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Foreword

Early computers replaced calculators and typewriters, and programmers focused
on scientific computing (calculations involving numbers) and string processing
(manipulating sequences of alphanumeric characters, or strings). Ironically, in
modern applications, string processing is an integral part of scientific computing,
as strings are an appropriate model of the natural world in a wide range of
applications, notably computational biology and chemistry. Beyond scientific
applications, strings are the lingua franca of modern computing, with billions
of computers having immediate access to an almost unimaginable number of
strings.

Decades of research have met the challenge of developing fundamental al-
gorithms for string processing and mathematical models for strings and string
processing that are suitable for scientific studies. Until now, much of this knowl-
edge has been the province of specialists, requiring intimate familiarity with the
research literature. The appearance of this new book is therefore a welcome
development. It is a unique resource that provides a thorough coverage of the
field and serves as a guide to the research literature. It is worthy of serious study
by any scientist facing the daunting prospect of making sense of huge numbers
of strings.

The development of an understanding of strings and string processing algo-
rithms has paralleled the emergence of the field of analytic combinatorics, under
the leadership of the late Philippe Flajolet, to whom this book is dedicated.
Analytic combinatorics provides powerful tools that can synthesize and simplify
classical derivations and new results in the analysis of strings and string pro-
cessing algorithms. As disciples of Flajolet and leaders in the field nearly since
its inception, Philippe Jacquet and Wojciech Szpankowski are well positioned
to provide a cohesive modern treatment, and they have done a masterful job in

this volume.
ROBERT SEDGEWICK

Princeton University






Preface

Repeated patterns and related phenomena in words are known to play a cen-
tral role in many facets of computer science, telecommunications, coding, data
compression, data mining, and molecular biology. One of the most fundamen-
tal questions arising in such studies is the frequency of pattern occurrences in a
given string known as the text. Applications of these results include gene finding
in biology, executing and analyzing tree-like protocols for multiaccess systems,
discovering repeated strings in Lempel-Ziv schemes and other data compression
algorithms, evaluating string complexity and its randomness, synchronization
codes, user searching in wireless communications, and detecting the signatures
of an attacker in intrusion detection.

The basic pattern matching problem is to find for a given (or random) pat-
tern w or set of patterns W and a text X how many times W occurs in the
text X and how long it takes for W to occur in X for the first time. There are
many variations of this basic pattern matching setting which is known as ezact
string matching. In approximate string matching, better known as generalized
string matching, certain words from W are expected to occur in the text while
other words are forbidden and cannot appear in the text. In some applications,
especially in constrained coding and neural data spikes, one puts restrictions on
the text (e.g., only text without the patterns 000 and 0000 is permissible), lead-
ing to constrained string matching. Finally, in the most general case, patterns
from the set W do not need to occur as strings (i.e., consecutively) but rather as
subsequences; that leads to subsequence pattern matching, also known as hidden
pattern matching.

These various pattern matching problems find a myriad of applications.
Molecular biology provides an important source of applications of pattern match-
ing, be it exact or approximate or subsequence pattern matching. There are
examples in abundance: finding signals in DNA; finding split genes where exons
are interrupted by introns; searching for starting and stopping signals in genes;
finding tandem repeats in DNA. In general, for gene searching, hidden pattern
matching (perhaps with an exotic constraint set) is the right approach for find-
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ing meaningful information. The hidden pattern problem can also be viewed
as a close relative of the longest common subsequence (LCS) problem, itself of
immediate relevance to computational biology but whose probabilistic aspects
are still surrounded by mystery.

Exact and approximate pattern matching have been used over the last 30
years in source coding (better known as data compression), notably in the
Lempel-Ziv schemes. The idea behind these schemes is quite simple: when
an encoder finds two (longest) copies of a substring in a text to be compressed,
the second copy is not stored but, rather, one retains a pointer to the copy (and
possibly the length of the substring). The holy grail of universal source coding
is to show that, without knowing the statistics of the text, such schemes are
asymptotically optimal.

There are many other applications of pattern matching. Prediction is one
of them and is closely related to the Lempel-Ziv schemes (see Jacquet, Sz-
pankowski, and Apostol (2002) and Vitter and Krishnan (1996)). Knowledge
discovery can be achieved by detecting repeated patterns (e.g., in weather pre-
diction, stock market, social sciences). In data mining, pattern matching algo-
rithms are probably the algorithms most often used. A text editor equipped with
a pattern matching predictor can guess in advance the words that one wants to
type. Messages in phones also use this feature.

In this book we study pattern matching problems in a probabilistic frame-
work in which the text is generated by a probabilistic source while the pattern
is given. In Chapter [I] various probabilistic sources are discussed and our as-
sumptions are summarized. In Chapter [0l we briefly discuss the algorithmic as-
pects of pattern matching and various efficient algorithms for finding patterns,
while in the rest of this book we focus on analysis. We apply analytic tools
of combinatorics and the analysis of algorithms to discover general laws of pat-
tern occurrences. Tools of analytic combinatorics and analysis of algorithms are
well covered in recent books by Flajolet and Sedgewick (2009) and Szpankowski
(2001).

The approach advocated in this book is the analysis of pattern matching
problems through a formal description by means of regular languages. Basi-
cally, such a description of the conterts of one, two, or more occurrences of
a pattern gives access to the expectation, the variance, and higher moments,
respectively. A systematic translation into the gemerating functions of a com-
plex variable is available by methods of analytic combinatorics deriving from
the original Chomsky—Schiitzenberger theorem. The structure of the implied
generating functions at a pole or algebraic singularity provides the necessary
asymptotic information. In fact, there is an important phenomenon, that of
asymptotic simplification, in which the essentials of combinatorial-probabilistic
features are reflected by the singular forms of generating functions. For instance,
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variance coefficients come out naturally from this approach, together with a suit-
able notion of correlation. Perhaps the originality of the present approach lies in
this joint use of combinatorial-enumerative techniques and analytic-probabilistic
methods.

We should point out that pattern matching, hidden words, and hidden mean-
ing were studied by many people in different contexts for a long time before com-
puter algorithms were designed. Rabbi Akiva in the first century A.D. wrote a
collection of documents called Maaseh Merkava on secret mysticism and medi-
tations. In the eleventh century the Spaniard Solomon Ibn Gabirol called these
secret teachings Kabbalah. Kabbalists organized themselves as a secret society
dedicated to the study of the ancient wisdom of Torah, looking for mysterious
connections and hidden truths, meaning, and words in Kabbalah and elsewhere.
Recent versions of this activity are knowledge discovery and data mining, bib-
liographic search, lexicographic research, textual data processing, and even web
site indexing. Public domain utilities such as agrep, grappe, and webglimpse
(developed for example by Wu and Manber (1995), Kucherov and Rusinowitch
(1997), and others) depend crucially on approximate pattern matching algo-
rithms for subsequence detection. Many interesting algorithms based on regular
expressions and automata, dynamic programming, directed acyclic word graphs,
and digital tries or suffix trees have been developed. In all the contexts men-
tioned above it is of obvious interest to distinguish pattern occurrences from the
statistically unavoidable phenomenon of noise. The results and techniques of
this book may provide some answers to precisely these questions.

Contents of the book

This book has two parts. In Part I we compile all the results known to us
about the various pattern matching problems that have been tackled by ana-
lytic methods. Part IT is dedicated to the application of pattern matching to
various data structures on words, such as digital trees (e.g., tries and digital
search trees), suffix trees, string complexity, and string-based data compression
and includes the popular schemes of Lempel and Ziv, namely the Lempel-Ziv’77
and the Lempel-Ziv’78 algorithms. When analyzing these data structures and
algorithms we use results and techniques from Part I, but we also bring to the
table new methodologies such as the Mellin transform and analytic depoissoniza-
tion.

As already discussed, there are various pattern matching problems. In its
simplest form, a pattern W = w is a single string w and one searches for some or
all occurrences of w as a block of consecutive symbols in the text. This problem
is known as ezact string matching and its analysis is presented in Chapter
where we adopt a symbolic approach. We first describe a language that contains
all occurrences of w. Then we translate this language into a generating function
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that will lead to precise evaluation of the mean and variance of the number of
occurrences of the pattern. Finally, we establish the central and local limit laws,
and large deviation results.

In Chapter 2] we assume that the text is generated by a random source
without any constraints. However, in several important applications in coding
and molecular biology, often the text itself must satisfy some restrictions. For
example, codes for magnetic recording cannot have too many consecutive zeros.
This leads to consideration of the so-called (d, k) sequences, in which runs of
zeros are of length at least d and at most k. In Chapter [l we consider the exact
string matching problem when the text satisfies extra constraints, and we coin
the term constrained pattern matching. We derive moments for the number of
occurrences as well as the central limit laws and large deviation results.

In the generalized string matching problem discussed in Chapter Ml the pat-
tern W is a set of patterns rather than a single pattern. In its most general
formulation, the pattern is a pair (Wy, W) where W), is the so-called forbidden
set. If Wy = () then W is said to appear in the text X whenever a word from
W occurs as a string, with overlapping allowed. When Wy # @) one studies the
number of occurrences of strings from ¥V under the condition that there is no
occurrence of a string from W in the text. This is constrained string matching,
since one restricts the text to those strings that do not contain strings from W.
Setting W = 0 (with Wy # 0), we search for the number of text strings that
do not contain any pattern from Wy. In this chapter we present a complete
analysis of the generalized string matching problem. We first consider the so-
called reduced set of patterns in which one string in VW cannot be a substring of
another string in YW. We generalize our combinatorial language approach from
Chapter 2] to derive the mean, variance, central and local limit laws, and large
deviation results. Then we analyze the generalized string pattern matching. In
our first approach we construct an automaton to recognize a pattern W, which
turns out to be a de Bruijn graph. The generating function of the number of oc-
currences has a matrix form; the main matrix represents the transition matrix of
the associated de Bruijn graph. Our second approach is a direct generalization
of the language approach from Chapter 2l This approach was recently proposed
by Bassino, Clement, and Nicodeme (2012).

In the last chapter of Part I, ChapterBl we discuss another pattern matching
problem called subsequence pattern matching or hidden pattern matching. In
this case the pattern W = wjas - - - wy,, where w; is a symbol of the underlying
alphabet, occurs as a subsequence rather than a string of consecutive symbols
in a text. We say that W is hidden in the text. For example, date occurs
as a subsequence in the text hidden pattern, four times in fact but not even
once as a string. The gaps between the occurrences of YW may be bounded
or unrestricted. The extreme cases are: the fully unconstrained problem, in
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which all gaps are unbounded, and the fully constrained problem, in which all
gaps are bounded. We analyze these and mixed cases. Also, in Chapter
we present a general model that contains all the previously discussed pattern
matchings. In short, we analyze the so-called generalized subsequence problem.
In this case the pattern is W = (Wy,...,Wy), where W; is a collection of
strings (a language). We say that the generalized pattern W occurs in the
text X if X contains W as a subsequence (wi,ws,...,wq), where w; € W;.
Clearly, the generalized subsequence problem includes all the problems discussed
so far. We analyze this generalized pattern matching for general probabilistic
dynamic sources, which include Markov sources and mixing sources as recently
proposed by Vallée (2001). The novelty of the analysis lies in the translation
of probabilities into compositions of operators. Under a mild decomposability
assumption, these operators possess spectral representations that allow us to
derive precise asymptotic behavior for the quantities of interest.

Part II of the book starts with Chapter [ in which we describe some data
structures on words. In particular, we discuss digital trees, suffix trees, and the
two most popular data compression schemes, namely Lempel-Ziv’'77 (LZ’77)
and Lempel-Ziv’'78 (LZ’78).

In Chapter [[lwe analyze tries and digital search trees built from independent
strings. These basic digital trees owing to their simplicity and efficiency, find
widespread use in diverse applications ranging from document taxonomy to IP
address lookup, from data compression to dynamic hashing, from partial-match
queries to speech recognition, from leader election algorithms to distributed
hashing tables. We study analytically several tries and digital search tree pa-
rameters such as depth, path length, size, and average profile. The motivation
for studying these parameters is multifold. First, they are efficient shape mea-
sures characterizing these trees. Second, they are asymptotically close to the
parameters of suffix trees discussed in Chapter Third, not only are the an-
alytical problems mathematically challenging, but the diverse new phenomena
they exhibit are highly interesting and unusual.

In Chapter B we continue analyzing digital trees but now those built from
correlated strings. Namely we study suffix trees, which are tries constructed from
the suffixes of a string. In particular we focus on characterizing mathematically
the length of the longest substring of the text occurring at a given position
that has another copy in the text. This length, when averaged over all possible
positions of the text, is actually the typical depth in a suffix trie built over
(randomly generated) text. We analyze it using analytic techniques such as
generating functions and the Mellin transform. More importantly, we reduce its
analysis to the exact pattern matching discussed in depth in Chapter 2 In fact,
we prove that the probability generating function of the depth in a suffix trie
is asymptotically close to the probability generating function of the depth in a
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trie that is built over n independently generated texts analyzed in Chapter [7 so
we have a pretty good understanding of its probabilistic behavior. This allows
us to conclude that the depth in a suffix trie is asymptotically normal. Finally,
we turn our attention to an application of suffix trees to the analysis of the
Lempel-Ziv’77 scheme. We ask the question how many LZ’77 phrases there
are in a randomly generated string. This number is known as the multiplicity
parameter and we establish its asymptotic distribution.

In Chapter [@ we study a data structure that is the most popular and the
hardest to analyze, namely the Lempel-Ziv’78 scheme. Our goal is to charac-
terize probabilistically the number of LZ’78 phrases and its redundancy. Both
these tasks drew a lot of attention as being open and difficult until Aldous and
Shields (1988) and Jacquet and Szpankowski (1995) solved them for memoryless
sources. We present here a simplified proof for extended results: the central limit
theorem for the number of phrases and the redundancy as well as the moderate
and large deviation findings. We study this problem by reducing it to an analy-
sis of the associated digital search tree, already discussed in part in Chapter [7}
In particular, we establish the central limit theorem and large deviations for the
total path length in the digital search tree.

Finally, in Chapter [[Qlwe study the string complexity and also the joint string
complexity, which is defined as the cardinality of distinct subwords of a string or
strings. The string complexity captures the “richness of the language” used in a
sequence, and it has been studied quite extensively from the worst case point of
view. It has also turned out that the joint string complexity can be used quite
successfully for twitter classification (see Jacquet, Milioris, and Szpankowski
(2013)). In this chapter we focus on an average case analysis. The joint string
complexity is particularly interesting and challenging from the analysis point
of view. It requires novel analytic tools such as the two-dimensional Mellin
transform, depoissonization, and the saddle point method.

Nearly every chapter is accompanied by a set of problems and related bibli-
ography. In the problem sections we ask the reader to complete a sketchy proof,
to solve a similar problem, or to actually work on an open problem. In the
bibliographical sections we briefly describe some related literature.

Finally, to ease the reading of this book, we illustrate each chapter with
an original comic sketch. Each sketch is somewhat related to the topic of the
corresponding chapter, as discussed below.
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About the sketches

In order to ease the reading of this book, full of dry equations, Philippe drew
a comic sketch for each chapter. In these sketches we introduced two recurrent
comic characters. They are undefined animals like rats, worms, or lizards, some-
times more like fish or butterflies. We, Wojtek and Philippe, appear in some
sketches: Wojtek with his famous moustache appears as the butterfly hunter
and Philippe appears as a fisherman.

For us patterns are like small animals running over a text, and we see a text
like a forest or a garden full of words, as illustrated below. We have given names
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to these two animals: Pat for Patricia Tern, and Mat for Mathew Tching. They
are mostly inspired by Philippe’s twin cats, Calys and Gypsie who often play
and hide wherever they can.

Let us give you some hints on how to read these sketches:

1. The probabilistic model chapter shows Pat and Mat in a chess game, be-
cause probability and games are deeply entangled concepts. Here is the
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10.

11.

About the sketches

question: who will win the game (chess mat) and who will lose (pat)?
Colours in the checker board are omitted in order to complicate the puz-
zle.

In exact string matching, Pat and Mat are in their most dramatic situation:
escaping the pattern matching hunters.

In the constrained pattern matching chapter, Pat and Mat must escape
a stubborn pattern matching hunter who is ready to chase them in the
hostile (constrained) submarine context.

In general string matching, the issue is how to catch a group of patterns.
This is symbolised by a fisherman holding several hooks. Whether the
fisherman looks like Philippe is still an open question, but he tried his
best.

In the subsequence pattern matching chapter, Pat and Mat are butterflies
facing a terrible hunter. Yes, he looks like Wojtek, but without his glasses,
so that the butterflies have a chance.

In the algorithms and data structures chapter, Pat and Mat are resting
under the most famous pattern matching data structure: the tree. In this
case, the tree is an apple tree, and Mat is experiencing the gravity law as
Isaac Newton did in his time.

In the digital trees chapter, Pat and Mat find themselves in the situation
of Eve and Adam and are collecting the fruits of knowledge from the tree.

In the suffix tree and Lempel-Ziv’77 chapter, Mat tries to compress his
pal. Yes, it is really painful, but they are just cartoon characters, aren’t
they?

In the Lempel-Ziv’78 compression chapter, Pat is having her revenge from
the previous chapter.

At least in the string complexity chapter, Pat and Mat are achieving a
concerted objective: to enumerate their common factors, the small kid
animals of “AT”, “A”  and “T”. Congratulations to the parents.

In the bibliography section, Pat and Mat find some usefulness in their
existence by striving to keep straight the impressive pile of books cited in
this work.
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CHAPTER 1

Probabilistic Models

In this book we study pattern matching problems in a probabilistic framework.
We first introduce some general probabilistic models of generating sequences.
The reader is also referred to Alon and Spencer (1992), Reinert, Schbath, and
Waterman (2000), Szpankowski (2001) and Waterman (1995a) for a brief intro-
duction to probabilistic models. For the convenience of the reader, we recall
here some definitions.

We also briefly discuss some analytic tools such as generating functions, the
residue theorem, and the Cauchy coefficient formula. For in-depth discussions
the reader is referred to Flajolet and Sedgewick (2009) and Szpankowski (2001).



4 Chapter 1. Probabilistic Models

1.1. Probabilistic models on words

Throughout we shall deal with sequences of discrete random variables. We
write (Xj)?2, for a one-sided infinite sequence of random variables; however,
we will often abbreviate it as X provided that it is clear from the context that
we are talking about a sequence, not a single variable. We assume that the
sequence (Xj)72, is defined over a finite alphabet A = {a1,...,av} of size
V. A partial sequence is denoted as X' = (X,...,Xp) for m < n. Finally,
we shall always assume that a probability measure exists, and we will write
P(2?) = P(Xy = ok, 1 <k <n, x, € A) for the probability mass, where we
use lower-case letters for a realization of a stochastic process.

Sequences are generated by information sources, usually satisfying some con-
straints. We also refer to such sources as probabilistic models. Throughout,
we assume the existence of a stationary probability distribution; that is, for
any string w we assume that the probability that the text X contains an oc-
currence of w at position k is equal to P(w) independently of the position k.
For P(w) > 0, we denote by P(u|w) the conditional probability, which equals
P(wu)/P(w).

The most elementary information source is a memoryless source; also known
as a Bernoulli source:

(B) MEMORYLESS OR BERNOULLI SOURCE. The symbols from the alphabet
A = {a1,...,ay} occur independently of one another; thus the string X =
X1X5X3--- can be described as the outcome of an infinite sequence of Bernoulli
trials in which P(X; = a;) = p; and ZzV=1 p; = 1. Throughout, we assume that
at least for one ¢ we have 0 < p; < 1.

In many cases, assumption (B) is not very realistic. When this is the case,
assumption (B) may be replaced by:

(M) MARKOV SOURCE. There is a Markov dependency between the consecutive
symbols in a string; that is, the probability p;; = P(Xgx41 = aj| Xk = a;) de-
scribes the conditional probability of sampling symbol a; immediately after sym-
bol a;. We denote by P = {pij}}szl transition matrix and by w = (m1,...,7v)
the stationary row vector satisfying wP = «. (Throughout, we assume that the
Markov chain is irreducible and aperiodic.) A general Markov source of order r is
characterized by the V" x V the transition matrix with coefficients P(j € A | u)
for u € A".

In some situations more general sources must be considered (for which one
still can obtain a reasonably precise analysis). Recently, Vallée (2001) introduced
dynamic sources, which we briefly describe here and will use in the analysis of
the generalized subsequence problem in Section To introduce such sources
we start with a description of a dynamic system defined by:
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(a) (b)

Figure 1.1. Plots of Z,, versus = for the dynamic sources discussed
in Example [T} (a) a memoryless source with shift mapping T, (z) =
(x — gm)/pPm+1 for p1 = 1/2, po = 1/6, and p3 = 1/3; (b) a continued
fraction source with T;,(z) = 1/x — m = (1/z).

e a topological partition of the unit interval Z = (0, 1) into a disjoint set of
open intervals Z,,a € A;

e an encoding mapping e which is constant and equal to a € A on each Z;

e a shift mapping T : Z — Z whose restriction to Z, is a bijection of class
C? from Z, to Z; the local inverse of T restricted to Z, is denoted by hy.

Observe that such a dynamic system produces infinite words of A* through
the encoding e. For an initial € Z the source outputs a word, say w(x) =

(e(z), (e(T(x)),...).
(DS) PROBABILISTIC DYNAMIC SOURCE. A source is called a probabilistic dy-

namic source if the unit interval of a dynamic system is endowed with a proba-
bility density f.

Example 1.1.1. A memoryless source associated with the probability distri-
bution {p;}}_,, where V can be finite or infinite, is modeled by a dynamic source
in which the components wy(z) are independent and the corresponding topolog-
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ical partition of Z is defined as follows:

Ly = (QmanJrl]a dm = Z Pj-
j<m
In this case the shift mapping restricted to Z,,, m € A, is defined as

T —q
Tm = m, Gm < T < Q@my1-
perl

In particular, a symmetric V-ary memoryless source can be described by
T(x) = (Va), e(z) = [Val,

where |z is the integer part of x and (x) = x — |z] is the fractional part of x.
In Figure [I(a) we assume A = {1,2,3} and p; = 1/2, p, = 1/6, and p3 = 1/3,
so that g1 =0, g1 =1/2, g2 =2/3, and g4 = 1. Then

Ty =2, Tp=6(x—1/2), T3=3(z—2/3).
For example, if x = 5/6 then

w(z) = (e(x), e(T3(2), e(T2(T3(2))), - --) = (3,2, 1,..).

Here is another example of a source with a memory related to continued
fractions. The alphabet A is the set of all natural numbers and the partition
of 7 is defined as Z,, = (1/(m + 1),1/m). The restriction of T to Z,, is the
decreasing linear fractional transformation T'(z) = 1/x — m, that is,

T(x) = (1/z),  e(x)=[1/z].

Observe that the inverse branches h,, of the mapping T'(z) are defined as
hm(x) =1/(xz +m) (see Figure [ T(b)). |

Let us observe that a word of length k, say w = wyws ... wy, is associated
with the mapping hy, := hy, 0hy, 0+ - -0 hy, , which is an inverse branch of T*. In
fact all words that begin with the same prefix w belong to the same fundamental
interval, defined as Z,, = (hq,(0), hy(1)). Furthermore, for probabilistic dynamic
sources with density f one easily computes the probability of w as the measure
of the interval Z,,.

The probability P(w) of a word w can be explicitly computed through a
special generating operator (G,,, defined as follows

G [f1(t) = [hey (D)1 © ha(2). (1.1)
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One recognizes in G, [f](t) a density mapping, that is, G, [f](t) is the density
of f mapped over h,(t). The probability of w can then be computed as

B (1)
/} F(tydt

1w (0)

P(w) = :/0 |h;j(t)|fohw(t)dt:/0 Gy [f](t)dt. (1.2)

Let us now consider a concatenation of two words w and u. For memoryless
sources P(wu) = P(w)P(u). For Markov sources one still obtains the product of
the conditional probabilities. For dynamic sources the product of probabilities
is replaced by the product (composition) of the generating operators. To see
this, we observe that

Guy = Gy 0 Gy, (1.3)

where we write Gy, := G [f](t). Indeed, hyy = hy 0 by and
Gy = hly o hyhl,fohy ohy
while G, = hl, f o hy, and so
G, oGy = hlhl, 0hyfohyohy,

as desired.

Another generalization of Markov sources, namely the mizing source, is very
useful in practice, especially for dealing with problems of data compression or
molecular biology when one expects long(er) dependency between the symbols
of a string.

(MX) (STRONGLY) %-MIXING SOURCE. Let F}, be a o-field generated by the
sequence (Xy)p_,. for m < n. The source is called mizing if there exists a
bounded function ¥(g) such that, for all m,g > 1 and any two elements of the
o-field (events) A € 7" and B € F7, , the following holds:

(1 =14(9))P(A)P(B) < P(AB) < (1+14(g))P(A)P(B). (1.4)
If, in addition, limg_,o 1¥(g) = 0 then the source is called strongly mixing.

In words, the model (MX) postulates that the dependency between (Xj)i
and (Xy)72,, 1, gets weaker and weaker as g becomes larger (note that when
the sequence (X}) is independent and identically distributed (i.i.d.) we have
P(AB) = P(A)P(B)). The degree of dependency is characterized by 1(g). A
weaker mixing condition, namely ¢-mizing, is defined as follows:

—o(g9) < P(B|A) — P(B) < ¢(9),  P(4) >0, (1.5)

provided that ¢(g) — 0 as ¢ — oo. In general, strong ¢-mixing implies the
¢-mixing condition but not vice versa.
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1.2. Probabilistic tools

In this section, we briefly review some probabilistic tools used throughout the
book. We will concentrate on the different types of stochastic convergence.

The first type of convergence of a sequence of random variables is known as
convergence in probability. The sequence X,, converges to a random variable X
in probability, denoted X,, — X (pr.) or an—T>X, if, for any € > 0,

lim P(|X, - X|<e)=1.
n—o0

It is known that if X,, 2 X then f(X,) 2 f(X) provided that f is a continuous
function (see Billingsley (1968)).

Note that convergence in probability does not say that the difference between
X, and X becomes very small. What converges here is the probability that the
difference between X,, and X becomes very small. It is, therefore, possible,
although unlikely, for X,, and X to differ by a significant amount and for such
differences to occur infinitely often. A stronger kind of convergence that does
not allow such behavior is almost sure convergence or strong convergence. This
convergence ensures that the set of sample points for which X,, does not converge
to X has probability zero. In other words, a sequence of random variables X,

converges to a random variable X almost surely, denoted X,, — X a.s. or

X,“30X i, for any & > 0,

lim P(sup | X, — X|<¢e)=1.
N —o00 n>N

From this formulation of almost sure convergence, it is clear that if X,, — X
(a.s.), the probability of infinitely many large differences between X,, and X is
zero. As the term “strong” implies, almost sure convergence implies convergence
in probability.

