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Norm Estimates for Inverses of Vandermonde Matrices

Walter Gautschi .
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Summary. Formulas, or close two-sided estimates, are given for the norm of the
inverse of a Vandermonde matrix when the constituent parameters are arranged in
certain symmetric configurations in the complex plane. The effect of scaling the
parameters is also investigated. Asymptotic estimates of the respective condition
numbers are derived in special cases.

1. Introduction

In an earlier paper [2] we obtained norm inequalities for the inverse V"1 of a
Vandermonde matrix V(x, x,, ..., x,) €C**”, which become equalities if the
complex parameters x, are all placed on a ray emanating from the origin. We
now obtain equalities for |V, 2| also in the case of parameters located sym-
metrically with respect to the origin on a straight line through the origin. For
parameters which occur in conjugate complex pairs we give close upper and
lower bounds for ||V,"1|. We further examine how scaling of the parameters
affects the magnitude of |V,"1|. Finally, as an application, we derive asymptotic
estimates (for large #) for the condition number of Vandermonde matrices for
special configurations of the parameters.

2. Preliminaries

We denote by o, the m-th elementary symmetric function in » complex
variables,

O =0, (%, X9y o0y X)) =2 %, %, .- %, (1Sm=m), og=1.

Lemma 2.1. We have

0‘0,,, (%1, Xy v %)] é,,=1 (1 +1x,]), (2.1)

3
1DM=

where equality holds if and only if x,=|x,| €%, v=1,2, ..., n.
A proof of Lemma 2.1 is given in {2].

Lemma 2.2. Let p,, (%) =] [1_1 (2 —2,) and
2n+1

(s +22) pan () = 2 c, 20704, (2:2)

u=0
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Then

2n+1 ”

Z, leul = (sl ) IT (4 +]), (23)
where equality holds if and only if x,=|x,| ", v=1,2, ..., n

Proof. Since

Pan (x) == Z ( — 1)”0'” (xlv Koy ove) xn) x2n—2m

p=0
we find for the coefficients ¢, in (2.2),

Cou=(—1)t0,, Copry=(—1)sc,, u=01,...,n

Consequently, using Lemma 2.1,

2n+1‘ "
Z leul = (sl +1e) Z ow (v, % -0 %) = (] +]¢]) [1(1 +lx0),
I "=
with equality as stated.
Lemma 2.3. Given 2n real or complex numbers x,, %,, ..., %y, such that
Ky =%,, v=1,2,...,9, (2.4)
and for all v either Re x,2=0, or Re x, <0, let p,,(x) =] ]2, (v —x,) and
2n+1
(s +x)pou(%) = 2 0, 5" 4% (2:5)
pn=0
Then
” 2541 "
sl =TIt £ 505 3 e S (sl HDIT £ wE (26)
ya= pe= y=

where the plus sign holds if all Re x, 20, and the minus sign if all Re x, <0.

Proof. We first observe that in

2n

Pzn(x) = ZO( 1) (xll Koy «eny x2n) KB (27)
P
we have
6,=0 ifall Rex, 20, (—1)*0,=0 ifall Rex, =0.
In fact,

pan(0) =TT [(x — 1) (x — %) =1="11 [2?— (2 Re 2,) % +|,[?]

v=1

and multiplying out the product on the right yields coefficients which alternate
in sign, if all Re x, =0, and are nonnegative, if all Re %, <0. Consequently,

Pau(—1) 17|1+x|2 if all Re x,=0,

Z I (xl’ L TRRR x2n)| = ” (2.8)
Pan(1)=IT11—? if all Re %, <0.
v=1
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For the coefficients ¢, in (2.5) we have
c,=(—1)*(te, —s0,_;), n=0,1,...,2n-+1,
where 6_; =0,,,,; =0. Therefore,
2n 2n+1 2n4+1 2n
“sl _ItH ) o] = 2 lcu| = ) Itaﬂ——sa”_ll =(Is] +eh z |al4|’
u=0 p©=0 =0 pn=0

from which (2.6) follows by virtue of (2.8).

3. Inversion of the Vandermonde Matrix
We denote the Vandermonde matrix of order »# by

1 1...1
X Xp... %,
Vo=Vl %y o) =) 0 » 3-1)
gl oagt At
where x;, %, ..., %, are distinct complex numbers and # > 1. Its inverse can be

obtained by solving the system of linear algebraic equations
%+ L% e Uy =Ty
Htg Xy Ugt X, U, =Ty
Ay 4 A g - Al e, =,
Introducing the elementary Lagrange interpolation polynomials
"
lv(x) =HH :avnx”—l+av,n—1x"‘2+"'+av1' v=1,2,...,n, (33)
pn=1 4 u
1534

which satisfy
1 ifv=y
b (%) = {0 if vu,

it is evident that by multiplying the u-th Eq. (3.2) by a,,, =1, 2, ..., s, and
adding, we get

