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Summary. Formulas, or close two-sided estimates, are given for the norm of the 
inverse of a Vandermonde matrix when the constituent parameters are arranged in 
certain symmetric configurations in the complex plane. The effect of scaling the 
parameters is also investigated. Asymptotic estimates of the respective condition 
numbers are derived in special cases. 

1. Introduction 

In  an earlier paper  [21 we obtained norm inequalities for the inverse V~ -1 of a 
Vandermonde matr ix V(x~, x~ . . . . .  x,) E IE "• which become equalities if the 
complex parameters x~ are all placed on a ray  emanat ing from the origin. We 
now obtain equalities for live-ill also in the case of parameters located sym- 
metrically with respect to the origin on a straight  line through the origin. For  
parameters which occur in conjugate complex pairs we give close upper and 
lower bounds for Ilv,-xl]. We further examine how scaling of the parameters 
affects the magnitude of llV,-lll. Finally, as an application, we derive asymptot ic  
estimates (for large n) for the condition number  of Vandermonde matrices for 
special configurations of the parameters.  

2. Preliminaries 

We denote by  a,~ the m-th elementary symmetr ic  function in n complex 
variables, 

a,~=am(xl, x2 . . . . .  x~)= ~ x, x , . . . ,  x ~  (1 <-m <-n), a o = l .  

Lemma 2.1. We have 

(xl, .....  x )l- - < / I  0 +Ix, I), (2.t) 
m=0 v = l  

where equality holds i / and  only i] x, = l x ,  l e i§ v = 1 ,  2 . . . . .  n. 

A proof of Lemma 2.t is given in [2J. 

Lemma 2.2. Let P2, (x) =/- /~=1 ( x~ -- x,) and 

2 n + l  

(s +tx)pzn(x)  = ~, cax ~n-v+l. (2.2) 
I~=O 

23 Numer. Math., Bd. 23 



338 W. Gautschi 

Then 
2 . + 1  

X le,,[ =<([sl + l t l ) / I  (~ +l~,l) ,  
pt=O v = l  

where equality holds i /and  only i/x,,-----Ix,,[ e i~, v = 1, 2 . . . . .  n. 

Proof. Since 

p~.(x) = Z ( - 1 ) . ~ . ( x .  x~ . . . . .  x.) x ~"-~., 
/*--0 

we find for the coefficients % in (2.2), 

e 2 / , =  ( - -  ~)btto ' / , ,  c 2 / , +  1 = ( -  J)/*so'/~,  /.g = 0 ,  ~ . . . .  , n .  

Consequently, using Lemma 2.1, 

2 n + l  

Y le,,I--(Isl +ltl)  Y I'~m(X. X, . . . . .  X.)I =<(Isl +l t l ) / - / (a  +Ix.l) ,  
p=O m=O ~ 1  

with equali ty as stated. 

(2.3) 

Lemma 2.3. Given 2n real or complex numbers xl, x~ . . . . .  x2, such that 

x.+,  = s v = t ,  2 . . . . .  n, (2.4) 

= - -  2it and/or all v either Re x~ > 0, or Re x~ <= O, let P2n (x) - H v = l  (x - xv) and 

2 n + l  

(s + t x ) p ~ ( x )  = Z c~x ~"-~+1. (2.5) 
/*=0 

Then 
n 2 n + 1  n 

[[st-ltl[Hlt+x~l*<= Z [e.[___(I,[ + l t l ) H [ !  ~x.[*,  (2.6) 
~=i p = 0  v = l  

where the plus sign holds i /a l l  Re x, > O, and the minus sign i /a l l  Re x, ~ 0. 

Proo/. We first observe tha t  in 

2n 

p~.(x) = X ( -  O%,(Xl, x~ . . . . .  x~) x ~ - "  
p = 0  

we have 

In  fact, 
av=>0 i fa l l  R e x , > 0 ,  ( - - Q v a v > 0  i fa l l  Rex ,=<0 .  