A simple sufficient condition for almost sure convergence can be inferred from
the Borel-Cantelli lemma, presented below.

Lemma 1.2.1 (Borel-Cantelli). If > 0° P(|X, — X| > ) < oo for every
>0 then X,, 3 X.

Proof. This follows directly from the following chain of relationships:

P(sup | X, — X]| zg) =P| |J X =X[>e| <> P(Xp—X|>¢e) 0.
n2N n>N >N
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The inequality above is a consequence of the fact that the probability of a union
of events is smaller than the sum of the probability of the events (see Boole’s
or the union inequality below). The last convergence is a consequence of our
assumption that >~ P(|X,, — X| > ¢) < o0. [

A third type of convergence is defined on distribution functions F,(x). The
sequence of random variables X,, converges in distribution or converges in law
to the random variable X, this convergence being denoted as X, 4 x , if

lim F,(z) = F(x) (1.6)

n—oo

for each point of continuity of F'(z). In Billingsley (1968) it was proved that the
above definition is equivalent to the following: X, 4 x if

lim E[f(X,)] = E[f(X)] (1.7)
n—oo
for all bounded continuous functions f.
The next type of convergence is convergence in mean of order p or conver-
gence in LP, which postulates that E[|X,, — X|P] — 0 as n — co. We write this

type of convergence as X, L x. Finally, we introduce convergence in moments
for which lim,,_,o E[X?] = E[X?] for any p > 1.
We now describe the relationships (implications) between the various types

of convergence. The reader is referred to Billingsley (1968) for a proof.

Theorem 1.2.2. We have the following implications:

X, X = X, 5 X, (1.8)
X, %x = x,%x (1.9)
X, B x = X, % x, (1.10)
X, %x =  EX?7-E[X. (1.11)

No other implications hold in general.

It is easy to devise an example showing that convergence in probability does
not imply convergence in mean (e.g., take X,, = n with probability 1/n and X,, =
0 with probability 1 —1/n). To obtain convergence in mean from convergence in
probability one needs somewhat stronger conditions. For example, if | X,,| <Y
and E[Y] < oo then, by the dominated convergence theorem, we know that
convergence in probability implies convergence in mean. To generalize, one
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introduces so-called uniform integrability. It is said that a sequence {X,,, n > 1}
is uniformly integrable if
supE [| X, |[I(| X,| > a)] = 0 (1.12)
n>1

when a — oo; here I(B) is the indicator function, equal to 1 if A holds and 0
otherwise. The above is equivalent to

lim sup/ xdF,(x) = 0.
|z|>a

a—r 00 n>1

Then the following is true, as shown in Billingsley (1968): if X,, is uniformly

integrable then X, X implies that X, L—1> X.

In the probabilistic analysis of algorithms, inequalities are very useful for
establishing these stochastic convergences. We review now some inequalities
used in the book.

Boole’s or the union inequality. For any set of events Ay,..., A, the fol-
lowing is true:
P(A;UAU---UA,) < P(A1) + P(A2) + -+ -+ P(4,). (1.13)

The proof follows from iterative applications of P(A4, U A3) < P(A1) + P(As),
which is obvious.

Markov’s inequality. For a nonnegative function g(-) and a random variable
X,

P(g(x) > 1) < HO) (1.14)
holds for any ¢ > 0. Indeed, we have the following chain of obvious inequalities:
E[g(X)] > E[g(X)I(9(X) > t)] = tE[I(9(X) > )] = tP(g(X) > 1),

where we recall that I(A) is the indicator function of event A.

Chebyshev’s inequality. If one replaces g(X) by |X — E[X]|? and ¢ by #? in
Markov’s inequality then we have

Var[X]

P(X - EIX]| 2 0) < ~5,

(1.15)

which is known as Chebyshev’s inequality.

Schwarz’s inequality (also called the Cauchy—Schwarz inequality). Let X
and Y be such that E[X?] < co and E[Y?] < co. Then

E[XY[? < B[X?E[Y?], (1.16)
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where throughout the book we shall write E[X]? = (E[X])%.

Jensen’s inequality. Let f(:) be a downward convex function, that is, for
Ae(0,1)

M(@)+ 1 =Nf(y) = fAz + (1= Ay).
Then

FEX]) <E[f(X)]; (1.17)

equality holds when f(-) is a linear function.
Minkowski’s inequality. If E[|X|P] < oo, and E[|[Y|?] < oo then E[|X +
Y|P < o0 and

E[|X +Y[]V? < E[| X "]V + E[]Y|P]'/7 (1.18)
for 1 <p < oo.

Inequality on means. Let (p1,p2,...,pn) be a probability vector such that
Sor pi =1and (a1,as,...,a,) any vector of positive numbers. The mean of
order b# 0 (—oo < b < 00) is defined as

N 1/b
M, (b) := <Zpia2’> .

The inequality on means asserts that M, (b) is a nondecreasing function of b
r<s = My(r) < M,(s); (1.19)

equality holds if and only if a; = a2 = - - - = a,,. Furthermore, we have Hilbert’s
inequality on means which states that

blim M, (b) = min{as,...,an}, (1.20)
——00
lim M, (b) = max{ay,...,an}. (1.21)
b—oo

First and second moment methods. In establishing convergence in proba-
bility, the following two inequalities are of particular interest:
(i) First moment method. For a nonnegative integer random variable X, the
following holds:

P(X >0) < E[X]; (1.22)

this is obvious by the definition of the expectation and the discreteness of X.
(i) Second moment method. For a nonnegative discrete random variable X, the
following holds:

P(X > 0) > (1.23)
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To see this we apply Schwarz’s inequality (II6), to obtain

E[X]* = E[[(X # 0)X]* < E[[(X # 0)|E[X?] = P(X # 0)E[X?],
from which the inequality (I23) follows.
Chernov’s bound. Let S,, = X7 +---+ X,,. Then

P(Sp > x} < min {e M E[e5]) (1.24)
>

provided that the right-hand side exists for some A > 0.

Hoeffding and Azuma inequality. Let S,, = X; + - --+ X, for independent

X; such that a; < X; < b; for some constants a;, b; for 1 < i <n. Then
222 >

(b1 —a1)?+ -+ (bn —an)? )’

A more in depth discussion of large deviation inequalities can be found in Buck-

lew (1990), Dembo and Zeitouni (1993), Durrett (1991), Janson (2004) and
Szpankowski (2001).

P(|Sp] > x) < 2exp (— (1.25)

Berry—Esseen inequality. When deriving the generating functions of discrete
structures, we often obtain an error term. To translate such an analytic error
term into a distribution error term, we often use the Cauchy estimate. In some
situations, however, the following estimate of Berry and Esseen is very useful.
The proof can be found in Durrett (1991) or Feller (1971). We write ||| f]||co :=

sup, | f ().

Lemma 1.2.3 (Berry—Esseen inequality). Let F' and G be distribution func-
tions with characteristic functions ¢p(t) and ¢g(t). Assume that G has a
bounded derivative. Then

1 T
IIF = Glllso < —/
)T

for any T > 0.

24 16"l
dt + ———— 1.2
t—" 7 (1.26)

¢r(t) — da(t) ‘
t

This inequality is used to derive Hwang’s power law Hwang (1994, 1996)
which we quote below.

Theorem 1.2.4 (Hwang, 1994). Assume that the moment generating functions
M, (s) = E[e**»] of a sequence of random variables X,, are analytic in the disk
|s| < p for some p > 0 and satisfy there the expansion

M, (s) = ePnU+V () (1 +0 (i)) (1.27)

Kn
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for Bp, kn — 00 as n — oo, where U(s),V(s) are analytic in |s| < p. Assume
also that U"(0) # 0. Then

E[X,] = 8,U'(0) + V'(0) + O(r, "), (1.28)
Var[X,] = 8,U"(0) + V" (0) + O(x, 1) (1.29)

and, for any fixed x,

X =BV -\ gy oLy L
P( 070 gx>_<1>( )+O(nn+¢ﬁ_n)’ (1.30)

where ®(x) is the distribution function of the standard normal distribution.

1.3. Generating functions and analytic tools

In this book we systematically view generating functions as analytic complex
functions. Here, we briefly review some often used facts. The reader is referred to
Flajolet and Sedgewick (2009) and Szpankowski (2001) for a detailed discussion;
the book by Henrici (1997) is a good source of knowledge about complex analysis.

The generating function of a sequence {an }n>0 (€.g., representing the size of
the objects belonging to a certain class) is defined as

A(z) = Z anz",

n>0

where the meaning of z is explained below. In this formal power series we are
assuming that A(z) is an algebraic object, more precisely, that the set of such
formal power series forms a ring. In this case z does not take any particular
value, but one can identify the coefficient at z". Moreover, we can manipulate
formal power series to discover new identities and establish recurrences and exact
formulas for the coefficients. The convergence of A(z) is not an issue.

In the analytic theory of generating functions, we assume that z is a complex
number, and the issue of convergence is now pivotal. In fact, the singularity
points of A(z) (i.e., points where A(z) is not defined) determine the asymptotics
of the coefficients.

Convergence issues are addressed by the Hadamard theorem.

Theorem 1.3.1 (Hadamard). There exists a number 0 < R < oo such that
the series A(z) converges for |z| < R and diverges for |z| > R. The radius of
convergence R can be expressed as

R= ! : (1.31)

lim sup,,_, o, |an

1
n
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where by convention 1/0 = 0o and 1/oc = 0. The function A(z) is analytic for
|z] < R.

For our purposes it is more important to find the coefficient of A(z) at z",
which we write as

an = [2"A(z2).

Cauchy’s theorem allows us to compute the coefficient at z™ as a complex inte-
gral. If A(z) is analytic in the vicinity of z = 0 then

an = [2"A(2) = — j{A(z)dz (1.32)

2w f ol

where the integral is around any simple curve (contour) encircling z = 0. Indeed,
since A(z) is analytic at z = 0 it has a convergent series representation

A(z) = Z apz".

k>0

Thus

A
% Zn(fz dz = Z ag }{z*(”ﬂfk)dz = 2miay,,

k>0

where the last equality follows from

2y — ! 6727ri(n71)dt _ 211 forn=1
0 0 otherwise.

The interchange of the integral and sum above is justified since the series con-
verges uniformly.

Finally, we should mention that Cauchy’s formula is often used to establish
a bound on the coefficients a,,. Let

M(R) = max |A(2).

Then for all n >0
M(R)
R»
which follows immediately from (L32]) and a trivial majorization under the in-
tegral.
In most cases, the Cauchy integral (L32) is computed through the Cauchy
residue theorem, which we discuss next. The residue of f(z) at a point a is the

lan| < (1.33)
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coefficient at (z — a)™! in the Laurent expansion of f(z) around a, and it is
written as

Res[f(2); = =a] == fo1 = lim (= — a) /().

There are many rules to evaluate the residues of simple poles and the reader can
find them in any standard book on complex analysis (e.g., Henrici (1997)). For
example, if f(z) and g(z) are analytic around z = a, then

es M'z:a:f(a) a) = "(a ;
Res | D5 —a] = L =0 gz s
if g(z) is not analytic at z = a then

Res[f(2)g(z); 2z = a] = f(a) Res[g(2); z = al. (1.35)

Evaluating the residues of multiple poles is much more computationally in-
volved. Actually, the easiest way is to use the series command in MAPLE,
which produces a series development of a function. The residue is simply the
coefficient at (z —a)~!.

Residues are very important in evaluating contour integrals such as the

Cauchy integral (I32]).

Theorem 1.3.2 (Cauchy residue theorem). If f(z) is analytic within and on
the boundary of a simple closed curve C except at a finite number of poles
a1, as,...,ay within C having residues Res[f(z); z = a1],...,Res[f(z); z = an],
respectively, then

1

2mi

/cf(z)dz = ZRes[f(z); z = ajl,

where the curve C is traversed counterclockwise. Also, the following holds

F® () = & }{(ﬂﬂ (1.36)

T omi ) (w— 2)kt]
where f*)(2) is the kth derivative of f(z).

Sketch of proof. Let us assume there is only one pole at z = a. Since f(z) is
meromorphic, it has a Laurent expansion, which after integration over C leads
to

/cf(Z)dZ:;fn/c(z_a)ndz—i_f_l/c% = 27i Res[f(z),z = al,

since the first integral is zero. [ |
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1.4. Special functions

Throughout this book we will often make use of special functions such as the
Euler gamma function I'(z) and the Riemann zeta function ((z). We briefly
review some properties of these functions.

1.4.1. Euler’s gamma function

A desire to generalize n! to the complex plane led Euler to introduce one of
the most useful special functions, namely, the gamma function. It is defined as
follows:

I(z) = /000 t*"le7tdt,  R(z) > 0. (1.37)

To see that the above integral generalizes n!, let us integrate it by parts. We
obtain

L(z+1)=— /OOO t*d (e7") = 2I'(z). (1.38)

Observe now that I'(1) = 1, and so I'(n + 1) = n! for natural n, as desired.

To analytically extend I'(z) to the whole complex plane, we first extend the
definition to —1 < R(z) < 0 by considering (I38) and writing

r 1
[(z) = M7 ~1<R(z) <0.
z
Since I'(z + 1) is well defined for —1 < £(z) < 0 (indeed, R(z + 1) > 0), we can
enlarge the region of definition to the strip —1 < $(z) < 0. However, at z =0
there is a pole whose residue is easy to evaluate; that is,
F M = = 1. F = 1
Res['(z); z = 0] lim 2 (2)

In general, let us assume that we have already defined I'(z) up to the strip
—n < R(z) < —n + 1. Then, extension to —n — 1 < R(z) < —n is obtained as

_ Tlz+n+1)
I(z) = 2(z+ 1) (z+n)
The residue at z = —n becomes
Res[['(z);z = —n] = lim (2 +n)[(z) = (=L" (1.39)

z——n n!

foralln=0,1,...
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Closely related to the gamma function is the beta function, defined as

B(w,z) = /1 t N1 =) tdt,  R(w) >0 and R(z) > 0. (1.40)
0
It is easy to see that
B(w,z) = % (1.41)

In many applications Stirling’s asymptotic formula for n! proves to be ex-
tremely useful. Not surprisingly, then, the same is true for the asymptotic
expansion of the gamma function. It can be proved that

1 1
T — /2 z—1/2 —=z 1 - .
(2) = Vama™""e ( T Tagse T )

for z — oo when |arg(z)| < .
Finally, when bounding the gamma function along the imaginary axis it is
useful to know the following estimate:

IT(x + iy)| ~ V2r|y|*~ Y2 ™W/2  as  |y| = +o0 (1.42)

for any real x and y.

Psi function. The derivative of the logarithm of the gamma function
plays an important role in the theory and applications of special functions. It is
known as the psi function and is thus defined as

0(2) = L () = 11:/((;).

dz

The following can be proved:

> 1 1
w(2)7+zo<n+1z+n)a 27&07*17*27"' (143)

From the above, we conclude that the psi function possesses simple poles at all
nonpositive integers and that

Res[p(z);z = —n] = lim (z +n)Y(z) = -1, neN. (1.44)

zZ—>—n

Laurent’s expansions. As we observed above, the gamma function and the
psi function have simple poles at all nonpositive integers. Thus one can expand
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these functions around z = —n using a Laurent series. The following is known
(cf. Temme (1996)):

e a
I'(z) = PR P +¢(n+1) (1.45)
5 tn) (7273492 + 1)~ (n+ 1) +O((z +n)),
oo k
P(z) = Z:Lln +Y(m+1)+ Z <(_1)ng(n) + Z@k> (z+ ”)k’l,(1.46)
k=2 =1

where ((z) is the Riemann zeta function defined in (LZ49) below. In particular,

I(z) = % 14 0(2), (1.47)

I(z) = 2111 +7—1+0(z +1). (1.48)

We shall use these expansions quite often in this book.

1.4.2. Riemann’s zeta function

The Riemann zeta function ((z) is a fascinating special function, which still hides
from us some beautiful properties (e.g., the Riemann conjecture concerning the
zeros of ((z)). We will uncover merely the tip of the iceberg. The reader is
referred to Titchmarsh and Heath-Brown (1988) for a more in-depth discussion.
The Riemann zeta function is defined as

—, R(z) > 1. (1.49)

The generalized zeta function ((z,a) (also known as the Hurwitz zeta function)
is defined as

> 1
((z,a) = —_—, R(z) > 1,
0= oo )

where a # 0,—1,—2,... is a constant. It is evident that {(z,1) = {(z).
We know that ((z) has only one pole at z = 1. It can be proved that its
Laurent series around z =1 is

© Nk
((z) = - i S+ %(z — 1)k, (1.50)
k=0
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where the 4 are the so-called Stieltjes constants for & > 0:

. " ki WFtim
= lim _— = .
Tk m—o0 P 7 k+1

In particular, 79 = v = 0.577215.. . .is the Euler constant, and v; = —0.072815. ..
From the above we conclude that

Res[¢(z);z =1] = 1.

We shall use the ¢ function often in this book.

1.5. Exercises

1.1 Prove that the (k + 1)th moment of a discrete nonnegative random
variable X is given by

k
EX =Y P(X >m) Y (m+1)"m,
0

m>0 i=

and, in particular, that

E[X]= > P(X>m).
m>0
1.2 Prove the following result: if X,, is a sequence of nonnegative random
5 1
variables such that X,, “3 X and E[X,] — E[X] then X,, Lox.

1.3 Prove that if X,, % X then f(X,) 2 f(X) provided that f is a contin-
uous function.

1.4 Let X = Xy + --- + X, where the X; are binary random variables.

Prove that "
E[X]]
PX>0)>)Y ———2
(X>00=2 gr7e =1
Jj=1
1.5 Prove the following inequality, known as the fourth moment method:
E[X2]3/2
E[|X[] > E[X472’

provided that it possesses the first four moments.
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1.6

1.7

1.8

1.9
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Extend Liouville’s theorem to polynomial functions, that is, prove that
if (2) is of at most polynomial growth, that is, |f(2)| < B|z|" for some
r > 0, then it is a polynomial.

Estimate the growth of the coefficients f,, = [2"]f(2) of

1

IO a a2y

Using the Weierstrass product formula for the gamma function, that is,

r == [+ 2) ).

prove the expansion ([L43) of the psi function

> 1 1

Prove the following asymptotic expansion for (b — a) > 0 (see Temme
(1996)):

I'(z+a) La—b (b—a+mn) 1
I‘(iw ch Th—a) as z — 00 (1.51)
where . e ()
e =(—1) — a0

and B,(lw)(:c) are the so-called generalized Bernoulli polynomials defined

as
w 00 (w)
Tz < _ B" (I) n
(& (ezl) —nEZOTZ |Z| < 2.

Hint. Express the ratio I'(z + a)/T'(z 4+ b) in terms of the beta function,
that is, write

I'(z4+a) B(z+a,b—a)

I'(z+b)  T(b—a)
Then use the integral representation of the beta function to show that

F(Z + a’) _ 1 > ubfaflefzu wdu
F(z+b)F(b—a)/0 flu)du,

flu) = e (1 — e—u)bal |

u

where
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CHAPTER 2

Exact String Matching

In the exact string matching problem we are searching for a given pattern w =
wiws - - - Wy, of length m in a text X over an alphabet A. In the probabilistic
version of the problem, which is the subject of this book, the text X = X' =
X; .-+ X, of length n is generated by a random source. We will deal mostly with
pattern matching problems with fixed length patterns, that is, we shall assume
throughout that m = O(1). However, in Section 5.4 we analyze a version of
the problem in which the pattern length m grows with the text length n.

2.1. Formulation of the problem

There are several parameters of interest in string matching, but two stand out.
The first is the number of times that the pattern w occurs in the text X which
we denote as O,, = O, (w) and define formally by

Op(w) = ’{z X! i1 =W, mgign}‘.
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We can write O, (w) in an equivalent form as follows:
On(w) =ILn+Imy1 +--+1n (2.1)

where I; = 1 if w occurs at position ¢ and I; = 0 otherwise.
The second parameter is the waiting time T,,, defined as the first time that
w occurs in the text X; that is,

Ty :=min{n: X} . =w}.

One can also define T; as the minimum length of text in which the pattern w
occurs j times. Clearly, T, = T1. Observe the following relation between O,
and T,:

{Tw > n} ={0,(w) = 0}. (2.2)
More generally,

(T, < n} = {On(w) > j}. (2.3)

Relation (23) is called the duality principle. In fact, exact pattern matching can
be analyzed through the discrete random variable O,, or the continuous random
variable T,,. In this book we mostly concentrate on the frequency of pattern
occurrences O,,. The reader is referred to Chapter 6 of Lothaire (2005) for an
alternative approach based on Tj.

Our goal is to estimate the frequency of pattern occurrences O,, in a text
generated by memoryless or Markov sources. We allow a pattern w to overlap
when counting occurrences (e.g., if w = abab then it occurs twice in X = abababb
when overlapping is allowed, but only once if overlapping is not allowed). We
study the probabilistic behavior of O,, through two generating functions, namely

Ny(2) =Y P(On(w) =1)2",

n>0
N(z,z) = Z Ny(z)a" = Z Z P(Op(w) =1)z"a"
r=1 r=1n=0

which are defined for |z|] < 1 and |z| < 1. We note that P(O,(w) = r) is the
probability that in a text X the pattern w occurs r times.

Throughout this book we adopt a combinatorial approach to string matching,
that is, we use combinatorial calculus to find combinatorial relationships between
sets of words satisfying certain properties (i.e., languages).
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2.2. Language representation

We start our combinatorial analysis with some definitions. For any language £
we define its generating function L(z) as

L(z) = Z P(u)z",

uel

where P(u) is the stationary probability of occurrence of the word u and |ul is
the length of ull We also assume that P(e) = 1, where ¢ is the empty word.
Notice that L(z) is defined for all complex z such that |z| < 1. In addition, we
define the w-conditional generating function of L as

Ly(z) = Z P(u|w)zl"l = Z %zlu.

ueLl ueLl

Since we are allowing overlaps, the structure of the pattern w has a pro-
found impact on the number of occurrences. To capture this, we introduce the
autocorrelation language and the autocorrelation polynomial.

Given a string w, we define the autocorrelation set

S= {w;cn+1 : w’f = w;’i_kﬂh (2.4)

where m is the length of the pattern w. By P(w) we denote the set of position
numbers k > 1 satisfying wl = wy_py1- Thus if w = vu or w = ux for some
words v, z, and w then z belongs to S and |u| € P(w). Notice that € € S.
The generating function of the language S is denoted as S(z) and we call it
the autocorrelation polynomial. Tts w-conditional generating function is denoted
Sw(z). In particular, for Markov sources of order 1,

Sulz)= Y Pl luf) (2.5)
keP(w)

Before we proceed, let us present a simple example illustrating the definitions
introduced so far.

Example 2.2.1. Let us assume that w = aba over a binary alphabet A =
{a,b}. Observe that P(w) = {1,3} and & = {e,ba}. Thus, for an unbiased
memoryless source we have S(z) = 1+ 22/4, while for the Markov model of
order 1 we obtain Supe(2) = 1+ P(wi = ba|w; = a)z® = 1 + papppaz. [ ]

'We use | - | for both the cardinality of a set and the length of a pattern, but this should
not lead to any confusion.
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Our goal is to estimate the number of pattern occurrences in a text. Alter-
natively, we can seek the generating function of a language that consists of all
words containing certain occurrences of a pattern w. Given the pattern w, we
introduce the following languages:

(i) T, a set of words each containing exactly r occurrences of w;

(ii) the “right” language R, a set of words containing only one occurrence of
w, located at the right-hand end of the word;

(iii) the “ultimate” language U, defined as
U={u: wueT} (2.6)

that is, a word u belongs to U if wu has exactly one occurrence of w, at
the left-hand end of wu;

(iv) the “minimal” language M, defined as
M={v: wv € Ty, ie., woccurs at the right-hand end of wv},

that is, M is a language such that any word in wM has exactly two
occurrences of w, at the left-hand and right-hand ends. Here w - M means
that the pattern w is concatenated with all possible words of the language

MB

Example 2.2.2. Let A = {a,b} and w = abab. Then v = aaabab € R (see
(ii) above) since there is only one occurrence of w, at the right-hand end of
v. Also, u = bbbb € U (see (iii) above) since wu has only one occurrence of
w at the left-hand end; but v = abbbb ¢ U since wv = abababbbb has two
occurrences of w. Furthermore, ab € M (see (iv) above) since wab = ababab € T
has two occurrences of w, at the left-hand and the right-hand ends. Finally,
t = bbabababbbababbb € T3, and one observes that ¢t = vmimsu where v =
bbabab € R, my1 = ab € M, mg = bbabab € M, and u = bb € U. |

We now describe the languages 7, and 7>1 = (J,~; 7 (the sets of words
containing exactly r and at least one occurrence of w) in terms of R, M, and
U. Recall that M" denotes the concatenation of r languages M and M = {e}.
Also, we have that MT = U,>1 M" and M* = U,>oM".

2We mostly write wu when concatenating two words w and u but we will use - to represent
the concatenation between a word and a language or languages (e.g., w - M).
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Theorem 2.2.3. The languages T, for v > 1 and T>1 satisfy the relation

T, =R-M""'.U, (2.7)
and therefore
To1=R-M"-U. (2.8)
In addition, we have
To-w=R-S. (2.9)

Proof. To prove ([27)), we obtain the decomposition of 7, as follows. The first
occurrence of the pattern w in a word belonging to 7,. determines a prefix p € 7.
that is in R. After concatenating a nonempty word v we create the second
occurrence of w provided that v € M. This process is repeated r — 1 times.
Finally, after the last w occurrence we add a suffix u that does not create a new
occurrence of w, that is, wu is such that v € Y. Clearly, a word belongs to 7>
if for some 1 < r < oo it is in 7. The derivation of (2] is left to the reader as
Exercise [2.3] at the end of the chapter. [ |

Example 2.2.4. Let w = T AT. The following word belongs to the language
Ts:

R u
—~— —~
CCTAT AT GATAT GGA
S —
M M
as is easy to check. [ |

We now prove the following result, which summarizes the relationships be-
tween the languages R, M, and U.

Theorem 2.2.5. The languages M, R, and U satisfy

M* = A" w4+ 8, (2.10)
U-A=M+U —{c}, (2.11)
w-M-—g)=A-R-TR. (2.12)

Proof. We first deal with (2I0). Clearly, A*w contains at least one occurrence
of w on the right, hence A* - w C M*. Furthermore, a word v in M* is not in
A* -w if and only if its size |v]| is smaller than |w]| (e.g., consider v = ab € M for
w = abab). Then the second w occurrence in wv overlaps with w, which means
that v isin S.

Let us turn now to (ZI0). When one adds a character a € A directly after a
word u from U, two cases may occur. Either wua still does not contain a second
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occurrence of w (which means that ua is a nonempty word of &) or a new w
appears, clearly at the right-hand end. Hence Y - A C M + U — . Now let
v € M — ¢; then by definition wv € To CUA — U, which proves ([ZIT]).

