CS 565

Programming Languages (graduate)

Spring 2026

Week 2
Induction



- Generate the induction principle
for inductive data types

- Prove properties of inductive data
types using induction.



Proof Bz Case Analzsis
3

How would you justify the following claim?

b1 && (b2 && b3) = (b1 && b2) && b3

Construct a truth table that enumerates all cases:
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Proof By Case Analysis
4

How would you justify the following fact:

For any three numbers n, m and p,
n+(m+p)=(n+m)+p.

Infinite number of cases here!



Proof By Induction

How would you justify the following fact:
For any three numbers n, m and p,

n+(m+p)=(n+m)+p.

Proof: By induction on n.
First, suppose n = 0.
We must show: [0+ (m+ p)=(0+m)+p.
This follows directly from the definition of addition. /

Next, suppose n =1+ n', where n'+ (m + p) = (n' + m) + p.
We must show: [(1 +n')+ (m+p)=((1+n')+m)+p.
By the definition of +, this follows from 1 + (n'+ (m + p)) =1+ ((n' + m) + p),
which is immediate from the induction hypothesis. QED.

Induction Hypothesis




Nat Induction

Mathematical Induction for Natural Numbers:
For any predicate P on natural numbers, if:

. P(0)

2. P(n) implies P(n+1)
Then:
for all n, P(n) holds.




Induction

tree : Type =
| leaf
| node (x : nat) (It rt : tree).

( : nat -> nat -> bool)
(t: tree) (x : nat) : tree =
t
| leaf => node x leaf leaf
| node y It rt =>if (cmp xy) node y (insert cmp It x) rt
node y It (insert cmp rt y)

(t : tree) (n : nat) : bool =

t
| leaf => false
| node y It rt =>
orb (egb x y) (orb (element egb It x) (element egb rt x))




Tree Induction
...,

Works for trees too:
For any number n, and tree t

element (insert t n) n = true.

Proof: By induction on t.
First, suppose t = leaf.
We must show: ‘ element (insert leaf n) n = true.
This follows directly from the definition of element.




Tree Induction

Works for trees too:

For any number n, and tree t

element (insert t n) n = true.
Proof: IT_y induction on t.

Induction Hypothesis

Next, [suppose t = node n' It rt] where
element (insert It n) n = true and element (insert rt n) n = true.
We must show: ‘element (insert (node n' lt rt) n) n = true.‘

By definition, this is equivalent to:
element (if (cmp n n') then node n' (insert cmp It n) rt
else node y It (insert cmp rt n)
» Consider the case when cmp n n’ = true.

We must show: element (node n' (insert cmp It n) rt) n = true.
This follows from the IH.
» Consider the case when cmp n n’ = false.

We must show: element (node n' It (insert cmp rt n)) n = true.
This follows from the |IH.



Tree Induction
10 |
Works for trees too:

Mathematical Induction for Binary Trees:
For any predicate Q on binary trees, if:

|. Q(leaf)

2. Q(t1) and Q(t2) implies Q(node n t t2)
Then:
for all t, Q(t) holds.




ADT Induction

Principle of Mathematical Induction:
For any algebraic datatype T with constructors c...cn,
For any predicate Q on T, if:
. Q(vi) and Q(v2) and ... Q(v;) implies Q(cj vi...V))
2. Q(vi) and Q(v2) and ... Q(vj) implies Q(c2vi...vj)

n. C.).(.w) and Q(vz2) and ... Q(v;) implies Q(cn vi...vj)
Then:
for all t, Q(t) holds.




Lists

{X : Type} : Type :=
| nil
| cons (x : X) (I : list).

Mathematical Induction for Lists:

For any predicate Q on lists, ifs
|. Q(nil)

2. Q(l) implies Q(cons x |)
Then: T

a list constructed by adding x

for all I, Q(l) holds. to the head of |




Induction on syntax trees

aexp : Type =
| ANum (a : nat)
| APlus (a1 a2 : aexp)
| AMinus (a1 a2 : aexp)
| AMult (a1 a2 : aexp).

(a : aexp) : aexp =
a
| ANum n => ANum n
| APlus (ANum 0) e2 => aexp_opt_plus e2
| APlus e1 e2 => APlus (aexp_opt_plus e1) (aexp_opt_plus e2)
| AMinus e1 e2 => AMinus (aexp_opt_plus e1) (aexp_opt_plus e2)
| AMult e1 e2 => AMult (aexp_opt_plus el) (aexp_opt_plus e2)




Induction on syntax trees

- Works for abstract syntax trees too!