(2.7) 

1r 1r 

p,n (x) = H  [(x - x,) (x - #,)] = H [ xz - (2 Re x,) x + [x,] '],  
v = l  V=I 

and multiplying out the product  on the r ight yields coefficients which alternate 
in sign, if all Re x, ~ 0, and are nonnegative,  if all Re x, = 0. Consequently, 

/ r 2, p~n(--t)  [t +x. [*  if all Re x,=>0. 
Z I.~(x,, x~ . . . . .  x~.)l = (2.8) 

~,=o [p2.( t)  = =]~1 11 --  x~l* i fa l l  Re x, <=0. 
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For the coefficients cv in (2.5) we have 

c . = ( - - l ) " ( t a ~ - - s a . _ ~ ) ,  /*=0,  l . . . . .  2 n + t ,  

where a-1 =a, .+~ =0 .  Therefore, 

2 n  2 n + l  2 n + l  2n 

Ilsl-Itll Y I~,,I ~ Y Ic.I-- X I t~ - s~ . - , I  _-__(Isl +1~1) X I~.1, 
/~=0 /*=0 /~=0 /*=0 

from which (2.6) follows by virtue of (2.8). 

3. Inversion of the Vandermonde Matrix 

We denote the Vandermonde matrix of order n by 

' 1 | 

! I n--I n--i n--lt Lxl x2 . . . x ,  _1 

where xx, x~ . . . . .  x~ are distinct complex numbers and n > t. Its inverse can be 
obtained by solving the system of linear algebraic equations 

ul + us + . - .  + u, = v l  

x~u~ + x, m + . . .  + x~ u ,=v~ (3.2) 

�9 . . + x ,  u~=v , .  

Introducing the elementary Lagrange interpolation polynomials 

/~ /  a x n-~ l~(x) = x,-xx-~x-xa ----a~nxn--l + ",n--~ + . . .  +a~v v = l ,  2 . . . . .  n, (3.3) 
/*=i 
p4:v 

which satisfy 

l~(x,) = {10 if v = / t  
if v4=t*, 

it is evident that  by multiplying the / , - th  Eq. (3-2) by a,v,/,  = t, 2 . . . . .  n, and 
adding, we get 

u~,=~avuvt,, v - - -~ l ,  2 ,  . . . ,  n .  

Consequently, 

[al l  al ,  ... aa,] 

La,,1 an2 . . .  a ~ ]  

4. Norm Inequalities for V;  t 

We consider throughout the oo-norm of V~ -1, 

IIv.-~ll~o = m a x  ~, la..I. l<v~--n /,*=I 

23* 
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T h e o r e m  4.1. ][V-l(x~, x,  . . . . .  x,)[Ioo is a symmetric /unction in the variables 
Xl ,  x 2 ,  . . . ,  x n.  

Proo/. Interchanging two variables amounts  to interchanging two columns 
of Vn, which in turn  has the effect of interchanging two rows of V~ -1. The value 
of ]]V,-X[[| remains the same. 

Theorem 4.2. Let to 4=0 be arbitrary complex, and 

v, (o,) =~v(o, xl, ox~ . . . . .  ~, x~). 

The. IIV;' (o)lL aepe~as only on 1~1 a~a is smctly decreasing as a/unction o~ I~l- 

Proo/. Let  K = K ( I ) ,  IT, -1 = [a,,]. Since 

V.(o~) =D(co)V~, D(r = d i a g ( l ,  o) . . . . .  60"-1), 

we have V. -x (r =Vn-xn -1 (~o), i.e., 

~-~(o)=[  a,. 1 [ o~v-1 ]' v , l ~ = t , 2  . . . . .  n. 

I t  is clear, therefore, tha t  the  norm of V~ -1 (to) depends only on ]to]. Furthermore,  
if 1~11 <1~ , [ ,  we have 

--max~ I~.I _~ I~..I 

2~ I....I _<maxF, '~..I I~:l"-:-  �9 .=~1-~, ~:~ =[Iv"-:(~ < 

where strict inequali ty holds because of 

a , . .  = H  (x,. - o 
I~4=~o 

This proves Theorem 4.2. 

