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Gauss-typequadratureformulae basedon rational functionsare proposedto evaluategeneralizedFermi—Dirac and
Bose—Einsteinintegralsto high accuracy.Themethod is comparedwith recentquadraturemethodsof B. Pichonand R.P.
Sagar.

1. Introduction In this notewe write

The computation of the generalizedFermi— Fk(?1, 0) = ff(x) ~ e dx, (1.3)
Dirac integrals o

~cx~/l+~0x with
Fk(~,0)=f e_~+x+1 dx,

1/i + ~6x
0 ~ 0, s~E l~, (1.1) f(x) = e~+ e~’ (1.4)

where k = -~, ~, ~, has been the subject of two
recent communications [1,21. The former pro- andproposea quadraturerule of the form
posesGauss—Laguerrequadrature(with weight
function ~ e’~) after dividing and multiplying (~g(x) x”~e_x dx ~ w g(x ), (1.5)
the integrandby e~’~with a > 0 suitablychosen, -‘o r~1

the latter a “Gauss—Fermi” quadrature (with
weight function x~~(ex+ 1Y 1), after dividing and which is exactfor the n pairsof rationalfunctions
multiplying by (ex + 1)-’. Both methods disre-
gard the major obstacle to rapid convergence g(x) = (1 + ax)’, g(x) = (1 +

(when 0 is relatively small), namely thepoles at
(1.6)

x=~±(2v—1)i’rr, v=1,2,3 (1.2)
where

1
_____ (1.7)
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(conjugatecomplex)polesin eq.(1.2). Thus, anddefine

0

Fk(n, 0) r~iWrf~T)~ (1.8) w20(x) = l~I[(1 +~vx)2+71~x21. (2.2)

Then (1.5) is exact for the rational functions in
wherethe quadraturenodesandweightsdepend (1.6) preciselyif
on n, k and s~,

xr=x~, wr=w~w2n(x~), (2.3)
Xr=X~~~(k,~), Wr=W~~~(k,q). (1.9)

wherex~,w~are the Gaussnodesand weights
An integral similar to (1.1), but arising from for the weight function x~ce/w20(x):

Bose—Einsteindistributions,is
xk e~

fp(x) dx

x~I1+~0x o
Gk(~,0)=j e±x_1 dx, 0�0, i~�0,

= ~ w~°p(x~°),all p E (2.4)
(1.10) r=l

for which analytic methodsof evaluation, again (cf., e.g., ref. [3, Theorem1.1 with m = 2nD. The
for k = ~, ~, ~, werediscussedin the appendixof orthogonalpolynomialsrequired for (2.4) canbe
ref. [1]. Here we develop a quadraturemethod generated,similarly as in ref. [2], by a discretized
analogousto the oneproposedabovefor Fk(~, 0) Stieltjesprocedure.It is generallymoreefficient,
andcompareit with otherquadraturemethodsin however,to use a partial fraction decomposition
the spirit of refs. [1,21. of [w20(x)Y

1 andconstructspecialGaussformu-
It will be seenthat the choiceof quadratures Iae for eachpartial fraction prior to using the

proposedheresignificantly improvestheaccuracy Stieltjes algorithm. This results in a finite algo-
of the results at the expenseof requiring a se- rithm, whereasthe discretizedStieltjesprocedure
quenceof quadraturerules to be generatedfor requires iteration. On the other hand, it may
eachk and ~. Methods for generatingsuch “ra- happenthat the partial fractions involve large
tional Gauss”formulae will be briefly described coefficientswith varying signs,which will cause
in section2. In section3 we presentnumerical serious cancellationerrors in the generationof
results and compareour method with those in the desired(rational) Gaussformulae.Fordetails
refs. [1,21. we refer to ref. [31.

