Persistence algorithms
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Algorithm 2 PAIRPERSISTENCE(T |, 02, - -+ , 07)

Input:
An ordered sequence of simplices forming a filtration of a complex
Output:
Determine if a simplex is ‘positive’ or ‘negative’ and generate persistent pairs

I: for j=1tondo

2 C = 6,,0-1-

3 o; is the youngest positive (p — 1)-simplex in ¢

4. while o is paired and ¢ is not empty do

5 Let ¢’ be the cycle destroyed by the simplex paired with o; \= set in step 10 =\
6 ¢ = ¢’ + ¢ \xthis addition may cancel simplices =\

7 Update o; to be the youngest positive (p — 1)-simplex in ¢

8

9

end while
if ¢ is not empty then
10: o j 18 a negative p-simplex; generate pair (o, 0 ;); associate ¢ with o ; as destroyed
11: else
.4 o is a positive p-simplex \x o; may get paired later =\
13:  endif
14: end for
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Theorem 19. Let D be the m x m filtered boundary matrix for a filtration & (Definition 69). Let
R = DV, where R is in reduced form and V is upper triangular. Then, the simplices o and o in
F form a persistent pair if and only if lowg|j] = i.
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Matrix reduction
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Algorithm 3 MATPERSISTENCE(D)

Input:

Boundary matrix D of a complex with columns and rows ordered by a given filtration
Output:

Reduced matrix with each column j either being empty or having a unique lowp[ ;] entity

I: for j =1 — |colp| do

2 while 3/ < j s.t. lowp[ /] == lowp[/j] and lowp[j] # —1 do
3 colp[jl := colpl[j] + colp[j']
4:  end while

5. if lowp[j] # —1 then
6 i :=lowpl[j] \* generate pair (o, o) *\
fi

8:

end if
end for
1 2 3 4 1 2 3 4 1 g 4 1 2 3 4
1|1 11 111 1111111 1l 111
2 111 2 1{1] 2 1{1] 2 1
311 | 31111 3111 31111
4 | 1] 4 1 14 1 JEEE 4 111
5 111 5 181 | 5 1 5 1
6] 1|1 6] 1 6] 1 6] 1
(a) (0) (c) (d)

Figure 3.11: Matrix reduction for a 6 X 4 matrix D: low of columns are shaded to point out the
conflicts. (a) lowp[1] conflicts with lowp[2] and colp[1] is added to colp[2], (b) lowp[2] conflicts
with lowp[3], (¢) lowp|3] conflicts with lowp[4], (d) the addition of colp[3] to colp[4] zero out
the entire column colp[4].
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Efficient Implementation
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Algorithm 4 CLEARPERSISTENCE(D1, D5, ..., Dy)

5] Input:
Boundary matrices ordered by dimension of the boundary operators with columns ordered by
filtration
Output:
Reduced matrices with each column for negative simplex having a unique low entry

1: MATPERSISTENCE(D)
2. fori=(d—-1)— 1do
3 for j=1 — |colp,| do

4: if o is not paired while processing D;, then

5 \# column j is not processed if o is already paired:\
6: while ;" < j s.t. lowp[j] # —1 and lowp,[j'] == lowp,[j] do
7 colp,[j] := colp,[j] + colp,[ /']

8: end while

9: if lowp[ /] # —1 then

10: k :=lowp,[j] \* generate pair (o, o) *\

Ll end if

12 end if

13:  end for

14: end for
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Figure 3.12: Matrix reduction with the twisted matrix D* of the matrix D in Figure 3.11 which is
first transposed and then got its rows and columns reversed in order; the conflicts in lowp[-] are
resolved to obtain the intermediate matrices shown (a) through (d); The last transformation from
(c) to (d) assumes to complete all conflict resolutions from columns 3 through 1. Observe that
every column-row pair correspond to row-column pair in the original matrix. Also, all columns
that are zeroed out here correspond to all rows in the original that did not get paired with any
column meaning that they are either negative simplex, or positive simplex not paired with any.
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Persistence Modules
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Definition 71 (persistence module). A persistence module over an index set A C R is any collec-
tion V = {V,} . of vector spaces V, together with linear maps v, : V, = V4 so that v,, = id
and vy g7 © Voo = vager for all a,d’,a”’ € A where 0 < ¢ < d’ < «”. Sometimes we write

Va,a’ . ) .
V ={Vs — Vuljc,<r to denote this collection with the maps.

