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Two Views of Hoare Logic
2

Model-Theoretic  (Semantic / ⊨)

Validity is defined directly from the operational semantics.	

{P} c {Q} is VALID (written ⊨ {P} c {Q}) if:	

for all states σ, if σ ⊨ P and σ, c ⇓ σ′  then  σ′ ⊨ Q

Proof-Theoretic  (Syntactic / ⊢)

A Hoare triple is DERIVABLE (written ⊢ {P} c {Q}) if there 
exists a finite derivation tree built from the proof rules:	

HLSKIP, HLASSIGN, HLSEQ, HLIF,	
HLWHILE, HLCONSEQ

?



Soundness (Partial Correctness)
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Theorem (Soundness):

For all P, c, Q :    ⊢ {P} c {Q}   →   ⊨ {P} c {Q}

In English: Every derivable triple is semantically valid.	
If the proof rules say it is correct, it is correct.

Proof strategy: induction on the derivation  ⊢ {P} c {Q}
  • HLSKIP, HLASSIGN, HLSEQ, HLIF: routine unfolding of semantics	
  • HLCONSEQ: chain the semantic implications — straightforward	
  • HLWHILE: key case — induction on the derivation of  σ, while b do c ⇓ σ′



Soundness: The While Case

Assume:  ⊢ {I ∧ b} c {I}    (by IH, this is also valid)

Want to show:  ⊨ {I} while b do c end {I ∧ ¬b}

Proof: by induction on the derivation of  σ, while b do c ⇓ σ′

E-WhlF
σ ⊨ I  and  beval σ b = false.  Then σ′ = σ  and  σ ⊨ I ∧ ¬b.  Done.

E-WhlT
beval σ b = true  and  σ, c ⇓ σ″  and  σ″, while ⇓ σ′.	
          By IH on body: σ ⊨ I ∧ b  →  σ″ ⊨ I.	
          Apply IH on the while derivation to σ″: σ′ ⊨ I ∧ ¬b.  Done.

4



Completeness (Partial Correctness)

Theorem (Completeness):

For all P, c, Q :    ⊨ {P} c {Q}   →   ⊢ {P} c {Q}

In English: Every valid triple is derivable.	
If it is really correct, the proof rules can prove it.

⚠  Completeness is harder than soundness — and more subtle!
To prove {P} c {Q} without knowing anything about c's proof structure, we need to express the right 
precondition as an assertion.	
This requires the assertion language to be expressive enough.
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wp: Weakest Precondition

wp(c, Q)  is the weakest P such that  ⊨ [P] c [Q]  (total correctness)
If σ ⊨ wp(c,Q) then c terminates from σ and the final state satisfies Q

Command  c wp(c, Q)   — for total correctness

skip Q

X := a Q [X ↦ a]

c₁ ; c₂ wp(c₁, wp(c₂, Q))

if b then c₁ else c₂ (b → wp(c₁,Q)) ∧ (¬b → wp(c₂,Q))

while b do c end ∃n. (b,c,n,Q)    ← requires termination witnessϕ

(b,c,n,Q) = ‘Given a starting state , terminates in n steps starting from  and establishes Q  -- next slide: wlp 
avoids this!
ϕ σ σ
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Semantic characterization:  wp(c, Q)  =  { σ | ∃σ′. σ, c ⇓ σ′  ∧  Q(σ′) }



wlp: Weakest Liberal Precondition

wp(c, Q)  — Total correctness
c terminates  AND  Q holds

wlp(c, Q)  — Partial correctness
IF c terminates THEN Q holds

vs

Command  c wp(c, Q) wlp(c, Q)

skip Q Q

X := a Q [X ↦ a] Q [X ↦ a]

c₁ ; c₂ wp(c₁, wp(c₂, Q)) wlp(c₁, wlp(c₂, Q))

if b then c₁ else c₂ (b→wp(c₁,Q))∧(¬b→wp(c₂,Q)) (b → wlp(c₁,Q)) ∧ (¬b → wlp(c₂,Q))

while b do c end ∃n. Φ(n) ∀I. (I∧b → wlp(c,I))∧(I∧¬b → Q)

The while case — wlp does NOT require a termination witness:
wlp(while b do c end, Q) 

'Liberal' = we allow the loop to diverge; if it terminates, Q must hold.  No existential n (budget) needed.
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Semantic characterization:  wlp(c, Q)  =  { σ | ∀σ′. σ, c ⇓ σ′  →  Q(σ′) }

characterizes the union of all states that satisfy the formula



Relative Completeness
The completeness proof requires expressing  wp(c, Q)  as an assertion.

If the assertion language is expressive enough…

…then wp(c, Q) can always be written as an assertion, and the 
completeness proof goes through.	