2.2. Bose—Einsteinintegrals

2. Gaussformulaefor rational functions For theintegral (1.10), it is convenientto write

2.1. Fermi—Dirac integrals Gk(~,0) = ff(x) x~ ex dx, (2.5)
0

with
Let ~ = ~ + i~,that is (cf. (1.7)),

x
f(x) = — e~~ + ~0x. (2.6)

___________ e
~2 + (2v — 1)2rr2’

By splitting off a factor x, we insure that f(x)
(2~— l)IT (2.1) remainsregular as x — 0 evenwhen i~ = 0. The

= ~2 + (2z.’ — 1)2ir2’ polesof f are,nowat

x=~±2viii, v=0, 1,2,..., (2.7)
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whichsuggestsletting Rational).The methodin ref. [2], i.e.,

— ~ ~ (2.8) Fk(n, 0) =ffi(x) xk dx~ ~ w~f1(x~),0 ex+1 r=1

andproceedingsimilarly as in (1.5)—(1.7),except _________

that k is to be replacedby k — 1 in (1.5). The = +
f1(x) e±x+i~fl’ (3.1)

appropriaterational Gaussformulae (cf. ref. [3,
Theorem 1.1 with m = 2n — 1]) are then con- we denote by GF(n) (n-point Gauss—Fermi),
structedsimilarly as in section2.1, with while GL(n) (n-point Gauss—Laguerre)will refer

to2v~rr n

= — ~2 + 4v2~2’ ~ = ~2 + 4v2~2’ Fk(7J, 0) = jf(x) xk e~dx r~iw(x~

v=0, 1,2,...,n—1, (3.2)
(2.9)

(with f as in (1.4)),which is the casea = 1 of ref.
and (2.4) replacedby [1]. The first 40 recursion coefficients for the

orthogonalpolynomialsrequiredin (3.1) aretabu-
~ e~ latedto 19 significant digits in ref. [2, table 1] forJ p(x) dx = ~ w~p(x~), k = 1 3 ~ We have recomputedthem to 250 (0

201(x) r=i ~‘ ~‘ ~

digits and observedcompleteagreementto 19
all p E P2,~1, (2.10) digits (with the exceptionof occasionaldiscrepan-

cies of oneunit in the lastdigit). Contraryto ref.
where ai20_1 is definedby [21,we computedthe Gaussformulae from the

respective Jacobi matrix via eigenvalue tech-
n—i

= (1 + ~0x) fl [(1 + ~~x)
2+ ~x2}. niques(cf. refs. [4; 5, §6]).

All numericalexamplesin ref. [2] use 0 = 1 X
(2.11) iO~, a comfortably small value that puts the

squareroot singularityof the integrandin (1.1) at
—2 x iO~,sufficiently far away from the interval
of integrationto haveany appreciableeffect on
the convergence properties of quadrature

3. Numericalresults
schemes.For ease of comparison,we use the

All computationsreportedin thissectionwere
carriedout in bothsingleanddoubleprecisionon Table 1

the Cyber 205, which allows for precisions of Relativeerrorsof threequadratureschemesfor Fermi—Dirac
approximately14 and 28 decimal digits, respec- integralswith ~ = —1 and 0 = lx io~.
tively. Unlessstated otherwise,our goal was to k n GR(n) GF(n) GL(n)

produce resultswith relative errors � x 10— 10 8.1 (—9) 8.4(—5) 5.6(—5)
in single precision, and � ~ x 10~~in double 10 5.9(—18) 2.7(—7) i.6(—7)

precision. 15 1.5(—25) 6.5(—9) 4.i(—9)

5 2.5 (—8) 1.3(—4) 9.5(—5)
10 3.1(—17) 8.2(—7) 5.6(—7)

3.1. Fermi—Dirac integrals 15 1.6(—27) 1.5(—8) 1.l(—8)

5 5.6 (—8) 9.8(—5) 7.3(—5)

For purposesof identification, we denoteour 10 1.1(— 16) 7.7(7) 5.7(—7)

method(1.8),(1.4), (2.3) by GR(n)(n-point Gauss 15 3.2(—25) 9.9(—9) 7.8(—9)
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Table 2 Table 3
Relativeerrorsof threequadratureschemesfor Fermi—Dirac Exactvaluesof Fermi—Dirac integrals.
integralswith i~= 1 and 0 = lx iO~.
__________________________________________________ k Fk(77, iO~)
k n GR(n) GF(n) GL(n) —1 0.2905124170194926626167642

5 2.1 (—8) 3.7(—4) 6.3(—4) —1 0.4608784541779919553534758
10 1.7( —17) 7.4( —6) 1.5( —~) — 1 1.186073501075755783982726
15 1.2(—25) 4.4(—7) ~ 1 1.396441820349115339606362

