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1. I n t r o d u c t i o n  

A Vandermonde matrix of order n is a matrix of the form 

t 1 . . .  t \ 

(t.t) V . = V . ( x t , x  ~ . . . . .  x . ) = (  . . . . . . . . . .  x~ x 2 ... x ~  ( n > l ) ,  

n--1 *t--1 n - - l l  
\ X 1  X2 . . -  Xn / 

where x. are real or complex numbers. By a confluence of the l - t h  column into 
the k-tta column we mean the following limit operation: Replace in the /-th 
column x I by  x~+ ~ and subtract from it the k-th column; divide this new/- th  
column by e and then let e--~0. 

If the resulting matrix is denoted by U..k~ we have 

(t .2) 

i t ... t 0 t ... I t Xl Xl - 1 t *l+ 1 X 

\ X 1 - 1  Xl--ln--1 (~  __ t') X~ - 2  X~+l  Xn / 

In other words, U~,kz is the same matrix as V~ except for the l-th column, which 
is the derivative of the k - t h  column. 

A matrix that  is obtained from (l.~) by one or more confluences of columns 
is called a confluent Vandermonde matrix. The following, for example, is a 
confluent Vandermonde matrix of order 2n, obtained by confluences of the 
columns n + l  into t, n + 2  into 2, . . . ,  2n into n: 

(t .3) 

t . . .  t 0 

_ _  X 1 . . .  X n t 
V 2 n - -  �9 " 

x~ ~-1 . . .  . ~ ; ' - 1  (2~ - t) xp -2 

0 ) 
.. (2,, - t) , p - '  
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The purpose of this paper is to estimate the norm of inverses of Vandermonde 
and confluent Vandermonde matrices. Such estimates are expected to be useful 
in various questions of numerical analysis. In the construction of Gauss-type 
quadrature formulas, for example, norm estimates of the inverse of the matrix 
(1.3) may be used to assess the errors in the zeros and weight factors from those 
in the moments. 

I t  will be convenient to adopt the following matrix norm, 

(1.4) [JAIl = m a x  ~ la~l, A ---- (a,.) 

The use of this particular norm is no real restriction since for any other norm 
]IA]I1, one has m]lAl]<= ]]AI]I<=MHAH with positive constants m, M depending only 
on n, and not on A (see [3], Satz IV). 

2. Preliminaries 

We denote by am the m-th elementary symmetric function in the n variables 
X 1 ,  X 2 ~  . . . ,  X n ,  

a**=a**(x 1 . . . . .  x,~)= ~,x~lx~ . . .x , ,  ~ ( t<_m_<n),  a 0 = l .  

Lemma. We have 

(2.a) a+  Io~1 + I~,,[ + " + la~l <_- f r  O +  ]x~]), 
, = 1  

where equality holds i / a n d  only i/  all x~ are located on the same ray through the 
origin, that is, i / and  only i/ 

(2.2) x, ----]x~[ e i~ (v = 1, 2 . . . . .  n). 

Proo/. Let p (x) = / I  (x -- x,). Then 
v = l  

p ( x ) -  (-l)**a**x'-**. 

In particular, 

(2.3) p ( -  t) = ( -  t)n~a**. 
**=0 

On the other hand, by definition, 

(2.4) p (-- t) = (-- t)" h (t + x,). 
v = l  

We distinguish three cases. 

Case I. All x,>--0. Then all a**>__0, and from (2.3) and (2.4) we find 

la**l- a**= (- , )rip(_ f / ( , +  x,)= [I O+ Ix, I). 
* * = 0  * * = 0  v = l  v : l  

This proves (2.t) with equality sign. 
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Case II .  All x, satisfy (2.2). Then a,,(x i . . . . .  x,,)=e~ . . . . .  I*.1), and 

ra=0 m = 0  v = l  

by  the result of Case I. 

Case I I I .  There is at  least one pair of variables, say (x l, x~), such tha t  
xl x~ q= 0, arg x i =t= arg x 2. Then 

Io, l - - I x , +  ~ = +  . . .  + x.I _-< Ix~+ x=l + I*~,l + " + Ix.I 

< I*~l + [~1 + I*~[ + - +  Ix.I, 
tha t  is, 

i ~ ( ~  . . . . .  x.){ < o~(tx~l . . . . .  Ix.l) .  
Since also 

I ~ ( x ,  . . . . .  x.)[ -<_ ~ ( l*~t  . . . . .  t*.l) ( ~ > ~ ) ,  

we find, using again the result of Case I, 

Y, I o .  (*~ . . . . .  x.)l < E ~ .  (Ixll . . . . .  Ix.I) = / ~  (a + Ix.I) .  
m~O rn=0 ~=1 

This proves (2.t) with strict inequality, and the lemma is completely proved. 