We now prove [Z12). Let z = av, where a € A, be a word in w- (M —¢). As
x contains exactly two occurrences of w, located at its left-hand and right-hand
ends, visin R and z isin A-R — R; hence w- (M —¢e) C A-R —R. To prove
that A- R —R C w- (M — ¢), we take a word avw from A - R that is not in
R. Then avw contains a second w-occurrence starting in av. As vw is in R, its
only possible position is at the left-hand end, and so  must be in w - (M —¢).

This proves [212)). |

2.3. Generating functions

The next step is to translate the relationships between languages into the as-
sociated generating functions. Therefore, we must now select the probabilistic
model according to which the text is generated. We will derive results for a
Markov model of order 1. We adopt the following notation. To extract a partic-
ular element, say with index (¢, 7), from a matrix P, we shall write [P]; ; = p; ;.
We recall that we have (I —P)~! = 3", P*, where I is the identity matrix,
provided that || P ||< 1, for a matrix norm || - ||. We also write II for the station-
ary matrix that consists of |.4] identical rows given by . By Z we denote the
fundamental matriz Z = (I — (P — II))~!. Finally, for Markov sources of order
1, we often use the following obvious identity:

P(u) = P(ujug -+ - um) = P(ur)P(ug - - - umlur) = 7y, P(ug - - upmjur)  (2.13)

for any u € A™.

The next lemma translates the language relationships (ZI0)—(Z12) into the
generating functions M,,(z), Uy(z), and R(z) of the languages M, U, and R
(we recall that the first two generating function are conditioned on w appearing
just before any word from M and U). We define a function

F(z) = — do@ -1t =

Twy n>0

1

T w,

(P =TT~ (P = TD)2) " Ju,un

W, W1

(2.14)
for |z| <|| P—1II||~!, where mr,, is the stationary probability of the first symbol
wy of w. For memoryless sources F(z) = 0.
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Lemma 2.3.1. For stationary Markov sources (of order 1), the generating
functions associated with the languages M,U, and R satisfy

% = Sy(2) + P(w)e™ (1# 4+ P )) (2.15)
U (z) = % (2.16)
R(z) = P(w)z™ - Uy(2), (2.17)

provided that the underlying Markov chain is aperiodic and ergodic. If the source
is memoryless then F(z) = 0.

Proof. We first prove ([2I6). Let us consider the language relationship (Z.1TI),
which we rewrite as U - A —U = M —¢. Observe that ), _ , papz = 2. Hence,
the set U - A yields (conditioning on the left-hand end occurrence of w)

Z Z P(ublw)z" = Z Z P(u|w)z¥ Zpabz =Uy(2)z

uweU be A aCAuelU L(u)=a be A

where ¢(u) denotes the last symbol of the word u. Of course, M — & and U
translate into M, (z) — 1 and U, (=), and (ZI6) is proved.

We now turn our attention to (ZI7) and use the relationship ZI2]), w- M —
w=A-R—"R. In order to compute the conditional generating function of 4-R
we proceed as follows:

Z Z P(abv) Zlabol — ;2 Z Zﬂ'apab Z P(v|v_q = zlv

abe A% buveER acAbeA bweR

Owing to the stationarity of the underlying Markov chain, )" mopap = 7p. As
mp P(v|v_1 = b) = P(bv), we get zR(z). Furthermore, w - M — w translates into
P(w)z™(My(z) — 1). Then by ([2I6]), proved above, we have

P(w)z"Uy(2)(z — 1) = P(w)z" (My(z) — 1),

which after simplification leads to (Z.I7]).

Finally, we deal with ([2XI8) and prove it using (ZI0). The left-hand side of
(ZI0)) involves the language M, hence we must condition on the left-hand end
occurrence of w. In particular, |J,~,; M" + ¢ of (ZI0) translates into 1/(1 —
My (2)). Now we deal with the term A* - w on the right-hand side of (ZI0),
which we use in the form

w-M=w- A" w+w-S.
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Thus, conditioning on the left-hand end occurrence of w, the generating function
Ay (z) of A* - w is given by

Aw(z) = Z Z 2" P(uwlu_y = wy,)

n>0 |u|=n

= Z Z 2" P(uwi|u—1 = wy,)P(wg -« - wy, |wy) 2™

n>0 |u|=n

We have P(wg - - - Wy, |wy) = P(w)/my, and, for n > 0:

Z P(uw1|u_1 = wm) = [Pn+1]wm,w1

|ul=n

where, we recall, w,, is the last character of w. In summary, the language
A*-w contributes P(w)z™ [7‘%1 2 n>0 P”“z”} while the language S —{¢}

Wm , W1
contributes S, (2) — 1. Using the equality P! —II = (P — IT)"*! (which follows
from consecutive applications of the identity ITP = PII = II) and observing,
that for any symbols a and b,

1 n " 1
ﬂ_—bZHz :Zz :1_2,

n>0 n>0
ab

we obtain the sum in ([2I5) and complete the proof of the lemma. |

Lemma 2311 together with Theorem [2.2.3] suffices to derive the generating
functions N,(z) and N(z,z) from Section 2J]in an explicit form.

Theorem 2.3.2. Let w be a given pattern of size m and X be a random text
of length n generated according to a stationary Markov chain with transition
probability matriz P. Define

Du(2) = (1 — 2)Su(2) + 2™ P(w)(1 + (1 — 2)F(2)). (2.18)
Then
No(z) = - Ifiz) = gz(é)) (2.19)
Ny(2) = R(z)My, ' (2)Uu(2),  r>1, (2.20)
N(z,z) = R(z)#ﬂwuﬂ(z), (2.21)
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where
My (z) =1+ ;:(21) : (2.22)
Uw(2) = le(z), (2.23)
R() = 2™ P(w) le(z). (2.24)
We recall that for memoryless sources F(z) = 0, and hence
D(z) =(1—-2)S(z) + 2™ P(w). (2.25)

Proof. We only need to comment on the derivation of Ny(z) since the rest follows
directly from our previous results. Observe that

No(z) =Y P(On=0)z"= Y (1-P(0, >0))2" = - > Ne(2);
n>0 n>0 r=1
from thus the first expression follows (220)). The second expression is a direct
translation of 7o w = R - A (see [29)), which reads Ny(z)P(w)z™ = R(z)Sw(2)
in terms of the corresponding generating functions. |

Memoryless source. For a memoryless source F(z) = 0, and therefore D(z) =
(1—2)S(2)+2"P(w). Note that conditioning on w is not necessary. Thus, from

Section [Z.1]

2™P(w)x
D(2)[D(z) —x(D(2) + 2z — 1)]

In N(z,z) we have summed from r = 1. If we set N(z,z) = N(z,2) + No(z)
then

N(z,z) =

o B v+ (1 -2)5(2)
M = @ 250 o) + P a)

(2.26)

2.4. Moments

In the previous section we derived explicit formulas for the generating functions
N(z,z) = Y, 5o E[29"]z" and N,(z). These formulas can be used to obtain
explicit and asymptotic expressions for the moments of O,,, the central limit
theorem, large deviation results, and the Poisson law. We start with derivations
of the mean and the variance of O,,.
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Theorem 2.4.1. Under the assumptions of Theorem[Z.3.2 one has, for n > m,

E[O,(w)] = P(w)(n —m+1) (2.27)
and
Var[O,, (w)] = ney + 2+ O(R™™), for R>1, (2.28)
where
1 = Pw)(2S,(1) —1—(2m — 1)P(w) + 2P(w)EY)), (2.29)
ca = P(w)((m —1)(3m — 1)P(w) — (m — 1)(2S,(1) — 1) — 28,,(1))
—2(2m — 1)P(w)?Ey + 2B, P(w)? (2.30)

and the constants Fq, Es are given by

1 1
T [(P - H)Z]wm,wu Ey = T, [(P2 - H)ZQ]wm,wl

B, =

with, as we recall, Z = (I — (P —1I)) .

Proof. Notice that first moment estimate can be derived directly from the def-
inition of the stationary probability of w. In order to obtain the higher mo-
ments we will use analytic tools applied to generating functions. We can com-
pute the first two moments of O,, from N(z,x) since E[O,] = [z"]N;(#,1) and
E[On(N,, — 1)] = [2"]Ngs(z,1) where Ny(z,1) and Ny, (z,1) are the first and
second derivatives of N (z, z) with respect to the variable = at (z,1). By Theorem
we find that

2™ P(w
N;c(zv 1) = ma
NP ATTHETE

Now we observe that both expressions admit as a numerator a function that is
analytic beyond the unit circle. Furthermore, for a positive integer k > 0,

n & (n+k-1\  T(n+k)
== () - mren =3

where I'(x) is the Euler gamma function. We find that for n > m,
E[O,] = ["|Nu(2,1) = P(w)[""](1 = 2)72 = (n— m + 1) P(w).
In order to estimate the variance we introduce

D(z) = 22" P(w) My (2)Dy(2),
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and observe that
z—1)2 )
P(z) =0(1) + (2 — 1)9'(1) + %@”(1) +(z = 1)3f(2), (2.32)

where f(z) is the remainder of the Taylor expansion of ®(z) up to order 3 at
z = 1. Hence, by [231]) we arrive at

(n+2)(n+1)

5 -9’ (1)(n+1)+ lcI>”(1).

E[O0, (0, —1)] = [z"]Nzz(z,1) = ®(1) 5

However, M, (2)Dy(2) = Dy (2) + (1 — 2), which is easy to evaluate except for
the term

n

222mP(w)?F(z)
1=z 7
where F(z), defined in (ZI4)), is analytic beyond the unit circle for |z| < R,

with R > 1. Then the first two terms in the Taylor expansion of F(z) are
Ey + (1 — 2)Es, and applying (Z3T]) yields the result. |

[z

Memoryless source. For memoryless sources P = II, so £} = E5 = 0 and
([228) vanishes for n > 2m—1, since ®(z) and thus f(2) in (Z32]) are polynomials
of degree 2m — 2 and [2"](z — 1)f(2) is O for n > 2m — 1. Thus

Var[O,(w)] = ney + ¢z (2.33)
with

1 = Pw)(25(1) —1— (2m — 1)P(w)),
co = P(w)((m —1)(3m — 1)P(w) — (m — 1)(25(1) — 1) — 25’(1)).

In passing we mention again that from the generating function N(z,z) we
can compute all moments of O,,.

2.5. Limit laws

In this section we estimate asymptotically P(O,(w) = r) for various ranges
of r, including small » = O(1), the central law regime r = E[O,,] + {Var[O,,]
for fixed £, and large deviation regime r = (1 + §)E[O,,)] for some § > 0 (see
Theorems 2571 253 and 25.4). These laws are derived under the assumption
that the given pattern w is of fixed length m, that is, E[O,] = nP(w) — o
if n = oco. In fact, we assume m = O(1). When E[O,] = nP(w) = O(1)
the Gaussian law cannot hold, and one enters the rare events regime, which we
discuss in the next section.
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2.5.1. Pattern count probability for small values of r

In this subsection we estimate the asymptotic probability P(O,, = r) when the
number of times that the pattern of interest occurs in a text, r, is fixed and
small.

Theorem 2.5.1. Assume that m = O(1). For a Markov source, let p, be
the root of Dy(z) = 0 having the smallest modulus and multiplicity 1 (see
Lemma below). Then p,, is real and such that p,, > 1, and there exists
p > py Such that, for fired r > 1,

r+1
POuw) =) = 3 ;" o ol e
j=1
where o
mp -1
Qr41 = P (w) (pw 7«+1) (235)
(D7, (pw))
and the remaining coefficients can be computed according to
= — tim (N - pa) ) (2.36)
T (r 41— ) aopw dzr i
with j =1,2,...,r. Forr =0 we have
S(pw) _
P(Op(w) = 0) = ———%p ("D 1 O(p" 2.37
(On(w) =0) D (o) (") (2.37)

where p > py; Np(2) and Sy (z) are given by (220) and (22).

In order to prove Theorem 5.0l we need the following simple result.

Lemma 2.5.2. The equation D,,(z) = 0 has at least one root, and all its roots
are of modulus greater than 1.

Proof. The singularities of D, (z) = (1 — 2)/(1 — My(z)) are clearly poles of
1/(1 = My(2)). As 1/(1 — M, (z)) is the generating function of the language
M* it converges for |z| < 1 and has no pole of modulus smaller than 1. Since
D,(1) #0, z =1 is a simple pole of 1/(1 — M,(2)). As all its coefficients are
real and non negative, there is no other pole of modulus |z| = 1. It follows that
the roots of D,,(z) are all of modulus greater than 1. The existence of a root
is guaranteed since D,,(z) is either a polynomial (in the Bernoulli model) or a
ratio of polynomials (in the Markov model). |
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Proof of Theorem[2.511 We first rewrite the formula (2:20) for N, (z) as follows,
for r > 1: .
Z"P(w)(Dy(2) +2—1)""
N, () = 2Pl D;(“)(z) . (2.38)
Observe that P(O,(w) = r) is the coefficient at z™ of N,.(z). By Hadamard’s
theorem [[.3.1] the asymptotics of the coefficients of a generating function depend
on the singularities of the generating function itself. In our case the generating
function N,.(z) is a rational function, thus we can only expect poles (for which
the denominator D,,(z) vanishes). Lemma [2.5.2] above establishes the existence
and properties of such a pole. Therefore the generating function N, (z) can be
expanded around the root of D, (z) of smallest modulus. Say this root is py,.
Then the Laurent series becomes

—L 4 N.(2) (2.39)

where N,.(z) is analytic in |z| < p/ and p' is defined as p/ = inf{|p| : p >
pw and Dy, (p) = 0}. The a; satisfy (2.30). The formula (Z38)) simplifies into
235) for the leading coefficient a,y1. As a consequence of the analyticity we
have, for 1 < p, < p < p/,

ZINT(z) = O(p™).

Hence the term Nr(z) contributes only to the lower terms in the asymptotic
expansion of N, (z). After some algebra, and noting as in (Z31]) that

- = (M,

n

Theorem [Z5.1] is proved. For r = 0 we use the explicit expression (ZI9) for
No(z) and the Cauchy residue theorem to find the probability P(O,, = 0).
|

2.5.2. Central limit laws

In the next theorem we establish the central limit theorem in its strong form
(i.e., the local limit theorem). In this subsection we merely sketch the proof.
Detailed proofs for a more general case of the generalized pattern matching are
presented in Chapter @l Throughout this section we assume that nP(w) — co.
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Theorem 2.5.3. For an aperiodic and ergodic Markov source, let nP(w) —
o0o. Then

(On(w) < E[0,] 4 £y/Var[0,]) = (1+o(f)) \/g/ e /24t

(2.40)
If, in addition, p;; > 0 for alli,j € A then, for any bounded real interval B,

()

(2.41)

T

sup [P(On (1) = [B[0,] + €y/Var[0,])) — —eee 1€

€€B 27 Var(O,,)

as n — o0.

Proof. Let r = |E[O,] + £y/Var[O,]] with { = O(1). We will compute
P(Op(w) < r) (in the case of the central limit theorem) and P(O,(w) = r) (in
the case of the local limit theorem) for r = E(O,,) +£+/Var(O,,) when & = O(1).
Let v, = E[O,(w)] = (n — m + 1)P(w) and 02 = Var[O,(w)] = cin + O(1).
To establish the normality of (O, (w) — v,)/0y, it suffices, according to Lévy’s
continuity theorem, to prove the following:

2

lim e~ ™n/7n N, (e7/7n) = eT /2 (2.42)

n—oo

for complex 7 (actually, 7 = iv suffices). Again by Cauchy’s coefficient formula

1 N(z,x) zP(w)

Ony _. —
Blo™] = Nu(z) = 2mi Zntl " omi D2(2)(1 — acM (2))znti-m

dz,

where the integration is along a circle around the origin. The evaluation of this
integral is standard and appeals to the Cauchy residue theorem Namely,
we enlarge the circle of integration to a larger circle, with, say radius R > 1, such
that the larger circle contains the dominant pole of the integrand function. Since
D, (1) # 1, observe that the Cauchy integral over the larger circle is O(R™™).
Let us now substitute = e’ and z = e”. Then the poles of the integrand are

the roots of the equation
1—e'My(ef) = 0. (2.43)

This equation implicitly defines in some neighborhood of ¢t = 0 a unique C'*°
function p(t), satisfying p(0) = 0. Notably, all other roots p satisfy inf |p| = p’ >
0. The residue theorem with e” > R > e” > 1 now leads to

No(et) = C(t)e~F1=mr® L O(R™™) (2.44)
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where
Pw)

DZ, (p(t)) My, (p(1))

To study the properties of p(t), we observe that E[O,,(w)] = [t] log N, (e?) and
02 = [t?]log N,,(e'), where we recall again that [t"]f(t) denotes the coefficient
of f(t) at t". In our case v, = —np'(0) + O(1) and o2 = —np”(0) + O(1). Now,
in 244) set t = 7/0, — 0 for some complex 7. Since uniformly in ¢ we have
p(t) =tp'(0) + p"(0)t2/2 + O(t3) for t — 0, our estimate ([Z.44]) leads to

C(t)

2
— 2 (14+0(1/vn)),

which proves (Z40) without the error term. After applying the Berry-Esseen
inequality, one can derive the error term O(1/4/n). The reader is encouraged to
fill in the missing details. We will prove a more general version in Theorem [£.2.6]
of Chapter @

To establish the local limit theorem we observe that if p;; > 0 for all 4,5 € A
then p(t) > 0 for t # 0 (see Exercise 22§). In fact, we can obtain a much more
refined local limit result. Indeed, we find for z = o(n'/®),

_ _ b ey o (€
P(On - E[On] Jrg\/n_cl) - \/me <1 20:13/2\/5 (f 3 ))

2
e,ﬂ,n/gnNn(efr/an) = exp <T_ + O(n'r3/02))

where k3 is a constant. This completes the proof of Theorem 2.5.3 [ |

In the central law regime, we conclude that the normalized random vari-
able (O, — E[O,])/+/Var|[O,,] converges also in moments to the moments of the
standard normal distribution. This follows from the fact just proved, that the
normalized generating function converges to an analytic function, namely e’ /2
for 7 complex in the vicinity of zero. Since an analytic function has well-defined
derivatives, convergence in moments follows. We shall leave a formal proof to
the reader (see Exercise 2.7]).

2.5.3. Large deviations

Finally, we establish precise large deviations for O, still under the assumption
that nP(w) — oo. Large deviation results play a central role in many applica-
tions, most notably in data mining and molecular biology, since they allow one
to establish thresholds for determining over-represented and under-represented
patterns.



38 Chapter 2. Exact String Matching

Theorem 2.5.4. Assume thatm = O(1). Letr = aE[O,] with a = (1+§)P(w)
for 6 £ 0. For complex t, define p(t) to be the root of

1—e'My,(e”)=0 (2.46)
and define w, and o, by
() =a,  —p"(wa) = 2.
Then
P(On(w) = (1 + )E[0,]) ~ ! e~ (mmIDI@ . (9 47)

oo/ 2m(n—m +1)
where I(a) = aw, + p(wa) and

P(w)emp(wa)
Dw(ep(wa)) + (]_ —_ ep(wa))wa (ep(‘*)a))7

and Dy, (z) was defined in (218).
Proof. From (2:44]) we conclude that

0o = log (2.48)

log N, (¢!
lim log Nu(€') ——

n—oo n

By the Gértner—Ellis theorem we find that

i 108 P(On >na) —I(a)
n— 00 n

where
I(a) = awa + p(wa)

with w, a solution of —p'(t) = a. A stronger version of the above result is
possible and we will derive it in Chapter @l In fact, we will use (Z43]) to do this
and the “shift of mean” technique to be discussed next.

As in the local limit regime, we could use Cauchy’s formula to compute the
probability P(O,, = r) for r = E[O,] + £0(y/n), but formula ([245) is only
good for £ = O(1); we need £ = O(y/n) for large deviations. To expand its
validity we shift the mean of the generating function N, (z) to a new value, say
m =an = (14 §)P(w)(n —m + 1), so that we can again apply the local limit
theorem (Z45]) around the new mean. To accomplish this, let us rewrite (244
as

Na(e®) = C(O) g™ ™+ + O(R™)
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for any R > 0, where g(t) = e=rt), (In the derivation below, for simplicity we
will drop the O(R™™) term.) The above suggests that N, (e!) is the moment
generating function of a sum S, of n —m + 1 “almost” independent random
variables X1, ..., X;,_,+1 having moment generating function ¢(¢) and an inde-
pendent random variable Y whose moment generating function is C(t). Observe
that E(S,,) = (n —m+ 1)P(w), while we need to estimate the tail of S,, around
(14 0)(n —m + 1)P(w). To achieve this, we introduce a new random variable,

X, whose moment generating function g(t) is given by

~n gt+w)
9o = g(w)

)

vzhere w will be chosen later. Then the mean and variance of the new variable
X are

E[X] = g(w) :7/)/((*))7
G 9w (dWN
VarlX] = 00) <g<w>> =)

Let us now choose w, such that

/ 9'(wa)
—p/(wa) = L) o — P(w)(1 + )
9(wa)
(we will prove the uniqueness of this expression in the next chapter). Then the
new sum S, — Y = X3 + -+ + X;,_pmy1 has a new mean (1 + §)P(w)(n —m +
1) = a(n —m + 1), and hence we can apply to S,, — Y the local limit result
(Z43). To translate from S,, —Y to S,, we use the following simple formula (see

Exercise 2.9):
tMy ( n 9"(W) | m (g”(t—i—w))
e g'(t)) = e ), 2.49
)6 (0) = T e (S0 S (2.49)
where M = a(n —m + 1) and, as before, [e!]g(¢) denotes the coefficient of g(#)
at 2" = e’ (where z = e*). Now we can apply (245) to the right-hand side of
the above equation, to arrive at

[etM] (gM(t+w)> ~ 1
gM(w) O/ 21 (n —m +1)

To obtain the final result we must take into account the effect of Y whose moment
generating function is C(t). This leads to the replacement of a =1+ 4§ by a =
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1+ 6 + C’(0)/n, resulting in the correction term e?s = ¢€' (0 Theorem 5.4
is proved. [ |

We now illustrate the above results with an example taken from molecular
biology.

Example 2.5.5. Biologists apply the so-called Z-score and p-value to deter-
mine whether biological sequences such as DNA or protein contain a biological
signal, that is, an under-represented or over-represented pattern. A fundamental
question is how one classifies an occurrence of a pattern as significant. Here,
the term “significant” is used for observed data that are interesting, surprising,
suspicious, or perhaps most importantly, meaningful; we classify a pattern as
significant if it is unlikely to occur fortuitously, that is, in a randomly gener-
ated instance of the problem. Thus, we compare the experimental data with a
reference model, which in our case is the probabilistic model developed in this
book.
In particular, the Z-score and p-value are defined as

Var[O,, (w)]
pval(r) = P(On(w) > ).

)

The Z-score indicates by how many standard deviations the observed value
Op(w) is away from the mean. Clearly, this score makes sense only if one can
prove, as in Theorem 253 that Z satisfies (at least asymptotically) the central
limit theorem (CLT). However, the p-value is used for rare occurrences, far from
the mean, where one needs to apply large deviation results as in Theorem 2541

The ranges of validity of the Z-score and p-value are important, as illustrated
in Table 2] where results for 2008 nucleotide long fragments of A.thaliana (a
plant genome) are presented. In the table for each 9-mer the number of obser-
vations is presented in the first column followed by the large deviations prob-
ability computed from Theorem [Z5.4] and the Z-score. We observe that for
AATTGGCGG and AAGACGGTT the Z-scores are about 48 (which indicates
that these two strings have the same statistical significance) while the p-values
differ by two orders of magnitude. In fact the occurrences of these 9-mers are
very rare and therefore the Z-score is not an adequate measure. |

2.5.4. Poisson laws

In this section we will assume that E[O,] = nP(w) is small and does not grow
with n. We concentrate on the case when lim,,_,o, nP(w) = A > 0, which
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Oligomer Obs. p-val Z-sc.
(large dev.)

AATTGGCGG 2 8.059 x 10~* | 48.71
TTTGTACCA 3 4.350 x 107° | 22.96
ACGGTTCAC 3 2.265 x 107 | 55.49
AAGACGGTT 3 2.186 x 107% | 48.95
ACGACGCTT 4 1.604 x 1079 | 74.01
ACGCTTGG 4 | 5374x10719 ] 84.93
GAGAAGACG 5 0.687 x 10~1% | 151.10

Table 2.1. The Z score and the p-values of tandem repeats in A.thaliana.

leads to the compound Poisson distribution. We also analyze the case when
lim;, 00 nP(w) = 0.

Let us first review the situation. When E[O,] = nP(w) is very small, the
number of pattern occurrences tends to zero, too. Clearly, the Gaussian law can-
not hold; rather we should expect a Poisson distribution of rare events. However,
periodic patterns may overlap, introducing dependency, as we have already ob-
served. This results in a compound Poisson limit law. More precisely, we will
establish in this section that the limit law is the Polya—Aeppli distribution with
parameters A = nP(w)/S,(1) and § = (S, (1) — 1)/S,(1). The Polya-Aeppli
distribution is a convolution of the Poisson distribution PO(S\) and the shifted
geometric distribution Geom(6) that starts at 1. The Polya—Aeppli limiting dis-
tribution for the pattern counts has an easy interpretation. Occurrences come
in clumps of intensity A and size governed by a geometric distribution with pa-
rameter . We now make this more precise. The next result gives our main
findings of this section.

Theorem 2.5.6. For a Markov source (of order 1), let nP(w) — XA > 0 while
mP(w) — 0. Then the probability generating function Nyn(x) for the pattern
counts becomes, for any T in a compact set,

nP(w) xz—1

Sw(1)—1

N,(x) = exp (1+O(mP(w) + O(nP?*(w))) (2.50)

as n — 0o0. In other words, the limiting distribution of the pattern counts is the

convolution of a Poisson and a geometric distribution, that is, Po(\) x Geom(8),
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where P(w) Su(1) - 1
nP(w w(l) =1
Sul) and 0= 751”(1 ;

this constitutes the Polya—Aeppli distribution.

A=

Proof. We present here only the proof for a memoryless source. This extension
to Markov sources is left as Exercise 2111 B
The starting point is the bivariate generating function N(z,2) = N(z,z) +

No(2) = 32,50 2on>0 P(On(w=r)z"z", which is given by (2.26):

- B r4 (1 —2)S(2)
N = 50 o) + 2 P@) - )

To find the probability generating function N, (z) = E[z9(")] = [2"]|N(z,z),
we apply the Cauchy coefficient formula to yield

1 z+(1—-2)S(2) dz
Nule) = 35 f{ (1= 2)((T - 2)5() + 2) + 2 P(w)(1 — x) 271

The evaluation of this integral is standard. We apply the residue theorem, to
find that

No(z) = —Res(N(z,2)z~ Y| 2 = 25(2)) + O(R™™)

where R > 1 and zo(z) is the smallest root of the denominator of N,(z), i.e.,
the smallest root of

1-2)((1—-2)S(2) +2)+2z"Pw)(1 —x)=0.

