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Definition 1 (Tower). A fower with resolution » > 0 and indexedin A = {a e R | a = r}is any
collection T = {7y}, of objects Ty, a € A, together with maps 1, : Tq — Ty so that 1,4 = id

= a . loa
and ty g7 © tag = tagr forall r < a < @’ < a”. Sometimes we write T = {Ty, — To},c e tO
denote the collection with the maps. If the resolution r is zero, we drop mentioning the resolution
of the tower.
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Xaa’

Definition 2 (Interleaving of simplicial (space) towers). Let X = {X, — X}, and Y =

Yaa 5 o 5 s
{Ye — Yo}« be two towers of simplicial complexes (spaces resp.) with resolution r. For any
real £ > 0, we say that they are e-interleaved if for every ¢ > r one can find simplicial maps
(continuous maps resp.) ¢q : Xg = Yaie and ¢, 1 Y, — X4 so that:

(1) Ya+e © @y and x4 440, are contiguous (homotopic resp.),
(i1) @g+e © Yy and v, q42- are contiguous (homotopic resp.).
(1i1) @y © X4 and Yg+eq+2 © @q are contiguous (homotopic resp.),
(1V) Xgiear+e © Yq and Yy © y, o are contiguous (homotopic resp.).
It no such finite £ exists, we say the two towers are co-interleaved.

These four conditions are summarized by requiring that the four diagrams below commute up
to contiguity (homotopy resp.):

Xaa+2e

Xa X(T+2£ Xa+a (62)
N O
Yaa+2e
Y[l+8 Y[] YH+2£
Xa.a Xared +
Xa X Xare Xo 1o
m w\ V V
Ya+8 Yared +e Yn/ it Ya Vao' Ya!
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Ug a Vaa'
Definition 4 (Interleaving of vector space towers). Let U = {U, — Uy}, andV = {V, —
Vi } 1< be two vector space towers with resolution r > 0. For any real & > r, we say that they are
e-interleaved if for each @ > r one can find linear maps ¢, : U, = V- and ¢, : V; — Uy, s0
that:

(1) foralla > r, Wgie © ©q = Ugai2e
(i) forall a 2 7, gure © Yo = Vaarze-
(iii) forallad" > a = r, g o Ugw = Varea'+e © Pas
(iv) foralla’ 2 a > r, Ugie e OWa = Wa O Vag-
If no such finite £ exists, we say the two towers are co-interleaved.

Analogous to the simplicial (space) towers, if we replace the operator ‘+’ by the multiplication
*” in the above definition, then we say that U and V are multiplicatively e-interleaved.

Definition 5 (Interleaving distance between vector space towers). The interleaving distance be-
tween two towers of vector spaces U and V is:

d;(U,V) = ir;f{[U and VY are e—interleaved).
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Algorithm for tower

COVY\P\/JW\% ?Qfsg'\swu Qﬂ simpbcjo\l fower

ek A B =ka=K
B

C HK H (k) KIPEN Mo (k) - He (o)

. Mambain « congistemt  boats ,(2,\( homowm
mapped. by [ A Linsanty

. Iv\S&re,aA nNa moantoun A c@\r\ow\oww

bOLOAD (@’Y % | i;‘_% P(\(h
Wi s W (k) == HeD= )
(‘TV\_a_ )&ol/udl/\/\u v YQVQJ\AO—Q.é\ %\/

e As we yocaoed u&l Lye howe O oS
B L Hf(\qﬁ) fharm uerrg Ao
\?W—‘wo\?( g\;l (Bi> e WFMA{ G
baske Bioi fi 1f k).

o e v dens ‘O\i Anw.