Uy = 2, By Uy, y=1, 2, , N
p=1
Consequently,
Q1 Hy - U,
as; @ a
yo1 21 %2 2n (3.4)

4. Norm Inequalities for V!
We consider throughout the co-norm of V72,

n
Wil =max, Zla,l



340 W. Gautschi
Theorem 4.1. |V (xy, %, ..., %), @5 @ symmetric function in the variables
Xy Kgy oery Ko

Proof. Interchanging two variables amounts to interchanging two columns
of ¥,, which in turn has the effect of interchanging two rows of ¥,-t. The value
of |[V,"*|, remains the same.

Theorem 4.2, Let w <=0 be arbitrary complex, and
V() =V, wx, ..., 0x,.
Then |V, ()], depends only on |w| and is strictly decreasing as a function of |w|.
Proof. Let V, =V, (1), ¥V, "' =[a,,]. Since
V,(w)=D{w)V,, D(w)=diag(1,o,...,w" "),
we have V"1 (w) =V,"* DY (w), i.e.,

Kot ) = | e

ws—1 P

v u=1,2,...,n

It is clear, therefore, that the norm of ¥, (w) depends only on |@|. Furthermore,
if o, | <|ws|, we have

ed "
- ul
IV (@y) |, = max Z ngl,,_
n

",ul

Ayop Ay -
<3 |L, iy s max 30 Ll o),
where strict inequality holds because of

a ot =H (xv. - x[l)‘l +0.
ZEE N

This proves Theorem 4.2.
In [2] we have shown that
1+
% = mH L] (44)

| %, —x [
u#v
where equality holds if (but not only if) all x, are on the same ray through the
origin,
x,=|x,| e v=1,2,...,n (4.2)
In view of Theorem 4.2 we may assume ¢ =0 in (4.2}, i.e.,, x,=0,v=1,2,...,n
in which case the equality in (4.1) can be given the alternative form

- Ipn(~1)| 1
Wt = Ig,,ign{“ +7) [Pa(#) ]} (x,20), 4.1

where

We now wish to obtain a result analogous to (4.1') when the points x, are
located symmetrically with respect to the origin on a straight line through the
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origin. In view of Theorem 4.2 we may assume the straight line to coincide with
the real axis.

Theorem 4.3, Let x, be distinct real numbers such that

x,+%,,4_,=0 v=1,2,...,n (4.4)
ItV, =V(x, %, ..., x,), we then have
2
%max{( )H 1,+x, } if n is even,
Vel — 4 = ——x]
" "cn_ 1+x’ (45)
max{ L1+ 2%,) H } if n is odd,
v py

where v and p vary over all integers for which x, =0 and x,=0, respectively, and
where &,==3% when x,>0, and &, =1 when x,=0. Alternatively,

Wit = —— 2L (45
min {4 @}

where P, (x) is the polynomial in (4.3), and the minimum is taken over all nonnegative
abscissas.

Proof. For the sake of definiteness we assume
x%,>0 for v=1,2,..., [#/2], Zpiya=0 if nisodd. (4.6)
Let first # be even. The Lagrange polynomials (3.3) then are

2 g2 .2
= *t% Hn ¥ - = n
lv(x)_‘ 2%, e x!_x ’ ln+1—v(x) —lv(_x)l v=1,2,..., 2"
nFy

It sufficesin (3.4) to evaluate thesums 2% _,|a,,| for 1 <» <n[2, the others (for
y>n/2) having the same values. An application of (3.3), (3.4) and Lemma 2.2,
in which # is to be replaced by (#/2) —1, and s and ¢ by

1 1
s=——, t= ——n/-r‘”“‘
2 J] (43— 2x, [] (#2 —
p=1 =1
15l pky

then gives the first result in (4.5). The second, for # odd, is obtained similarly,
noting that

(n—1)/2 .3 2
x x+x, H x—x, _ _ n—1
l'(")=7, 2% =i xf.—xﬁ' (B =h(=2),  v=1.2,..., 2
5
(m-1)f2 o x,’,

o) = L

The alternative form (4.5") follows readily from (4.5) by observing that

2
pu(x) =11 (2 —x;) if n is even,
p=1
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and
(n—1)/2
Pu(x) =2 [[ (x*—x2) if n is odd.
pu=1

Corollary. If n is even and x, are symmetric points as in (4.4), then (4.1) holds
with strict inequality.

Proof. The bound in (4.1), again assuming (4.6), is
nf2 (1 +}V }

s {2 T 154

7,41
peEy

which is larger than the top expression in (4.5) because of (1 +x,)2>1 + .
We next consider norm estimates for ¥,~! in the case of pairwise conjugate
complex abscissas all located in the same half plane.

