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The circle theorem for Jacobi weight functions

Jacobl weight function
w(t) = w9 (t) .= (1-)*(1+¢)", a > -1, 8> —1

Gauss-Jacobi quadrature formula

[L F@w(t)dt =370 A F(75) + RE(f)
RC(p) =0 forall p€ Py,
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The circle theorem for Jacobi weight functions

Jacobl weight function
w(t) = w9 (t) .= (1-)*(1+¢)", a > -1, 8> —1

Gauss-Jacobi quadrature formula

[L F@w(t)dt =370 A F(75) + RE(f)
RC(p) =0 forall p€ Py,

Davis and Rabinowitz (1961)

n)\G
\/1— n — oo
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plots

a, 0 =—.75(.25)1.0(.5)3.0, (>«
n=20:5:40 n=060:5:8&0
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plots

a, 0 =—.75(.25)1.0(.5)3.0, (>«
n=20:5:40 n=060:5:8&0

open questions

1. true for more general weight functions?
2. what about Gauss-Radau?
3. limiting curves other than the circle?
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The circle theorem for weight functions in the
Szego class

1
we S iff/ I w(?) dt > —o0
_1\/1—t2

Theorem Ifw € Sand 1/(v/1 — t2w(t)) € L1[A],
where A is any compact subinterval of (—1, 1), then

nh/(rw(7,)) ~ /1 =72 on A, n— 0.
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The circle theorem for weight functions in the
Szego class

1
we S iff/ I w(?) dt > —o0
_1\/1—?52

Theorem If w € Sand 1/(v/1 — t2w(t)) € L1[A],
where A is any compact subinterval of (—1, 1), then

nh/(rw(7,)) ~ /1 =72 on A, n— 0.

Remarks

1. equality holds if w(t) = (1 — t2)~/2
2. pointwise convergence almost everywhere
holds iIf w € § locally,

suppw = [—1,1], [, Inw(t)dt > —occ
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Proof
Christoffel function

Ao(z;w) := min [ p?(t)w(t)dt
p(afq)z;ll .

Nevai (1979)

n — oo

nA\p(x; w) 1

mw(x)

uniformly forz € A

M(TEw) =28 v=12....n
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Example Pollaczek weight function (not in S)

2 exp(w arccos(t))
1 + exp(wm)

w(t;a,b) = [t <1, a > (b

where
w=w(t) = (at + b)(1 — ¢3)~ /2
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Example Pollaczek weight function (not in S)

~ 2exp(warccos(t))
1+ exp(wr)

7‘t‘§17a>‘b‘

a=40=1
n = 380(5)400
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Gauss-Radau formula
[ swua=rgrcn + Z A F(rD) + R

Theorem Under the conditions of the previous
theorem, the Gauss-Radau formula admits a circle
theorem.

OP.circle = p. 8/1



Gauss-Radau formula
[ swua=rgrcn + Z A F(rD) + R

Theorem Under the conditions of the previous
theorem, the Gauss-Radau formula admits a circle
theorem.

Proof Letw’(t) = (¢t + 1)w(t). Then

R

R
T,' are the zeros of m,(-;w™)

Define
R

t — T
X L | I v .
pFv Y a
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proof (cont’) Gauss-Radau Is interpolatory,

(t4+1)m, %
=/ 1 R+1+ § (> oy w(t)di
[, e iy
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proof (cont’) Gauss-Radau Is interpolatory,

R)

fl R+1t+1 an e w(t)dt

R_|_]_

Let \*, v =1,2,...,n, be the Gauss weights for w*,

= [Le@wlE)dt = [1 05t + Dw(t)dt

= (72 + DAY
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proof (cont’) Gauss-Radau Is interpolatory,

R)

fl R+1t+1 an e w(t)dt

_f1t+1 )dt

R+1

Let \*, v =1,2,...,n, be the Gauss weights for w*,

= [Le@wlE)dt = [1 05t + Dw(t)dt

= (7B + 1)AF

Then
nAl nA nA
7”U(;VR) — 7T(TVR-I-l)Vw(Tf) — WwR(I;-VR) ™~ \/1 _ (TVR)Q

OP.circle = pn. 9/1



Example w(t) =t*In(1/t)on [0, 1], « > —1
Gauss-Radau

[ F@t In(1/8)dt = Ao f(0) + 20 A f (1) + Ru(

circle theorem (transformed to |0, 1))