In Coq: Assertion = state → Prop (full HOL), so every semantic 
predicate is expressible. Completeness is unconditional.

If the assertion language is limited…

(e.g., first-order arithmetic)	
…some wp(c, Q) may not be expressible. The proof rules may 
be unable to derive all valid triples.	

Result (Cook 1978): Hoare logic is complete relative to the 
assertion language.

Key insight: Completeness is a statement about the expressive power of assertions, not the proof rules.
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Completeness: Proof Strategy
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Goal: show  ⊨ {P} c {Q}  →  ⊢ {P} c {Q}

1

wp is always provable

Show:  ⊢ {wp(c, Q)} c {Q}	
This holds for every c and Q — proved 
by induction on c.

2

P implies wp

If ⊨ {P} c {Q}  then  P → wp(c, Q)	

(Any precondition that makes c correct 
must imply the weakest one.)

3

Apply Consequence

Use HLCONSEQ with P → wp(c,Q) and 
⊢{wp(c,Q)} c {Q}	
to derive  ⊢ {P} c {Q}.  QED.



Total Correctness

[P] c [Q]  ≡  ∀σ. σ ⊨ P  →  ∃σ′. σ, c ⇓ σ′  ∧  σ′ ⊨ Q

Total correctness adds one obligation: the program must terminate.

Partial  {P} c {Q} Total  [P] c [Q]

If P holds and c terminates Q holds Q holds

If P holds and c diverges Triple is vacuously valid Triple is FALSE

{ True } while true do skip end { False } VALID

[True] while true do skip end [False] — INVALID

—

10



The While Rule: Partial vs Total
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Partial  ⊢ {P} while b do c end {P ∧ ¬b}

⊢ {P ∧ b} c {P}

⊢ {P} while b do c end {P ∧ ¬b}

Requires: P is a loop invariant	
No termination guarantee

Total  ⊢ [P] while b do c end [P ∧ ¬b]

∀n. ⊢ [P ∧ b ∧ V=n] c [P ∧ V<n]

⊢ [P] while b do c end [P ∧ ¬b]

Requires: V : state → ℕ is a variant	
V strictly decreases each iteration	
Guarantees termination

VS

★  Why universal quantification over n?   An existential would be unsound!



Why  ∀n  in the Variant Rule?
12

Consider the proposed rule with an existential:

∃n. ⊢ [P ∧ b ∧ V=n] c [P ∧ V<n]	
──────────────────────────────────────	

⊢ [P] while b do c end [P ∧ ¬b]

Why this fails:
1.  An existential says: there is some n such that, from any state with V = n, the body decreases V.	
2.  But this only certifies one particular value of V — not every state where the loop runs.	
3.  A loop can run from infinitely many different values of V.  We need the variant to decrease from ALL of 
them.	
4.  The universal n fixes n before the body runs, so the IH in the soundness proof says:	
     'if V < n, the loop terminates'  --  applied by well-founded induction on N.

∀



Variants
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{{ X = m,  m > 0 }}
while X ≠ 0 do
  X := X - 1
end
{{ X = 0 }}

Variant: V(st) = st X

X   0 -> (X - 1) < X≠

{{ X = m,  m ≥ 0 }}
while X > 1 do
  (* integer division*)
  X := X / 2        
end
{{ X ≤ 1 }}

Variant: V(st) = st X

X > 1 -> X/2 < X

{{ X = m,  Y = n,  m > 0,  n > 0 }}
while X ≠ Y do
  if X > Y then X := X - Y
  else Y := Y - X
  end
end
{{ X = gcd(m, n) }}

Variant: V(st) = st X + st Y

X  Y -> X’ + Y’ < X + Y≠

     X’ + Y’ = (X - Y) + (Y - X) < X + Y
        requires Y > 0 to hold	

      To justify the variant, use the loop invariant:	
   gcd(X,Y) = gcd(m,n) /\ m > 0 /\ n > 0

The variant must map states to Nat (or any well-founded set) and must strictly 
decrease on every iteration where the guard is true. Everything else — how much 
it decreases, whether it needs the invariant to prove the decrease — is flexible.
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Soundness of Total Correctness
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Theorem (Total Soundness):

For all P, c, Q :    ⊢ [P] c [Q]   →   ⊨ [P] c [Q]

Proof: induction on the derivation.  New case: the While rule.

The While case — well-founded induction on V(σ)
   1. Assume σ ⊨ P.  Let n = V(σ).  Use lt_wf_ind on n.	
   2. IH: for all m < n and all σ’ with V(σ’) = m and P(σ’), the loop terminates from σ’.	
   3. If beval σ b = false: loop exits immediately with σ′ = σ.  P ∧ ¬b holds.  ✓	
   4. If beval σ b = true: by Hstep(n), ∃σ′ with σ, c ⇓ σ′ and P(σ′) and V(σ′) < n.	
     Apply IH to σ′ (since V(σ′) < n): the loop terminates from σ′ producing σ″. ✓

Key: lt_wf_ind gives the IH automatically — we are doing induction on ℕ in Rocq.



