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Integral representation

K, (x) = / e TN coshvtdt, > 0
0

complex order v = o + i3

o
Re K, +1ig(x) = / e~ cosh art cos Bt dt,
0

O
Im K, ig(x) = / e 7 ginh ot sin Gt dt.
0

it suffices to consider 0 < o < 1; assume |G| < 10
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Integral representation

K, (x) = / e TN coshvtdt, > 0
0

complex order v = o + i3

o
Re K, +1ig(x) = / e~ cosh art cos Bt dt,
0

O
Im K, 1i5(z) = / e 7 ginh ot sin Gt dt.
0

it suffices to consider 0 < o < 1; assume |G| < 10

Kig and K 5.5 are the kernels in the ordinary and
modified Kontorovich—Lebedev integral transform
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Gauss quadrature
weight function

w(u) =exp(—e"), 0<u< o0

recurrence coefficients for orthogonal polynomials

computed by a multiple-component
discretization method based on

0, 00] = [0,.75] U[.75, 1.5] U [1.5, 3] U [3, 00]
global nc np ig idelta irout DM uv AB
N=100; epsO=. 5e-12;

nc=4; np=0; 19g=0; I1delta=2; Mmax=900;
AB=[[O0 .75];[.75 1.5];[1.5 3];[3 Inf]];

[ ab, Mcap, kount ] =ntdi s( N, eps0, @uadgp, Mmax) ;
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Gauss quadrature
weight function

w(u) =exp(—e"), 0<u< o0

recurrence coefficients for orthogonal polynomials

computed by a multiple-component
discretization method based on

0, 00] = [0,.75] U[.75, 1.5] U [1.5, 3] U [3, 00]
global nc np ig idelta irout DM uv AB
N=100; epsO=. 5e-12;
nc=4; np=0; 19g=0; I1delta=2; Mmax=900;
AB=[[O .75];[.75 1.5];[1.5 3];[3 Inf]];
[ ab, Mcap, kount ] =ntdi s( N, eps0, @uadgp, Mmax) ;
n-point Gauss formula forn < N
| oad -ascii ab;
XW=gauss( n, ab) ;
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Thefunction K,(z) for z > 1

change of variables

—x cosht Lot — —t

1 1 1 —
e — e 3 e 2 — e §$.€—§x(6—1). —sxe

new variable

iz —1)=e"-1, 0<u<x

transformed formul ae

Re Ko1ip(x) = %(2/:1:)0‘6155”/ e f(u;a, B, z)du,
0

Im K yip(x) = %(2/35)0461—;3:/ e g(u; o, 8, x)du,
0
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Thefunction K,(z) for z > 1

change of variables

—x cosht Lot —zget

e — e 2 - € % — e %x . e_%x(e _1) . p T 3TE
new variable
iz —1)=e"-1, 0<u<x

transformed formul ae

Re Ko1ip(x) = %(2/:6)0‘61%5”/ e f(u;a, B, z)du,
0

Im K yip(x) = %(2/@0‘61_%5’3/ e g(u; o, 8, x)du,
0

for 9-digit accuracy, Gauss quadrature with n = 30 suffi ces
diffi culty: for much smaller =, steep boundary layer phenomena

developin f(u; a, 8, x), g(u; @, 3, )
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Thefunction K, (x) for x < 1

K, (z) = (/ +/ ) e TN coshptdt ¢ >0
0 c
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Thefunction K, (x) for x < 1

K, (z) = (/ +/ ) e TN coshptdt ¢ >0
0 c

second integral

O, O O, O
[ e reosht osh pt = g € reosh(7+¢) cosh v(1 + c)dr

change of variables with ¢ := ze€

_ 1 1 T _1¢ —2¢c,—7
e z cosh(r+c) _ e 5€ o3 (e™—1) e ‘e
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Thefunction K, (x) for x < 1

(/ +/ )exCOShtcoshutdt c>0
0 C

second integral

f ereosht cogh pt = OOO e~ T cosh(T+¢) ool V(T + c)dr

change of variables with ¢ := ze€

—T

— _1 _ 1 T __ _1¢# —2¢
e z cosh(r+c) _ e 5€ e 5¢(e™ 1) e 5ée

looks very much like before with £ replacing x. Since
x = 1 was OK before, £ = 1 should be OK now. This
determines ¢ = In(1/x).
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transformed formulae