° Tl/\/\/:\ w &8’7\.0- b AY\HOMM,
g Aot

tDQQ C‘AY\Y\O\-O\%(‘D'\B: Lt K(e) be b ook 0’?
\P’S-“’”P\*‘w LS A \Gmno‘radricm‘
Q. KCP)» Z/f O,Q.Jiv%o o\ bsno\/\/&
vecke of longth 3 = € p-simpltx , Wharg
G = vank o0k

(lc} amnoforon fu{ b-cloino C =25

= Zda(s)
o L(o,o) C
(O) 1) (1’07 (O, 6) & hi’bC/\-Cd faﬂ—;)(o;l)’\—(o)c})* (0/0)'\_(0/0)
a C = (O/j.>
(0,0) 0L

C__Df;\z Av\ O\V\nowa‘cm O KCP}A Z? o valid 42
(1) 9= vork Ho(K)

C\‘\>TOY Ov\/\g /"wo {D-C@&w 2‘)ZL
0, = 0z, i [2] = (2]

Tib QK@) — & o vold
Cochone égg‘tll-:n o %"’\/Q/l« }33 QS‘:(@B-’/@@[,L}



Cod\OvW\o {@Ll (;1)__)% %"’\/Q/l« 133 QSi (6‘> :(-LGJ.. L)
Fmde C@MW\OLG?D claaalo [@JL‘_LV}&,
ok Lo O bbowis ¢S}

O
\O (0,0) C \O C
)
(011 (,0) (0 ) B O 4 .
T
@ (0,0) &L ®) d
o
' C
1 Q
O
A 5 &L

' ' | ‘o 17 b «
'A Cochoan C,P W'ﬂ'w exithan o

T ‘ mora g plas ™.
P—S'(m?(ﬂ-x. | hoan CP : CP—% ZZ. o Co [ho P S
< <CP> - Zo( N c"@?() where Cp= 249

onmdouen
T, Owve Com &,Q.Q%o. C/c_)oadlm) C,O\QG’U""\‘ - 9

Oundl C@k@ww% WQ é'ﬁDsz\’OJL& AL T

. We il not go wik e M&ikﬁ
C,@\'UDW\-O(%\) WS/ l)ux)l— V‘iﬁ:ﬁj&m M

)Q,Qm(wvt) belugemn amno

ELL\MQWJ"QE S\v«g&i&o& wa

General Persistence Page 10



EUJMQAN S\VV\?\J(ML et
f: kK o chomantery 4
y «?"w \\/V\:)e, wWe  Gad K/\K w or most ona
Qireplo ™ el markons s o |
o J; v zsuw')e_c)%\/o_3 fv W i/vjﬁc}%m Qvﬁl\abol/\.l/&
excpt On one el Juu} € VO<)

A — & Q(&W\a rclugion
N W

D [ e

w="

’ Ew/ua mw\i&&\i o {“ Com oo dacanposd
- WC; Q\ngo,.,ogy\ o 2ok,

Qi W Wa

SO, we QAWML ,G/Q,Q/VV\—QAA‘*G/"& %SvafUCtol

maps foe Al oo

®



Elementary inclusions
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(a) Case(1) (b) Case(ii)

Figure 6.2: Case(i) of inclusion: the boundary duv = u+v of the edge uv has annotation 1 +1 = 0.
After its addition, every edge gains an element in its annotation which is O for all except the edge
uv. Case (ii) of inclusion: the boundary of the top triangle has annotation O1. It is added to the
annotation of uv which is the only edge having the second element 1. Consequently the second
element is zeroed out for every edge, and is then deleted.
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Algorithm 1 Axnot(K)

Input:
K: input complex
Output:
Annotation for every simplex in K

1: Letm := |KY|;

2: For every vertex v; € K® assign an m-vector a(v;) where a(v;)[j] = Liff j =i.
forp=1—-ddo

4:  for all simplex o € K” do

5: Let annotation of every p-simplex be an s-vector so far.

6: if a(do) # 0 then

7 assign a(o) to be a 0 vector of size s

8: pick any non-zero entry b, in a(do)

9: add a(do) to every (p — 1)-simplex o’ s.t. a(o’)[u] = 1
10 delete uth entry from annotation of every (p — 1)-simplex
e else
12 extend a(r) for every p-simplex 7 so far added by appending a 0O bit;
13; create (s + 1)-vector a(o) with the last bit being 1
14: end if
15:  end for
16: end for
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///
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Figure 6.3: Annotation updates for elementary collapse: inclusion of a triangle so as to satisfy the
link condition (upper row), annotation transfer and actual collapse (lower row); annotation 11 of
the vanishing edge uv is added to all edges (cofaces) adjoining u.
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