Filtrations
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Figure 3.1: Persistence of a function on a topological space that has five critical values: (a) T,,:
only a new class in Hy is created, (b) T,,: two new independent classes in H; are created, (c) Ty,:
one of the two classes in H dies, (d) T,,: the single remaining class in H; dies, (e) T,,: a new

class in H, is created.
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Simplicial filtrations
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Vertex function , Pl-function
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Figure 3.5: The sequence shows a simplex-wise lower-star filtration of K induced by a vertex

function which is a ‘height function’ that records the vertical height of a vertex increasing from
bottom to top here.
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Persistence
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Fact 3. Let [c] be a p-th homology class that dies entering X;. Then, it is born at X; if and
only if there exists iy < ip < -+ < iy = i for some k > 1 so that [c;,] is born at X;, for every
€ € {l,...,k}, the classes h;"j_l([c,-l]), e ,hi’,"j_l([c,-k]) remain linearly independent, and [c] =
iy ™ e D) + -+ W (i ).
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Persistence Dlagram (PD)

aaaaaaaaaaaaaaaaaaaaaaaaaaaa

/PQTS‘\S)Y m (2 D S U)m

Corar&sn T xrordadh ’EW K x <YQU%0}>_

AQQ@AA bovn o Qg O &aﬂ*@d
w m‘xm\kﬁ b*a pornd (0, 05)

plome
. 10 K:olnfs Cai)a,D we Wt O~ ><>
’P(M’Sigieﬂ\o,( \DO@Y‘\\/\% %MC/LCS\'\ @s&w XCXY\:XM\” A%
: HJ ] - '<
ZD%" Y (BLJLBJ ( _@ Ok L <)L0
M‘) ) L 3 L"‘ b Loo 3:°d
@? ’QP Whan (Loo,

koo ) <3 (fimte ML} <@P ,{; ) Comnto ‘H\z#&?
WW Aspaio thet Onx \Oowx cr(be/‘:mz .
bt dre vaxa ><
, T ascond evm (8"”'__@? ) ot et of

W Ap200 Hod onn born of 0% La%z
amd e Jan)raw\fa ><

o S0, fle fwo termo with )AWJ\.)M%OT\ Conto

bu-fﬁfé’g WCQwPWQ/QaﬂmbMV\O\AXiCM\OQ

&Z\/\% QJVJYQ“(M% XJ



% (/,\]L\QN\ J:OQ (QMDA@QM\/Q/\/ &:\Q)
() ey
\TAZ totm (@F ,J(gf}> Qxadrba ot e # f
wdepedad clanors Dot ang born of Xi @
oxist ol Tha woa + Xop -

\J

DQ/Q (P@ng\’@wu &\Uﬂfouw (PBB>: /Damek‘\:B [Pt oy
of  pointo (01,09) with wukiplictly M';;.b,) Le).
WNe odd &G%’Ona& A:{0] with wfinde mulbelidhy

Ded (Ber code) i Alternate TepraasteRon



s oapgicket) ¢ pRel) = G370
iDZP( ?Sl S Em{g<@j} = 9 V\Z <)
5%

ne Ve o

Facke A [ Hao persistence s, thaom
%& %/@F;%%cha \}P o il SNL dustene
Mm A |
0. S L (jj oA Po—w\/\j\o Lie e
g5 above A

3.7 my e v»wJUCiEUci)‘Nj st (@) ‘wi\)am‘o

Thim ZME: O\im HPCXB ,

Theorem 16. For every pair of indices 0 < k < € < n and every p, the p-th persistent Betti
number satisfies ﬁ];;f = Yick Xj»e ,u;;j .
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Algorithm 1 BorrLENEcK(Dgm p(S"_ ), Dgm I,(&"g))

Input:

Two persistent diagrams Dgm ,(F¢), Dgm ()
Output:

Bottleneck distance db(ngp(?f), ngp(f}”g))

: Compute sorted distances 6y < 0; < -+ < 0,y from ngIJ(Sf) and ngp(‘fg)
s fi=lhag=n
: while ¢ < udo

i=Y25:=0

1
2
3
4
5. Compute graph G = (A U B, E) where Ye € E, weight(e) < 6
6
-
8
9

if 4 complete matching in G then
o=
else
; £o=i
10:  end if
I1: end while
12: Output 6
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