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COMMENTARY, BY WALTER GAUTSCHI

This group of five papers, especially the first and third, has a distinctly “inter-
disciplinary” character in the sense that classical analysis problems are recast in
terms of, and successfully solved by, techniques of linear algebra and, vice versa,
problems that have a linear algebra flavor are approached and solved using tools
of classical analysis. A similar intriguing mix of analysis and algebra permeates
the remaining three papers.

Calculation of Gauss quadrature rules, by Golub and Welsch [53]

The concern here is with the calculation of the n-point Gaussian quadrature rule

b n
- / W) (Ot = 3w, f(r,) + Ralf)

a v=1
for the nonnegative weight function w(t) on [a, b], i.e., the calculation of the nodes
7, and weights w,. The connection of this problem with orthogonal polynomials
is classical, thanks to work of Gauss [35], Jacobi [61], Christoffel [22], Stieltjes
[86], and others: The Gaussian nodes 7, are the zeros of m,, the nth-degree
polynomial orthogonal with respect to the weight function w, and the Gauss
weights w, are also expressible, in different ways; in terms of these orthogonal
polynomials.

An alternative characterization of the Gauss nodes 7, can be derived from
the classical fact that the orthonormal polynomials {7y} satisfy a three-term
recurrence relation

VBer1Ter1(t) = (t — o) (t) — Brk—1(t), k£=0,1,2,...,
- - ~1/2
T1=0, mo= o )
with certain real, resp. positive coefficients a4, G which depend on the weight
funcion w, and g = [ w(t)dt. If #(t) = [Fo(t), 71(t),- .., 7n_1(t)]T, then
indeed,
ta(t) = J7(t) + /Bnitn(t)en, en=1[0,0,...,1]T,

where J = J,, is the Jacobi matrix of order n for the weight function w, i.e., the
symmetric, tridiagonal matrix having the ag, k =0,1,...,n—1, on the diagonal,
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and the /B, k = 1,...,n—1, on the two side diagonals. There follows, for t = 7,
since 7, (7,) =0,
Jﬁ'(TU) = Tyﬁ'<7_u), V= 1727'__’1’2‘7

so that 7, are the eigenvalues of J and 7 (7,) corresponding eigenvectors. This
is the first important mathematical ingredient of the present paper. The other
is an expression for the Gaussian weights,

1

e T—— v=12...,n, 221
ﬁT(Tv)ﬁ(TV) ( :

w, =

bl

for which the authors refer to Wilf (apparently to [93, Section 2.9, eqn (69) or
Ch. 2, Exercise 9]). The formula, however, is older; see Szegd [89, eqn (3.4.8)],
where it is attributed to Shohat [85]. The authors re-express this formula in
terms of the eigenvectors q, normalized by qlq, = 1, i.e., in terms of

(1)
(7 ()7 (1,)]1/2

q, =

by noting that the first component of 7 (7,) is M51/23 hence
Wy, = ,uoqil, v=172...,n,

where q,, ; is the first component of q,,.

There is a detailed discussion in the paper of how Francis’s QR algorithm with
appropriate shifts can be adapted to compute the eigenvalues of a symmetric,
tridiagonal matrix (the matrix J) and the first components of the normalized
eigenvectors. Related software in Algol is provided in the microfiche supplement
of the paper.

Interestingly, the same eigenvalue/vector characterization of Gauss rules, and
even the same numerical method (QR algorithm), have been suggested a year
earlier in the physics literature by Gordon [54, eqn (26) and p. 660]. This work
has had considerable impact in the physical sciences and engineering, whereas the
work of Golub and Welsch has had a wider impact in the areas of computational
mathematics and information science. Both works have actually been submitted
for publication less than a month apart, the former on October 20, the latter
on November 13 of 1967. Rarely have two important and overlapping works, like
these, popped up simultaneously in two entirely different venues!