Later  we also use the notat ion a~ to denote the m-th elementary symmetr ic  
function in the n -  l variables x, with x~ missing, 

~ =  ~ ( x ~  . . . . .  x~_~, x~+> . . . ,  x . ) .  

By the symmet ry  of a,~ we have for ~ < #  

(,~ . . . .  .. , . . . ,  x.) O'm " X a - 1 ,  %~+1,  �9 X.a--1, t '  X l*+l '  
(2.s) 

= ag(xi  . . . . .  xa-1, t, xa+i . . . . .  x , - i ,  x,+~ . . . .  , x , ) .  

(3.2) 

Therefore, 

3. Inverse of Vandermonde  mat r ix  
We prove now 

T h e o r e m  1. Let x~ q= x v /or  v q=#. Then, with the matrix norm de[ined in (t.4), 
we have 

(3.t) V, -a _< max 0 1 + Ix,[ 

I / t h e  x= satis/y (2.2), then (3.1) is actually an equality. 

Proo]. Let  v~-i-- - (vau). I t  is well known (see E2, p. 306], or [1]) tha t  

v~. = ( -  1) "-I / /  ( - . -xa)  " 
v . a  

~, tvau ] __---H[x,-xalu=l ( 2 - - t , 2  . . . .  , n). 

Theorem t now follows immediately from the lemma in section 2. 
9* 
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We note t ha t  the  las t  s t a t emen t  in Theorem t cannot  be reversed,  t h a t  is, 
if (3.1) holds wi th  equa l i t y  sign then  it does not  necessar i ly  follow t h a t  all  x, 
lie on the  same r ay  th rough  the  origin. This is 
x 1 = 8, xz = 2, x 3 = - -  1, for which 

Va = 2 - -  , Va -1 = 8/t 8 

64 4 16/27 

shown b y  the  example  n = 3, 

- -  1 / 5 4  t/54\ 
7/1s - t / i s j .  

- -  1 0 / 2 7  t / 2 7 1  

Here,  Ilg;lll = m a x  (4/54, 16/t8, t ) =  I, and  the  bound  on the  r ight  of (3.t) equals  
m a x ( t / 9 ,  t ,  t ) = 1 ,  so t h a t  (3.t) is in fact  an equal i ty ,  even though  xl x a < 0 .  

4. Inver ses  of conf luen t  V a n d e r m o n d e  m a t r i c e s  

In  th is  sect ion we es tabl ish  no rm es t imates  for the  inverses  of the  confluent  
mat r ices  U,,~z , U2~ def ined in (1.2) and  (1.3), respect ively .  At  the  same t ime  
expl ic i t  expressions are  der ived  for the  e lements  of U2~l. 

T h e o r e m 2 .  Let xv~=x u /or v4=t~ ( v , # = t , 2  . . . . .  l - - t , l + t  . . . . .  n), and let 

l+[Ik] (Z 4=k,Z) 
(4.1) a~ = 

m a x  l+lx l, 1+(1+1x 1) ll,-I l 
v * k , l  

Then, with the matr ix  norm defined in (1.4), we have 

u , ,ll <- max [ I  (4.2) 1] -1 1 + [I,I 
--l<,l<:. v=l / I v - -  t•[ 

Pro@ Assume for the  sake of defini teness  t h a t  k <  l. Le t  us in t roduce  the  
" p e r t u r b e d "  Vande rmonde  m a t r i x  

Vn, k l ( e )  = V n ( X l  . . . . .  Xl_ 1, Xk + g,  Xl+l  . . . . .  Xn) ,  

and  the  aux i l i a ry  m a t r i x  

' o 

(4.3) Ekl(e) = 0 

0 

k- th  
column 

Then  i t  is not  diff icult  to  see, t h a t  b y  defini t ion of confluence, 

�9 O. ...0 t - -  8 -1 . . .  0 k- th  row 

e -~ . . .  0 /- th row 

0 . . .  i 

L t h  
column 

U, ~l = l im V,,,kz(e) E~z(e)" 
' e----~O 
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F rom this we get 

(4.4) 

provided t h a t  the limit on the r ight-hand 

Inver t ing  (4.3) we have  

E ~ ( e )  = 

U -* lim E ~  (e) V.7~, (e) n, k l  ~ 
e--~ O 

side exists. 

k-th l-th 
column column 

k-th row 

/-th row 

Therefore, if V~,~t(e)=~va,(e)], we find 

E~ (~) v.TL (4 = t v11(,) ... ~1,(,) \ 
Vkl (6  ) -~ 7)l l(g ) . . .  7)kn(g  ) + V l n ( 8 )  

, v,.~ (e) . . .  , v,~ (,) 
v ~  . . .  ~ . . ( * )  

Since V~,kz is a Vandermonde  matr ix ,  the elements of its inverse are given 
b y  (3.2), t h a t  is 

(4.5) va,,(e ) = (__ ~ ) . - -1  I I  (*v--X'J,)  " 

v=t= ~. 