In [2] we have shown tha t  

IlV.-~ll~< max / - /  t +]xu] (4.t) 
x~-,~-,,2~ I z , - x . l '  

where equali ty holds if (but not  only if) all x, are on the same ray through the 
origin, 

�9 , - -I~,1 e'*, , = t ,  2 . . . . .  n .  (4 .2)  

In view of Theorem 4.2 we may  assume $ = 0  in (4.2), i.e., x ,>O,  v = l ,  2 . . . . .  n, 
in which case the equali ty in (4.t) can be given the alternative form 

iiV-~ll~ = Ip.(-~)l min {(! +x,)IP;(*,)I} ( x , > 0 ) ,  (4A') 
x<~<n 

where 

p,(x) - -  (x --x~). (4.3) 

We now wish to  obtain a result analogous to  (4.t') when the points x, are 
located symmetrical ly with respect to the origin on a straight line through the 
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origin. In view of Theorem 4.2 we may assume the straight line to coincide with 
the real axis. 

Theorem 4.3. Let x, be distinct real numbers such that 

x, + x,+l_ , = 0, v = t, 2 . . . . .  n. (4.4) 

I/V~ = V(x 1, x ,  . . . . .  x,), we then have 

[ !  max {(t + ! )  v./i l + x ~  } 2 . *. I"; - d l i!  n is even, 
IV.-1L = (4.5) 

/max/~.(t + x . / / - / i  t + ~'~ , - - ~ / .  i / . i s o a a ,  
I " t ~4, i x , - % l J  

where v and p vary over all integers !or which x, >= 0 and x~, > O, respectively, and 
where e, = ~ when x, > O, and e, = 1 when x, = O. Alternatively, 

lie_, L = Ip.(01 t +x,* I} '  (4.5') 
min, ( t~--~v Ipg(x,) 

where p~ ( x) is the polynomial in (4-3), and the min imum is taken over all nonnegative 
abscissas. 

Proo/. For the sake of definiteness we assume 

x , > 0  for v = t ,  2 . . . . .  [n/2], x(,+l)/~=O if n is odd. (4.6) 

Let first n be even. The Lagrange polynomials (3.3) then are 

z,(x)- " + ' . / ~ ' ' - ~  l~§ v=1,2 . . . . .  --~. 
/~4:v 

It  suffices in (3.4) to evaluate the sums ~.~=~]a,,] for t _~, <n/2 ,  the others (for 
v > n/2) having the same values. An application of (3.3), (3.4) and Lemma 2.2, 
in which n is to be replaced by (n/2) - - t ,  and s and t by 

1 t 
$ - -  .12 ' ~ - -  hi2 " 

2 H ( ~ : -  d )  2 ~,, H (,~*.- ~,) 
la:4:t, ~eet' 

then gives the first result in (4.5). The second, for n odd, is obtained similarly, 
noting that 

l, (~) , , l,,+~_.(~) = l . (  - x), ~, = t ,  2 . . . .  - -  
X v 2 X ~  "~'j['l~l X v - -  X~ ~ 2 ' 

t, eev 
(.--1)12 Xi - -  X~ 

l( . .) /~(x)= H ( - d ) "  

The alternative form (4.5') follows readily from (4.5) by observing that 
n/2 

p,(x)  = H ( x ~ - x ~ )  if n is even, 
p=1 
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and 
(n - 1)/2 

p, (x) = x H ( x2 - x~) if n is odd. 

Corollary. I / n  is even and x,  are symmetric points as in (4.4), then (4.t) holds 
with strict inequality. 

