrature
	Quadrature
	Quadrature
	Quadrature
	Quadrature
	Quadrature
	Quadrature
	Quadrature
	Quadrature
	Quadrature
	Quadrature

	Approximation
	Approximation
	Approximation
	Approximation
	Approximation
	Approximation
	Approximation
	Approximation
	Approximation
	Approximation
	Approximation

	References
	References
	References

	�egin {center}{white Part I}end {center}
	small Background
	small Background

	small three-term recurrence relation white (for monic orth. pol.'s)
	small three-term recurrence relation white (for monic orth. pol.'s)
	small three-term recurrence relation white (for monic orth. pol.'s)

	small Jacobi matrix
	small Jacobi matrix
	small Jacobi matrix

	small "Classical" weight functions
	small "Classical" discrete measures
	�egin {center}Matlabend {center}
	Demo #1
	Demo #1

	Modified Chebyshev algorithm
	Modified Chebyshev algorithm
	Modified Chebyshev algorithm
	Modified Chebyshev algorithm

	small Modified Chebyshev algorithm white (cont')
	small Modified Chebyshev algorithm white (cont')

	small Modified Chebyshev algorithm, white schematically
	�egin {center}Matlabend {center}
	Demo #2
	Demo #2
	Demo #2

	Demo #2 {white (cont')}
	Demo #2 {white (cont')}

	small Discrete measure
	small Discrete measure
	small Discrete measure

	�egin {center}Matlabend {center}
	large Discretization methods {white small G.; 1968, 1982}
	large Discretization methods {white small G.; 1968, 1982}
	large Discretization methods {white small G.; 1968, 1982}
	large Discretization methods {white small G.; 1968, 1982}

	�egin {center}Matlabend {center}
	small �egin {center}Exampleend {center}
	small �egin {center}Exampleend {center}
	small �egin {center}Exampleend {center}

	
ormalsize Demo #3 ~~small yellow logistic density function
	
ormalsize Demo #3 ~~small yellow logistic density function
	
ormalsize Demo #3 ~~small yellow logistic density function

	small Cauchy integrals white of orthogonal polynomials
	small Cauchy integrals white of orthogonal polynomials
	small Cauchy integrals white of orthogonal polynomials

	small Continued fraction algorithm white (G., 1967)
	small Continued fraction algorithm white (G., 1967)
	small Continued fraction algorithm white (G., 1967)
	small Continued fraction algorithm white (G., 1967)

	small Algorithm
	small Algorithm
	small Algorithm

	�egin {center}Matlabend {center}
	Modification algorithms
	Modification algorithms
	Modification algorithms
	Modification algorithms

	small yellow generalized Christoffel theorem~~ white (Uvarov, 1969)
	small yellow generalized Christoffel theorem~~ white (Uvarov, 1969)
	small yellow generalized Christoffel theorem~~ white (Uvarov, 1969)

	small yellow Theorem~white (Uvarov, 1969)~ Let $m>n$. Then
	small yellow Theorem~white (Uvarov, 1969)~
Let $m>n$. Then

	small yellow linear factor~~white ${green d }hat {green lambda }(t)=(t-z){green
d lambda }(t),~ zin C �ackslash [a,b]$
	small yellow linear factor~~white ${green d }hat {green lambda }(t)=(t-z){green
d lambda }(t),~ zin C �ackslash [a,b]$
	small yellow linear factor~~white ${green d }hat {green lambda }(t)=(t-z){green
d lambda }(t),~ zin C �ackslash [a,b]$

	small Algorithm ~ white (Modification by a linear factor $t-z$)
	small Algorithm ~ white (Modification by a linear factor $t-z$)
	small Algorithm ~ white (Modification by a linear factor $t-z$)

	small Algorithm ~ white (quadratic factor $(t-x)^2+y^2=(t-z)(t-overline {z})$)
	small Algorithm ~ white (quadratic factor $(t-x)^2+y^2=(t-z)(t-overline {z})$)
	small Algorithm ~ white (quadratic factor $(t-x)^2+y^2=(t-z)(t-overline {z})$)

	small yellow linear divisor~~white ${green d }hat {green lambda }(t)=�rac
{{green d lambda }(t)} {t-z}, ~ zin C �ackslash [a,b]$
	small yellow linear divisor~~white ${green d }hat {green lambda }(t)=�rac
{{green d lambda }(t)} {t-z}, ~ zin C �ackslash [a,b]$
	small yellow linear divisor~~white ${green d }hat {green lambda }(t)=�rac
{{green d lambda }(t)} {t-z}, ~ zin C �ackslash [a,b]$