Well-founded Induction
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A relation ‘<‘ on a set is well-founded if there is no infinite descending chain

Theorem lt_wf_ind : forall (n : nat) (P : nat -> Prop),
         (forall n, (forall m, m < n -> P m) -> P n) ->
          P n

Postitive Examples:	
  - ‘<‘ on Nat	
  - a tree is strictly larger than its subtrees	
  - lexicographic ordering on pairs of Nats	

Negative Examples:	
  - ‘<‘ on Ints	
  - ‘>’ on Nats

- To prove P(x) for all x, it suffices to prove: 
assuming P holds for everything smaller than 
x, prove P(x).

Ordinary (weak) induction	

To prove ∀n, P(n):	

• Prove P(0) — the base case	
• Prove P(k) → P(k+1) for arbitrary k — the step case	

In the step case you get one hypothesis: P at the immediately 
preceding value.

Strong induction	

To prove ∀n, P(n):	

• Prove (∀m, m < n → P(m)) → P(n) for arbitrary n	



Completeness of Total Correctness
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For all P, c, Q :    ⊨ [P] c [Q]   →   ⊢ [P] c [Q]

Same three-step strategy as partial completeness — but the while case changes.

The key: constructing the variant from semantics
   1. Define:  Φ(n, σ) = 'from σ, the loop terminates in ≤ n iterations and establishes Q'
   2. Define:  wp_total(while b do c end, Q)  σ  =  ∃n. Φ(n, σ)
   3. The variant is:  V(σ) = (minimum n such that Φ(n, σ) holds)
   4. Show: after one body step, V decreases by at least 1  (using Φ_step)
   5. This gives the universally-quantified premise of the While rule.  Apply HLCONSEQ.

The variant is not given — it is constructed from the operational semantics.  This is the proof's constructive content.



Partial vs Total: Summary
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Partial Correctness Total Correctness

Triple notation {P} c {Q} [P] c [Q]

Semantics ∀σ,σ′. P(σ) ∧ c⇓σ′ → Q(σ′) ∀σ. P(σ) → ∃σ′. c⇓σ′ ∧ Q(σ′)

New rule vs partial — While uses variant V : state → ℕ

Soundness proof key step Induction on evaluation Well-founded induction on V(σ)

Completeness key step wp expressed in assertions Same + V constructed from Φ(n)

Termination guarantee No Yes

Relative to assertion lang? Yes (Cook 1978) Yes (same reason)



Concept Check
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Which of these statements are true?

1.  Soundness says the proof rules never derive false triples.

2.  Completeness says: if we cannot find a proof, the program is buggy.

3.  A partial triple with precondition False is always valid.

4.  Total correctness requires the variant to decrease by exactly 1 each step.

5.  Completeness of Hoare logic is unconditional (holds for any assertion language).

6.  Soundness of the while rule uses induction on the evaluation derivation.

(Answers on next slide)



Concept Check — Answers
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✓
1.  Soundness says the proof rules never derive false triples.

Correct — soundness is ⊢ → ⊨.

✗
2.  Completeness says: if we cannot find a proof, the program is buggy.

False — completeness is ⊨ → ⊢.  A missing proof may reflect expressiveness limits.

✓
3.  A partial triple with precondition False is always valid.

Correct — False → anything; the precondition is never satisfied.

✗
4.  Total correctness requires the variant to decrease by exactly 1 each step.

False — it must decrease by at least 1 (strictly decrease), but any amount works.

✗
5.  Completeness of Hoare logic is unconditional.

False — it is relative to the assertion language (Cook 1978).

✓
6.  Soundness of the while rule uses induction on the evaluation derivation.

Correct — we induct on the derivation of σ, while ⇓ σ′.



Summary
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⊢ → ⊨ Soundness (both systems)

Proof-theoretic → model-theoretic.	
The while case uses induction on the evaluation derivation.	
All other cases are routine unfolding.

⊨ → ⊢ Completeness (both systems)

Model-theoretic → proof-theoretic.	
Strategy: wp is always provable; any P implies wp; use 
Consequence.	
Relative to assertion language expressiveness.

V The Variant

Total correctness adds ∀n in the while rule.	
Soundness: well-founded induction on V(σ).	
Completeness: V is constructed from Φ(n) — the termination 
budget.

P vs T Partial vs Total

One rule changes: the while rule gains a variant.	
Total implies partial; partial + termination implies total.	
They coincide for while-free programs.