Similar ideas have since been developed for other quadrature rules of Gaus-
sian type. Indeed, Golub himself {45] was the first to derive eigenvalue/vector
algorithms for Gauss—Radau and Gauss—Lobatto formulae. Laurie [65] did it
for his anti-Gaussian formulae, and Calvetti and Reichel [19] for a symmetric
modification thereof. Quadrature rules involving derivative terms of arbitrary
orders on the boundary or outside the interval of integration require first the
generation of the appropriate Jacobi matrix before the (simple) internal nodes
can be calculated from its eigenvalues and the corresponding weights from the
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associated eigenvectors; see Golub and Kautsky [47, Section 6] and also Ezzirani
and Guessab [32]. This has led to important work on the stable calculation of
general interpolatory quadratures (Kautsky and Elhay [63], Elhay and Kautsky
[31]). A rather substantial extension is the one to Gauss-Kronrod quadratures
due to Laurie [66] (see also the commentary to the last paper). For other types of
extended quadrature formulae, see Gout and Guessab [55]. Golub-Welsch type
algorithms have been developed also for quadrature rules in the complex plane,
for example Gauss-Szegd type formulae on the unit circle (Gragg [57, abstract],
[66], Watkins [91, pp. 465-466], Jagels and Reichel [62]), Gauss quadrature on
the semicircle (Gautschi and Milovanovié¢ [43]), Gauss formulae for the Jacobi
weight function with complex parameters (Nuttal and Wherry [78]), or those
used to approximate the Bromwich integral in the theory of Laplace transform
inversion (Luvison [68], Piessens [79]), and complex Gauss formulae for weighted
line integrals in the complex plane (Saylor and Smolarski [84, Section 6]).

There are instances in the area of orthogonal polynomials and quadrature
where eigenvalues of more general matrices are of interest, for example banded
lower Hessenberg matrices in the case of multiple orthogonal polynomials and
related quadrature rules (Coussement and Van Assche {24], Borges [11]), or full-
blown upper Hessenberg matrices for zeros of Sobolev orthogonal polynomials
(Gautschi and Zhang [44, p. 161]) and also for the Gauss—Szegd quadrature rules
mentioned above.

Any advances in improving the QR algorithm for computing eigenvalues and
eigenvectors of a symmetric tridiagonal matrix give rise immediately to improved
Golub-Welsch algorithms. Some possibilities in this regard are discussed by Lau-
rie [67, Section 2]; for positive definite Jacobi matrices, see also Laurie [67, Sec-
tion 5] and the references therein.

There still remains, of course, the problem of computing the recurrence coeffi-
cients ay, Bk, if not known explicitly, given the weight function w. This problem
is addressed in Section 4 of the paper, where an algorithm of V.I. Mysovskih
is described, which computes these coefficients by a Cholesky decomposition of
the Hankel matrix in the moments p, = f: t"w(t)dt of the weight function. Any
method based on moments, however, is notoriously unstable, owing to severe ill-
conditioning (for large n) of the underlying moment map. This was first shown
in 1968 by the writer [36]; see also [42, Sections 2.1.4, 2.1.6]. Shortly thereafter,
Sack and Donovan, in a technical report [82], introduced the idea of “general-
ized moments” m, = fab pr(t)w(t)dt, where p, is a polynomial of exact degree
r, which, at the suggestion of this writer, they renamed “modified moments” in
their formal publication {83]. Under the assumption that the polynomials p, also
satisfy a three-term recurrence relation, but with known coefficients, Sack and
Donovan developed an algorithm, later given a more definitive form by Wheeler
[92], which computes the desired recurrence coefficients oy, 8, directly from the
modified moments. Wheeler suspected that Chebyshev might already have done
something of this nature, which was confirmed by the writer and pinpointed to
Chebyshev’s 1859 memoir [21], where Wheeler’s algorithm indeed appears at the
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end of Section 3 in the special case of ordinary moments (p,(t) = ") and discrete
orthogonal polynomials. The algorithm for ordinary, resp. modified moments was
therefore named in [37] the Chebyshev, resp. modified Chebyshev algorithm. The
latter is not only more efficient than Mysovskih’s algorithm, having complexity
O(n?) instead of O(n?), but is often also more stable. The condition of the un-
derlying modified moment map has been studied in [37, Section 3.3] and [38];
see also [42, Sections 2.1.5, 2.1.6]. For alternative techniques of computing oy,
Bk, based on discretization, see {42, Section 2.2].