Proo/. The bound in (4A), again assuming (4.6), is 

I ' . / 2  (1 + x/*)~ 

max , ( t + ~ ) / _ _ / 1  [x--~ x ~  j ,  z l<v_.gn/*' [~ 
/*4:v 

which is larger than the top expression in (4.5) because of (t +x/*)~> 1 +x~. 

We next consider norm estimates for V, -1 in the case of pairwise conjugate 
complex abscissas all located in the same half plane. 

Theorem 4.4. Let x,  be distinct complex numbers such that 

xn+l_ , = s  /or v = t ,  2 . . . . .  n and x(,+l)/a=O i/  n is odd, (4.7) 

and such tha t /or  all v either Re x,  >= 0 or Re x, g 0. / / V ,  = V(xl, x~ . . . . .  xn) , we 
then have/or  n even, 

max Il l  - I x ,  i[ ] ~  ]i •  

~[[V,-I[[~_--< max / , ' + { 5 1  . H  l,~x/*[, } (4.8) 
l~ ,~ -~t  I " , -x , I / *=~  Ix,-~/*l I~,-~/*l ' 

,u4=~ 
and ]or n odd, 

{ ("+1)/' ]l 4x/*[' } 
max  ,lt--lx, II / /  ~.~( .+~)z ,  I x,  - x/*l Ix. - & l  /*=1 

p4=~' 

(,+1)/1 I~ :t: xu[ ~ ], (4.9) 
___llV.-,ll.___ max 

- 1 ~ . _ ~ ( . + , ) / .  t Ix,-=/*l  I ' , -~/*1 [ ' 
p=l=~, 

where plus signs hold i /  Re x, =>0, minus signs i /  Re x, =<0, and where in (4.9) 

[x,[ /or t <_v<_(n-- t ) /2 .  (4.10) g ( n + l ) / 2 ~ l ,  e v - -  ~ - -  - -  

Alternatively, 

IP . (=F~) I  I P . ( : F ~ ) I  
. f 1t -4-x,p -- ' m ~ n ~ ~ [ p ; ( x , ) [ }  ==llV"-'L <- m i n  1 ~ [ l ' 1 '  +x. l '  p,,(x.)[}' (4.tt) 

where p , (x)  is the polynomial in (4.3), and the m in imum is taken over all v with 
t <--< v <= n/2 when n is even, and over all v with t <--v <--(n + t) /2 when n is odd. 

We omit the proof of Theorem 4.4, since it is analogous to the proof of Theo- 
rem 4.3. Lemma 2.3 now plays the role of Lemma 2.2. 
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5. Scaling of t h e  A b s c i s s a s  

Let  
V.(co) = V(to xl, oJ x~ . . . . .  to x.), to > 0. 

How does the norm of V~-l(to) compare with the norm of V,-X(l)? We shall 
answer this question first for positive abscissas x,, and then for symmetric  real 
abscissas. 

Theorem 5.1. Let x, be distinct positive numbers. Then ]or to > O, 

o , + 1  p . ( - l )  < Hv;'o)llo~ 

where p,(x) is the polynomial in (4.3). 

Proo[. From (4A') we obtain 

< ( t o + ~ )  ~ d ~ f i  , 

IIV.-' (to)IL = 
min ~ ( ! + x v )  lP;(x,)]} 

x < , ~ n  ( \  r 

pn(- - t )  min {&(x.)( ,  +x . ) lp ; ( . . )  I} ' 
where 

! 
- - + t  

g~,(t) - ~' l + t  ' 

The theorem follows by  observing (4.1') and 

I r  

0 < t <  oo. 

�9 O ~ t <  o o .  

Theorem 5.2. Let n be even and x, be distinct real numbers such that 

x , + x , + x _ , = 0  t o r  v = t , 2  . . . . .  n .  

Then,/or to > O, 

2 ( 1 ~ - ~ ) ~  ItV#' (o,) Lo o , + ~  
o,+~ p.(i) < IIV;*O)ll| < 2 ( 1 ~ - , )  p . ( i )  ' 

where p, (x) is the polynomial in (4.3). 