For mP(w) — 0, we realize that this root must be close to unity; thus we define
zo(z) = 1+ e(x). Simple but tedious algebra reveals that

Plw)(1 —x)

e(x) = Tr0-250 (1+O(mP(w))).

This leads to

nP(w) x—1

_ 2
Np(z) = exp S ] gsot (1+ O(mP(w) + O(nP*(w))
S(1)
which further translates into the Polya—Aeppli distribution. [ |

The condition nP(w) = O(1) of the above theorem holds when m = O(logn),
but we can infer the limiting distribution even for nP(w) — 0, that is, when
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m grows faster than logarithmically. In this case we additionally assume that
mP(w) = o(nP(w)), hence that m grows more slowly than n. Then our estimate
(250) still holds. In view of this we conclude that

’nP(w) z—1
S() 15051 +o(nP(w)).

Np(z) =14

We can translate this into the following limiting distribution:

POu(w) = = S (21 (251)

for k > 1. In Exercise[Z.12| the reader is asked to extend (Z51) when m = ©(n).

2.6. Waiting times

We shall now discuss the waiting times 7%, and 7};, where T, = T is the first time
that the pattern w occurs in the text while 7} is the minimum length of text in
which w occurs j times. Fortunately, we do not need to rederive the generating
function of T since, as we have already indicated in [2.3)), the following duality
principle holds:

{On = j} ={T; < n}

and, in particular, {T,, > n} = {O,, = 0}. Therefore, if

T(x,2) = Z Z P(T; = n)z"a?

n>03>0
then by the duality principle we have
(1—-2)T(x,2) +2(1 — 2)N(z,z) =1,

and we can obtain T'(z, z) using N(z,z) from Theorem [2Z3.2]
Finally, observe that the above duality principle implies that

E[T,] = > P(On = 0) = No(1).
n>0

In particular, for memoryless sources, from Theorem [2.3.2] we conclude that

2™S(z)
(1—2)S(z) +2zmP(w)’

No(Z) =



44 Chapter 2. Exact String Matching

Hence
E[T.] = 3 P(On(w) = 0) = No(1) = %
n>0
= > Plk:%+ > Plk. (2.52)
kEP (w) (wy) (w) kEP (w)—{m} (wr)

We have just recovered an old result of Feller (1970).

2.7. Exercises

2.1 Find the autocorrelation set for w = ababbbaababbbaa. Assuming that
the text was generated by a memoryless source with p, = 0.3, find the
autocorrelation polynomial.

2.2 Let A = {a,b,c}. Find the generating function of the language A* —
{et —{a} —{b} —{c}.

2.3 Prove (Z9), that is, that 7o -w =R - S.

2.4 For an alphabet A = {«, 8} define the following language

Ufua) = {v : v starts with @ and wv has exactly one occurrence of wao

and no occurrences of wB},

where v is a word of the language and w is the pattern of interest.
Compute its generating function (see Section B3] of Chapter []).

2.5 For the alphabet A = {a, 8} define the language

H = My N (aA¥)

that is, the words of the language M, that begin with a. Compute the
generating function of H,, (see (849) of Chapter [{).

2.6 In Theorem 24.1] we proved that for an irreducible aperiodic Markov
chain Var[O,,] = nc1 + ¢z (see (Z28)). Prove that ¢; > 0.

2.7 Prove that (O, — E[O,])/+/Var[O,] converges in moments to the ap-
propriate moments of the standard normal distribution.

2.8 Let p(t) be a root of 1 — e My (e”) = 0. Observe that p(0) = 0. Prove
that p(t) > 0 for t # 0 for p;; > 0 for all 4, j € A.

2.9 For any nonnegative integers n and m and some «, prove the following
change of variables:

16 = S (S

where G(z) is a generating function.
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2.10  Prove the expression (248) for 6, of Theorem 2574 (see Denise and
Régnier (2004)).
2.11  Prove Theorem [2.5.6] for Markov sources.

2.12  Assume that m = an for some a < 1. Prove that the limiting distribu-
tion ([Z5]) still holds provided that n is replaced by (1 — a)n.
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CHAPTER 3

Constrained Exact String
Matching

The main idea of constrained pattern matching is to search for pattern strings
in a text satisfying certain additional structural restrictions (e.g., that some pat-
terns are forbidden); such a text is known also as a constrained sequence. In
digital communication systems such as magnetic and optical recording, the main
purpose of constrained pattern matching is to improve performance by match-
ing the system characteristics to those of the channel. In biology, constrained
sequences are in abundance (e.g., the spike trains of neuronal data). In this
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chapter our goal is to study and understand some aspects of pattern matching
in constrained sequences.

To simplify our presentation we restrict our analysis further, to so-called
(d, k) sequences, in which runs of zeros cannot be smaller than d nor larger than
k, where 0 < d < k. Such sequences have proved to be useful in digital recording
and biology. In digital recording they have been widely used in hard disk drives
and digital optical disks such as CDs, DVDs, and Blu-ray. In biology, the spike
trains of neuronal data recorded from different neurons in the brain of an animal
seem to satisfy structural constraints that exactly match the framework of (d, k)
binary sequences. This follows from the fact that a neuron cannot fire two spikes
in too short a time; this translates into the constraint that the induced binary
spike train needs to contain at least a certain number of 0s, corresponding to no
activity, between any two consecutive 1s, corresponding to spikes.

In these applications one often requires that the word w constituting the
pattern of interest does not occur or occurs only a few times in a (d, k) sequence.
Therefore, we study here the following problem: given such a word w, how many
times does it occur in a (d, k) sequence? For such a problem we coin the term
constrained pattern matching, which is a natural extension of the exact pattern
matching discussed in the previous chapter. As throughout this book, we study
this problem in a probabilistic framework. However, to simplify our presentation
we restrict our discussion to memoryless sources, leaving the analysis of Markov
sources to the exercises.

3.1. Enumeration of (d, k) sequences

As a warm-up for this chapter, we consider the enumeration of (d, k) sequences,

that is, we will count the number of (d, k) sequences of length n. This count is

needed to compute the Shannon capacity of a noiseless constrained channel.
Let Wy, denote the collection of all (d, k) sequences. We also define the set

Agr=1{0...0,...,0...0},
d k

that is, a set of runs of zeros of length between d and k. Its generating function

is

Hd _ k41
1-=2

We now observe that Wy, for d > 0 can be symbolically written as

A(Z)sz+2d+1+"'+2k = (3.1)

Wik = Ang . (E + {1} . Ad,k + ({1} 'Ad,k)2 + - ({1} -Ang)k + - ) (E + {1})
{1} (e 4 (Aak - 1)+ (Aar - (1D +--) (e + Aar) (3.2)
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where - denotes a Cartesian product of sets (that is, the concatenation of words).
Equation (3.2) basically says that the members of the collection Wy i of (k,d)
sequences

e either start with an allowed run of Os followed by repeated 1s and allowed
runs of Os, followed by a 1 or an empty symbol;

e or start with a 1 followed by repeated 1s and allowed runs of Os, followed
by an allowed run of Os or an empty symbol.

The language construction (32)) can be written in a simpler way using a
sequence construction. For a language B we write

SEQB)=c+B+BxB+BxBxB+---. (3.3)
Thus (32) can be written as
War = Adar - SEQ({1} - Aar) + {1} - SEQ({1} - Aax) (e + Aa i) -
The generating function of the language Wy 1 is given by
War(z) = Z 2l = i "W,
uEWq i n=0

where W,, := [2"|Wq (2) is the number of (d, k) sequences of length n. Since
language concatenation translates into products of generating functions, ([B.2])
directly implies that

A(2) + 2(1+ A(2))
1—2A(z) ’

Wd,k(z) = (3.4)
where A(z) is given by (BJ). Extracting the coefficient at 2" (e.g., using
MAPLE), one finds exactly the number of (d,k) sequences of length n. For
example, there are W5y = 3151 constraint sequences with d =1 and k = 3.

In order to obtain the asymptotics of W), := [2"]Wy (%) we apply Cauchy’s
formula. Let B(z) = zA(z) and let the roots of

1-2A(2)=0

be po < |p1] < ... < |pk|- The smallest root pg is real and less than 1. Indeed,
B(0) =04(0) =0, B(1) =k+d—1 > 0, and B(z) is an increasing function in
the interval (0,1). Let us also define

1
Ao = —.
Po
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Then, from Cauchy’s formula,

Wn

1 Wd,k(z) N 1+po+p(2) <].

n+1
- - - o™ 3.5
2mi | e T T T Apo)3 po) +Om), (35)

where 7 < 1/pg. Then Shannon’s capacity, defined as
o1
Car = lim —logW,,
n—oo N

then becomes
Cd,k =log Ao + O(l/n) (3.6)

For d = 0 we need to modify slightly our derivation since now the symbol 1
does not separate runs of 0s. In this case we have to replace 82) by a simpler
expression, namely

Woe = Aok - (E + ({1} Aor) + ({1} - .Ao,k)2 +-+ ({1} .Ao,k)k + - ) )
which leads to

A(z)

WOyk(Z) = m

In particular, there must be 1024 (0, 10) sequences and, indeed, [z'9]W 10(z) =
1024.

Later in this chapter we will need the number of (d, k) sequences that start
with 0 and end with 1; we call them restricted (d, k) sequences. We denote such
a set by Wy .. Clearly

Wip=¢e+Bar+Bar+ - +Bi,+ - =SEQB), (3.7)

where By = Aqr - {1}. The above translates into the generating function
Wi x(2) as follows:

. 1 1
Wirl2) = 140 “ 1B (3:8)
Then W, = [2"]Wj () and, by Cauchy’s formula,
1
T _ 7}\7%‘,»1 n .
Wy B{1/g) 0 +0(") (3.9)

where, as before, pg = 1/A¢ is the smallest real root of B(z) = 1.
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3.1.1. Languages and generating functions

We now focus on the main topic of this chapter, namely pattern matching in
constrained sequences. In this chapter, by constrained sequences we mean (d, k)
sequences. In fact, for ease of presentation we first derive all results for restricted
(d, k) sequences, which start with 0 and end with 1. We will relax this assump-
tion in Section We are aiming to find the probability distribution of the
number of occurrences of a given pattern w in a (d, k) sequence generated by a
binary memoryless source. Here w is a pattern that is itself a (d, k) sequence,
and pattern overlapping is allowed.
We recall two languages defined in the previous section, namely

Agr=1{0...0,---,0...0}
d k

the extended alphabet (see the text after (B.7))

Bk = Adp-{1}=1{0---01,...,0---01}.
d k

The elements of Bgj are known as super-symbols. Restricted (d, k) sequences
are built over B; . More importantly, we also count pattern occurrences over
the super-symbols of By i, not over A, as illustrated in the next example.

Example 3.1.1. Let the pattern w = 01. This super-symbol does not occur in
the restricted (d, k) = (1,4) sequence 0010001. But the sequence does contain
two other super-symbols, 001 and 0001, from Bg,. |

As in the previous chapter, we now introduce some languages that play a
major role in our analysis. We start by considering the autocorrelation set over
the extended alphabet Bg . Let w = wq - - - wy, € {0,1}™ with w,, =1 so that
w is itself a restricted (d, k) sequence. In By we have the decomposition w =
B1- - Bms, where 8; € By and ZZI |B:| = m. Let S denote the autocorrelation
set of w over By, that is,

S={By: Bl=Bm_ e}, 1<0<w,

where Bg = B;---p; and Bg = ¢ if ¢ > j. Notice that, by definition, the
autocorrelation set always contains the empty word ¢.

As in the previous chapter we introduce four languages, ﬁ(d’k), R(AHK) gq(d:k),
and M(%F) ag follows, given a restricted (d, k) pattern w defined over Bg,:
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(i) {48 the set of all (d, k) sequences containing exactly r occurrences of
w;

(ii) the “right” language R(“*) the set of all (d, k) sequences containing only
one occurrence of w, located at the right-hand end;

(iii) the “ultimate” language U(4*), defined by
UGE) = [y wu e ﬂ(d’k)},

that is, a word u belongs to U@ if v is a (d, k) sequence and wu has
exactly one occurrence of w, at the left-hand end of wu;

(iv) the “universal” language M (%% defined by
MER) = Ly wp e ’7'2(d’k) and w occurs at the right-hand end of wv},

that is, any word in {w} - M(&F) has exactly two occurrences of w, one at
the left-hand end and the other at the right-hand end.

To simplify our notation we drop the upper index (d, k). It is easy to see
that, for r > 1,

T, =R-M""'.U, (3.10)
To-{w}=R-S. (3.11)

In order to find relationships between the languages R, M, and U, we extend
the approach discussed in the previous chapter, to yield

M* = B* - {w} + 3, (3.12)
U-B=M+U - {e}, (3.13)
{w} M=B-R— (R~ {uw}), (3.14)

where B* is the set of all restricted (d, k) sequences, that is,
B*=SEQ(B) = {e}+ B+ B>+ B> +---.

Similarly, M* = Y72 M?, where M° = {¢}. For example, (3.12) indicates that
any word in the language M* is either in S (if the length of the word from M*
is smaller than that of w) or it must end with w.

At this point we need to set up a probabilistic framework. Throughout, we
assume that a binary sequence is generated by a binary memoryless source with
p the probability of emitting a zero and ¢ = 1 — p. We will find the conditional
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probability distribution of the number of occurrences of w in a (d, k) sequence.
We also compute the probability that a randomly generated sequence is a (d, k)
sequence.

The language relationships (B12)-(@I4) are translated into probability gen-
erating functions:

1- 11\4(2) T1- ;(Z)ZmP(W) +5(2), (3.15)
Ulz) = %7 (3.16)
R(z2) = 2" P(w)U (2), (3.17)

where

B(Z) :pdqzd+1+pd+1qzd+2+--~+pquk+1

(zp)" = (=)

= 2q T (3.18)
In particular, from BI0), (311, and above one finds that
0(z) = g(é)) (3.19)
T(2) = sz(w)(D](jz()Z;; i(z) - 1)’“—17 (3.20)
where
D(z) = S(2)(1 — B(z)) + 2" P(w). (3.21)

Let O,, be a random variable representing the number of occurrences of w in
a (regular) binary sequence of length n. Then the generating function 7).(z) for
(d, k) sequences is defined as follows:

TT(Z) = Z P(On =T, Dn)zna
n>0

where D, is the event that a randomly generated binary sequence of length n is
a (d, k) sequence. Let us also define the bivariate generating function 7'(z, z) as

T(z,z) = ZTT(Z)IL'T = Z Z P(O, =1,Dyp)z"a".

r>0 r>0n>0
From (310) and BII) we find that
T(z,2) = R(2)—————U(2) + To(2). (3.22)

1—xM(2)
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Observe that T'(z,z) is not a bivariate probability generating function since
[2"]T(z,1) # 1, but we can easily make it into a conditional probability gener-
ating function. First, define

P(Dn) = [2"]T(2,1)

as the probability that a randomly generated sequence of length n is a (d, k)
sequence. We also introduce the short-hand notation O, (D,,) for the conditional
number of occurrences of w in a (d, k) sequence. More formally,

P(O,(Dy) =71) = P(O, =7|Dy).
Therefore, the probability generating function for O,,(D,,) is

[2"T (2, 2)

E[zOn(Pr)] = TG )

Next, we derive moments and establish several limit laws for P(O,, (D) =r)
for various ranges of . Throughout this chapter we assume that m is fixed, that
is, nP(w) — co. In Exercise [34] we ask the reader to extend our analysis to the
case when nP(w) = O(1) and so establish the Poisson limit law.

3.2. Moments

We start with the first two moments of the word count. The expected value of
O, (Dy,) is

[2"]Ta(2,1)
[z"]T(2,1)

where T, (z,1) is the derivative of T'(z,z) at x = 1, and

E[On(pn)] = (3.23)

[2"Tpz(z,1)

E[0y(Dn)(On(Dy) — 1)] = [2"]T(z, 1) )

is the second factorial moment, where T,,(z,1) is the second derivative with
respect to x at x = 1.
Our first main result is presented next.

Theorem 3.2.1. Let p := p(p) be the unique positive real root of B(z) = 1
where B(z) is defined in (318), and let A =1/p. Then the probability of gener-
ating a (d, k) sequence is equal to

1

n+1 wn .
B’(p)A +O(w"), (3.24)

P(Dn) =
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for some w < A. Furthermore,

(n—m+1)P(w)

B[O,(D)] = e AT+ 0(),
and the variance is given by
Var[O,,(Dy)] = (n —m + 1)P(w) (1_;21—:)1;(1”))\—21714-2 (3.25)
P(w)B"(p)  —omy1 , 25(p) =1, 1nps
B’(p)3 A + B'(p) A +0(1),(3.26)

for large n.

We will prove Theorem [3.2.1] in several steps. We first obtain asymptotic
formulas for the mean and the variance of O, (D,,). From @I5)-B22), we find

1 2™ P(w)

T(z,1) = 1*73(2)7 quadT,(z,1) = m,

and
22" P(w)M(z) _ 2:"P(w)D(z) 22" P(w)

U()1-B(:))’ (1-B(x))" (1-B(z)"

By Cauchy’s coefficient formula and the residue theorem (see Chapter [I]) we find
that

Toz(z,1) =

11
1-B() B

where p is the unique positive real root of B(z) = 1, A = 1/p, and w < A. In
the lemma below we prove that there always exists a unique positive real root
of B(z) = 1, which is greater than 1 and whose modulus is the smallest complex
root.

P(Dn) = [2"]T(2,1) = [2"] AT O™,

Lemma 3.2.2. The equation B(z) = 1 has one positive real root p that is
greater than 1. All other roots p' satisfy |p'| > p.

Proof. By definition, B(z) := plqzdt! + pitlqzd*t2 ... 4 pFazFtt Let f(2) =

1 — B(z). Then we observe that f(1) =1— B(1) > 0 and lim f(z) = —oco. We
Z— 00

also see that f/(z) = —B’(z) < 0 for z > 0, that is, f(z) is a decreasing function.

Therefore, f(z) = 0 has one real root on (1, 00).

To prove the second part of the theorem, we appeal to Rouché’s theorem.
Let p be the real root, and let h(z) = 1 and g(z) = —B(z). We consider a closed
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contour C' = {z: |z| = p — e} where ¢ is an arbitrarily small positive constant.
Rouché’s theorem (see Henrici (1997)) states that if f(2) = g(2)+h(z) = 1-B(2)
and h(z) = 1 are analytic inside and on C and if |g(2)| < |h(z)| = 1 then h(z)
and f(z) = g(z) + h(z) = 1 — B(z) have the same number of zeros inside C'. At
points on C we have

d+1 d+2 k+1
+ +2 +

9(2)] < pPqlz|™ + p™Tqlz] -+ pFle|
d+1 d+2
=plg(p— ) +pla(p— )"+ +pFg(p —¢)

< plgp™™ + pT g™ - PPt =1 = |h(2)].

k+1

Thus, by Rouché’s theorem f(z) and h(z) = 1 have the same number of zeros
inside C, that is, f(z) has no root inside C. Therefore, all other complex roots
p' satisfy |p'| > p.

Suppose that another complex root p’ satisfies |p’| = p, that is, p’ = pe? for
some 6. Then

|1| — |B(p/)| — |pdqu+lei(d+1)9 + pd+1qu+2ei(d+2)6 NS pkqkarlei(kJrl)G'
< pdqu+1|ez(d+1)9| + pd+1qu+2|ez(d+2)9| NI pkqpk+1|ez(k+1)9|
— plgpdtl 4 pdtlgpd+? 1.y phgphtl = 1.
In the second line, equality holds only when 6 = 27j for some integer j. Thus,
o’ must be a real root, which is p; all other roots p’ satisfy |p| > p. ]

To find moments, we proceed as follows. Consider

Zn =~ — Zn ZmP(U}) — P(’LU) n—m B”(p) n—m-+1
[ ]Tl( al) [ ](1 B B(Z))2 B,(p)Q (( + 1))‘+ B’(p) ) A
+0(w™)
Thus
_ FMTe(z1) _ (n—m+ 1)P(w) s

E[O,(D,)] = 0T (2 1) B () A +0(1).

Similarly,
(2" Tee(2,1)

Var[O,,(Dr)] = [2"|T(2,1)

After some algebra, we can establish the formula for the variance in (3.26).
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3.3. The probability count

We will now estimate the probability P(O,,(D) = r) for various values of r. We
start with fixed 7.

Theorem 3.3.1. Let 7 := 7(p,w) be the smallest positive real root of D(z) =0
where D(z) is defined in (321), and let p := p(p) < T be the unique positive real
root of B(z) = 1. Then, for r = O(1) with r > 1,

P00 =) ~ TIBLL BN (v =) (7

for large n.
Proof. By Cauchy’s coefficient formula and the residue theorem,

P(w)(D(z) + B(z) - )"
D(Z)rJrl

_ i(—l)jaj (n s 1) G)n_mﬂ +0(t"),

j—1

PO, =7,Dy) = [2"T(2) = [z

where 7 < t7! is the smallest positive real root of D(z) = 0, and

P(w)(B(r) —1)"""
D/(r)" !

Ar41 =

In Lemma [B.3.2] below we prove that there exists at least one positive real root
of D(z) =0, which is greater than p. Finally, we find that

P(On(Dy) = 1) := P(O, = 7|Dy,) = P<0;(D :)m
_ P(w)B'(p)(1 ~ B(r))" <n —m+ > ot
D/(T)T-‘rl r n—m+r+1’
as desired. [ |

Thus to complete the proof, we need to show the existence of a positive root
of D(z), and we present this next. We should point out that in Lemma [Z5.2] we
established this existence in the case of exact pattern matching.

Lemma 3.3.2. The equation D(z) = 0 has at least one positive real root T,
and this root is greater than p.
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Proof. For 0 < z < p, we observe that D(z) := S(z)(1 — B(2)) + z™P(w) > 0.
This follows from the fact that S(z) > 0 and 1 — B(z) > 0 (for 0 < z < p). Note
also that D(0) =1 and D(p) = p™P(w).

Now let us consider z > p. Let m’ be the length of the pattern over the
extended alphabet Bg . Notice that d +1 < m/m’ < k + 1. First, let us
assume that m’ = 1, that is, d + 1 < m < k+ 1. Then, since S(z) = 1 and
P(w) =p™ g,

D(z) =1— B(z) +p™ tgz™
Thus D(z) — —oc0 as z — oo because B(z) has at least two terms, one of which
cancels out p™~1gz™. Therefore, there exists at least one real root on (p, o).

Now we can assume that m’ > 2, and first consider when m/m’ is either d+1
or k + 1, that is, the pattern is periodic. If m/m’ = d+1 then P(w) = (p%q)™ |
SO

2 m’—1
S(Z):1+pdqzd+1+(pdqzd+1) Jr,“Jr(pdqzdﬂ) :
and this leads to
D(z) =1 - S(2)(B(z) — plgz®t1).
Thus, again D(z) — —oo as z — oo. The same is true when m/m’ = k + 1.
Therefore, there exists at least one real root.

Next, we consider the case d+1 < m/m’ < k+1; we will show that D(zy) <0

for some positive zg. Let us define two integers, £ and u, as the largest integer

smaller than m/m’ and the smallest integer larger than m/m’, respectively.
Then

D(z) <1—-B(z) + z2™P(w)
=1 -p"lgz") (1 - p*gz") - (B(z) —p"gz" — p* gz
p”“ 2q22”“ Hpm T g
If m = ¢ 4+ w then m’ must be 2. Thus,

D(z) < (1—p1g2")(1 —p"tgz") — (B(2) — p*'qz* — p"1q2"),

—1/¢ —1/u

and either zo = (pe’lq) or zp = (p“flq) makes D(zp) < 0.

/
m—m

q

’

m o .,m __

If m # ¢ + u, then we choose zy as the root of the equation p ZMm =

pttu=2¢22t+u that is,

20 = (p€+u72fm+m'q2fm') 1/(m—€—u)'

After some algebra we arrive at

D(z0) < (1 —p"lgzf)(1 —p*az) = (1= (¢/p)") (1 — (p/0)"),
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(a) (1,2) sequences (b) (3,6) sequences

Figure 3.1. Plots of X versus p for (a) (1,2) sequences; and (b) (3,6)
sequences.

where
m—LIm’ — (u—0)

Tr =
m—{—u

and
um’ —m — (u—¥)

m—{—u
Here we can observe that = and y have the same sign and from this observation
we can easily see that D(zp) < 0. Hence, there always exists a positive zg such
that D(zp) < 0, and consequently there always exists at least one positive real
root on (p, zo)- |

Finally, we offer some remarks. In Figure Bl we plot A = 1/p versus p for
various (d, k) sequences. Observe that the probability P(D,,) < A" is asymptot-
ically maximized for some p # 0.5 (corresponding to a biased source), and this
may be used to design better run-length coding.

Observe also that when the binary source is unbiased (p = ¢ = 1/2), we can
count the number N, (r) of (d, k) sequences of length n that contain w exactly
r times, by computing [2"]|T}.(2z) (with r fixed with respect to n.) In fact,
N,(r) = 2"P(0O,, = r,Dy) and so one can find the asymptotics of N, (r) from
part (i) of Theorem B3l In particular, the Shannon entropy is

log, N, 2
C(r) = lim M = log, (—) ,
-

n—oo n
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where 7 = 7(1/2, w) is defined in Theorem B31] for p = 1/2.

3.4. Central limit law

We now establish the central limit law for ﬁxed m that is, for nP ) .

We will estimate P(O,(D,,) = r) for r = E[O |+ &/Var D) Wlth
& = 0O(1). Define
[2"T (2, )

(3.27)

and
pn = E[On(Dy)],  on = /Var[On(Dy)].
By Goncharov’s theorem, it suffices to prove the following:
2

Jim e/ (/) = ¢,

for all v = t' where —oco < t/ < 0co. However, we shall now establish that the
above holds for complex v.

Theorem 3.4.1. Forr = E[O,(D,)] + {4/ Var[O,,(Dy,)] with £ = O(1),
Var[O,, (D))

4 N(0,1),

as n — o0.