I t  is unders tood here, t ha t  x l, wherever  it occurs, is to be replaced b y  x k + e .  
I f  ~ # : k ,  l the  expression in (4.5) has a well defined limit, as e-->0, namely  

(4.7) ( _1 ) .  -1 

8 

If, finally. 2 = l then 

(4.8) v,, (e) - -  ( -  1)" 

(4.6) l im va. (e) = ( _  t)u_1 a~_.(xl  . . . . .  xZ-l, xk, xl+l . . . . .  x,,) (2=~ k, 1). 
~ o  (xk--x~) 17 (x~--xa) 

v@2, l 

I f  2 = k .  we have, using (2.5), with 2 = k .  l~=l,  t = x k + e ,  

k & + e, x . )  
vk , (E) - - -  ( - -  t )  " -1  ~ - . I * ~  . . . . .  - , - 1 .  *~+1 . . . . .  

H (x. - xk) 
v=~ k , l  

6~-- .  (* 1 . . . . .  *k-- l ,  * k +  e, * k + l  . . . . .  *~) 

H ( * ~ -  *k) 
v~=k,* 

J (xl,. xk-1, xk, xk+~, x.) n - - .  "'J . . . 3  

/ / ( * , - ~ - ~ )  
vssk ,  l 
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The sum of the two expressions in (4.7) and (4.8) is seen to have the  form 
( - -  t )  a - 1  e -1 [o" ( x @  e) :Tt -1 (x) - -  a (x) ~-1 ( x +  e)] where e, ~ s tand for the numera to r  
and denominator  functions,  bo th  considered as functions of x =  x k. Since 

d 
~ ( x + ~ )  ~(x) d x  E~(x) ~(x)]  

= e  +o(e) ( ~ 0 )  
we obtain  

Oxk 
(4.9) l im [vk, (e) + vz.(e)] = ( - -  t) " -1  . .k , t  

/ / (~ , -x~ ) ,  
i , ~ k , l  

Let  us car ry  out  the differentiation in the numera tor .  We first observe t ha t  

0 l l,k Ox, a n - .  - =  a . - . - 1  ( /z  = 1 ,  2 . . . . .  n )  , aZ'_~ = O, 

where a~k denotes the m-th elementary symmetric funct ion in the n --  2 variables 
% w i th  both x I and Xk missing. Next  we note tha t  

0 
ox~ 17[ (x ,-  xk) 

t , ~ k , l  1 

X v - -  x k 

v * k , l  

Therefore,  we obta in  from (4.9) 

k (4.t0) l im [%.(e)  + vo,(e)] (-- 1)"-1 J ; - . - 1  l 
- -  - -  O'n--/~ Z - -  ~ o  / / ( x , -  xk) 

v ~ k , l  v:,k:k,l 

Finally,  f rom (4.8) we see t ha t  

(4.tQ lim evl.(e ) = (--  1)" 
e--+0 / / ( x , - x k )  " 

v ~ k , l  

The relations (4.6), (4.t0) and (4.11) now show not  only t ha t  the l imiting 
ma t r ix  in (4.4), and thus  U -1 exists, bu t  they  also give explicit expressions for n, k l ,  

Ug, k l. F rom these, and f rom the l emma in section 2 we the elements  u~. of -1 
conclude 

" H t+lx, I (~k , l )  F, lu~.[ < l+lxkt, ,, 
. = i  = I xk -  x,d [ x , - x d  

el,  

= I x , - ~ k l  I x , - x k l  ' .=1  1 , ~ k , l  v , I  

~lu,.[ ~ ( I+ l ,~ I )  H 1+Ix, i - I x , - x k l  ' 
.=1 v ~ h , l  

which is equivalent  to (4.t), (4.2). Theorem 2 is proved.  

The  a rgument  in the proof of Theorem 2 can be applied repeatedly  to deal 
with matr ices  t ha t  are derived f rom a Vandermonde  ma t r ix  b y  more t han  one 
confluence of columns. One so obtains,  for example,  the following 
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Theo rem 3. Let x ~ x ,  ]or v ~ t *  ( v , # = l ,  2 . . . . .  n), and let 

(4.12) b a = m a x  1 + I x ,  I, l + 2 ( l + [ x a l )  i x _ . a  I . 
V=I 
V=!=A 

Then, with the matrix norm de]ined in (1.4), we have 

(4.t3) max  +lxvl 

v~:X 
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