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SOME ELEMENTARY INEQUALITIES RELATING TO THE GAMMA
AND INCOMPLETE GAMMA FUNCTION*

By Warter GAUTSCHI

1. In a recent note Y. Komatu (3] has proved the inequality
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The deviation of the bounds from the estimated function decreases monotonically
to zero as z varies from zero to infinity. H. O. Pollak [5] has improved the upper
bound by showing that
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with a deviation increasing from zero to a maximum value and decreasing, from
there on, monotonically to zero. ‘
We shall prove in section 3 the more general inequality
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where p is any real number >1." For p = 2 the right-hand inequality in (3)
reduces to (2) while the left-hand inequality reduces to the corresponding in-
equality in (1). The deviations of the bounds in the general p-case behave the
same way as in the special case p = 2. Also, (3) remains valid if we replace ¢,
by 1. The quality of the bounds is indicated in Fig. 1.

By an easy transformation we can write (3) in terms of the complementary

(3)

gamma, function I'(a, ) = f ¢ ‘" dt as follows:

I((z+2)"" —2'") <eT(p ™, 2)

(4)
<pe((@ 460" — ') (02 2< ).

In particular, if p — o, we obtain an inequality for the exponential integral
E(z) = (0, z):

(5) In(l4+2c") S€E(z) (142" (0< 2z < ).

This improves an inequality due to E. Hopf {1]; the bounds in (5) exhibit the
logarithmic singularity of Ei(z) atx = 0.

* This paper was prepared under a National Bureau of Standards contract with American
University.

! The integral in (3) for p = 3 occurs in heat transfer problems [2], for p = 4 in the study
of electrical discharge through gases [6]. An application of (3) for general p is given in [4].
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Fic. 2. Relative error of upper (u) and lower ({) bounds in (6)

2. From (4) we can deduce a simple inequality for the gamma funetion if we
set p = 1/s, x = 0 and replace ¢, by 1:
2Tl 4s) <1 (0s <1).

We shall prove in section 4 the sharper and more general inequality

G=Dy(nt) F(n +3) < ol < o< =123 ...
(6) e z_*—““‘[‘(n_i_l)_—_—n (O_szlyn y Hy Oy ) t
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where ¢(n 4+ 1) = D 0 1/k — yand v = 0.57721 ... is the Euler-Mascheroni
constant. We have equality in (6) only for s = 1 on the left-hand side and for
s = 0and s = 1 on the right-hand side. Fig. 2 illustrates the quality of the bounds.
Since ¢(n) < lnn we have also
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It may be of interest to note that by letting n — o in (7) we obtain a
simple proof of Euler’s product formula in the segment 0 < s < 1. In fact, (7)
Is equivalent to
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Setting

(n — )n’

s+ D6E+2)-(s+n—1)

'Yn(s) =
we can write (8) in the form

Therefore
0=7:(s) =T +s) =TUA+ L+ /)" — 1} =0(1/n) (n— ).
3. Proof of (3). Let

9) Apla, ) = ae ™ ((2® + a7 )" — ) — fm e " dt (@ > 0).

We have to prove that
(10) Ap(cp, ) 2 0, A(3,2) <0 (0 =2 < ).
Differentiating (9) with respect to  we find

(11) W WP — l)erp%AI,(a, z) = (1 — o)™
—(p—a)" +(p+a—- """ —a
where
(12) w=[1+4+ (1/az®)]"?, u = 1.
Denoting the polynomial on the right-hand side of (11) by g,(%) we have

(13) go(1) = g,(1) =0,  g3(1) = p(p — (1 — 2a).
Consider now the case a = ¢, . We first note that '
(14) Aya, ») = 0, Ay(cp,,0) = 0.
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Next we notice that the coefficients of g»(u) alternate in sign. Since there are
three sign changes we conclude from Descartes’ rule that g»(u) has either three
positive zeros or one. (13) shows that two zeros are located at u — 1; thus
go(u) has exactly three positive zeros. Furthermore, since gp(1) < 0 and
go(®) = =, the third zero must be larger than 1. Therefore, as  increases from
1 to = the polynomial g,(u) decreases from zero to a minimum value and from
there on increases monotonically to «. On account of (11), (12) and (14) this
means that A,(¢c, , 2) increases from zero to a maximum value and from there on
decreases monotonically to zero as x varies from zero to . This proves the first
relation in (10).

Consider next the case @ = L. Again, Descartes’ rule applies and from (13)
it follows that all three positive zeros of gp(u) coincide at u = 1. Therefore
go(w) > 0 for u > 1, from which follows (8/dz)A,(%, z) > 0 for z > 0. This
proves the second relation in (10) since A,(%, ©) = 0.

4. Proof of (6). Consider

0=s<1).

1 [T(n +s)
) = = s\ T 1)}

We have f(0) = In (1/n) and by using the rule of Bernoulli-L’Hospital
lime., f(s) = ~limei¢(n + s) = —¢(n + 1)

where ¢(r) = (d/dx)[In T'(z)]. We show that f(s) is monotonically decreasing.
We have

(I = 9)f'(s) = f(s) + ¢(n + s).
Letting
e(s) = (1 = 9)f(s) + ¥(n + 9)]
we have
¢(0) =¢(n) —Inn <0, (1) =0, &(s) = (1 —s)¢(n + s).

Since ¢'(n 4 s) > 0 it follows that ¢(s) < 0 and therefore f'(s) < 0 for
0 < s < 1. Thus

—¥(n 4+ 1) £ f(s) < In(1/n)
which is equivalent to (6).
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