Updating and downdating of orthogonal polynomials with data
fitting applications, by Elhay, Golub, and Kautsky [30]

The use, in data fitting applications, of (what today are called) discrete or-
thogonal polynomials can be traced back to a 1859 memoir of Chebyshev [21].
Forsythe [34], a hundred years later and independently, discussed the same pro-
cedure and developed it into a viable computer algorithm. The present paper
introduces new ideas of updating and downdating in this context, although sim-
ilar ideas have previously been applied in connection with the related problem
of QR factorization of matrices. Mertens [69] reviews downdating algorithms in
statistical applications and in the least squares context attributes the concept of
downdating to Legendre and Gauss, the originators of least squares theory.

The problem of data fitting is here understood to be the following weighted
least squares problem: Given a set Sy = {x;,y;, w7 }}_, of N data points {z;,y;}
and positive weights {wf}7 find the polynomial g, € P, of degree < n (< N)
such that

N N
Y wilys —dalz)]? <Y wily; - qx;)]P forall g € Pa.
j=1

j=1

The inner product and norm naturally associated with this problem are

N
[w,vln =Y wlu;)v(e;), |ully = Vv, ulw,

Jj=1

in terms of which the least squares problem is simply ||y — /|3 < |ly — qll%, all
q € P,. The solution is most conveniently expressed in terms of the polynomials
{mk}p_o orthonormal with respect to the inner product [-, -]n (the “discrete
orthogonal polynomials”), namely as the nth-degree “Fourier polynomial” of y,

gnlz) = chn]-(:n), cj = [mj,y]n-
j=0

With regard to the least squares problem, updating means the following:
Determine the solution ¢, corresponding to the enlarged set Syy; = Sy U
{zN+1, YN+1, Wy 41} in terms of the solution §, corresponding to the original
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set Sn. Downdating, conversely, means the determination of ¢, for Sy in terms
of ¢, for Sn1-

There is a similar problem of up- and downdating for the orthogonal poly-
nomials, more precisely for their Jacobi matrices J,, (cf. the commentary to the
first paper): Knowing J,, for Sy, find J,, for Sy, 1, and vice versa. An algorithm
of Gragg and Harrod [58, Section 3] using a sequence of Givens similarity trans-
formations, attributed essentially to Rutishauser [81], can be thought of as an
updating procedure in this sense, since it introduces one data point and weight
at a time.

As one would expect from the authors, both problems of up- and downdating
are solved (in several different ways) by reformulating them in terms of matrices
and then applying appropriate techniques of numerical linear algebra.

An application of the updating procedure for Jacobi matrices is made in [29]
to generate Jacobi matrices for sums of weight functions.

Up- and downdating algorithms have subsequently been developed for least
squares problems in the complex plane, for general complex nodes, for example,
in {12, Section 4], and for nodes on the unit circle in [80, Section 3], [2]. For
an updating procedure in connection with orthogonal rational functions, and
function vectors, having prescribed poles, see [90, Section 3] and [27, Section 5].

Matrices, moments and quadrature, by Golub and Meurant [48]

One of the central themes here is the estimation of matrix functionals ¢(A) =
uT f(A)v, where A is a symmetric (usually positive definite) matrix, f a smooth
function for which f(A) is meaningful, and u, v are column vectors. A prototype
example, and one given the most attention in this work, is estimating the (¢, 5)-
entry of the inverse matrix A™", in which case f(t) = ¢t ! and u = e;, v = e;
are coordinate vectors. The problem has been treated previously by physicists in
connection with the estimation of resolvents, where A = 2I — H, z is an energy,
and H a Hamiltonian, thus A~! is the resolvent of H. Much related work can
also be found in the quantum chemistry literature; see, e.g., [51, Introduction]
and the examples and references given therein.

There are three basic steps in solving the problem: (i) The functional is
written as an integral, p(A) = f(f f(N)da(X), where do is a discrete measure
supported on the spectrum o(A) of A and [a, b] an interval containing o(A). This
is done by a spectral resolution of A, and in the important case u = v yields a
positive measure da. (ii) The integral is estimated by quadrature rules, typically
Gauss, Gauss—Radau, or Gauss—Lobatto rules. These, with an increasing number
of nodes, are capable of providing increasingly sharper upper and lower bounds
for the integral, provided the derivatives of f have constant sign on [a,b] (as is
the case, for example, when f(t) = t~!, a > 0) and the measure da is positive.
Otherwise, they may still yield estimates of increasing quality. (iii) Generating
the quadrature rules requires the discrete orthogonal polynomials for da, in
particular the Jacobi matrix J = J(d) of the measure da (cf. the commentary
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to the first paper), which can be obtained by the Lanczos or the conjugate
gradient algorithm. An interesting technical detail is the way the quadrature
sums are expressed in terms of the (1,1)-element of f(J°), where J° is closely
related (equal, in the case of Gauss formulae) to the Jacobi matrix J or a leading
principal minor matrix thereof.