Re K +ig(x) = c/ol e~ 20T cosh(aer) cos(Ber)dr
riforet [ e puia g

Im K, 1i5(z) = c/ol e~ cosh(re) sinh(acer) sin(Ber)dr
Hiefre [ e ulua,8a)dn

ni-point Gauss-Legendre resp. no-point Gauss

for .01 < x < 1 and 9-digit accuracy, n; = 30 and
ne = 30 suffice

Macdonald = p. 6/1



Thefunction K,(z) for z < .01

K,(2) = 2 (I ()~ L(z)), v¢N

SIN VT
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Thefunction K,(z) for z < .01

K, (2) = L2 (1_(2) = (), v&N

SI1I V7T

combine power series expansions for /., with
reflection formula for the gamma function

T

M1 —v) =

SIN VT

three-term approximation

Ky(z) ~ %(i) I'(v) {1 T 32(1—f)(2—y)}
1 X - |
+3 (5) V) {1 L 4(1+4v) ! 32(1+u)(2+u)}
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Thefunction K3 for |G| > 10

computationally difficult and complex

alternative symbolic computation
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Thefunction K3 for |G| > 10

computationally difficult and complex

alternative symbolic computation

Matlab

K=nf un(’ Bessel K, a+b*1I, x)
Example

>> K=nf un(’ Bessel K , 15*1, 2)

K =
3.697490757619081e-11
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Plots of Kig
= 1/2
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Plots of K /94is
Re K124 =1/2 Im K/24ip
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Plots of K945 (CONt’)
Re K1/2+iﬁ b =2 | Im K1/2+iﬁ
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Behavior at infinity and zero of Kig

Kig(z) ~ \/%6_“”, T — 00
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Behavior at infinity and zero of Kig

k(z,B)=sin(fIn(2/z) + arg'(1 +i0))
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Behavior at infinity and zero of Kig

k(z,B)=sin(fIn(2/z) + arg'(1 +i0))

note

v:=arg['(1 +i8) = Im[InT'(1 +if)]
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Computing the Kontorovich-Lebedev
transform

F(5) = /0 " Ky()f(@)de, §>0

Macdonald = p. 13/1



Computing the Kontorovich-Lebedev
transform

F(5) = /0 " Ky()f(@)de, §>0

for evaluation

F(8) = ( / o / OO) Kip(@) f(z)da
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Computing the Kontorovich-Lebedev
transform

F(5) = /0 " Ky()f(@)de, §>0

for evaluation

F(8) = ( / o / OO) Kip(@) f(z)da

Gauss—Laguerre on

[ Ku@sis = [ of@ e
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computing the KL transform (cont’)

special treatment of

f2 Kiﬁ( )f( d:lj — f()2 ' — \/ﬁsn?hﬂw k 3776)]
r)dx + \/ﬁsmhﬂﬁ fo )sin(B1In(2/z) + v)dx
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computing the KL transform (cont’)

special treatment of

f2 Kiﬁ( )f( daj — f()2 ' — \/ﬁsn?hgﬁ k 3776)]
r)dx + \/ﬁsmhﬂﬂ fo )sin(B1In(2/z) + v)dx

Gauss—Legendre on first, and Gauss—Laguerre on
second Integral,

/ f(z) sin(B1n(2/x) + 7)d
= 2/ f(2e7") sin(Bt + v)e 'dt
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Special Gaussian quadrature

fo f(2t)sin(B1In(1/t) + ~v)dt
= [ f2t)wp(t)dt — [ f(2t)dt
where

wg(t) =14 sin(G1In(1/t) +~) on [0, 1]
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Special Gaussian quadrature

fo f(2t)sin(B1In(1/t) + ~)dt
= [ f2t)wp(t)dt — [ f(2t)dt
where
wg(t) =14 sin(G1In(1/t) +~) on [0, 1]
moments of wjg

my = fql thwg(t)dt

— k+1 | (k+1)12+52 ((: + (1))18127 + 6(308 fY) )
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Special Gaussian quadrature

fo f(2t)sin(B1In(1/t) + ~)dt
= [ f2t)wp(t)dt — [ f(2t)dt
where
wg(t) =14 sin(G1In(1/t) +~) on [0, 1]
moments of wjg

my = fql thwg(t)dt

— k+1 | (k+1)12+52 ((: + (1))18127 T 6COS ,7) )

symb/vpa-Chebyshev algorithm
— orthogonal polynomials — Gauss formula

Macdonald = p. 15/1
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