Proof. Let p(z) be the smallest real root of 1 — xM(z) = 0. We easily find
that the pole of Ty (z) is always greater than p(x). Then, by Cauchy’s coeflicient
formula and the residue theorem, from (.22]) we obtain

[2"T (2, 2) = c(z)A\" T () + O(w™(x)), (3.28)
o) = R(p(x))U(p(x))
M'(p(x))
and A(z) = 1/p(x) where |w(z)| < M(z). Thus, by (B27),
P(D,)Ty(z) = c(x)A" " (2) + O(w"(2)), (3.29)

since P(D,,) = [2"|T(z,1).
Let z = ¢' and t = v/0y,. Since t — 0 and x — 1 as n — 0o, expanding in a
Taylor series around ¢ = 0 we arrive at

AT + X' (1)

Ae") = A1) + N (1)t + 5

2+ 0. (3.30)
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Now let us find A'(1) and A\’(1). From (B:28]) we observe that
[2"T0(2,1) = (n + De(D)A" ()N (1) + ¢ (1)A"T(1) + O(nw™(1)).  (3.31)

By 323), 323), and 331 we obtain

¢(1)
(n+1)c(1)

N(1) = Hraa) -

o A1) + O (no™(1)), (3.32)

where 6(z) = w(z)/A(z). We note that |#(x)| < 1. Similarly, after some algebra,

we arrive at
2 _ 2 1
(1) = | I Hn n )\ 0(—). 3.33
(1) (nﬂ sl aro(g (3:33)

Using (3:29), 330), 332), 3.33), and the fact that t = O (1/4/n), we find that
P(Dy)Ta(e") = c(@)A"(2) - (1 + 00" (x)))

1 2 2
1+ Hn bz o5 n Ky . t2+0(t3)

n+1
= c(z)A" (1)

(1 +0(0™(2))).

Therefore

2 n+1
e_”“”/U"P(Dn)Tn(e”/U”) — C(x))\n+1(1) (1 + On 2+ O(tB))

2(n+1)
(1+0(0"(x)))

and

y y 2 s n+1 2
3 —VHn/On Vion) — 1§ —
nhm e To(e"/om) = nhm <1 + 1) +O(t )) = exp < 5 ) .

This completes the proof. [ |

3.5. Large deviations

Finally we establish the large deviation results, that is, we compute P(O,,(D,) =
r) for r = (1 + §)E[O,(D,,)] for some § > 0. Let a be a real constant such that
na = (1 + 3)E[O,(D,,)]. We will compute P(O,(D,,) = na) asymptotically for
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the case when na is an integer (when na is not an integer, we need to replace
na by the closest integer). Clearly,
[2"][z"*]T (2, x)

P(On(Dn) = na) = [z"|Tn(z) = [2"]T (2, 13

(3.34)
By (5.22),

[z (2, x) = [2"] <T0(Z) +2R(2)U(2) ) (xM(Z))i)

i=0
na— P(w)zm na—1
=R(2)U(z)M(z = 2 M2 .
(2)U(2) M (z) D0 (2)
Hence, Cauchy’s coefficient formula leads to
ny[,.na _ 1 P(w)zm na—1_1
T (eo) = g T M)

where integration is along any contour around zero in the convergence circle.
In order to derive the large deviation results, we need to apply the saddle
point method. We now review this method. It is summarized in Table Bl The
reader is referred to Flajolet and Sedgewick (2009) and Szpankowski (2001) for
an in-depth discussion.
Following Table Bl we define the function h,(z) of a complex variable z as

ha(z) = alog M (z) —log z,

such that
NI () = 5 e Og(a)i
where -
" D)

In the lemma below, we characterize some properties of h,(z) that are needed
to estimate the integral.

Lemma 3.5.1. The following holds.

(i) There exists a unique real root z, of the equation h!(z) = 0 that satisfies
0 < z, < p for some constant a.

(ii) 7/ (z) > 0.
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Table 3.1. Summary of the saddle point approximation.

Input. Let g(z) be analytic in |2] < R (0 < R < 400) with nonnegative Taylor
coefficients and “fast growth” as z — R~. Let h(z) :=logg(z) — (n + 1) log z.
Output. The asymptotic formula 339) for g, := [2"]g(2):

1 dz 1 h(z)
n — —. — Y = ? d 5 335
In = 9in /Cg(z) Zntl 2 /c € * ( )

where C = {z | |z| = r} is a loop around z = 0.

(SP1) Saddle point contour. Assume that ¢’(z)/g(z) = 400 as z — R™. Let
r = r(n) be the unique positive root of the saddle point equation, when r — R
as n — 0o

rg'(r)
g(r)

R(r)y=0  or =n+1. (3.36)
(SP2) Basic split. Assume that n"(r)'/3h"(r)~1/2 — 0. Define § = d(n),
the range of the saddle point, by & = [ (r)=/Sh"(r)=1/4|, so that § —
0, A"(r)6* — oo, and A (r)63> — 0. Split C into Co U Cy, where Cyp =
{z€C||arg(z)| <6}, and C; = {z € C | |arg(z)| > ¢}.

(SP3) Elimination of tails. Assume that |g(re®)| < |g(re?)| on C;. Then

/ e®) dqy
C1

(SP4) Local approximation. Assume that h(re'’) — h(r) — $r262n"(r) =
O(|h""(r)63|) on Cy. Then the central integral is asymptotic to a complete Gaus-
sian integral, and

-0 (|e—’l<’“€”>|) . (3.37)

1 [ g, = s (5
%im /CO d 2 () (1+O(n" (r)s%))) . (3.38)

(SP5) Collection. Assumptions (SP1), (SP2), (SP3), and (SP4) imply the esti-

mate
—n

1oz) = S (14 0" (1)6°))) ~

\2mh! (1) /2h(r)

—n

(3.39)
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(ili) ha(za) < —logp.
Proof. By the definition of hq(z2),

poy_aM'(z) 1
ha(z) - M(Z) - -
—D(2)? + (azB'(2) + 1 — B(2))D(z) + az(1 — B(2))D'(z)
2D(2)(D(2) — 1+ B(2)) ’
We notice that the denominator is always positive for 0 < z < p.

Let us define f,(z), a function of a real variable z, as the numerator of i/ (z).
That is, by the definition of D(z) in B2,

fa(z) = [(1 = S(2))S(2) + az8'(2)] (1 = B(2))”
+2"P(w) [azB'(z) + (1 — 25(z) + am)(1 — B(z)) — 2" P(w)] ..

We find that
fa(p) = p™ P(w) (apB'(p) — p" P(w)) >0 (3.40)
since, for large n,

a=(1+ 5)% —(1+ 5)%77(;)13(1”) <1 —o0 (%)) > g(_p)P(w).

First, we consider the case when the pattern is not self-overlapping, that is,
S(z) = 1. Then

fa(2) = 2"P(w) [azB'(2) + (am — 1)(1 — B(2)) — 2™ P(w)] .

The term of smallest degree in f,(z) is (am — 1)P(w)z™, and its coefficient is

negative since a < 1/m. Thus, there exists a sufficiently small € > 0 such that
fa(e) < 0. By this and [B40), there exists a real root z, of h/(z) = 0.
Second, we consider the case when the pattern is self-overlapping, that is,

S(z) = 1+ ¢;2" 4 higher order terms (0 <1 < m),

where r is the smallest degree of the nonconstant terms and ¢, is a positive
constant. Then the term of smallest degree in f,(z) becomes (ar — 1)¢,2", and
its coefficient is negative since a < 1/m < 1/r. As in the first case, f,(¢) < 0 for
sufficiently small £ > 0, and we get the same result. The uniqueness comes from
this result and part (ii) of the lemma because h/,(z) is continuous on z € [0, p].
Next, we prove part (ii). By definition,
aM’(z,) 1

h;(za) = W - Z_a = 0. (3.41)
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However, we can write M (z) = Y., p;z* with p; > 0 since M (z) is the proba-
bility generating function of the language M. Then
M'(z,) 20 ipizi 1 pizl 1

= — = — i——*— = —E[X], (3.42)
M (za) Zizo Dizg Za izzo ijo pjza  Za

where X is a random variable such that

PX=i)=—L% _ for i>0.

ijo pjza

From (B41) and [B342]), we see that E[X]| = 1/a. Now let us compute h!(z,).
We have

hg(za) =

() -3

a

— ZEX(X 1) - a( + = = — Var[X].

2
a

%)21 a

Za z

Therefore h)/(z,) > 0 because the distribution is definitely not concentrated at
one value. This proves part (ii) of the lemma.

Finally, to prove part (iii) we observe that h,(p) = —log p and h/,(z) > 0 for
za < z < p. Therefore hy(z,) < ha(p) = —logp. This completes the proof of
the lemma. ]

Now we are in a position to formulate our main result of this section. As al-
ways in this chapter we assume that m is fixed, or more generally that nP(w) —
00.

Theorem 3.5.2. Forr = (1+06)E[O,(D,)] with § > 0, let a be a real constant
such that na = (14 0)E[O,(D,,)] is an integer and let

ha(z) = alog M(z) —log z.

We denote by z, the unique real root of the equation hl(z) = 0 such that z, €
(0,p). Then

—nlI(a) 1

and

P(On(Dn) 2 na) = \/ﬁfjﬁza» {1 o (%)} ’
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where
I(a) = —logp — he(zq) > 0 (3.43)
and
_pB(9(za) o P
=T D= sy e )

The constant ¢ is explicitly computed below in (37).

Proof. We follow now the steps outlined in Table[3dl This can be viewed as an
illustration of an application of the saddle point method.

Let z, be the unique positive real root of the equation h/,(z) = 0. To evaluate
the integral on C = {z : |z| = z,} we first split C into Cp and C; where Cy = {z €
C:larg(z)] < 6o} and C; = {z € C : |arg(z)| > 0y} for some y. That is,

[2"][z"T (2, 2) = To + I,

where

1 1
Iy = — e”h”(z)g(z)dz, and [ = —

™) g(2)dz.
ori Jo, ori Je, 9(2)

We compute Iy first and show that |I1] is exponentially smaller than Ij.

Now set #y = n~2/% and compute Iy with the change of variable z = z,e%:
Za +0o 0 "
I = Py exp(nhg(zq€") +i0)g(zqe")db.

To simplify the notation, let us define some variables as follows:

72 = 1"(24) (cf. part (ii) of LemmaB50), B, = —=—rt

Using a Taylor series around 6 = 0, we arrive at

2,2 2
ha(za€) = ho(z4) — Tafap2 ( WToZS + Ta%a )
2 2
2) 014000
since h/ (z,) = 0. When || < 6y, n6* — 0 (k > 3) as n — oo. Thus, using the
Taylor series, we get

o 2,2 )2 )
enhalzae )40 — oy <nha(Za) — n92> (1 a@)+ 2O 08 ) ,

7
+ ’7(1 + ﬂa'raza+24
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where
2.2
a’~a

a(f) =1i0 — (6,17'222 + la%a

. 3 . 7
5 ) inf® + (%7';123 + 56,;7‘322 + —72 2) no*

24 aza
+0(nf).

For wy = 1424710 we then have

eMha(za)  ptwo w? a(w)Q
Ih — _z 1 e
0= i ) exp ( 5 ) + a(w) + ST
Xg (zaei“’/(“z”\/ﬁ)) dw.

We observe that each term of odd degree of w in
2

3
(1 IR ) g (sacil e,

contributes nothing to the integral. Thus, using the Taylor series of the function

g (zaei“/(“z“‘/ﬁ)) around w = 0, we arrive at

Ry CN(a+ B2+t + Db+ 0( L)) d
() (ren o ()

where

1(g"(a) | 39'(a) | g(za)
(S )

2 2 2,2
277 2Tzq 2752

A
1 3 1 53 19
C== (g (22 @
n (g (Za) (Ta + 27—2'20,) + g(Za) (’ya + 2Ta2a + 247’322 ’

Using the fact that, as wy — oo,
+oo 22 1 +oo 2 T2k
/ e Fdr =0 (e*EWg) , and / 22k e~ T dr = _( ) \/%7
wo — 0

we finally obtain

nhq(za) 1 3 / " 15 2 1
I, = g(za)e {1 L2 ( Bag' (2a) _ 92(Za) I 5(1) +0 (_2)} .
TaV 21N n \ Ta9(2a) 2729(za) 2 n
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It is easy to see that the main contribution to the large deviations comes from
Iy. Thus, we only need to show that I is small.

We will compute a bound on |[;| and show that it is exponentially smaller
than Iy. We can write I; = I}t + I, where

I = ﬁ/ e”h“(Z“eie)g(zaeie)ewde, I = Za e”h“(z‘lew)g(zaeie)ewde.
2 0o 2 6o

First we need to consider M(z), the probability generating function for the
nonempty language M. Clearly, the coefficients of M (z) are all nonnegative;
also M (z) is aperiodic, which is the subject of Lemma B.5.3] below. Granted
the aperiodicity of M(z), by the nonnegativity of the coefficients the function
| M (2,¢%)| has a unique maximum at @ = 0. It is also infinitely differentiable at
6 = 0. Consequently there exists an angle 6; € (0, 7) such that

|M(zaei9)| < ‘M(zaewl)‘ for 6 € [61,7],
and | M (z,e%)| is decreasing for 6 € [0, 6;]. Thus, for large n,

|M(zaei9)| < ‘M(zaew“)‘ for 6 € [0y, 7],
since 0 = n~2/®> < 6,. Therefore, for 6 € [0y, 7],

‘M (zq€ e ‘ |M z 6190)‘

2] - 20

enha(zaeie) enha(zaeieo) ,

and this leads to

za max(g) /
21 0o

o(m—0 222 1 1 L
_Z (v 20) max(g) exp (nha(za) - —Ta;anE + O(ns)) =0 (Ioec”°) ,
m

enha (za e’ )

|17

IN

dé

eha (zq€" )‘ do < Za max(g) /F
™ 0o

where max(g) is the maximum of [g(z,e?)| for § € [fy, 7] and c is a posi-
tive constant. Similarly, |I;| is bounded. Thus [z"][z"|T(z,2) = Iy + 1 =

h(Lro(e))
Finally, by 324)), 334), (8:44)) and the above we have

pB'(p)g(zq)e (@)
2m™n

38a9'(2a) 9" (2a) 1552 1
[1 T ( reg(a) 229z 10T T2 ) +0 (ﬁﬂ ,

P(O,(Dy) =na) =
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where I(a) = —log p — ha(z4), which is positive. This establishes our result; the
constant cp can be extracted from (B3]). [ |

To complete the proof we need to prove the following lemma.

Lemma 3.5.3. The probability generating function M (z) is aperiodic if the
length of a pattern w defined over the extended alphabet Bg . is greater than 1.

Proof. 'To prove the aperiodicity of M(z), we will show that there always
exist two words, u; and ug, in M whose lengths differ by 1. Let By, =
{Bd, Ba+1, - - -, Pr} and £ be the length of the pattern w defined over Bg (¢ > 2).
We consider the following two cases: (a) some super-symbols of By, do not ap-
pear in w; (b) all such super-symbols appear in w.

To prove the first case, let 5; be super-symbol that does not appear in w.
Then, clearly both B;648;w and S;B4+106;w are in M and their difference in
length is 1.

Now we prove the second case. For this, we consider three subcases, and
for each subcase we find two words in M which differ by 1 in length for each
subcase:

Subcase (i), |Bax| > 3: Let
ur =Ba-PaPfaba---Paw and us = Bq---Bafat1Pa- Paw.
—_—  —— —_——— —_——
¢ Y ¢ Y

Then w can occur in wu; only at the left-hand and the right-hand ends because
the occurrence of w elsewhere would imply that

w:ﬂd"'ﬂd;
—_——
4

which would contradict the assumption that all super-symbols appear in w.
Similarly, w occurs in wus only at the two ends. Otherwise, w would have only
one or two kinds of super-symbol, which contradicts the assumption. Thus both
w1 and us are in M.

Subcase (ii), |Bgx| = 2 and £ > 3. Let §; be a super-symbol that appears
more than once in w. Then, by a similar argument to that for the first case,

Bj-BjBiur = Bj---Bjw and ug = BB BB Bjw
——— —— —_—— N —
¢ ¢ ¢ ¢
are in M, and their lengths differ by 1 because |i — j| = 1.

Subcase (iii), |Bqx| = 2 and ¢ = 2. In this case, w must be either B40) or
BrBa. Thus Bqw and Brw are in M. Therefore M (z) is aperiodic. ]
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3.6. Some extensions

First, we relax our assumption that the (d, k) sequences are restricted. A small
modification can extend our previous analysis to all (d, k) sequences. Let T,
be the set of all (d, k) sequences containing exactly r occurrences of w. Then,
ford>1,

T ={e, 1} T - ({e} + Aaw); (3.45)

the generating functions and asymptotic expressions can be derived from this
expression.

Next, we consider pattern occurrences in a binary alphabet rather than ex-
tended alphabet By (e.g., w = 01 occurs twice in the (1,4) sequence 0010001
over A{0,1} and not at all over Byy). Again, let w = wy---w, € {0,1}™
with wy,, =1, and let w be represented over By, that is, w = 31 - - - B,s where
Bi € Bg,r. Then the autocorrelation set Sy over the binary alphabet is defined
as

Sy = {wy} : wf:wrmn_eﬂ}, 1<<m.

Using the languages 7,, R, M, and U defined after Example B.I.1] we find

T, =R-M""1.U, ( )
To-Z-{w}=R-Ss, ( )
M* =B Z - {w}+ S, (3.48)
U-B=M+U—{c}, (3.49)
ZAwt M=B-R—-(R-Z- {w}), (3.50)

where Z = {¢,0,00,...,0*+1=1511} "and 0¥ denotes a run of zeros of length k.
We now replace S by Sy and {w} by Z - {w} in BI0)-@I4). The key idea
is that any word in Z - {w} is now considered to contain an occurrence of w.
Applying the same techniques as above we can derive the generating functions
and asymptotic results (see Exercise B.5)).

3.7. Application: significant signals in neural data

In this section we illustrate how our theoretical results can be used to ob-
tain some accurate statistical inferences from biological data. We apply The-
orem to detect under- and over-represented structures in neuronal data
(spike trains). We shall first argue that neuronal data are best represented by
constrained sequences. Indeed, current technology allows for the simultaneous
recording of the spike trains from 100 (or more) different neurons in the brain of
a live animal. Such experiments have produced enormous amounts of extremely
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Figure 3.2. The number of occurrences of w within a window of size

500, where [i] stands for the pattern 0---01 with ¢ — 1 zeros, for three

thresholds corresponding to aup = 107%,1077,1078.

valuable data, and a core research area in neuroscience is devoted to developing
accurate and precise statistical tools to quantify and describe the information

that is contained in this data (see Paninski (2003)).

Because of the nature of

the biological mechanisms that produce them, spike train data satisfy structural
constraints that match the framework of (d, k) binary sequences, as discussed in
the introduction to this chapter.
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We will consider the single-electrode experimental data from cortical neurons
under random current injection. The details can be found in Jolivet, Rauch,
Luscher, and Gerstner (2006). This spike timing data can be transformed into
a (d, k) sequence by setting the time resolution and dividing the time into bins
of the same size. Each time bin is represented by a bit 0 or 1. If there is a spike
in a certain time bin, the bin is represented by 1; otherwise it is represented by
0. Having this in mind, and using our large deviation results, we can derive a
threshold, Oy, above which pattern occurrences will be classified as statistically
significant. The threshold is defined as the minimum value of Oy, such that

P(On(Dn) > Oth) < aip,

where ayp, is a given probability threshold. From Theorem we easily con-
clude that, for oy in the range of the large deviation domain, the threshold is
Oy, = nagp, where

asn ~ I (log(1/cun)/n),

and I71(-) is the inverse of the function I(a) defined in (3.43) of Theorem 3.5.21

To set up our probabilistic reference model, we need to fix the parameters
d, k, and p. First, we find d and k by inspecting the binary sequence (e.g.,
by finding the minimum and maximum lengths of runs of zeros between spikes
in the sequence). Then we can find p by solving the following simultaneous
equations in the variables p and p:

1
B(p)=1 and 1-p B
Note that the coefficients of B(z) depend on p. The second equation follows from
the fact that pB’(p) captures the average length of symbols of By in a (d, k)
sequence, and thus its reciprocal represents 1 — p. In other words, we estimate p
indirectly through the estimation of d and k. One might be tempted to estimate
p by just counting the total number of Os and dividing it by the length of the
sequence. But this could lead to a poor estimate since a large portion of the
(d, k) sequence set may not be typical.

In our experiment we set the size of the time bin to 3 ms and obtained a
(d, k) = (1,6) sequence of length 2193 with p = 0.752686. Figure shows the
number of occurrences for various patterns w within a (sliding) window of size
1.5 s over a long neural sequence; here we use the short-hand notation [i] for the
pattern

0---01.
——
i—1
The three horizontal lines represent the thresholds for ay, = 1075, 1077, and
1078, respectively. As expected, the thresholds vary with the structure of w.
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If the number of occurrences exceeds the threshold at some position, we claim
that the pattern occurrence is statistically significant in that window. This
observation can be used as a starting point for the interpretation of neural
signals, although there is still a huge interpretive gap between the patterns of
spike trains and their meaning in a real nervous system. In passing we observe
that one would obtain quite different threshold values if the constraints were
ignored.

3.8. Exercises

3.1 Enumerate the (d, k) sequences that start with 00 and end with 11.
3.2 Enumerate the (1, 4) sequences that do not contain the pattern w = 001.

3.3 Enumerate the (1,4) sequences with at least one occurrence of w = 01
and no occurrences of w = 001.

3.4 Establish the limit laws for P(O, (D) = r) when nP(w) = O(1) and for
nP(w) — 0. Follow the derivations in Section 5.4 of Chapter

3.5 In this chapter we studied pattern matching only in (d, k) sequences.
Observe that a (d, k) sequence can be obtained as an output of an au-
tomaton. In fact, a large class of constrained sequences can be generated
by automation (see Marcus, Roth, and Siegel (1988)). Extend our anal-
ysis to such a larger class of constrained sequences.

3.6 Estimate the average numbers of occurrences of w; = 001 and we = 0001
in a (1,6) sequence.

3.7 Establish the central limit theorem and the large deviations for non-
restricted (d, k) sequences as described in (3.45).

3.8 Using (346)-B50) establish the central limit theorem and the large
deviations for pattern occurrences over a binary alphabet.

3.9 Extend our analysis to Markov sources.

3.10  Consider the following constrained pattern matching problem. Let W =
010011. Analyze the number of occurrences of w = 0101 in binary
sequences of length n that do not contain W.

Bibliographical notes

Constrained pattern matching, under the name constrained coding, is usually
discussed in the context of information theory; see for example Marcus et al.
(1988). Constrained pattern matching has been discussed in only a few publica-
tions; see Moision, Orlitsky, and Siegel (2001). Our presentation in this chapter
is based on the paper by Choi and Szpankowski (2011).
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In fact, (d, k) sequences have been analyzed in information theory since Shan-
non, with some recent contributions: Dembo and Kontoyiannis (2002), Kolesnik
and Krachkovsky (1991), Marcus et al. (1988), Zehavi and Wolf (1988). It should
be added that pattern matching in constrained sequences can in principle be an-
alyzed by various versions of generalized pattern matching, as will be discussed
in Chapter @l See also Bender and Kochman (1993), Flajolet, Szpankowski,
and Vallée (2006) and Nicodeme, Salvy, and Flajolet (1999).

It should be pointed out that the number of pattern occurrences may dif-
fer significantly from the normal distribution, if the text is generated by some
rational languages, as shown in Banderier, Bodini, Ponty, and Bouzid (2012).

The saddle point method is discussed in many books, e.g., Flajolet and
Sedgewick (2009), Olver (1974) and Szpankowski (2001).



CHAPTER 4

Generalized String Matching

_tt\\Verz,

In this chapter we consider generalized pattern matching, in which a set of
patterns (rather than a single pattern) is given. We assume here that the pattern
is a pair of sets of words (Wp, W), where W = Ule W; consists of the sets
W; € A™i (i.e., all words in W, have a fixed length m;). The set W is called
the forbidden set. For Wy = @ one is interested in the number of pattern
occurrences O, (W), defined as the number of patterns from W occurring in
a text X7 generated by a (random) source. Another parameter of interest is
the number of positions in X7 where a pattern from W appears (clearly, several
patterns may occur at the same positions but words from W; must occur in
different locations); this quantity we denote as II,. If we define Hgf) as the
number of positions where a word from W; occurs, then

O, (W) =11V 4 ... + 1D,
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Notice that at any given position of the text and for a given 7 only one word
from W; can occur.
For Wy # 0 one studies the number of occurrences O, (W) under the condi-

tion that O,,(Wy) := H%O) = 0, that is, there is no occurrence of a pattern from
Wo in the text X{'. This could be called constrained pattern matching since
one restricts the text to those strings that do not contain strings from Wy. A
simple version of constrained pattern matching was discussed in Chapter B (see
also Exercises B3] 3.6, and B10).

In this chapter we first present an analysis of generalized pattern match-
ing with Wy = 0 and d = 1, which we call the reduced pattern set (i.e., no
pattern is a substring of another pattern). This is followed by a detailed anal-
ysis of (nonreduced) generalized pattern matching. We describe two methods
of analysis. First, for general pattern matching (i.e., with a nonreduced set),
we apply the de Bruijn’s automaton and spectral analysis of matrices to obtain
the central and local limit laws as well as the large deviation results. Then, we
present a novel language approach to nonreduced generalized pattern matching
and derive the multivariate generating functions describing pattern occurrences
recently proposed by Bassino et al. (2012).

Throughout this chapter we assume that the text is generated by a (nonde-
generate) memoryless source (B), as defined in Chapter [l

4.1. String matching over a reduced set

We analyze here a special case of generalized pattern matching with Wy = 0
and d = 1. For this case we shall write Wy := W = {w1,...,wk}, where w;
(1 <14 < K) are given patterns with fixed length |w;| = m. We shall generalize
the results from Chapter 2] for exact pattern matching, but here we omit most
proofs since we will present more general results with proofs in the next section.

As before, let 7>1 be a language of words containing at least one occurrence
from the set W and, for any nonnegative integer r, let 7, be the language of
words containing exactly r occurrences from W. In order to characterize 7T, we
introduce some additional languages for any 1 < 1,5 < K:

o M;; ={v: wyv € Ty and w; occurs at the right-hand end of v};

e R;, the set of words containing only one occurrence of w;, located at the
right-hand end;

o U; ={u: wiu € T1}, a set of words u such that the only occurrence of
w; € W w;u is at the left-hand end.
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We also need to generalize the autocorrelation set and the autocorrelation
polynomial to the case where there is a set of patterns. For any given two strings
w and u, let

. _ ok
Swu = {upy Wi g1 = U}
be the correlation set. Notice that Sy, ., 7# Su,w- The set of positions k satisfying
uk = w1 is denoted as P(w,u). If w = zv and u = vy for some words z,
y v, then y € Sy, ,, and |v] € P(w,u). The correlation polynomial Sy, ,(z) of w
and wu is the associated generating function of Sy, ., that is,

Swul(z) = > Plugii)z"""
keP(w,u)

In particular, for w;, w; € W we define S; j := Sy, w,. The correlation matriz is
then denoted as S(2) = {Sw,w, (2)}i,j=1,K-

Example 4.1.1. Consider a DNA sequence over the alphabet A = {A,C,
G,T} generated by a memoryless source with P(A) = 1/5, P(C) = 3/10,
P(G) = 3/10 and P(T) = 1/5. Let wy = ATT and wy = TAT. Then the

correlation matrix S(z) is
1z
S(Z) = < > 25z2 )
R

as is easy to see. |

In order to analyze the number of occurrences O, (W) and its generating func-
tions we first generalize the language relationships presented in Theorem 2.2.3]
of Chapter 21 Observe that

Te= > RMU;,

1<ij<K

Toi=Y Y RM'U;

r>11<i,j<K

here Y denotes the disjoint union of sets. As in Theorem [Z2.5] of Chapter [2]
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one finds the following relationships between the languages just introduced

UMb, =A% w; + 85— 6yye, 1<i,j <K, (4.1)
E>1

U A= JMy+Ui —e, 1<i<K, (4.2)

J
AR]*(RJ*UJJ):UHMM”, ].S]SK, (43)
To-w; =R+ JRi(Sij —¢),  1<ij<K  (44)

where d;; is 1 when ¢ = j and zero otherwise.