5 5.6 (—8) 4.7(—4) ~ 1 26 1 7
10 7.7(—17) 4.4(—6) 4.8(—6) 2

15 2.4(—25) 2.7(—7) 6.7(—7) 1 7.627256095653447632904998

5 1.1 (—7) 1.9(—5) 1.6(—4)
10 2.5(—16) 1.3(—5) 2.4(—5)
15 5.0(—26) 5.2(—7) 8.3(—7)

The exact valuesto 25 digits (takento be the
limit valuesobservedwith our method)aregiven
in table 3.

samevalue of 0 in most of our examples,but For convenienceto the reader,and to illus-
experiment also with significantly larger values. tratethe differencesin thethreequadraturerules,
Tables1 and2 are the analoguesof tables3 and we list these in table 4 for n = 5, k = ~ and
4 of ref. [21,showingrelative errors of the three i~= — 1. It can be seenthat GR(5) has signifi-
abovequadraturemethodsfor ~ = — 1 and ij = 1, cantly smaller nodes than either of GL(5) and
respectively.As canbe seen,GFandGL arevery GF(5), presumablybecauseof the “pull” exerted
comparablein accuracy,in contrastto GR, which by the poles(1.2) in thecomplexplanelocatedon
convergesincomparablyfaster. The accuracyob- the vertical line with real part ~ = — 1. As this
tamedwith 15 quadraturepoints in the two for- line is moved to the right, the nodes of GR(5)
mer schemesis almost(if i~= — 1) or actually(if follow along and indeed become all larger than

= 1) achievedwith 5 points in the latter, and thoseof GL(5) andGF(5) by the time ~ = 15.
considerablysurpassed(not shown in the tables) Convergence of the quadrature rule (1.8)
when n = 6. speedsup as sj is madelargernegative,since the

Table4
Nodesandweightsof the threequadraturerulesGF(n), GL(n), GR(n) for n = 5, k = ~ and ~ = — 1.

nodes weights

GF(5) 4.853282854052548902041607( —1) 2.528093i82634590808714027( — 1)
1.873966916325342343159044 (0) 3.334462234469549285457945(— 1)
4.215862385021310462216175 (0) 8.691873578477134144754120( —2)

7.846560736876599685022517 (0) 4.884285033837127451612712( —3)
1.355305747901104375108016 (1) 3.533262407852899595773563( —5)

GL(5) 4.313988071478514844471342( —1) 3.704505700074585063243685( — 1)
1.759753698423696428573903 (0) 4.125843737694528821000270( — 1)
4.104465362828314989991953(0) 9.777982005318070299139249( —2)
7.746703779542557070882292 (0) 5.373415341171986513994744( —3)
1.345767835205758002610472 (1) 3.874628149393571930106873( —5)

GR(5) 3.126398587450489212326774( —1) 2.556075807906894032848i78( —1)
1.255825743830479313965948 (0) 4.059161674922847483386820( — 1)
2.900866004335337302050356 (0) 1 .924577586933245453743552( — 1)
5.481659473774843471464215 (0) 3.113158098682566730619157(— 2)

9.624406829641735767404573(0) l.1138296277974988491i7004(—3)



W. Gautschi/ ComputationofgeneralizedFermi— Dirac andBose— Einsteinintegrals 237

poles (1.2) then move further away from the Table 6

interval of integration.For example,when k = Relative errors of three quadrature schemesfor Bose—Em-

double-precisionaccuracy 1025 is attained stein integralswith ~ = —1 and0 = lx iO~.
with n = 14 for ~ = —10, with n = 11 for s~= k n GR(n) GE(n) GUn)

—50, andwith n = 9 for i~= —100. It is impor- ~ s 5.4(—8) 1.6(—3) 6.6(—3)

tant,however,that the discretizedStieltjesproce- 10 4.l(—17) 4.3(—5) 2.0(—4)

dure be used for constructingthe quadrature 15 7.5(—26) 2.6(—6) l.3(—5)

rules in question, since the method of partial ~ 5 l.6(7) 7.6(4) 3.2(3)

fraction decompositiongradually loses accuracy 10 2.3(— 15) 2.3(—5) l.l(—4)
15 l.5(—25) 1.5(—6) 7.0(—6)

becauseof the cancellationproblem mentioned ~ 3 3( 7) 3 2( 4) 4 3

at the endof section 2.1. 2 10 811(116) 9.5(—6) 4.6(—5)