Definition 72 (g-interleaving). Let U and V be two persistence modules over an index set A C R.
We say U and V are e-interleaved if there exist two families of maps ¢, : U, — V, ., and
Uq : Va — Ugse satistying the following two conditions:

l. Vosear+e© Qa =Yg 0 Ugy and Ugsggrie © Waq = Qo © Vo [rectangular commutativity]
2. Ware ©@q = Uggie ANd ¢yye © Wy = Vg aioe [triangular commutativity]

The two parallelograms and the two triangles below depict the rectangular and the triangular
commutativities respectively.

g o Ugred +e

TN /

Vase Vaie Va

a+e.a’ += Va.a'

U,

v,

lga+2e

a+25

(?+é‘
\ V / wx
[T+8

Va.a+2s

a+26

Definition 73 (interleaving distance). Given two persistence modules U and V, their interleaving
distance is defined as
dy(U,V) = inf{e|U and V are s-interleaved}
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Observe that, when & = 0, Definition 72 implies that the maps ¢, : U, = V,and ¢, : V, —
U, are isomorphisms. In that case, we get the following diagrams where each vertical map is an
isomorphism and each square commutes. We get two isomorphic persistence modules.

U: U — - U, —ees Uy — ... S_—

V: Vg ——--- Vo — - Vg —— ... — Vg,

Definition 74 (isomorphic persistence modules). We say two persistence modules U and V in-
dexed over an index set A are isomorphic if the following two conditions hold (illustrated by the
diagram above).

1. U, =V, forevery a € A, and

2. for every x € U, if x is mapped to y € V, by the isomorphism, then u,(x) € Uy is
mapped to v, »(y) € V also by the isomorphism.

:[mtef ol OQ!LC@VV\(OOQ} e
Anfesyer T

Definition 76 (Interval module). Given an index set A C R and a pair of indices b,d € A, four
types of interval modules denoted I[b, d), I(b, d], [[b, d]. 1(b, d) respectively are special persistence
modules defined as:

Va.a R
e (closed-open): I[b,d) : {Vo — Vulawea Where V, = Z, for all a € [b,d) and V, = 0 and
Vg 18 identity map for b < a < ¢’ < d and zero map otherwise.

e (open-closed): (b,d] : {V, ‘a—ag Valaawea Where V, = Z> for all a € (b,d] and v, is
identity map for b < a < @’ < d and zero map otherwise.

e (closed-closed): [b,d] : {V, b Valaaea where V, = Z, for all @ € [b,d] and v, is
identity map for b < a < a’ < d and zero map otherwise.

e (open-open): I(b,d) : {V, b Valaaea Where V, = 75 for all a € (b,d) and v,y is
identity map for b < a < ¢’ < d and zero map otherwise.

Proposition 23.

e Any persistence module over a finite index set decomposes uniquely into interval modules,
thatis, U = @jg I{bj,d;y [154].

o Any p.f.d. persistence module decomposes uniquely into interval modules [99, 269].

e Any g-tame persistence module decomposes uniqule into interval modules [73].
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Definition 77 (PD for persistence module). Let U = €5 {bj.dj) be the interval decomposition
of a given persistence module U (Proposition 23). The collection of points {(b;,d;)} with proper
multiplicity and the points on the diagonal A : {(x, x)} with infinite multiplicity constitute the
persistence diagram DgmU of the persistence module U.

Theorem 24. Given two g-tame persistence modules defined over the totally ordered index set R,
d;(U,V) =dp(Dgm U, DgmYV).
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