Let us now analyze O,, (W) in a probabilistic framework when the text is gen-
erated by a memoryless source. Then the above language relationships trans-
late directly into generating functions. However, before we proceed, we will
adopt the following notation. Lower-case letters are reserved for vectors, and
these are assumed to be column vectors (e.g., x! = (x1,...,7x)) except for
vectors of generating functions, which we denote by upper-case letters (e.g.,
Ul(z) = (U1(2),...,Uk(2)), where U;(z) is the generating function of the lan-
guage U,,, ). In the above, the upper index ¢ denotes the transpose. We shall use
upper-case letters for matrices (e.g., S(2) = {Sw,w,(2)}i,j=1,x). In particular,
we write | for the identity matrix, and 1t = (1,...,1) for a vector of 1s.

Now we are ready to present exact formulas for the generating functions
Ny(2) = > 50 P(O,(W) = r)z™ and N(z,z) = > ;~o Nr(2)z". The following
theorem is a direct consequence of our definitions and language relationships.

Theorem 4.1.2. Let W = {wi,...,wi} be a given set of reduced patterns
each of fized length m (thus no pattern in W is a subpattern of another pattern
in W) and let X be a random text of length n produced by a memoryless source.
The generating functions N,.(z) and N(z,x) can be computed as follows:

N,(2) = RY ()M (2)U(2), (4.5)
N(z,z) = RY(2)z(l — 2M(2)) ", U(2) (4.6)
where, writing wt = (P(w1), ..., P(wgk)) and 1* = (1,1,...,1), we have
M(z) = (D(2) + (= = )I)D(2) 7", (4.7)
(1= M(2))"! = S(2) + 127 1w, (4.8)
Ue) = (- M(2) - 1, (49)
RE(2) = ——wh - (1 - M(2), (4.10)
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and
D(z) = (1 —2)S(z) + 2™1 - w".

Using these results and following in the footsteps of our analysis in Chapter[2]
of exact pattern matching, we arrive at the following.

Theorem 4.1.3. Let a text X be generated by a memoryless source with P(w;) >
0fori=1,...,K and POV) =3, ¢y P(w;) = w' - 1.

(i) The following hold:
E[0,(W)] = (n —m+1)P(W),
Var([,(W)] = (n — m+ 1) (PW) + P> (W) — 2mP*(W) + 2w'(S(1) — 1)1)
+m(m — 1) P2 (W) — 2w'S'(1) - 1,
where S'(1) denotes the derivative of the matriz S(z) at z = 1.
(i) Let pyy be the smallest root of multiplicity 1 of det D(2) = 0 outside the unit
circle |z| < 1. There exists p > py such that, for r = O(1),

) r+10r+1 —(n—m4r+1)
PORW) = 1) = (~1) 7 228 (),

T

j n —(n+j) —n
DI (") + o,

where the a, are computable constants.

(iii) Define r = |E[O,] 4+ &/ Var|Oy,]| for a fized . Then

n—oo

lim P(Op(w) < E[O,] + &/ Var[O,]) = \/% /_E e t/2q (4.11)

(iv) Let r = (1 + 6)E[O,] with § # 0, and let a = (14 6)P(W). Define 7(t) to
be the root of
det(l — e'M(e™)) =0

and define w, and o, to be given by
—7'(w,) = —a, —7"(wy) = o2,
Then, for integer r,

PO (W) = 1) ~ 1 eI,
oar/21(n —m+1)

where I(a) = awq + T(wq) and 0, is a computable constant (see Exercise[{.3).
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We sketch here only the derivation for part (iii) since in the next section we
provide more general results with rigorous proofs. Our starting point is

N(z,2) = R (2)z(l — zM(2))"1U(2),
shown in Theorem to hold for complex |z] < 1 and |z| < 1. We may
proceed in two different ways.
Method A: Determinant approach. Observe that

B(z, z)

(=M™ = i ami)

where B(z, ) is a complex matrix. Set
Q(z,x) := det(l — zM(z2)),
and let zg := p(x) be the smallest root of
Q(z,z) = det(l —zM(2)) = 0.

Observe that p(1) =1 by [ES).

For our central limit result, we restrict our interest to p(z) in the vicinity of
x = 1. Such a root exists and is unique since for real z the matrix M(z) has all
positive coefficients. The Perron—Frobenius theorem implies that all other roots
pi(z) are of smaller modulus. Finally, one can analytically continue p(z) to a
complex neighborhood of x. Thus Cauchy’s formula yields, for some A < 1,

L}{Rt(z)B(zﬁﬂ)U(z) dz
omi Qz,x)  znt!
— Cla)p " (@)(1+0(A")),

Np(z) = [2"]N(z,2) =

where C(z) = —R!(p())B(p(x), )U(p(x))p~ (2)/@ (p(x),). As in the proof
of Theorem 53] we recognize a quasi-power form for N, (z), and this leads
directly (e.g., by an application of the Levy continuity theorem or Goncharev’s
theorem) to the central limit result presented in ([IT).

Method B: Figenvalue approach. We apply now the Perron—Frobenius theorem
for positive matrices together with a matrix spectral representation to obtain
even more precise asymptotics. Our starting point is the following formula

oo

H=aM(2)] 7' =D a"M*(2). (4.12)

k=0
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Now observe that M(z) for real z, say ¢, is a positive matrix since each element
M;;(t) is the generating function of the language M;; and, for any v € M;;,
we have P(v) > 0 for memoryless sources. Let Ai(f), A2(t),..., Ak (t) be the
eigenvalues of M(t). By the Perron—Frobenius result we know that Aq(t) is
simple real, and that A\;(¢) > |A;(¢)| for i > 2. (To facilitate further derivations
we will also assume that the A;(x) are simple, but this assumption will not have
any significant impact on our asymptotics as we shall see below.) Let 1; and
r;, i =1,..., K be the left and right eigenvectors corresponding to eigenvalues
A1(t), Aa(t), ..., Ak (t), respectively. We set (13, r1) = 1, where (x,y) is the scalar
product of the vectors x and y. Since r; is orthogonal to the left eigenvector r;
for j = i, we can write, for any vector x,

K
x = (L1, x)r1 + Z<1¢,X>I‘
=2
This yields
K
M(t)x = (I, <)M (B)rs + > (L, x) A (B
=2

since M(t)r; = \;(t)r;. But M¥(t) has eigenvalues A¥(t), A5 (), ..., Ak (#); thus,

dropping even our assumption that the eigenvalues As, ..., A are simple, we
arrive at
K/
MF(t)x = (I, )M (E)r + Y qi(k) (L, x)AF (t)r, (4.13)
i=2

where the ¢;(k) are polynomials in k (g;(k) = 1 when the eigenvalues Ao, ..., Ag
are simple). Finally, we observe that we can analytically continue A (t) to the
complex plane owing to the separation of A; (¢) from the other eigenvalues leading
to A1(2).

Now applying [II3) to (II2) and using it in the formula for N(z, z) derived
in Theorem we obtain (for simple \;(t))

N(z, ) = R (2)all — aM(2)] 7 U(2)

= 2R (2 <wa 2), U(2))r1(z2)

- ZxkAif(zxu(z),U(z»ri(z)
=2

KI
 20(z Z(z
11— x)\l Jr ; 1—z\(z
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for some polynomials C;(z). This representation enables us to apply the Cauchy
formula, yielding, as before, for A < 1 and a polynomial B(x),

Ni(2) := [2"|N(z,x) = B(z)p~" (x)(1 + O(A")),

where p(x) is the smallest root of 1 —2zA(z) = 0, which coincides with the smallest
root of det(l — xM(x)) = 0. In the above A < 1 since A\;(z) dominates all the
other eigenvalues. In the next section we return to this method and discuss it
in more depth.

4.2. Generalized string matching via automata

In this section we deal with a general pattern matching problem where the words
in W are of all different lengths, that is, W = Ule W; such that W; is a subset
of A™i with all m; different. For the present we keep Wy = ) (i.e., there are no
forbidden words) but we will consider the case Wy # 0 at the end of the section.
We present here a powerful method based on finite automata, i.e., the de Bruijn
graph. This approach is very versatile but unfortunately is not as insightful as
the combinatorial approach discussed so far.

Our goal is to derive the probability generating function N, (z) = E[z%»0Y)]
for the number of occurrences in the text of patterns from the set W. We
start by building an automaton that scans the text X;Xs---X, and recog-
nizes occurrences of patterns from W. As a matter of fact, our automaton
corresponds to the de Bruijn graph, which we describe in what follows. Let
M = max{my,...,mq} — 1 and B = AM. The de Bruijn automaton is built
over the state space B. Let b € B and a € A. Then the transition from state b
resulting from the scanning of symbol a of the text is to b € B such that

b= bobs - - - basa;

that is, the leftmost symbol of b is erased and symbol a is appended at the right.
We shall denote such a transition as ba — b or ba € AB, since the first symbol
of b has been deleted owing to the scanning of symbol a. When scanning a text
of length n — M one constructs an associated path of length n — M in the de
Bruijn automaton that begins at a state formed by the first M symbols of the
text, that is, b = X1 X5 .- Xs. In addition, we denote the edges of the graph
by the transition symbol a.

Example 4.2.1. Let W = {ab, aab,aba}. Then M = 2; the corresponding de
Bruijn graph is presented in Figure [£.1]
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Figure 4.1. The de Bruijn graph for W = {ab, aab, aba}.

To record the number of pattern occurrences we equip the automaton with a
counter A(b,a). When a transition occurs, we increment A(b,a) by the number
of occurrences of patterns from W in the text ba. Since all occurrences of
patterns from W ending with a are contained in text of the form ba, we realize
that

A(b, a) = OM+1(W, ba) — OM(W, b),

where Oy (W), u) is the number of pattern occurrences in a text u of length k.
Having built such an automaton, we construct an |A|M x | A|M transition matrix
T(z) as a function of a complex variable x such that

[T()), ; = P(a)z®®9)[ba € AD]

= P(a)zOm+1Wb)=OnW) [ § = byby - - bysal, (4.14)

where Iverson’s bracket convention is used:

[B] = 1 if the property B holds,
10 otherwise.

Example 4.2.2. Let us consider the same set of words as in Example £.2.1],

that is, W = {ab, aab, aba}. The transition matrix T(x) is shown below:

T(z) = ab 0
ba | P(
bb 0
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Next, we extend the above construction to scan a text of length £ > M. By
the combinatorial properties of matrix products, the entry of index b,b of the
matrix product T*(x) accumulates all terms corresponding to starting in state b
and ending in state b and records the total number of occurrences of patterns W
found upon scanning the last k letters of the text. Therefore,

[TH@)] 5= D Plo)a@usr Vo) =Ouvb), (4.15)
ve Ak

Now define a vector x(z) indexed by b as
x(z)], = P(B) 2 OV,

Then, the summation of all the entries of the row vector x(z)!T*(x) is achieved
by means of the vector 1 = (1,...,1), so that the quantity x(z)*T*(z)1 rep-
resents the probability generating function of Oy (W) taken over all texts of
length M + k; this is seen that in fact

E[z0M)] = Z P(v)zO» W),

Now setting n = M + k we can prove the following theorem.

Theorem 4.2.3. Consider a general pattern W = Wiy,..., Wy) with M =
max{my,...,mq} — 1. Let T(z) be the transition matriz defined as

[T(x)], ; := P(a)aO+rWVba=OmVA G = poby .. byral,

s

where b,b € AM and a € A. Then
Ny (z) = E[z0)] = bt(z)T" ()1 (4.16)
where bt (x) = x* ()T~ (z). Also,

N(z,x) = Z N, (x)z" = b’ (x)(I — 2T(z)) "1 (4.17)

n>0
for |z] < 1.

Let us now return for a moment to the reduced pattern case discussed in the
previous section and compare the expression ([{I7) given here with expression
(@8) of Theorem T2 which we repeat below:

N(z,2) = R (2)z(l — 2M(2)) " 'U(2).
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Although there is a striking resemblance of these formulas they are actually
quite different. In (£6) M(z) is a matrix representing generating functions of
languages M,;, while T(x) is a function of  and is the transition matrix of the
associated de Bruijn graph. Nevertheless, the eigenvalue method discussed in
the first section of this chapter can be directly applied to derive the limit laws
of 0, (W) for a general set of patterns W. We shall discuss it next.

To study the asymptotics of O,, (W) we need to estimate the growth of T (z),
which is governed by the growth of the largest eigenvalue as we have already seen
in the previous sections. Here, however, the situation is a little more complicated
since the matrix T(z) is irreducible but not necessary primitive. To be more
precise, T(z) is irreducible if its associated de Bruijn graph is strongly connected,
while for the primitivity of T(x) we require that the greatest common divisor of
the cycle weights of the de Bruijn graph is equal to 1.

Let us first verify irreducibility of T(x). As is easy to check, the matrix is
irreducible since for any g > M and b,b € AM there are two words w,v € A9
such that bw = vb (e.g., for g = M one can take w = b and v = b). Thus
T9(x) > 0 for > 0 which is sufficient for irreducibility.

Let us now have a closer look at the primitivity of T(x). We start with a
precise definition. Let (b, b) := A(ba) where ba — b is the counter value for a
transition b to b. Let C be a cycle in the associated de Bruijn graph. Define the
total weight of the cycle C as

Y€)= Y w(b.b)

bbeC

Finally, we set vy = ged(¥(C) : C is a cycle). If 1y = 1 then we say the T(z)
is primitive.

Example [L27] (continued). Consider again the matrix T(x) and its associ-
ated graph shown in Figure £l There are six cycles with respective weights
0,3,2,0,0,1; therefore ¢,y = 1 and T(x) is primitive. Consider now another

matrix
P(a) P(b)2*
T(e) = (P(a) 2 P(b) a3 > ’

This time there are three cycles with weights 0,6, and 3, and ¥y, = 3. The
matrix is not primitive. Observe that the characteristic polynomial A(x) of this

matrix is a polynomial in z3. |

Observe that the diagonal elements of T*(x) (i.e., its trace) are polynomials
in ¢ if and only if ¢ divides ¥yy; therefore, the characteristic polynomial det(zl—
T(z)) of T(z) is a polynomial in u¥W. Indeed, it is known that for any matrix
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TA*
det(l — A) = exp ZfT[]:l]

k>0

where Tr[A] is the trace of A.

The asymptotic behavior of the generating function N, (z) = E[z®»")], and
hence O, (W), depends on the growth of T"(x). The next lemma summarizes
some useful properties of T(z) and its eigenvalues. For a matrix T(x) of dimen-
sion |A|M x |AM we denote by \;(z), for j =1,..., R = |AM], its eigenvalues
and we assume that |\ (z)| > [A2(x)| > -+ > |A\g(z)|. To simplify the notation,
we often drop the index of the largest eigenvalue, writing A(z) := A1(x). Observe
that o(z) = |A(x)| is known as the spectral radius and is given by

o(z) = lim | T"(x) ||/"

n—oo

where || - || is any matrix norm.

Lemma 4.2.4. Let Gy (W) and T(x) denote, respectively, the de Bruijn graph
and its associated matriz defined in ({{.17)), for a general pattern V. Assume
P(W) > 0.

(1) For x > 0 the matriz T(x) has a unigue dominant eigenvalue A(z) (> \j(x)
for 7 =2,...,|A|M) that is strictly positive and a dominant eigenvector r(x)
whose entries are all strictly positive. Furthermore, there exists a complex neigh-
borhood of the real positive axis on which the mappings u — \(x) and u — r(x)
are well defined and analytic.

(ii) Define A(s) :=logA(e®) for complex s. For real s the function s — A(s) is
strictly increasing and strictly convex. In addition,

A(0)=1,  A(0)=PW)>0, A"0):=c*(W)>0.
(iii) For any 0 € (0,27) and t real o(te®®) < o(t).

(iv) For any 0 € (0,27), if by = 1 then for t real o(te’®) < o(t); otherwise
Yw =d > 1 and o(te’) = o(t) if and only if 0 = 2kw/d.

Proof. We first prove (i). Take > 0 real and positive. Then the matrix T(z) has
positive entries, and for any exponent g > M the gth power of T(z) has strictly
positive entries, as shown above (see the irreducibility of T(x)). Therefore, by
the Perron—Frobenius theorem there exists an eigenvalue A(z) that dominates
strictly all the others. Moreover, it is simple and strictly positive. In other
words, one has

@) = M(@) > o)) = Da(a)| = -



4.2. Generalized string matching via automata 87

Furthermore, the corresponding eigenvector r(z) has all its components strictly
positive. Since the dominant eigenvalue is separate from the other eigenvalues,
by perturbation theory there exists a complex neighborhood of the positive real
axis where the functions ¢ — A(z) and  — r(z) are well-defined and ana-
lytic. Moreover, A\(x) is an algebraic function since it satisfies the characteristic
equation det(Al — T(z)) = 0.

We now prove part (ii). The increasing property for A(z) (and thus for A(s))
is a consequence of the fact that if A and B are nonnegative irreducible matrices
such that A; ; > B;; for all (4,7), then the spectral radius of A is larger than
the spectral radius of B.

For the convexity of A(s) it is sufficient to prove that, for u,v > 0,

A(Vuv) < VA()V/A(v).

Since eigenvectors are defined up to a constant, one can always choose eigenvec-
tors r(y/uv), r(u), and r(v) such that

ri(v/uv)

e ri(u)ri(v) B

Suppose that this maximum is attained at some index ¢. We denote by P;; the

coefficient at w in T(u), that is, P;; = [u¥][T(u)];;. By the Cauchy-Schwarz
inequality we have

AWu)ri(vuw) = Z Pyj (Vuw) 7 1 (vuv)

< ZPij(\/W)w(i’j) \/7i(u)r(v)

1/2 1/2
Z P, w?(:3) 7 (u) Z P ¥ (6d) 7i(v)
J J

VAW VA©) Vri(u) ri(v),

which implies the convexity of A(s). To show that A(s) is strictly convex, we
argue as follows: Observe that for v = 1 the matrix T(u) is stochastic, hence
A(1) = 1 and A(0) = 0. As we shall see below, the mean and the variance of
0, (W) are asymptotically equal to nA’(0) and nA”(0), respectively. From the
formulation of the lemma, we conclude that A’(0) = P(W) > 0 and A”(0) =
o2(W) > 0. Therefore, A’(s) and A”(s) cannot be always zero and (since they
are analytic) they cannot be zero on any interval. This implies that A(s) is
strictly increasing and strictly convex.

IN
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We now establish part (iii). For |z| = 1, and ¢ real and positive, consider
two matrices T(¢t) and T(xt). From (i) we know that for T(¢) there exists
a dominant strictly positive eigenvalue A := A(t) and a dominant eigenvector

r := r(t) whose entries 7; are all strictly positive. Consider an eigenvalue v of
T(xt) and its corresponding eigenvector s := s(x). Denote by v; the ratio s;/r;.
One can always choose r and s such that maxi<;<g |vj| = 1. Suppose that this
maximum is attained for some index i. Then

|Z/SZ'| = Z Pij (I’t)w(i’j) Sj < ZRJ tw(i’j) ri = )\Ti. (418)
J J

We conclude that |v| < A, and part (iii) is proven.

Now we deal with part (iv). Suppose now that the equality |v| = A holds.
Then, the inequalities in ([£I8) become equalities. First, for all indices ¢ such
that P, o # 0, we deduce that |s;| =, and vy has modulus 1. For these indices ¢,
we have the same equalities in (I8 as for the index ¢. Finally, the transitivity
of the de Bruijn graph entails that each complex v; is of modulus 1. The converse
of the triangular inequality shows that for every edge (i,7) € Gar(W) we have

. v
uw(z,J)vj = —u;,

A
and for any cycle C of length L we conclude that
L
()=

However, for any pattern W there exists a cycle C of length 1 with weight
Y(C) = 0, as is easy to see. This proves that ¥ = A and that u?(© =1 for any
cycle C. If ¢y = ged(y(C), C cycle) = 1, then u = 1 and o(te??) < o(t) for

6 € (0,2m).
Suppose now that ¥y, = d > 1. Then the characteristic polynomial and the
dominant eigenvalue \(v) are functions of v¢. The lemma is proved. ]

Lemma 2.4 provides the main technical support to prove the forthcoming
results in particular, to establish the asymptotic behavior of T™(z) for large n.
Indeed, our starting point is (17, to which we apply the spectral decomposition
in (£I3) to conclude that

N(z,z) = +Z lfz)(j
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where «; > 1 are integers. In the above, A(z) is the dominant eigenvalue while
[Ai(x)] < A(x) are the other eigenvalues and ¢;(x) are polynomials. The numer-
ator of the first term is the expression c¢(z) = b¥(z)(1(z), 1)r(z), where 1(z) and
r(z) are the left and the right dominant eigenvectors and b?(z) was defined after
(@I6). Then Cauchy’s coefficient formula implies that

No(@) = c(u)X*(2)(1 + O(A™)) (4.19)

for some A < 1. Equivalently, the moment generating function E[es?»OV)] of
0, (W) is given by the following uniform approximation in a neighborhood of
s =0:

E[e*O" )] = d(s)A" (e*) (1 + O(A™)) = d(s) exp (nA(s)) (1 + O(A"))  (4.20)
where d(s) = ¢(e®) and A(s) = log A(e®).
There is another, more general, derivation of (I9). Observe that the spec-

tral decomposition of T(z) when x lies in a sufficiently small complex neighbor-
hood of any compact subinterval of (0, +00) is of the form

T(z) = AMz)Q(z) + R(z) (4.21)

where Q(z) is the projection onto the dominant eigensubspace and R(x) is a
matrix whose spectral radius equals |[Az(x)|. Therefore,

T (x) = A"(2)Q(x) + R (x)
leads to the estimate (£I9). The next result follows immediately from (Z20).

Theorem 4.2.5. Let W = Wy, Wh,..., W) be a generalized pattern, with
Wo = 0, generated by a memoryless source. For large n

E[0,(W)] = nA'(0) + O(1) = nP(W) + O(1), (4.22)
Var[O,(W)] = nA”(0) + O(1) = no*(W) + O(1), (4.23)

where A(s) = log A(e®) and A(u) is the largest eigenvalue of T(u). Furthermore,
P(O,(W) =0)=CA"(0)(1+ O(A"™)),
where C > 0 is a constant and A < 1.

Now we establish limit laws, starting with the central limit law and the
corresponding local limit law.
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Theorem 4.2.6. Under the same assumption as for Theorem [{.2.0 the fol-
lowing holds:

<€) %/; ral =0 (=) @)

where B is a bounded real interval.

sup

P (On(W) —nP(W)
¢eB

Proof. The uniform asymptotic expansion (£20) of a sequence of moment gener-
ating functions is known as a quasi-powers approximation. Then an application
of the classical Levy continuity theorem leads to the Gaussian limit law. An
application of the Berry—Esseen inequality (see Lemma [[L2:3] of Chapter [I]) or
Hwang’s power law (see Theorem [[L2.4] of Chapter [I]) provides the speed of con-
vergence, which is O(1/4/n). This proves the theorem. |

Finally, we deal with large deviations.

Theorem 4.2.7. Under the same assumption as for Theorem [{.2.0 let w, be
a solution of
wN (w) = ai(w) (4.25)

for some a # P(W), where A(x) is the largest eigenvalue of T(x). Define the
large deviation rate
I(a) = alogw, — log A(wa). (4.26)

Then there exists a constant C > 0 such that I(a) > 0 for a # P(W) and

lim 1 log P (O,(W) <an)=—I(x) if 0<z<PW) (4.27)

n—o00 N

1
lim —log P (O, (W) >an)=—I(z) if PW)<z<C. (4.28)
n—oo N
Proof. We now establish ([£27). The variable O,,(W) by definition has at most
linear growth, and so there exists a constant C such that O, (W) < Cn + O(1).
Let 0 < x < P(W). Cauchy’s coefficient formula provides the probability

P(O,(W) <k =na) 1 NZ](;E) %

= ~ 2n

|z|=r

For ease of exposition, we first discuss the case of a primitive pattern. We
recall that a pattern is primitive if ¥y = ged(¥(C), C is a cycle) = 1. The
strict domination property expressed in Lemma .2-4(iv) for primitive patterns
implies that the above integrand is strictly maximal at the intersection of the
circle |x| = r and the positive real axis. Near this axis, where the contribution of
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the integrand is concentrated, the following uniform approximation holds, with

k = na:
Ny ()

xrna

= exp (n (log A\(z) — alogz)) (1+0(1)). (4.29)

The saddle point equation is then obtained by canceling the first derivative,
yielding
w (w)
=a

Aw) 7
and this equation coincides with (£25). Note that the function F is exactly the
derivative of A(s) at the point s := logw. Since A(s) is strictly convex, the left-
hand side is an increasing function of its argument, as stated in Lemma [L27((ii).
Also, we know from this lemma that F'(0) = 0, F(1) = P(W), while we set
F(oo) = C. Thus, for any real a in (0,C), equation (£30) always admits a
unique positive solution, which we denote by w = w,. Moreover, for a # P(W),
one has w, # 1. Since the function

Flw) = (4.30)

flx)=—1log % (4.31)

(see ([A2H)) admits a strict maximum at & = w,, this maximum I(a) is strictly
positive. Finally, the usual saddle point approximation, as given in Table B.1]
applies and one finds that

P <a) - (M)”e(m, (432)

a
n w

where ©(n) is of order n=/2. To see the latter, define f(x) as in (@31). Then

#29) becomes
Nn(2)

I.na

= exp (—nf(x)) (1 +o(1)) .

By a Taylor expansion around the saddle point w, we have

£(2) = ) + 5 = wa) " (wa) + O — wa)® ("),

where f”(wq) > 0 and

/\(wa))"

a
wa

exp(-nf(en)) = (

is the first factor in (£32)). Furthermore

O)i= [ exp (=50 - ")) do = [,
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as expected.
In summary, the large deviation rate is
waN (Wa)

I(a) = —log Alwa) i Sy =

as given in the theorem.