The case of large positive ~ is considerably 15 l.i(—24) 6.fl—7) 3.0(—6)
more difficult: Not only is it harderto generate
the rational Gaussformulae, but their conver-
gencealsoslowsdown.Whens~= 10 (andk = 4),

double-precisionaccuracy10—25 can still be at-
tainedwith n = 17, but for 17 = 50, we obtainonly 3.2. Bose—Einsteinintegrals
12 decimalplaceswhen n = 17, and the genera-
tion of n-point rational Gauss rules for larger In analogyto Fermi—Dirac integrals,we con-
valuesof n becomesincreasinglysubject to can- sider three quadraturemethods for evaluating
cellation errors. Still, the results are far more theBose—Einsteinintegral (2.5),(2.6), namelythe
accurate than those with Gauss—Fermi and n-point Gauss Rational formula GR(n) with
Gauss—Laguerrequadrature,which for n = 17 weight function x k1 e—x (cf. section 2.2), the
yield about 3 respectively2 correctdecimaldigits n-point “Gauss—Einstein”formula GE(n),
when ~ = 10 and rj = 50, respectively.

We also experimentedwith largervaluesof 0, 1 — e~ x~’~
and s~= ±1, k = 4, to observe the damaging Gk(n, 0) = f(x) x ex — 1 dx
effectof the squareroot singularity at x = — 2/0 E

as it moves toward the interval of integration 1 — e~r,
[0, cc] (i.e., as 0 increases).Interestingly,GF and ~~iw~f(x~) x~i (3.3)
GL seemto be less affectedby this singularity T

than GR. For 0 = 0.01 and 0 = 0.1, the results andthe n-pointGauss—Laguerreformula GL(n),
are very similar to those in tables 1 and 2; for
0 = 1, theyareshown in table5. k—i —Gk(17, 0) = f(x) x e dx

JO

r~i~~’ (3.4)

Table 5
Relativeerrorsof threequadratureschemesfor Fermi—Dirac
integralswith ~ = ±1, k= ~ and0 = 1.

n GR(n) GF(n) GL(n) Table7

—1.0 5 8.6 (—8) 4.8(—5) 2.0 (5) Exactvaluesof Bose—Einsteinintegrals.
10 1.8(—10) 8.8(—8) 7.4 (—8) k G (~it~

4)
15 l.2(— 12) l.6(—9) l.3(— 10) k

1.0 5 1.4 (—8) 2.7(—4) 4.0 (4) —1 0.3797088659980739907014802
10 l.6(— 10) 9.5(—6) 1.8 (—5) —1 0.5260888870796462905919174
15 l.1(—12) 3.8(—7) 6.1 (—7) —1 1.266569126543117546932246
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where f in (3.3) and (3.4) is given by (2.6). The 4. Conclusions
results for ~1= —1 and 0 = 1 x iO~are shown
in table 6. They are similar to those for Fermi— We have shown that Gauss-typequadrature
Dirac integralsin table 1, exceptthat GR is now formulaebasedon rational functionsarecapable
slightly less accurateand GE, GL both consid- of producing very accurate approximationsto
erably less accurate.Exact values are shown in generalizedFermi—Dirac and Bose—Einsteinin-
table7. tegrals, provided the poles of the rational func-

As 17 decreasesfrom — 1 to larger negative tions aresuitablymatchedwith thoseexhibitedby
values, convergenceof all three quadrature the integralsin question.The useof theseformu-
schemesspeedsup, particularly so for GE and lae is costlyin as much as theyareparameter-de-
GL. The oppositeis true when ~1increasesfrom pendent.This probably rules them out for pur-
— 1 to 0: convergenceslowsdown,particularly for posesof large-scaleproduction,but makesthem
GE and GL, but much less so for GR. On the eminentlysuitablefor isolatedhigh-precisioncal-
other hand, GR becomesharder to generate, culation of generalized (as well as ordinary)
although thereis no loss of accuracyas in the Fermi—Dirac and Bose—Einstein integrals. In-
caseof Fermi—Diracintegrals, deed, any integral whose integrand has suffi-

An increaseof 0 affectsconvergencesimilarly ciently many poles (outside the interval of inte-
asin thecaseof Fermi—Diracintegrals.For k 1 gration) is a naturalcandidatefor evaluationby
11 = — 1, and 0 = 1, the resultsare shownin table rational Gauss-typequadraturerules.
8.
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