- Using ADT induction, we can prove in Rocq:

a, aeval (aexp_opt_zero a) = aeval a.

d.




What Induction Requires

>Induction does NOT require a finite set of values

~It requires a wellfounded ordering on values

>Each value must be constructed in finitely many steps

> Induction hypotheses apply to strictly smaller substructures

>This ensures proofs always bottom out



Infinite Sets vs Infinite Objects

>The set of binary trees is infinite
* Each individual tree has finite height

* Every tree eventually reaches a base constructor

» Structural induction is therefore sound

> Infinity of the domain is not the problem



Example: Inductive Trees
oz ...

Inductive tree : Type :=
| Leaf : tree

| Node : nat -> tree -> tree -> tree.



Tree Induction Principle
e ...

To prove P(t) for all trees t:
> Prove P(leaf)
>~ Assume P(left) and P(right)

> Prove P(node x left right)



When Induction Breaks Down

~Some structures are not well-founded
> Objects may have infinite depth
>There may be no base constructor
>No strictly smaller substructure exists

> Structural induction is impossible



Example: Infinite Trees
2l

Colnductive tree_inf : Type :=

| Node : nat -> tree_inf -> tree_inf -> tree_inf.



Non-Well-Founded Structures

> Infinite streams

~Infinite trees without leaves
>Reactive systems and servers
»Operating systems

> Non-terminating but correct programs



Example: Streams
22l

Colnductive stream : Type :=

| Cons : nat -> stream -> stream.



The Co-Induction Principle

>To prove P(s), assume P(s) as a hypothesis
~Show that one observable step is valid
>Recursive use of the hypothesis must be guarded
»Guardedness prevents unsound circularity

> Dual of structural induction



Co-Inductive Equality

Colnductive stream_eq : stream -> stream -> Prop :=
| eq_cons : forall x s1 s2,
stream_eq s1 s2 ->

stream_eq (Cons x s1) (Cons x s2).



Proof by Co-Induction
25
Theorem stream_eq_refl : forall s, stream_eq s s.
Proof.
cofix CIH.
intro s.
destruct s as [x s'].
apply eq_cons.
apply CIH.
Qed.



Productivity

> Co-recursive definitions must be productive
>Each unfolding step must produce a constructor
> Prevents meaningless infinite loops

>Checked syntactically by Rocq

> Dual of termination for induction

CoFixpoint ones : stream :=

Cons 1 ones.



Fixpoints

> Many PL definitions arise as fixpoints
> A fixpoint satisfies X = F(X)
> Different fixpoints give different meanings

>Two canonical fixpoints exist

>Least and greatest fixpoints



Least Fixpoints (p)

>~ Smallest solution to X = F(X)

> Constructed by finite iteration from the bottom
> Corresponds to inductive data types
~Examples: Nat, lists, finite trees

> Induction reasons about p-fixpoints
Nat = pX. { 0} U { Sx | x €X}
Inductive nat : Type :=

| O : nat
| S : nat -> nat.



Least Fixpoints

List X =pY. { nil } U { cons xy | x €X, vy €Y}

Inductive list (A : Type) : Type :=
| Nil : list A
| Cons : A -> list A -> list A.

Tree = pX. { leaf } U { nodenlr | 1l,r € X}

Inductive tree : Type :=
| Leaf : tree
| Node : nat -> tree -> tree -> tree.



What p-Fixpoints Exclude

> Infinite lists are excluded

> Infinite trees are excluded

> Non-terminating computations are excluded
>Only finite construction is allowed

>This guarantees termination of recursion



Greatest Fixpoints (v)

> Largest solution to X = F(X)

> Allows infinite unfolding

>Corresponds to co-inductive data types
> Examples: streams, processes

> Co-induction reasons about v-fixpoints
Stream = vX. Nat x X

CoInductive stream : Type :=
| Cons : nat -> stream -> stream.

Tree~ = vX. Nat x X x X

CoInductive tree inf : Type :=
| Node : nat -> tree inf -> tree inf -> tree inf.



Induction vs Co-Induction

>Construction vs observation
>Least (4) vs greatest (v) fixpoints
>Termination vs productivity
>Well-founded vs non-wellfounded

> Both fundamental to PL semantics