	small yellow quadratic divisor~~white ${green d }hat {{green lambda }}(t)=�rac
{{green d lambda }(t)} {(t-x)^2+y^2}$
	small yellow quadratic divisor~~white ${green d }hat {{green lambda }}(t)=�rac
{{green d lambda }(t)} {(t-x)^2+y^2}$
	small yellow quadratic divisor~~white ${green d }hat {{green lambda }}(t)=�rac
{{green d lambda }(t)} {(t-x)^2+y^2}$
	small yellow quadratic divisor~~white ${green d }hat {{green lambda }}(t)=�rac
{{green d lambda }(t)} {(t-x)^2+y^2}$

	large Sobolev orthogonal polynomials
	large Sobolev orthogonal polynomials
	large Sobolev orthogonal polynomials
	large Sobolev orthogonal polynomials

	Recurrence matrix
	Modified Chebyshev algorithm
	Modified Chebyshev algorithm
	Modified Chebyshev algorithm
	Modified Chebyshev algorithm

	Discretized Stieltjes algorithm
	Discretized Stieltjes algorithm
	Discretized Stieltjes algorithm

	Matlab {white (cont')}
	Zeros
	�egin {center}{white Part II}end {center}
	large Gauss quadrature formula
	large Gauss quadrature formula
	large Gauss quadrature formula

	large Gauss-Radau formula
	large Gauss-Radau formula
	large Gauss-Radau formula

	large Gauss-Lobatto formula
	large Gauss-Lobatto formula
	large Gauss-Lobatto formula

	large Gauss-Kronrod formula
	large Gauss-Kronrod formula
	large Gauss-Kronrod formula

	large Gauss-Tur'{a}n formula {white 
ormalsize (Tur'{a}n, 1950)}
	large Gauss-Tur'{a}n formula {white 
ormalsize (Tur'{a}n, 1950)}
	large Gauss-Tur'{a}n formula {white 
ormalsize (Tur'{a}n, 1950)}

	small Polynomial/rational quadrature
	small Polynomial/rational quadrature

	small {yellow Theorem} {white (G., 2000; Van Assche et al., 2000)}
	small {yellow Theorem} {white (G., 2000; Van Assche et al., 2000)}

	large Cauchy principal value integral
	large Cauchy principal value integral
	large Cauchy principal value integral
	large Cauchy principal value integral

	large Polynomials orthogonal on several \ intervals
	large Polynomials orthogonal on several \ intervals

	{yellow 
ormalsize Solution}{white 
ormalsize ~ (cont')}
	
ormalsize Algorithm
	
ormalsize Quadrature estimates of matrix functionals
	
ormalsize Quadrature estimates of matrix functionals
	
ormalsize Quadrature estimates of matrix functionals

	
ormalsize Lanczos algorithm
	
ormalsize Lanczos algorithm

	
ormalsize Example
	
ormalsize Example

	
ormalsize Example ~ white (cont')
	
ormalsize Example ~ white (cont')
	
ormalsize Example ~ white (cont')

	�egin {center}{white Part II}end {center}
	Least squares approximation
	Least squares approximation
	Least squares approximation

	Demo #5
	Demo #5
	Demo #5

	small Constrained least squares approximation
	small Constrained least squares approximation
	small Constrained least squares approximation

	Demo #6
	Demo #6

	Demo #7
	Demo #7

	
ormalsize $L_2$ approximation in Sobolev spaces
	
ormalsize $L_2$ approximation in Sobolev spaces
	
ormalsize $L_2$ approximation in Sobolev spaces

	Demo #8
	Demo #8

	
ormalsize Moment-preserving spline approximation
	
ormalsize Moment-preserving spline approximation
	
ormalsize Moment-preserving spline approximation

	
ormalsize Slowly convergent series
	
ormalsize Slowly convergent series

	Demo #9 ~ 
ormalsize white Theodorus constant
	Demo #9 ~ 
ormalsize white Theodorus constant

	
ormalsize Slowly convergent series occurring in plate contact problems
	
ormalsize Slowly convergent series occurring in plate contact problems

	small Series involving ratios of hyperbolic cosines
	small Series involving ratios of hyperbolic cosines
	small Series involving ratios of hyperbolic cosines