It is possible to generalize these ideas to the “block” case, where u and v
are replaced by an n x m matrix W (typically with m = 2), in which case
do becomes a matrix-valued measure and one has to deal with matrix-valued
orthogonal polynomials and quadrature rules, as is done in Sections 3.3 and 4.3
of the present work.

When f(t) = t° is any power, not necessarily s = —1, and u = v, the pro-
cedure has previously been described by Golub in [46], and in the case s = —2,
of interest in {5 error bounds for systems of linear equations, even before by
Dahlquist et al. in [25] and also in [26, Section 3]. In the latter work, improved
approximations are obtained by the conjugate gradient method and the respec-
tive errors estimated as described. In a sequel [49] to the present work, and
already in [51, Section 4], the case s = —1 is further applied to obtain er-
ror bounds and stopping criteria in iterative methods for solving linear sys-
tems, notably the conjugate gradient method; see also [70], [33], and for the
preconditioned conjugate gradient method, [71], [9]. Applications to construct-
ing preconditioners can be found in [10]. Similar ideas have been pursued by
M. Arioli and coworkers in a variety of application areas involving partial dif-
ferential equations and their discretizations ([4], [8] , [6], [7], [3], [5])- A valuable
exposition of error estimates in the conjugate gradient method is [88], where
some of the recent results are traced back to the original work of Hestenes and
Stiefel [59], and the influence of rounding errors is given serious attention. For
the latter, see also [51, Section 5|, [87, Section 4], and [94]. For a recent com-
prehensive review of these and related matters, see [72], especially Sections 3.3
and 5.3.

Altogether different applications of the work of Golub and Meurant are to
highly ill-conditioned linear algebraic systems, specifically to the determination
of the Tikhonov regularization parameter [14], [15], [20], or to the determination
of upper and lower bounds for the Lagrange multipliers in constrained least
squares and quadratic problems [52]. The blur identification problem in image
processing [76, Section 6] contains yet another application.

The work of Golub and Meurant has inspired other researchers to develop
variants of their techniques for estimating matrix functionals. We mention, for
example, Calvetti et al. [17], [18], where next to Gauss and Gauss-Radau quadra-
tures also anti-Gauss formulae are used (see the commentary to the first paper)
and Calvetti et al. [16], where functionals uT[f(A)]Tg(A)u are estimated for
matrices A that are no longer necessarily symmetric, and the quadrature and
antiquadrature rules are therefore based on the Arnoldi rather than the Lanczos
process.
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A stable numerical method for inverting shape from moments, by
Golub, Milanfar, and Varah [50]

The basic problem here is the determination of an n-sided polygon P in the
complex plane, having vertices z;, j = 1,2,..., n, given its first 2n—2 “harmonic”
moments ¢, = f f P ZPdzdy, k = 0,1,...,2n — 3. If the associated “complex”
moments are defined by 7o =7 =0, e = k(k— 1)cg—2, £k =2,3,...,2n ~ 1, the
vertex reconstruction amounts to solving the system of 2n nonlinear equations

n
Zajzjl-“::Tk, k=0,1,...,2n — 1.
j=1

These are formally identical with the equations for a Gaussian quadrature for-
mula (with nodes z;, weights a;, and moments 7 of the underlying weight func-
tion), except that all these quantities are now complex and, moreover, the first
two moments vanish. While the classical Prony’s method is still applicable (it
determines the coefficients of the monic polynomial of degree n having the z;
as its zeros), it is notoriously unstable. The object of this work is to develop a
solution procedure which, though not necessarily perfectly stable, is more stable
than Prony’s method.