In the general case, when the pattern is not primitive, the strict inequality
of Lemma .24(iv) is not satisfied, and several saddle points may be present
on the circle |x| = r, which would lead to some oscillation. We must, in this
case, use the weaker inequality of Lemma EZZ(iii), namely, o(te??) < o(t),
which replaces the strict inequality. However, the factor (1 — z)~! present in
the integrand of ([£.29) attains its maximum modulus for [¢t| = r solely at t = r.
Thus, the contribution of possible saddle points can affect only a fraction of the
contribution from ¢ = r. Consequently, (L.27)) and (£206]) continue to be valid.
A similar reasoning provides the right-hand tail estimate, with I(a) still given

by #26). This completes the proof of [27]). |

We complete this analysis with a local limit law.

Theorem 4.2.8. If T(u) is primitive then

1 e/ 1

where B is a bounded real interval. Furthermore, under the above additional
assumption, one can find constants o, and 6, such that

P(OW(W) = aE[O,)] ~ ——— e~nl(a) 6 (4.34)

TaV 2T

where I(a) is defined in [{.26]) above.

Proof Stronger “regularity conditions” are needed in order to obtain local limit
estimates. Roughly, one wants to exclude the possibility that the discrete distri-
bution is of a lattice type, supported by a nontrivial sublattice of integers. (For
instance, we need to exclude the possibility that O,, (W) is always odd or of the
parity of n, and so on.) Observe first that the positivity and irreducibility of
the matrix T(u) is not enough, as shown in Example L.2T]

By Lemma .24 one can estimate the probability distribution of O, (W) by
the saddle point method in the case when W is primitive. Again, one starts
from Cauchy’s coefficient integral,

1 dx
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where k is of the form k = nP(W) + £o(W)y/n. Property (iv) of Lemma 2.4
grants us precisely the fact that any closed arc of the unit circle not containing
x = 1 brings an exponentially negligible contribution. A standard application of
the saddle point technique, given in Table 31l then completes the proof of the
local limit law of Theorem 2.8 The precise large deviation results follow from
the local limit result and an application of the method of shift discussed in the
proof of Theorem 2.5.41 [ |

Finally, consider a general pattern drawn from the set W = (Wh, W1, ..., Wy)
with nonempty forbidden set Wy. In this case we study the number of occur-
rences O, W/W, = 0) of patterns W, ..., W, under the condition that there is
no occurrence in the text of any pattern from Wj.

Fortunately, we can recover almost all the results from our previous analysis
after redefining the matrix T(x) and its de Bruijn graph. We now change (@14
to

[T(2)], ; := P(a)z®"* [ba € Ab and ba ¢ Wy, (4.36)

where ba C Wy means that any subword of ba (i.e., part of the word ba) belongs
to Wy. In other words we are forcing the matrix T(z) to be zero at any position
that leads to a word containing patterns from W, that is, we are eliminating
from the de Bruijn graph any transition that contains a forbidden word. Having
constructed the matrix T(x), we can repeat all the previous results; however, it
is much harder to find explicit formulas even for the mean and the variance (see

Exercise [4.0]).

4.3. Generalized string matching via a language approach

In this section we again study the nonreduced set of patterns W = U?zl W;
with Wy = 0; however, here we will often write explicitly W = {wy, ..., ws} for
§ = Zle m; patterns in WW. Our goal is to find the generating function for the
number of occurrences, but now focusing more on the multivariate generating
function of the vector OW,v) = (O(w1,v),...,0(ws,v)), where v is a word
representing the text and O(v,w;) counts the number of pattern w; occurrences
in v. We have already used this notation in the last section. More precisely, we
introduce the multivariate generating function

F(z,x) = Z m(v)z!Y! Hm?(w"’ﬂ), (4.37)
vEA* i=1

where 7(v) is a weight function for v. This generalizes our approach from the
previous sections. Indeed, if we set w(v) = P(v) then the multivariate generating
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function F(z,x) becomes the probability generating function

N(z,x) = Z ,z’ly‘E[xo(W’”)]7
vEA*
where we use the short-hand notation xJ = [[;_, acfr Furthermore, if we set
m(v) = 1 then F(z,x) becomes the enumerative generating function.
In this section we follow Bassino et al. (2012) who proposed a novel approach

via languages that directly extends our analyses from previous chapters.

4.3.1. Symbolic inclusion—exclusion principle

We first explain a way of counting pattern occurrences based on the inclusion—
exclusion principle. In Chapter 2] we constructed the language 7,., whose words
each contain exactly r copies of words from WW. When W is nonreduced such a
construction is quite complicated, as seen in the last section. Here we present a
new approach that directly generalizes the language approach of Chapter 2] and
Section [£.Il We shall construct a language Q that contains some occurrences
from W and we shall allow the over-counting of some patterns. We then use the
symbolic inclusion—exclusion principle to remedy this situation.
We illustrate our ideas with a few examples.

Example 4.3.1. Let us first consider a single pattern w = aaa and let the text
be represented by a single word v = aaaa. Observe that w may occur in the
following three situations: [aaala, a[aaa] and [aa[a]aa], where we indicate the
pattern occurrence by [aaa]. Observe that in the third case, two occurrences of
w = aaa overlap. Well, clearly this last case captures all we need but it is much
easier to describe the three cases together. For this we introduce informally a
language, called a cluster C, that describes the situation in which several pattern
occurrences overlap, one after another, without any gap between patterns (e.g.,
[aala]aal is a cluster). Then the three situations can be described by the following
language:

Q={CA, AC,C}
where A is the alphabet. The generating function of Q with 7(v) =1 is
Q(z,2) = 2 (1 + & + x + 2°),

where x counts the occurrences and z measures the length of the text. Clearly,
this is not the enumerative generating function, which in this case is F(z,2) =
2*x2. But we observe that F(z,2) = Q(z,x — 1). Here we have taken advantage
of the symbolic inclusion—exclusion principle, which we explain next. [ |
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As mentioned above, the main technical tool behind this new idea is the
symbolic inclusion—exclusion principle. Let Q be a language in which some
patterns may occur (we call them marked) while others are unmarked. The
point to observe is that this language Q is easy to construct. The language
T that leads to the generating function F'(z,z) is much harder to construct,
and for a general pattern W too complex; in that language we count pattern
occurrences only once, while in @ we may use a “marked” pattern or not. The
latter is reflected in the generating function by the replacement of z by 1+ =
(i.e., we set it to 1 if a pattern is unmarked and to z if it is marked). In
other words, the symbolic inclusion—exclusion principle reads (see Flajolet and
Sedgewick (2009))

Q(z,z) = F(z,z + 1), (4.38)

or F(z,2) = Q(z,z — 1).

Example 4.3.2. Let us apply the inclusion—exclusion principle that we have
just learned to rediscover the probability generating function ([2:26) from Chap-
ter 2 which counts the number of occurrences of the only pattern w in the set
W = {w} for a memoryless source. In that case we have

Q = SEQ(A) - SEQ (w - SEQ(S \ €) - SEQ(A)),

where we recall that S is the autocorrelation set. The expression w - SEQ (S \ €)
describes the structure of a cluster of overlapping occurrences. This specification
can be translated to the present context using general principles (SEQ(L) —
(1 — L(z,v))! for instance), and yields the bivariate generating function

Qz,z) = ﬂ'(v)z‘le# marked occurrences
,x) = E E
vEA* marked w in v

1 1
1—2m(A) 1 —m(w)
1
zr(w)zlwl °
1—zm(A) — T2(S(z)-1)

1 1
A e O ey

Then, by the symbolic inclusion—exclusion principle, we find directly that

F(z,z) = Z () 22CW) = Q(z, & — 1).

veA*

Setting m(w) = P(w) we recover (2:20). |
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4.3.2. Multivariate generating function

In this section derive the multivariate generating function for a non-reduced set
of patterns W = {ws, ..., ws}:

F(z,x) = Z 7(v) 2V X OV
vEA*

from which we recover F(x) = [2"]F(z,x). In particular, if the weight m(v)
is equal to the probability P(v) then F(x) becomes the probability generating
function

No(x) =E [XO(W’U)} = [2"|F(z,x).

We first construct a set Q containing marked pattern occurrences from W
and then apply the symbolic inclusion—exclusion principle to recover the set 7,
of r pattern occurrences. We illustrate our approach on a simple example.

Example 4.3.3. Let W = {aaa,aba} and let the text be v = aaaaba. We
recall that a cluster C is a consecutive text that is “covered” by patterns from
W; that is, any two consecutive symbols in a cluster belong to W. For example,
v = [a[aa][a]ba] is a cluster. Clearly, there are only two occurrences of w; = aaa
and one occurrence of we = aba. We will see that N(z,z1,22) = z%%xg and we
can construct it through the inclusion—exclusion principle.

Therefore, we first build a set Q with some (marked) occurrences of W. This
is rather easy, if we know how to construct a cluster C. Granted this and, in
symbolic calculus, writing A for a symbol from the alphabet and C for a cluster,
we have

Q={AAAAAA, CAAA, ACAA, AAAC, CC, AC, CCAA, C},
which translates into the generating function
Q(z,x1,20) = 25(1 + 1 + 21 4 To + 120 + 2120 + 22 + 2225).
Then the inclusion—exclusion “miracle” produces
F(z,21,22) = Q(z,21 — 1,20 — 1) = 2630%302

as required. [ |

We will follow the above approach to construct the multivariate generating
function F(z,x) from the generating function Q(z,x) of a simpler language Q in
which (by over-counting) we mark certain pattern occurrences and ignore others.
We need to define more formally a cluster and its generating function.



4.3. Generalized string matching via a language approach 97

We call a word v a clustering word if any two consecutive positions in v are
covered by a word from W = {w,...,ws}. Position 4 in the word v is covered
by a word w if w = U;—Iv\+1 for some j € {|w|,...,|v|} and j — Jw| +1 <@ < j.
The language of all clustering words for a given set W is denoted Kyy. Then a
cluster C formed from a clustering word v € Kyy is a set

C={Py: weW}

containing sets P,, of occurrence positions covering v, each set corresponding
to a particular word w from W. Thus, a cluster is a subset of the occurrence
positions in the clustering words. Moreover, every two consecutive positions 4
and 7 + 1 in v are covered by at least one occurrence of some w € W. More
formally,

Vie{l,...,jv|-1} JweW,3IpeP, suchthat p—|w|+1<i<i+l<p.

The set of clusters with respect to the clustering words built over W is denoted
L. Furthermore, Ly (v) is the subset of Lyy corresponding to the clustering-
word v € Ky. For a cluster C = {P, : w € W} we also define v(C), the
corresponding (unique) clustering word, and |C|,,, the number of marked occur-
rences of the word w in the cluster; thus

Cluy = |Pul-

Example 4.3.4. Let W = {baba, ab} and suppose that we have a clustering
word v = abababa, so that v € Kyy. Then

EW(U) = {{Pab = {2; 47 6}apbaba = {57 7}} ) {Pab = {27 6}apbaba = {5; 7}} s
{Pab = {25 4}7Pbaba = {57 7}} ) {Pab = {2}7Pbaba = {55 7}}}

as is easy to verify. [ ]

With this notation, we can define the generating function of clusters £(z,t)
as follows:
()= S Alla(oyrte Ll (4.39)
veEw CELw (v)

where we recall that |C|,, is the number of pattern w occurrences in the cluster
C.

Now we can describe a language Q consisting of all text words v with some
(marked) patterns W. Clearly

Q= SEQ(A+C)
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since vQ can be decomposed into symbols from A or from the cluster C, as
shown in Example £.3.3] The generating function of this language is

B 1
11— A(2) —€(z,x)°

Q(z,x)

Then, by the symbolic inclusion—exclusion principle we finally arrive at our main
result of this subsection, namely the generating function for the word counts,

1

FeX) = e ===

(4.40)

where 1 = (1,...,1).

This is the starting point for the extraction of the moments and limiting
distributions of O, (W) provided that we can find an expression for the cluster
generating function £(z,x), which we will do next.

4.3.3. Generating function of a cluster

Thus, in order to complete our analysis we need to derive the generating function
of a cluster for W. For a single word W = {w}, the generating function of a
cluster was presented in Jacquet and Szpankowski (1994), but for a nonreduced
set W we need a major extension. We shall again follow the derivation from
Bassino et al. (2012).

In the nonreduced case a word w; may occur within another word from W.
In order to generate the clusters properly we introduce the notion of the right
extension of a pair of words (h, hs). This notion is similar to the correlation
set of two words hy and hy defined in Section 1] but differs in two important
aspects: (i) overlapping is not allowed to occur at the beginning of hy; and (ii)
the extension cannot be an empty word, that is, some symbols must be added
to the right of h;. More formally we define it as follows.

Definition 4.3.5 (Right extension set). The right extension set of a pair of
words (h1, ha) is given by

Ehy hy = {e: there exists ¢/ € AT such that hie = €’hy  with 0 < |e| < |ha|}.
For a set of words W = {wy, ..., ws} we define the right extension matrix as
£ = (gwi’wj)lgi,jgs'

Note that when hy and hg have no factor relation (i.e., one word is not a
substring of another word) the right extension set &, n, is the correlation set of
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hi to hy. Furthermore, when h; = ho the set &, 1, is the autocorrelation set
S — ¢ of hy (the empty word does not belong to &, 1, )-
We now illustrate the right extension set and matrices with a few examples.

Example 4.3.6. (i) For W = (ab, aba), we have £ = (@ 0 )

b ba
(ii) For W = (a® = aaa,a” = aaaaaaa), we have
o T OO §
at+aa a+a”+a’+a +a +a
ab® 0
(iii) For W = (aa, ab, ba, baaab), we have £ = Sgga%ab
00 aaaab

Having this in mind, we now introduce the right extension graph (see Figure
[2), in analogy to the de Bruijn graph of the previous section.

Definition 4.3.7 (Right extension graph). Let W = {wi,...,ws}; the right
extension graph Gy, = (V, E) of the set of words W is the directed labeled
graph such that:

(i) the set of verticesis V = {e} U W;

(ii) the set of edges is
E={e3 w, weW} U {wduv, wuw eWandye&(wuw)}.

In order to translate this combinatorial description of clusters into generating
functions, we need to introduce two quantities, namely a vector w° and a matrix
C. Basically, when a word w,, is a factor of a word w; it may be marked or
remain unmarked during the marking process; the latter induces a term (1+t,,),
where t,, is indeterminate, in the associated multivariate generating function.

Definition 4.3.8 (Inclusion—-exclusion formal marking). Letw = (wq,...,ws)
be a vector of s words. Then the formal marking of w, denoted by w°, is a vector
with its 7th coordinate element equal to

wi = m(w;)z" [T+ t) i,
m#i
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aaab

Figure 4.2. Graph Gy for W = {aa,ab,ba,baaad}. We
remark that several paths may correspond to the same label-

ing. For instance the word baaab corresponds to different paths
baaab

b b
e Xbaaab, and e = ba > aa > aa — ab.

where |w;|,, is the number of occurrences of the word wy, in the word w;. The for-
mal marking of the matrix of right extension sets € is the matrix C' = {Cj; }; =1
where

Cij = Z m(e)zle! H (1 4ty )0 (wicly =lwily [l (4.41)

e€&; m#j

Example 4.3.9. The above definitions are illustrated in Figure for W =
{aa, ab, ba,baaadb}. Here

ab® 0
c_ 0 0 aaaad
|edd 0 |
0 0 a aaadb
and
zm(a) zm(b) 0 0
c— 0 0 z2m(a) 2*m(aaab)(l + tpe)(1 + taa)?(1 + tap)
| zm(a) zw(b) 0 0
0 0  zm(a) 2*m(aaab)(l +tpe)(1 + taa)?(1 + tap)

In the above definition, there is a need for the min operator since when
considering the right extension matrix we are only counting factor occurrences
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that begin and finish within the last occurrence considered (w; in the definition)
and also finish inside the extension; on the contrary, when analyzing a single
word w we consider all factor occurrences, and we note this particular case by
the symbol o in superscript.

Example (continued). We now develop Example further by taking
m(a) = w(b) = 1.

. 0 0
(i) For W = (ab, aba), we have C' = (Z 2(14 tl))'

(ii) For W = (a® = aaa,a” = aaaaaaa), the matrix C is given by
z 4 2° (14t1)5(2% + 2%)
2422 (T+t)z+ (1 4+10)22% + (1 +4)%2% 4+ (L +t)*2* + (14 11)5(2° + 2%)

as is easy to see. Here the crucial point is to determine which factor oc-
currences lie within the last occurrence (hence the min operator in (£.41]))
and finish within the extension.

(iii) For W = (aa, ab, ba, baaad) (see Figure [L2]) we have

z z 0 0

0 0 2 2*(1+t)%(1+t2)(1+t3)
C:

z z 0 0

0 0 2z 2*(1+t1)%(1+t2)(1 +1t3)

With the notation as above we are ready to present our main result of this
section, that is, the generating function for clusters.

Theorem 4.3.10. The generating function £(z,t) for the clusters built over
W ={ws,...,ws} is given by

£(z,t) = wPA(t) - (I — CA(t)) ' -1, (4.42)

where w = (w1,...,ws), t = (t1,...,ts), and A(t) is an s X s diagonal matriz
with entries t1,...,ts.

Proof. The matrix C' is a formal expression of the transition matrix of the
graph Gy, where the vertex ¢ and its corresponding edges have been removed.
Some occurrences of the word w; (for each i € {1,...,n}) are marked with the
formal variables t; in the labels of Gy,. More precisely, a word occurrence w;
obtained when visiting a vertex w; is marked by the formal variable ¢;, and
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appears in the calculus through the diagonal matrix A(t) in (£42); in contrast,
a factor occurrence can be marked or not (this does not change the path in
the graph), hence providing a term of the form [],, 4i (tm + 1)* where k is the
number of possible new occurrences. The first transition from e to any w € W
is handled similarly. So the paths with k + 1 transitions in Gyy starting from e
have generating function

weA(t) - (CA(t))" - 1.

Finally we use the quasi-inverse notation ) 77, (CA(t)) = (1—CA(t)" to
complete the proof. [ |

We consider two examples.

Example 4.3.11. For W = {w}, we have

tw® tr(w)z"!

§(z,t) = 1—tC(2) - 1—t(S(z) —1)’

(4.43)

where S(z) is the autocorrelation polynomial.
Now let W = {wy,w2}. We can compute explicitly £(z,¢1,t2) by Cramer’s
rule:

tiws + tows — tite (w3[Ca2 — Cr 2] + wS[Cr11 — Ca.1])

(444
1 —1t3C022 — 11011 + t1t2(C11C22 — C21C4 2) ( )

§(27t17t2) =

and this expression is computable from the right extension matrix of {wy,ws}.
|

Example 4.3.12. Let W = (a®,a”). Recall that the right extension matrix &
(see Example A36(ii)) is:

c— a+ a* a’® + ab
“\a+a® a+ad+at+at+d>+ad )

If we take m(w) = 1 for all words w (the unweighted “enumerative” model where
each word has weight 1), we have w® = (23, (1 +t1)527), and

Ci1 =2+ z2, Cia=(1 +t1)5(25 + 26), Co1 =2+ z2,
Coo=(1+t1)z+ (14+t1)222 + (1+1)%22 + (1 +t)* 2 + (1 +11)°(2° + 29).

By substituting these values in ([£44]), the generating function £(z,t1,t2) can be
easily computed. [ |



4.3. Generalized string matching via a language approach 103

Finally, we observe that when the set W is reduced, that is, when no word of
W is a factor of another, the clusters are uniquely defined by a path in the graph
Gw. So w° and C do not depend on any of the variables ¢;. Hence, in (£42]),
the variables ¢; appear only inside A(t). This constitutes another formulation
of the result of Goulden and Jackson (1983).

4.3.4. Moments and covariance

In this section we return to the word count O, (W) and again compute the
moments as well as the covariance matrix for a memoryless source. Thus we

define
W) = Y P(w).
wew

When considering the total number of occurrences from W we simply set all
x; = x in the cluster generating function. We shall write

H(z,z) :=&(z,x,...,x).

Then (@40) becomes

—_

N =
() 1—2z—-Z(z,z-1)

with Z(z,0) = 0 since N(z,1) = 1/(1 — z). Setting E,(z) = %E(z,x)‘xzo and

2 . .
Era(z) = %:(z, x)’ and using basic algebra, we have
=0

nzZ%E[On]z 8:0N(Z’ x) T a-ap
> E[0}]:" = a—QN(z z)|  + ZN(z,2)|
n>0 " Ox? e 0T
_ 25, (2)” + Bz (2) + Es(2)
T—2p  (1-2p

It is easy to see that Z,(2) = >,y P(w)z!"! (for the case of clusters with one
and only one marked occurrence). The expression for =, (z) takes into account
that some words of W are factors of others:

Zea(z) = Y [ 2P()ful, 2+ Y 2P(ue):t

u,veEW e€€uv
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with the convention that |u|, =
In summary, using the above and the Cauchy residue theorem we arrive at

E[On]= Y P(w)(n—|w|+1)

wew
—Var = > Pw)— > P)P)(|ul +[v] - 1)
weW u,vEW
+ Y 2P)P(Euy) + Y 2P(w)lul, +o(1).

u,veEW u,veEW

If W= {w} then
lim %Var[On] = P(w) + 2P(w)P(Eww) — (2Jw| — 1) P(w)?,

as already given in Theorem 2.4.11
Finally, we will compute the covariance matrix for words co-occurrence. We
prove the following result.

Theorem 4.3.13. The normalized asymptotic correlation coefficient of occur-
rences for two patterns W; and W; satisfies

Cov(Wi,Wh) = D (P(u)P(Eu) + P(0)P(Evsu) = (lul + [v] = 1)P(u)P(v))

ueEW;
’UEWj
(4.45)
POViOW;) + > ([uloP(u) + [v]uP(v)) + o(1),
ueEW;
7J€Wj

with the convention that |ul, =

Proof. Let U and V be two sets of words. We first decompose the set U UV as
a direct sum:

UUY =U\V)UV\U)UUND).

In order to ease the notation, we will index the variables in the generating
function £(z,x) by words, i.e., the variable x,, corresponds to the word u. Then
we consider the generating function of clusters for the three disjoint sets U’ =
UN\NV,V =V \U, and W = U NV, where x = (z,)ucyuy With respective
variables x1, x2, and x3:

E(Z,I1,$2,$3): €(Zax)|azu:a:1 forueU\ (446)

%
Ty = w2 foru e V\U
Ty, =xz3 forueldnNy

)
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that is, we simply substitute the variables x1, x2 and x3 for the words appearing
in each of the three sets.

Let N(z,x,y) be the corresponding generating function counting occurrences.
We have, by (£40), since occurrences in U NV are marked twice

1
1—2—-Z(z,o0—1,y—1loy—1)

N(z,2,y) = (4.47)

By construction, since N(z,1,1) =1/1 — 2z, we have
2(2,0,0,0) = 0.
To simplify the notation, we set

E'L(z) - aiiE(Z7x17x25Z3)

fori=1,2,3,

(z1,22,23)=(0,0,0)

= — 8—2': . .o
Eij(z) = axia%u(z,xl,xg,m) (1 2me)—(0.0.0) fori,j € {1,2,3}.

Denoting X,, and Y,,, respectively, as the number of occurrences in i and V, we

obtain by (@47)

> BN = (ENG o), = g B+ Ea(e)
n>0

SEW" = (NG| = o (B + Ba(2).
n>0

which yields
E[X,] =) (n—|ul+1)P(u), E[Y]=> (n—|ul+1)P(u).
ueU u€ey
Thus we also have

2
Z E[X,Y,]:" = %ay]\f(z7 x,y)
n>0
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A Taylor expansion at z = 1 gives for i = 1,2,3
Bi(2) = Ei(1) = (1 = 2)E(1) + o(1 = 2)
which leads to

BIX, Y] = (n 4+ 1)(n +2) (Z1(1) + Z5(1) ()
= )

Observe that

= )= P(u)
ueU
E()= Y, Y. (Plul, + P(w)P(Euw) + P)[v], + P0)m(Esu)) -
weU\V veEVNU

In summary, after some computations we find that

—Cov (X0, Yol =Y > (P(u)P(Eu) + P(0)P(Ev)

ueEU veY
=(lul + [v| = D) P(u)m(v))
+PUNY)+ D > (JuloP(u) + [v]uP(v)) + o(1).

ucU veY
Substituting ¢/ and V respectively by W; and W; leads to ({f45]). |

The limiting distribution of O, (W) could be derived using the Perron—
Frobenius characterization. Extension to the multivariate case, that is, the
multivariate central limit theorem for O, (W) = (O, (w1), ..., On(ws)) is possi-
ble; however, the computation is quite troublesome because of the need to avoid
degenerate cases. Details can be found in Bender and Kochman (1993) and
Bassino et al. (2012).

4.4. Exercises

4.1 Extend the analysis of Chapter @ to multisets W, that is, to the case
where a word w; may occur several times in W.

4.2 Prove the language relationships (£.1))—(@.4]).
4.3 Derive an explicit formula for the constant 6, in Theorem L T3(iv).
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4.4 With the notation of Section build the de Bruijn graph for W =
{aba, bb, abab, bab, bba} and then construct the matrix T(z). Finally, de-
rive the mean and the variance of O, (W) in this case; see Theorem .25

4.5 Find explicit formulas for the values of the mean E[O,(W)] and the
variance Var[O,(WW)] for the generalized pattern matching discussed in
Section [£.2]in the cases where Wy = () and W, # 0.

4.6 Using the Berry—Esseen inequality, verify the error term O(1/4/n) in
Theorem [4.2.6]

4.7 Derive explicit formulas for the constants o, and 6, in (£34) to be found
in Theorem 2.8

4.8 Using the Berry-Esseen inequality carry out detailed derivations to es-
tablish the error term in Theorem [4.2.0l
4.9 Enumerate the (d, k) sequences over a non binary alphabet (i.e., gener-

alize the analysis of Section B.1)).
4.10  With the notation of Section [£3.4] verify the following two identities:

Ee(z) = Y P(w)",

weWw
Eea(z) = Z (2P (u)|ul, 21" + Z 2P (ue)z"l).
u,veEW e€€un
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CHAPTER 5

Subsequence String Matching
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As explained at the start of Chapter @ in the generalized string matching prob-
lem, given a pattern W one searches for some or all occurrences of W as a block
of consecutive symbols in a text. Here we concentrate on subsequence string
matching. In this case, we are searching for a given pattern W = wiws -« - woy,
in the text X = x5+ x, as a subsequence, that is, we are looking for indices
1 <4 <ig <--- < iy <nsuch that z;, = wy, z, = wa, ..., T, = Wy. We
also say that the word W is “hidden” in the text; thus we call this the hidden
pattern problem. For example, date occurs as a subsequence in the text hidden
pattern, in fact four times but not even once as a string of consecutive symbols.