Theorem 4.4. Let x, be distinct complex numbers such that

i1y =%, for v=1,2,...,n and Xy, 52=0 <f nisodd, 4.7)
and such that for all v either Re x,=0 or Re x, <0. If V, =V(x,, %3, ..., %,), we
then have for n even,

=11 15 |1 +5,[
1ZvSn/2 va_fv| p=1 |xv”—xp|lxv_f#|
n¥Ey
/2 2 (4-8)
145, 7 |1 £,
<|V? max X 1,
" “00— §’S"/2{ lx‘,-—xvi /-‘ll ]xv—x”] lxv—x”|
uEy

and for n odd,
(n--1)/2 |1 +x Iz
)

1502wy {8'“ L=l ,,IJI |2, — x| |7, — %,
n*v

(n+1)/2 14,2 (4.9)
-1
éIIV” |l°° = 15’2&11)/2{%(1 +Ix”!) ,}ll lxv—xul |xv_fy| }
15

where plus signs hold if Re x, =0, minus signs if Re x, <0, and where in (4.9)

X,
Emrpe=1, &= xvl_."li for 1 =v<(n—1)/2. (4.10)

14

Alternatively,

S ALE 2 oo L My 3 ryermen SRRLEL
m’m{ —I'IP»( |} {1—+lx—|— IPn("y)l}

where P, (x) is the polynomial in (4.3), and the minimum s taken over all vy with

1 v = nj2 when n is even, and over all v with 1 <v < (n +1)/2 when n is odd.

We omit the proof of Theorem 4.4, since it is analogous to the proof of Theo-
rem 4.3. Lemma 2.3 now plays the role of Lemma 2.2.
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5. Scaling of the Abscissas
Let
Vio)=Viwxn, wx, ..., 0%), «©>0.

343

How does the norm of V,"!(w) compare with the norm of V,-1(1)? We shall
answer this question first for positive abscissas #,, and then for symmetric real

abscissas.

Theorem 5.1. Let x, be distinct positive numbers. Then for w >0,

1 1
o |- %) e Pa (‘ E)
w41 pu(—1) Vet Pu(—=1) I
where P, (%) is the polynomial in (4.3).
Proof. From (4.1") we obtain
1
i Px (_ Z)‘
V. @) =
s {5 + )it}
1
3 pul= ) , | (= 1)]
T pa(—1) 1 min {g, () (1 +5) | Pa(x)]}
where
o,
8 (2) :"%_I_T: 0=t<oo.
The theorem follows by observing (4.1") and
<gw(8)<—-j_-1-, 0=<t< o0.

w + 1
Theorem 5.2. Let n be even and x, be distinct real numbers such that

X+ Xy, =0 forv=1,2 ..., n
Then, for w >0,

i i
202—1)ew 1’"(?3) < Vet (@}l P L P"(X)
41 0] Watle — 202-1)] 2,00 I’
where P, (x) is the polynomial in (4.3).
Proof. From (4.5’) we obtain
i
o)), = Pu (—) A
) 2 ’
P 1 min fe () 12 401
where now
1
—}12
gw(t)—:—w;_ﬁf :+t , O0=i<oo.

— -t
w
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We need to show that
2(2—1)

S oo LS <
We first note the identities
"1 1 1
gw(t) :;gllw (7); 8o (t) = &1/ ((7,7)7 (54)

If 0 <¢ <1, the lower bound in (5.3) follows from

1
LI
w? + 1 4+ w22 1 1 4+ w22

1
gw(t)z—i:;—=ﬁ 1+of ~ o+l 14wt ’
P .

since (1 +¥2)/(1 + ) for y > 0 assumes the minimum value 2(J2 —1) at y =}2 —1.
If ¢£>1, we use the first identity in (5.4) to obtain again

1t 2(02—1) _ 2(J2—1)
8al)> AL, | e¥t s
[43]

Combining the left inequality in (5.3) just established with the second identity
in (5.4) gives the right inequality, and thus proves (5.3).

6. Examples

Norm estimates for V™! imply estimates for the condition number of V.
These in turn are of interest, e.g., in the study of the condition of polynomial
interpolation [3]. In the examples which follow we derive asymptotic estimates
for the condition number, assuming typical configurations of interpolation points.

Example 6.1 (equidistant points). x,=1— 2—3—:—:)—, v=1,2,...,n. We

assume first # even. From (4.5) we find after some computation that
- o
Wit =
1<y<n/2
where

2
1 I'(n+i(n—1)) F(
%y = zm=2 1"'(” .n—-1) rt+im—1){"’

-+
2+2

7, =[(n— 1)+ (20 =17 (5 —2)1 (5 +v—2)1.
Since n, is increasing,
. n
(in, w, = m = [(n —1)2+1] (-2———1)!2,
and since |[I'(1 +4y)|? =]iyI'(1y)|* = ny/sinh(xy) for any real y, we obtain
V) = 8 sinh (a(n—1)) | F(n+i(n—1)) ]2

»oe 4"[(n——1)’+1](~g—-1)!’ sinh(n ”2_’) r(% +i 2! )
(n even).