Proo]. From (4.5') we obtain 

llV.-'-(to)ll~o= I p . ( ~ ) t "  

where now 

�9 r . . t + x ,  ~ , l ~ ' j  mm ~g~ t*j  = - r - -  ] p .  (*,) 

1 
- -  + t  ~ ~* i + t  

g~ l + t z  ! + t '  O _ < t < o o .  

OJ 

(s.O 

(5.2) 
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We need to show tha t  

2 ( ~  - ! )  ~ + ! 
-~i <go~(t )< 2 ( l ~ - - l ) c o '  0 = < t < ~ .  

We first note the identities 

, (r , 

If  0 = t =< t, the lower bound in (5.3) follows from 

1 

co~ + t~ 1 I + r s t ~ 1 t + co~ t ~ 
g o  (t) > - -  - - -  1 co 1 +cot co + 1 t +cot ' 

- -  + t 

(5.3) 

(5.4) 

since (1 +y2)1(1 +y) for y > 0 assumes the minimum value 2 (1/2 - -  t) at y = V ~ - t.  
i f  t > 1, we use the first ident i ty  in (5.4) to obtain again 

i 2 ( 1 / ~ - 1 )  _ 2 ( ~ - 1 )  
g o ( O  > to 1 c o + l  

- - + t  
co  

Combining the  left inequali ty in (L3) just established with the second identi ty 
in (5.4) gives the r ight inequality, and thus proves (5.3). 

6. Examples 

Norm estimates for V~ -1 imply estimates for the condition number  of V,. 
These in tu rn  are of interest, e.g., in the s tudy  of the condition of polynomial 
interpolation [3]. In  the examples which follow we derive asymptot ic  estimates 
for the condition number,  assuming typical  configurations of interpolation points. 

Example 6.1 (equidistant points), x v = t  2 ( v - l )  n - I  , v = l , 2  . . . .  ,n .  We 

assume first n even. From (4.5) we find after some computat ion tha t  

0s n 

V ; 1 L  - rain ~,' 
l <t,~_n/2 

where 

r(~_ +~__~_) l +i(n-O) 

(:- 
Since ~, is increasing, 

min :% = ~tx = [(n - -  t)2 + 1] ( 2 - -  t ) [ ' ,  

and since [ / ' ( t  +iy)[~ = liy/'(iy) l, = zty/sinh (zty) for any real y, we obtain  

s ~mh (~(---,)) 1 r(~ +,(~-,)) r 

(n even). 
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For  n odd, we find similarly, 

sinh (r ~ [ n  +1 . n - - t ~ 2  

V;q = 7 : 1  z ~ ( _ ~ _ t  )! " ~  .~ , - t - ~ - - ~ - }  (n odd). (6.1o) 

Since 

condoo Vn = I1= =-I1 I1 , (6.2) 

using Stirling's formula for the gamma function, and straightforward, but  
tedious, manipulations, we find from (6.t) tha t  

1 _ n  n 1 
condoo V.,~ ~ e ~ e"(u +-~-'n*), n - + ~ .  (6.3) 

Some numerical values x are listed in Table t. 

Table 1. Condition of polynomial interpolation at equidistant points on ~ -  1, 1 ] 

n condo0 V n (6.3) 

5 5.0000 (1) 4.t668 (I) 
t0 1.3625 (4) t.1963 (4) 
20 1.0535 (9) 9.8614 (8) 
40 6.9269 (t8) 6.7007 (18) 
80 3.1456 (38) 3.0937 (38) 

2 ~ - -  1 
Example 6.2 (Chebyshev points), x~ = c o s  0~, 0, = 2n -~ '  v = 1 ,  2 . . . . .  n. 

The abscissas x, are the zeros of the Chebyshev polynomial of the first kind, 
T,~(x). Hence, by  (4.5'), since [T'(x,) I = n / s i n  0,, we find tha t  

where 

[ T~ (i)[ 
I1 - 11  - . .  mini(0,) ' 

! + c o s  ~ 0 
1(0) = (t +cos  0) sin 0 '  o < 0 < ~ / 2 .  