This'is done essentially by reformulating the problem, implicit already in [89,
eqn (2.2.9)], as a generalized eigenvalue problem involving two Hankel matrices
in the moments, or better, in transformed moments obtained by appropriate
scaling and shifting.

In practice, the number n of vertices is usually not known a priori and must
be estimated from the given sequence of moments, which, to complicate matters,
may be corrupted by noise.

There are a number of potential application areas for procedures as here
described, one, discussed previously, to tomographic reconstruction, and another,
described in the present work, to the problem of geophysical inversion from
gravimetric measurements.

The theoretical results of sensitivity analysis are nicely corroborated by
numerical examples. There remain, however, a number of issues for further study,
for example, a sound statistical analysis of procedures for estimating the number
of vertices, especially in the presence of noise, and the incorporation of a priori
geometrical constraints. Some of these issues have been taken up in the more
recent work [28].

Computation of Gauss—Kronrod quadrature rules, by Calvetti,
Golub, Gragg, and Reichel [13]

In order to economically estimate the error R, (f) of the n-point Gauss quadra-
ture rule (cf. the commentary to the first paper), Kronrod [64] in 1964 con-
structed (for the weight function w = 1 on [—1,1]) an extended Gauss formula
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b n n+1
/ WO F(Bdt = SONEF(R) + S0 K F(rE) + RE (),
a v=1 p=1

now called the Gauss—Kronrod quadrature formula, by adjoining to the n Gauss
nodes 7, additional n + 1 nodes Tlf( — the Kronrod nodes — and selecting them,
and all weights AX, A*K such as to achieve maximum degree of exactness 3n + 1
(at least). The same idea, in a germinal form, can be traced back to the late
19th century (cf. [40]). It turns out that the Kronrod nodes must be the zeros of
the polynomial 7T£<+1 of degree n + 1 orthogonal to all lower-degree polynomials
with respect to the (sign-changing) weight function w(t)m, (t;w) on (a,b), where
7, is the orthogonal polynomial of degree n relative to the weight function w.
While the polynomial 7r,{<Jrl (considered for w = 1 already by Stieltjes in 1894
without reference to quadrature) always exists uniquely, its zeros may or may not
all be real and contained in [a,b]. An extensive literature thus evolved dealing
precisely with this question of reality, and also with the question of positivity of
all weights AKX, )\;K . (For surveys on this and other aspects of Gauss—Kronrod
formulae, see Monegato [74], [75], Gautschi [39], and Notaris [77].) In comparison,
the question of actually computing the Gauss—Kronrod formula, when it exists,
i.e., computing its nodes and weights, has received less attention; see, however,
the recent survey by Monegato [73].

Among the most remarkable computational advances in this area is the
algorithm of Laurie [66] for computing positive Gauss—Kronrod formulae. Laurie
recognizes the equivalence of this problem with an inverse eigenvalue problem
for a symmetric tridiagonal matrix with prescribed entries on the side diagonal;
see also [23, pp. 15-16]. His algorithm much resembles the Golub-Welsch algo-
rithm (cf. the commentary to the first paper) for ordinary Gauss formulae. In
the present work by Calvetti et al., this algorithm is modified and simplified in
the sense that the Gauss nodes 7, need not be recomputed (as they are in Lau-
rie’s algorithm) in cases where they are already known. Indeed, not even the full
tridiagonal Jacobi-Kronrod matrix of order 2n + 1 needs to be generated. The
resulting new algorithm is then used by the authors to compute also Kronrod
extensions of Gauss-Radau and Gauss—Lobatto formulae.

Modifications required to deal with nonpositive Gauss—Kronrod rules are
developed in [1].

The work is too recent to have had a major impact, but it can be expected
to find many applications, most likely in the area of adaptive quadrature. One
such application (to the motion of droplets) is already briefly mentioned in [60,
p. 63].

Summary

Golub’s work described here is characterized, on the one hand, by the imaginative
use of linear algebra techniques in problems originating elsewhere, and on the
other hand, by bringing tools outside of linear algebra to bear on problems
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involving matrices. Both these features of Golub’s work are elaborated in greater
detail in the recent essay [41].

Acknowledgment. The writer is grateful for comments by D.P. Laurie, L.
Reichel, and Z. Strako$ on an earlier draft of these commentaries.
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