(6.1¢€)
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For # odd, we find similarly,

"Vn-1”m= S:lilfnj:) ("—H +1 n;1)l2 (n odd). (6.10)
e
Since
cond,, ¥, = [V, [V, o = (6:2)

using Stirling’s formula for the gamma function, and straightforward, but
tedious, manipulations, we find from (6.1) that

x 1
Ly -+ 5 In 2)’

conde,,N%e_%e ( N —> 00, (6.3)

Some numerical values! are listed in Table 1.

Table 1. Condition of polynomial interpolation at equidistant points on [ — 1, 1]

% cond ¥, 6.3)

5 5.0000 (1) 4.1668( )
10 1.3625 (4) 1.1963 (4)
20 1.0535 (9) 9.8614 (8)
40 6.9269 (18) 6.7007 (18)
80 3.1456 (38) 3.0937 (38)

2y —1
2n

Example 6.2 (Chebyshev points). x,=cos0,, ,= z v=1,2, ..., %.

The abscissas x, are the zeros of the Chebyshev polynomial of the first kind,
T,,(%). Hence, by (4.5'), since |T,, (%,)] =n/sin 6,, we find that
| T,(

- i)
“V” 1"“0 T n- mmf(B,)‘

(6.4)

where
1 4-cos? @

f(e):mé)si_n(f’ 0<O=m/f2.

An elementary calculation shows that f(0) has a unique minimum on [0, /2],
which is assumed at § =§,, where

By=2—3, F(80)=—2=213_ o33,
cos §, V3, 1(6y) TATie 3

Since the angles 6, =0, , are equidistributed on the arc 0 <6 < /2, there exists
a sequence of integers v, with 0 <#»,<# such that 6, , -0, as # — co. From

1(6o) = win /(0,, ,) =£(0,,, »)

1 The integers in parentheses indicate powers of 10 by which the preceding numbers
are to be multiplied.
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it then follows that
min (6,,,) ~f(6) as n —oo.

Consequently, by (6.4),
- 3% .
LA 1||w~W|Tn(1)|, #—> 00,
On the other hand [4, p. 194],
[T, @) ~314+72)", n-—>oo,
so that, in view of (6.2),
cond V~—(1+f n—> o0, (6.5)

Some numerical values are listed in Table 2.

Table 2. Condition of polynomial interpolation at Chebyshev points

n cond  V, (6.5)

5 4.1000 (1) 4.6737 (1)
10 3.7495 (3) 3.8330 (3)
20 2.5727 (7) 2.5781 (7)
40 1.1663 (15) 1.1663 (15)
80 2.3859 (30) 2.3869 (30)

Example 6.3. x,=1—e "% y=1,2, ..., n (even), h>0,
0oy <<+ <Wyz, Dy =—w, for v=1,2,..., 02

The interpolation problem corresponding to these complex abscissas arises
in the construction of trigonometric multistep methods for ordinary differential
equations with almost periodic solutions [1].

A short calculation, based on (4.11), gives the upper bound
LA (6.6)

n/2 . 1
”]i 1 + 8 sin? (7 w”h)]
. 1+8sin®(}w,h) . n/2 1 1 ’
|Juin {m ) 2 sin (w, h) “]jl [4 sin (@, + ,) hsin 3 |, —o,| h]}
554
and a similar lower bound in which 1 + 2 sin (3w, %) in the denominator of (6.6)
is replaced by 1 —2 sin (} w,4). For # fixed, and % —0, we find

Ve ~ 111 » } (h—0). (6.7)

The estimate (6.7) can also be obtained by using the approximations x,== 1wk,
rotating the abscissas through an angle of =/2, and then applying Theorem 4.3
with the simplifying approximation (1 +w,h) [ (1 +wlh?)=1.

IS4

IA

2m- {
lsrgn/a
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Example 6.4 (Roots of unity). x, =e**"" y=1, 2, ..., n.

Although none of the previous estimates apply, we can obtain the inverse of
the Vandermonde matrix directly by observing that the Lagrange interpolation
polynomials are

n
-1
Lim)=— (;)“ . ov=1,2, ..., m

n=1

Consequently, by (3.3), (3.4),
IV, Yo =1, cond,V,=mn.

Actually, the roots of unity are an optimal point configuration with regard
to the spectral condition of Vandermonde matrices [3]. In fact, since VAV, = . I,,,
we have cond,V, =1.
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