(6.4) 

! (0o) =< rain [ (0,,.) < ! (0 . . . .  ) 

I The integers in parentheses indicate powers of 10 by which the preceding numbers 
are to be multiplied. 

An elementary calculation shows that  ] (0) has a unique minimum on [0, :g/2], 
which is assumed at 0 = 00, where 

c o s O o = 2 _ _ / ~  ' /(0o)__ 6--2V3 __2.3-3/4. 
3 V ~  - -6  

Since the angles 0. ----- 0., ,, are equidistributed on the arc 0 ~ 0--< z~/2, there exists 
a sequence of integers ~. with 0 < ~. < n  such tha t  Or., ,,-+0o as n - +  co. From 
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it then follows tha t  
min/(0, , , ) -->/(0o) as n -+oo.  

v 

Consequently, by  (6.4), 
33/4 

On the other  hand [4, p. 194], 

I Z,(r ~ ( l  + l f2 : ,  

so that ,  in view of (6.2), 
3314 

cond| V~ ,~  ~ -  (l + ]/2)", 

Some numerical values are listed in Table 2. 

/r ---> o o .  

T/; - &  oo  

n - +  o o .  

Table 2. Condition of polynomial interpolation at Chebyshev points 

n condoo V n (6.5) 

5 4.1000 (t) 4.6737 (t) 
tO 3.7495 (3) 3.8330 (3) 
20 2.5727 (7) 2.578t (7) 
40 1.1663 (15) 1.1663 (t5) 
80 2.3859 (30) 2.3869 (30) 

(6.5) 

Example 6.3. x , = t  - -e  -i'~ v = t ,  2 . . . . .  n (even), h > O, 

0 < o , q < o J ~ < . . .  <o~n/~, o~,+nl~ = --o~ for v = t ,  2, . . . ,  n/2. 

The interpolation problem corresponding to these complex abscissas arises 
in the construction of tr igonometric mult istep methods for ordinary differential 
equations with almost periodic solutions El ]. 

A short  calculation, based on (4A t),  gives the upper bound 

IIv:IL (6.6) 

rain 2sin hs in 'Jo . - -o . lh ] }  x~,<n/t I + 2 sin (�89 co, h) (co, h) t~=*[ 2 cou) ,~ 

and a similar lower bound in which t + 2  sin ({o~,h) in the denominator  of (6.6) 
is replaced by t - - 2  sin (~o,h).  For  n fixed, and h -~0, we find 

t (h-+O). (6.7) 
n 2  } IIV"-I]I~176 2hn-1 min.~co.~l~ co2co~] 

l , ~ t , ~ . n l l  [ ,  - i ~ 1  - t.,. 

The est imate (6.7) can also be obtained by using the approximations x~,-- ic% h, 
rotat ing the abscissas through an angle of ~[2, and then applying Theorem 4.3 
with the simplifying approximation (1 +o~,h)l-I  (1 +oJ~h ~) --" t. 
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Example 6.4 (Roots of uni ty) ,  x, = e  2~i'/", v-----l, 2, . . . ,  n. 

Al though none of the  previous es t imates  apply ,  we can ob ta in  the  inverse of 
the  Vandermonde  ma t r ix  d i rec t ly  by  observing t h a t  the  Lagrange in terpola t ion  
polynomials  are 

t , ( x ) = ~ -  ~.~/ , ~ = 1 , 2  . . . . .  n .  

Consequently,  b y  (3.3), (%4), 

IIv/*u| =t ,  cond V ---n. 

Actually, the  roots of un i ty  are an op t imal  po in t  configurat ion with  regard  
to  the  spectra l  condit ion of Vandermonde matr ices  [3 ]. In  fact,  since V f f  V~ = n �9 I , ,  
we have  cond2V ~ = t .  
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