1)2 )2
7T7'O‘1n 1/7‘,/ ~ \/ 2 po T R
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Example w(t) =t*In(1/t)on [0, 1], « > —1
Gauss-Radau

5 F@Ot In(1/8)dt = Ao f(0) + 320 A f (1) + R

circle theorem (transformed to |0, 1))

1)2 )2
777'0‘1n 1/7‘,/ ~ \/ 2 T (B

plot (& = —.75(.25)1.0(.5)3)
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Gauss-Lobatto formula

J2 Fwdt = A F(=1) + 30, M (7))
A f (1) + RE(S)

"heorem Under the conditions of the previous
theorem, the Gauss-Lobatto formula admits a circle
theorem.
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Gauss-Lobatto formula

f_ll f(t)w(t)dt — )‘OLf(_ ) Zu 1 V ( )
+An 1 f(1) + Ry (f)

"heorem Under the conditions of the previous
theorem, the Gauss-Lobatto formula admits a circle

theorem.
Proof Similar to Gauss-Radau:
n)\L B n)\*
7TUJ(7'L) (1 — L)

n)\* \/
S 1 .
7TU]L
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Gauss-Kronrod formula

(GK) f_11f — Zy 1)‘5 ( )
+ Z”“ NEF(TE) + RE(f)
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Gauss-Kronrod formula

(GK)  [1, f(w(t)dt = S0 AEF(r5)
+ 30 MK F(TE) + RE(f)

Theorem  Assume (GK) exists with 7 distinct

nodes in (—1,1) and 7% # 7.7, all i, v, and the Gauss

formula for w admits a circle theorem. Then, under
some additional (technical) conditions,

2L 2n A\
S~ V1 - (162 o 11— (752
L4

Tw (78




Gauss-Kronrod formula

(GK)  [1, f(w(t)dt = S0 AEF(r5)
+ SN F (7Y + RE(f)

p=1""n
Theorem  Assume (GK) exists with 7 distinct

nodes in (—1,1) and 7% # 7.7, all i, v, and the Gauss

formula for w admits a circle theorem. Then, under
some additional (technical) conditions,

2L 2n AR
S~ V1 - (162 o 11— (752
L4

Tw (78

Proof Similar to previous proofs.




Example Jacobi weight w(*%), a, 3 € [0, 3)

Peherstorfer and Petras (2003)

n = 20(5)40 60(5)80
a,3=0(4)2, 0> «

OP.circle = p. 13/1



Connection with potential theory

density of the equilibrium measure wy_; ;; of the
interval |—1, 1]
Wf_1,1](t) = % ¢11_7, 0<t<l1
Christoffel function and equilibrium measure
N, (t; w) 1

w(t) Wf_m] (1)’

n — oo
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Connection with potential theory

density of the equilibrium measure wy_; ;; of the
interval |—1, 1]

W=t 0<t<l

Christoffel function and equilibrium measure
N, (t; w) N 1

w(t) Wf_m] (1)’

In general, for £/ C R aregularsetand A C F a

compact set on which w satisfies the Szeg6 condition
(Totik, 2000),

n — oo

nA\G 1 A
~ on
w(ry)  wp(y)

v
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Example weight function supported on two intervals

(e — P — 2, te[-1,—€ Ule 1)

w(t) = 4
0 elsewhere,

N
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Example weight function supported on two intervals

<’ (22— P(1— )7, te[-1,—€UE 1)

0 elsewhere,

N

plot (for ¢ = % and p = q = ::%, v = =£1)
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Example weight function supported on two intervals

<’ (22— P(1— )7, te[-1,—€UE 1)

0 elsewhere,

N

plot (for ¢ = % and p = q = ::%, v = =£1)

n = 60(5)80
density of equilibrium measure

Wy _quen () = (12 — €721 — )1
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