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Definition 89 (Quiver). A quiver Q = (N, E) is a directed graph which can be finite or infinite. A
representation V(Q) of Q is an assignment of a vector space V; to every node N; € N and a linear

map v;; : V; — V; for every directed edge (N;, Nj) € E. Figure 4.5 illustrates representations of
two quivers.
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Figure 4.5: A representation of a quiver (top); a representation of an A,-type quiver (bottom).
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Definition 90 (Interval module). An interval module Jy;, 4 also called an interval or a bar over an
index set 0, 1,...,n with field k is a sequence of vector spaces

Jpag:loe= I+ & I

where [; = K for b < k < d and 0 otherwise with the maps k « k and k — k being identities.
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Zigzag tower
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(3 ) Hel&o) = Hullo) &= Hul&y) — Hu(l1) — Hu(K2) — -+ Ha(Ka)
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(2) Hutko) =2 H.(S0) <2 Ho(K)) =S H(S)) <2 Hok) 2 ~—— H.(K)
(3) HeKo) — Hu(To) =— H.(K)) — H(T1) ~— H.(K2) —= ... ~—— H.(Ky)
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Levelset Zigzag
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(Case 1.) K is either a regular complex K; ;1) or in the expansion of K_j ;1) ¢2 Kir1): the
complex K} is a subcomplex of the critical complex K(;_; ;+1y which stands for the critical value
a;. So, the end b is mapped to «; and made open because the class for the bar [b, d] does not exist
in K(i_1,i+1)-

(Case 2.) K, is either the critical complex K;;;2) or in the expansion of K1) <-> K2y the
complex is a subcomplex of the critical complex Ki;;+2) which stands for the critical value a;..
So, the end b is mapped to a;4; and is closed because the class for [b, d] is alive in K j;2).

(Case 3.) Ky is the critical complex K(;_j ;) or is in the expansion of the backward inclusion
Ki-1i+1) €2 K(iir1): the complex is a subcomplex of the critical complex K(;_i ;+1) which stands
for the critical value ¢;. So, the end d is mapped to ¢; and made closed because the class for the
bar [b, d] exists in K(i_ j+1).

(Case 4.) K, is either the regular complex Ki; ;1) or in the expansion of K1) <-» K s2): the
complex is a subcomplex of the critical complex K(;;;2) which stands for the critical value a;, .
So, the end d is mapped to a;,1 and is open because the class for [b, d] is not alive in K{; ;2.
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X : X000 = X011 = -+ = X{on

K : K001 = Kjo.1] = Kjo21-- = Ko
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Theorem 46. Let K and K’ denote the filtrations for the sublevel sets and level sets respectively
induced by a continuous function f on a topological space with critical values ap, ay, -+ , d,+]
where ay = —co and ap) = co. For every p > 0,

L. la;.aj), j#n+ 1isabarfor ngp(ﬂC) iff it is so for ngp(fK’),

2. laj,ays1) is a bar for ngp(ﬂC) iff either [a;, a;] is a closed-closed bar for ngp(iK’)for
some a; > a;, or (aj,a;) is an open-open bar for ngp_l(IK’)for some a; < d;.
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