More specifically, we allow the possibility of imposing an additional set of
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constraints D on the indices i1, 49, ...,%, to record a valid subsequence occur-
rence. For a given set of integers d; (d; > 1, possibly d; = o), one should have
(tj41 —1;) < dj. More formally, the hidden pattern specification is determined
by a pair (W, D) where W = wy - - - ws, is a word of length m and the constraint
D= (dy,...,dm-1) satisfies 1 < d; < oo forall 1 <7 <m.

The case when all d; are infinite is called the (fully) unconstrained problem.
When all d; are finite, we speak of the (fully) constrained problem. In particular,
the case where all d; equal 1 reduces to the exact string matching problem.
Furthermore, observe that when all d; < oo (the case of a fully constrained
problem), the problem can be treated as generalized string matching, discussed
in Chapter @ In this case the general pattern W is a set consisting of all words
satisfying a constraint D. However, when even one d; is infinite the techniques
discussed so far are not well suited to handle the situation. Therefore, in this
chapter we develop new methods that facilitate such analysis.

5.1. Problem formulation

If an m-tuple I = (i1,42,...,0m), 1 < i1 < ig < -+ < iy, satisfies the con-
straint D with 4,41 —4; < d; then it is called a position tuple. Let P, (D) be the
set of all positions subject to the separation constraint D, and furthermore satis-
fying i, < n. Also let P(D) = J,, Pn(D). An occurrence of the pattern W sub-
ject to the constraint D is a pair (I, X) formed by a position I = (i1,142,...,4my) of
Pn(D) and a text X = xqx9 - -, for which z;, = wy, 2, = wa, ..., 2, = W

Example 5.1.1. If # represents a don’t-care symbol and its subscript denotes
a strict upper bound on the length of the associated gap, a typical pattern may
look like this

ab#or#acH a# d# 4ot brHa (5.1)

where # equals #, and #1 is omitted; that is, ab should occur first contiguously,
followed by r with a gap of less than two symbols, followed anywhere later in
the text by ac, etc. [ |

Observe that an occurrence of a pattern can be viewed as a text in which
the positions at which the pattern occurs have been distinguished in some way.
The number €2 of occurrences of a pattern W in the text X as a subsequence
subject to the constraint D is then a sum of characteristic variables:

ax)= Y Zix), (52)

IeP|x (D)
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where
Z1(X) := [W occurs at position I in X].
When the text X is of length n, we often write €2,, := Q(X).

In order to proceed we need to introduce the important notion of blocks
and aggregates. In the general case we assume that the subset F of indices
j for which d; is finite (dj < o) has cardinality m — b with 1 < b < m.
The two extreme values of b, namely, b = m and b = 1, describe the (fully)
unconstrained and the (fully) constrained problem, respectively. Thus, the sub-
set U of indices j for which d; is unbounded (d; = oco) has cardinality b — 1.
It then separates the pattern W into b independent subpatterns called blocks
and denoted by Wi, Wa, ..., W,. All the possible d; “inside” any W, are fi-
nite and form a subconstraint D,., so that a general hidden pattern specification
(W, D) is equivalently described as a b-tuple of fully constrained hidden patterns
((Wlapl)v (WQ; DQ); cee (Wbapb))'

Example BT (continued). Consider again
abifo 19 actf ot difa ot brita,
in which one has b = 6, the six blocks being

Wi =a#t1b#ar, Wa = affic, Wa= a, Wy= d#sa, Ws=b#r, W= a.

In the same way, an occurrence position I = (i1, i, . .., i, ) of W subject to
the constraint D gives rise to b suboccurrences, I, 121 ... I the rth term
I representing an occurrence of W, subject to constraint D,. The rth block
Bl"l is the closed segment whose end points are the extremal elements of II"l and
the aggregate of position I, denoted by «([I), is the collection of these b blocks.

Example 5.1.2. Consider the pattern from Example B.I.I, and assume the
occurrence position tuple is
I=1(6,7,9,18,19,22,30,33,50,51,60).
This satisfies the constraint D and gives rise to six subpositions,
7l 72l 73] 74l yatl! rlel
—  — AN = —/ =
(6,7,9), (18,19), (22), (30,33), (50,51), (60);
accordingly, the resulting aggregate (1),
Bl B2l Bl3l B4 Blsl plel
AN A~ AN A A
[6,9], [18,19], [22], [30,33], [50,51], [60],
has six blocks. "]
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5.2. Mean and variance analysis

Hereafter, we will assume that the word W is given and that the text X is
generated by a (nondegenerate) memoryless source. The first moment of the
number of pattern occurrences (X)) is easily obtained by describing the collec-
tion of such occurrences in terms of formal languages, as discussed in Chapter @
We adopt this approach here, and build languages satisfying certain properties.
When analyzing occurrences we weight these languages by text probabilities,
and this leads to the corresponding generating functions.

Let us start by building a language that allows us to compute the expected
number of subsequence occurrence and its variance. We consider the collection
of position—text pairs

0:={(I,X); I€Px|(D)},

the size of an element (I, X) being by definition the length n of the text X. The
weight of an element (I, X) of O is taken to be equal to Z;(X)P(X), where
P(X) is the probability of generation of the text. In this way O can also be
regarded as the collection of all pattern occurrences weighted by the probability
of the text. The corresponding generating function of O equipped with this
weight is

Oz)= > ZI(X)P(X)X=3" > Zi(X) ) P(Xx)¥,

(I, X)eo X I€P x|(D)

where the inner sum is exactly Q(X) as defined in (5.2). Thus

O(z) = > _UX)P(X) X =3 "E[Q,]2". (5.3)
X n

As a consequence, one has [2"]0(z) = E[Q,], so that O(z) serves as the gener-
ating function of the sequence of expectations E(,,).

However, each pattern occurrence can be viewed as a “context”, with an
initial string, then the first letter of the pattern, then a separating string, then
the second letter, etc. The collection O is therefore described combinatorially
by

O = A x {wy} x AN x {wa} x A% x . x w1} x A1 x {w,, } x A*

(5.4)
Here, for d < oo, A<? denotes the collection of all words of length strictly less
than d, ie., A<?® .= Uica A, whereas for d = co we write A<® = A* =
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Ui<oo A®. The generating functions associated with A<¢ and A<> are

1— 24 1

A<d(z):1+z+22+--~+zd71: , A<°O(Z):1+z+z2+~--:

1-=2 I

Thus, the description ([5.4]) of occurrences automatically translates, for memo-
ryless sources, into

m

b+1 7Zd"'
O(z) = ZE[Qn] 2" = <1 iz) <prz> (H 11 — ) ’ (5.5)

n>0 i€F

where F is the set of indices 4 for which d; < oco. One finally obtains

E[Q,] = [z"]0(z) = 7;—:) (H di> P(W) (1 +0 <%>) : (5.6)

icF

and a complete asymptotic expansion could easily be obtained.
For the analysis of the variance and especially of the higher moments, it is
essential to work with a centered random variable Z defined, for each n, as

En =0 -E[Q)]= ) v, (5.7)
I1eP,(D)

where Y; = Z; — E[Z;] = Z; — P(W). The second moment of the centered
variable Z equals the variance of €2, and, with the centered variables defined by

(&), one has

EE]= > EMY] (58)

I,J€Pn (D)
From this last equation, we can see that we need to analyze pairs of positions
(I,X),(J,X) = (I,J,X) relative to a common text X. We denote by Oy this
set, that is,
Oy ={(I,J,X); I,JecPx(D)},

and we weight each element (I, J, X) by Y7(X)Y;(X)P(X). The corresponding

generating function, which enumerates pairs of occurrences, is

Os(z) = Y Yi(X)Ys(X)P(X) 2]
(I,7,X)€0y

=2 > iX)Ys(X) | P(X)zX
X

I,JE’P‘X‘(D)
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and, with (5.8]), we obtain

Ox(z) =) > ENMY,]z"=> E[E]z"

n>0 I,JeP,(D) n>0

The process entirely parallels the derivation of (53)) and one has [z"]O2(z) =
E[Z2], so that O(z) serves as the generating function (in the usual sense) of
the sequence of moments E[Z2].

In order to characterize the language O we need a better understanding of
the properties of the pair (I,.J). There are two kinds of pair (I,.J), depend-
ing on whether I and J intersect or not. When I and J do not intersect, the
corresponding random variables Y; and Y are independent (for a memoryless
source), and the corresponding covariance Cov[Y;Y;] reduces to 0. As a conse-
quence, one may restrict attention to pairs of occurrences (I, J) that intersect
at one place at least. Suppose that there exist two occurrences of a pattern W
at positions I and J which intersect at ¢ distinct places. We then denote by
Winy the subpattern of W that occurs at the position I N J and by P(WinJ)
the probability of this subpattern. Observe that

2
E[Z;Z;] = %[{W agrees on I N J]
where [W agree on I N J] is 1 if the pattern W at positions I is the same as at
positions J and is 0 if this is not the case. Thus

E[Y;Y,] = E[Z:Z,] — E[Z/]E|Z,] = P2(W) <[[W agrees on 10 J] _ 1)

PWrnyg)
= P (W)e(I,J) (5.9)

where the correlation number e(I,J) is defined as

[V agreeson INJ]
PWiny)

e(I,J) = 1. (5.10)
One may remark that this relation remains true even if the pair (I, J) does not
intersect, since, in this case, one has P(Wyny) = P(e) = 1.

The asymptotic behavior of the variance is driven by the amount of overlap
of the blocks involved in I and J rather than simply by the cardinality of N .J.
In order to formalize this, define first the (joint) aggregate a(I,J) to be the
system of blocks obtained by merging together all intersecting blocks of the
two aggregates a(l) and «(J). The number of blocks 8(I,J) of a(l,J) plays
a fundamental role here, since it measures the degree of freedom of the pairs;
we also call 5(I,J) the degree of pair (I,J). Figure i1l illustrates this notion
graphically.
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I [ I
1 0 1 O

> >

v [

A

Y

A

Figure 5.1. A pair of position tuples I, J with b = 6 blocks each and their
joint aggregates; the number of degrees of freedom is here 3(I,J) = 4.

Example 5.2.1. Consider a pattern W = ‘(J/#3 b#4r‘#‘ a#4c‘ composed of
two blocks, indicated by the boxes. The text aarbarbccaracc contains several
valid occurrences of W including two at positions I = (2,4,6,10,13) and J =
(5,7,11,12,13). The individual aggregates are a(I) = {[2,6],[10, 13]}, a(J) =
{[5,11],[12, 13]} so that the joint aggregates are «(I, J) = [2,13] and S(I, J) = 1.
The pair (I, J) has exactly degree 1. |

When I and J intersect there exists at least one block of «(I) that intersects
a block of a(J), so that the degree 5(I,J) is at most equal to 2b — 1. Next, we
partition Qs according to the value of B(I,J)

ol .= ((I,J,X) € Oy: B(I,J) =2b—p}

for the collection of groups (I, J, X) of occurrences for which the degree of free-
dom equals 2b — p. From the preceding discussion, only p > 1 needs to be
considered and so

Os(2) = O} (2) + O (2) + OF)(2) + - + 05" (2).

As we will see next, asymptotically it is only the first term of this sum that
matters.

In order to conclude the discussion, we need the notion of full pairs: a pair
(I,J) of Pg(D) x Py(D) is full if the joint aggregate a(I,J) completely covers
the interval [1,¢l; see Figure (Clearly, the possible values of length ¢ are
finite since ¢ is at most equal to 2¢, where £ is the length of the constraint D.)

R ] [
] C—1| 4—4O»m C——J O™

A
A
A
A
A
\ 4
A
A

Figure 5.2. A full pair of position tuples (I, J) with b = 6 blocks each.
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Example 5.2.2. Consider again the pattern W = a#3b#4r#a#4c. The text
aarbarbccaracc also contains two other occurrences of W, at positions I’ =
(1,4,6,12,13) and J' = (5,7,11,12,14). Now, I’ and J’ intersect, and the aggre-
gates are o(I’) = {[1,6],[12,13]}, a(J") = {[5,11],[12,14]}, so that a(I’,J") =
{[1,11],[12,14]}. We have here an example of a full pair of occurrences, with
the number of blocks B(I’, J') equal to 2. |

There is a fundamental translation invariance due to the independence of
symbols in the memoryless model that entails a combinatorial isomorphism (rep-
resented by %)

O} 2= (A7) P+ B,

where ng | is the subset of O, formed with full pairs (,.J) such that B(I,J)
equals 2b — p. In essence, the gaps can be all grouped together (in number they
are 2b—p+1, which is translated by (A*)%*pﬂ), while what remains constitutes

a full occurrence. The generating function of O[Qp I is accordingly

1 2b—p+1
o= (1=) e

1—2

where ng ) (z) is the generating function of the collection ng !, From our earlier
discussion, it must be a polynomial. Now, an easy dominant pole analysis entails
that [z"]O[Qp I = O(n?~P). This proves that the dominant contribution to the
variance is given by [z”]Oél], which is of order O(n?*~1).

The variance E[Z2] involves the constant BE] (1) that is the total weight of
the collection BE]. Recall that this collection is formed of intersecting full pairs
of occurrences of degree 2b — 1. The polynomial BE] (z) is itself the generat-
ing function of the collection BE], and it is conceptually an extension of the
autocorrelation polynomial introduced in Chapter We shall return to both
polynomials in the next section.

We summarize our findings in the following theorem.

Theorem 5.2.3. Consider a general constraint D with a number of blocks b
and m = O(1). The mean and the variance of the number of occurrences S, of
a pattern W subject to the constraint D satisfy

E[Q,] %( II dj>nb(1+0(n1)),

j:dj<oo

Var[Q2,] = a?(W)n®* ! (14+0(n™ 1)),
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where the variance coefficient (W) involves an autocorrelation coefficient k(W):
P2V)

02(W):mn2(vv) with — K2W):= > e(l,J). (5.11)
(1,7)eBy!

The set Bg} is the collection of all pairs of position tuples (I, J) that satisfy three
conditions: (i) they are full; (ii) they are intersecting; (iii) there is a single pair
(rys) with 1 < r,s < b for which the rth block Bl of a(I) and the sth block Clsl
of a(J) intersect.

The computation of the autocorrelation coefficient x(W) reduces to b* com-
putations of correlations k(W,., W) relative to pairs (W,, Ws) of blocks. Note
that each correlation of the form k(W,, W;) involves a totally constrained prob-
lem and is discussed below. Let D(D) := ] d;. Then one has

i d;<oo

2om) =0'0) ¥ s () (Y0 sowowa,

1<r,s<b

(5.12)
where k(W,., W) is the sum of the e(I, J) in (B.11)) taken over all full intersecting
pairs (I, J) formed with a position tuple I of block W, and subject to constraint
D,, and a position tuple J of block W;, subject to constraint D. Let us explain
formula (B.12) in words: for a pair (I,J) of the set BS], there is a single pair
(r,s) of indices with 1 < 7,5 < b for which the rth block Bl"] of a(I) and the
sth block CP¥l of a(J) intersect. So, there exist r + s — 2 blocks before the
block a(BIl, Cl¥l) and 2b —  — s blocks after it. We thus have three different
degrees of freedom: (i) the relative order of the blocks Bl (i < ) and the blocks
CUl(j < s), and similarly the relative order of the blocks Bl(i > r) and the
blocks CUl(j > s); (ii) the lengths of the blocks (there are D; possible lengths
for the jth block); (iii) finally, the relative positions of the blocks BI"l and CI*.
In particular, in the unconstrained case, the parameter b equals m and each
block W, is reduced to a symbol, w,. Then the correlation coefficient x2(W) is

given by

REW) = S (T :fi; 2) (Qmm_rr_ S) [w, = w,] (% - 1) . (5.13)

1<r,s<m

In words, once one fixes the position of the intersection, called the pivot, then
amongst the r + s — 2 symbols smaller than the pivot one assigns freely » — 1
symbols to the first occurrence and the remaining s — 1 symbols to the second
occurrence. One proceeds similarly for the 2m — r — s symbols larger than the
pivot.
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5.3. Autocorrelation polynomial revisited

Finally, we compare the autocorrelation coefficient k(W) with the autocorrela-
tion polynomial S,,(z) introduced in Chapter 2] in the context of exact string
matching. Let w = wiws---w,, be a string of length m; all the symbols of
w must occur at consecutive places, so that a valid position I is an interval
of length m. We recall that the autocorrelation set P(w) C [1,m] involves all
indices k such that the prefix w} coincides with the suffix w4, - Here, an
index k € P(w) relates to a intersecting pair of positions (I,.J) and one has
wf = wrny.

Recall that the autocorrelation polynomial S, (z) is defined in ([Z3]) of Chap-
ter @ by

Sw(z) = Z P(w,)z" "k = P(w) Z ! 2™k,

kEPy, keP(w)

Cy(z) = Z 2mk,

keP(w)

Let us also define

Since the polynomial BS] (z) of the language BS] involves the coefficients e(, J)

defined in (BI0), it can be written as a function of the two autocorrelation
polynomials A,, and C,,, as follows:

Bi(2) = P(w)z™ (Aw(z) — P(w) Cu(2)). (5.14)

Put simply, the variance coefficient of the hidden pattern problem extends the
classical autocorrelation quantities associated with strings.

5.4. Central limit laws

Our goal now is to prove that a sequence €2, appropriately centered and scaled
tends to the normal distribution. We consider the following standardized random
variable =,, which is defined for each n by

En Q, — E[Q,]

S = nb—1/2 = nb—1/2 s (515)

where b is the number of blocks of the constraint D. We shall show that En
behaves asymptotically as a normal variable with mean 0 and standard devia-
tion 0. By the classical moment convergence theorem, this is established once
all moments of =, are known to converge to the appropriate moments of the
standard normal distribution.
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We remind the reader that if G is a standard normal variable (i.e., a Gaus-
sian distributed variable with mean 0 and standard deviation 1) then, for any
integral s > 0,

E[G*]=1-3---(25 — 1), E[G*T] =0. (5.16)

We shall accordingly distinguish two cases based on the parity of r, » = 2s and
r = 2s+ 1, and prove that

E[Eierl] _ O(n(2s+1)(b71/2))’ E[Eis] ~ 0_25 (1 3. (25 . 1)) n25b75’
(5.17)
which implies the Gaussian convergence of Z,,.

Theorem 5.4.1. The random variable (2, over a random text of length n gen-
erated by a memoryless source asymptotically obeys a central limit law in the
sense that its distribution is asymptotically normal. That is, for all x = O(1),

one has
Q, —E[Q 1 i
i p [ Bl <z|= —/ e 12 dt. (5.18)
n—00 Var[Q,,] V21 J o

Proof. The proof below is combinatorial; it basically reduces to grouping and
enumerating adequately the various combinations of indices in the sum that
expresses E[Z7]. Recall that P, (D) is formed from all the sets of positions in
[1,n] subject to the constraint D and set P(D) := J,, Pn(D). Then, distributing
the terms in =" yields

EE )= >  E},--Y]; (5.19)
(I1,...,Ir)ePL(D)

Y: was defined after (57). An r-tuple of sets (I1,...,I.) in P"(D) is said to be
friendly if each Iy intersects at least one other I, with £ # k and we let Q(T)(D)
be the set of all friendly collections in P"(D). For P”, Q") and their derivatives
below, we add the subscript n each time the situation is particularized to texts
of length n. If (I1,...,I.) does not lie in Q") (D) then

E[Yh YI ] = 0;

r

since at least one Y7 is independent of the other factors in the product and the
Y are centered: E[Y;]0. One can thus restrict attention to friendly families and
obtain the basic formula

E[=;] = > E[Y7, -+ Y7,], (5.20)
(I,....I,)eQ" (D)
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where the sum involves fewer terms than in (5.I9). From here we proceed in
two stages, dealing separately with the odd and even moments. First, we re-
strict attention to friendly families that give rise to the dominant contribution
and introduce a suitable subfamily Qir) c 9 that neglects the moments of
odd order, which are small. Next, the family Q,(f) for even order r involves a
symmetry and it suffices to consider another smaller subfamily Q(*i) C Q,(f),
that corresponds to a “standard” form of position tuple intersection; this last
reduction gives rise to precisely the even Gaussian moments.

Odd moments. Given (I1,...,1.) € Q) the aggregate a(l1,Is,..., 1) is
defined as the aggregation of a(l1) U -+ U «(I,). Next, the number of blocks
of (I1,...,1I,) is the number of blocks of the aggregate a([l1,...,I.); if p is the
total number of intersecting blocks of the aggregate a(I1, ..., I,.), the aggregate
a(ly, Iz, ... I,) has rb—p blocks. As previously, we say that the family (I,..., 1)
of Q((f) is full if the aggregate a([ly,Is,...I.) completely covers the interval
[1,¢]. In this case, the length of the aggregate is at most rd(m — 1) + 1, and
the generating function of full families is a polynomial P,.(z) of degree at most
rd(m — 1) + 1 with d = max;ec r d;, where we recall that the set of indices j for
which d; < oo is denoted by F. Then, the generating function of those families
of Q" whose block number equals k is of the form

(i) re

whose block number equals k is O(n*). This observation proves that the dom-
inant contribution to (G20) arises from friendly families with a maximal block
number. It is clear that the minimum number of intersecting blocks of any ele-
ment of Q") equals [r/2], since it coincides exactly with the minimum number
of edges of a graph with r vertices which contains no isolated vertex. Thus the
maximum block number of a friendly family equals rb — [r/2]. In view of this
fact and the remarks above regarding cardinalities, we immediately have

E [Eierl] -0 (n(25+1)b—571) —0 (n(2s+1)(b*1/2))

which establishes the limit form of odd moments in (5.17).

Even Moments. We are thus left with estimating the even moments. The
dominant term relates to friendly families of Q(**) with an intersecting block
number equal to s, whose set we denote by Q(*QS). In such a family, each subset
I, intersects one and only one other subset I;. Furthermore, if the blocks of
a(Ip) are denoted by B}[lu], 1 < wu < b, there exists only one block Bl[cu’“] of a(I)

and only one block BE”] of a(I;) that contain the points of I N I,. This defines
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an involution 7 such that 7(k) = ¢ and 7(¢) = k for all pairs of indices (¢, k) for
which I and I, intersect. Furthermore, given the symmetry relation

E[Yy, - Yp,] = E[Y,, -+ V]

o) o]

it suffices to restrict attention to the friendly families of QiQS) for which the
involution 7 is the standard one with cycles (1, 2), (3,4), etc.; for such “standard”
families whose set is denoted by Qﬁs), the pairs that intersect are thus (I, I2),
.oy ({2s—1, I25). Since the set Ko4 of involutions of 2s elements has cardinality
Kog=1-3-5---(2s — 1), the equality

Z E[Yy, -+ Y] = Kas Z E[Yy, -+ Y], (5.21)
o o)
entails that we can work now solely with standard families.

The class of position tuples relative to standard families is A* x (A*)2s0=5~1 x
BE’S] x A*; this class involves the collection BE’S] of all full friendly 2s-tuples of
position tuples with their numbers of blocks equal to s. Since Bgsj is exactly
a shuffle of s copies of Bg} (as introduced in the study of the variance), the

associated generating function is

1 2sb—s+1 Bgl] (Z) s
(1,2) (25b_5)!<(2b1)!> ’

where Bg] (z) is the autocorrelation polynomial already introduced (see (5:14))).
Upon taking coefficients, we obtain the estimate

N EN Vi)~ D, (5.22)

a2
In view of the formulas (.19)—-(222) above, this yields the estimate of the even
moments and leads to the second relation in (&.I7). This completes the proof of
Theorem E.4.1] [

The even Gaussian moments eventually come out as the number of involu-
tions, which corresponds to a fundamental asymptotic symmetry present in the
problem. In this perspective the specialization of the proof to the fully uncon-
strained case is reminiscent of the derivation of the usual central limit theorem
(dealing with sums of independent variables) by moment methods.
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5.5. Limit laws for fully constrained pattern

In this section, we strengthen our results for a fully constrained pattern, in which
all gaps d; are finite. We set D = [] ; dj. Observe that in this case we can reduce
the subsequence problem to a generalized string matching problem in which the
generalized pattern W consists of all words that satisfy (W, D). Thus our results
of Chapter [ apply, in particular Theorems and This leads to the
following result.

Theorem 5.5.1. Consider a fully constrained pattern with the mean and vari-
ance found in Theorem [5.2.3 for the case b=1 and m = O(1).

(i) The random variable Q,, satisfies a central limit law with speed of convergence

1/v/n:
sup ‘P <%§D\(/ﬁm‘ < x) - \/%7 /; et'/2 dt‘ =0 <%) . (5.23)

(ii) Large deviations from the mean value have an exponentially small probability:
there exist a constant 1 > 0 and a nonnegative function I(z) defined throughout
(0,m) such that I(z) > 0 for x # DP(W) and

1 n .
lim —logP | — <z | =-I(z) #f0<xz<DPW),
el O : (5.24)
lim —logP (—>x)=—I(z) if DPW)<z<n
n—oo N n

except for at most a finite number of exceptional values of x. More precisely,

I(z) = —log % with ¢ = ((z) defined by X(e) =z (5.25)

A()

where A(z) is the largest eigenvalue of the matriz T(x) of the associated de
Brugjn graph constructed for W = {v : v = wiuiws -+ - Wyy—1Um—1Wp,, where
u € AL 1< <m — 1} (see Section[{-2).

(iii) For primitive patterns a local limit law holds:

PQ y 1 ex(k)?/2
sup \P (S = )_U(W)\/ﬁ V2

—o (%) , (5.26)

where
_k—=DPW)n

"0 =y

for n — oo.



5.6. Generalized subsequence problem 123

Example 5.5.2. Subsequence pattern matching finds a myriad of applications,
including in biology and computer security. In intrusion detection within the
context of computer security, if one wants to detect “suspicious” activities (e.g.,
signatures viewed as subsequences in an audit file), it is important to set up a
threshold in order to avoid false alarms. This problem can be rephrased as one
of finding a threshold ag = ap(W;n, 8) such that

P(Qn > Oéo) < ﬂ,

for small given S (say 8 = 107°). Based on the frequencies of letters and the
assumption that a memoryless model is (at least roughly) relevant, one can esti-
mate the mean value and variance. The Gaussian limits given by Theorems[5.4.1]
and then reduce the problem to solving an approximate system, which in
the (fully) constrained case reads

1 e 2
ag =nPW)+zoc(W)vVn,  B= \/—2—77/ et /2 at.

This system admits the approximate solution

ap = nP(W) + o(W)+/2nlog(1/8), (5.27)

for small 8. If intrusions are rare events then one needs to apply a large devia-
tions approach. We do not discuss this here, and the reader is referred to Janson
(2004). ]

5.6. Generalized subsequence problem

In the generalized subsequence problem the pattern is a sequence W = (Wi, ...,
W), where each W; is a set of strings (i.e., a language). We say that the
generalized pattern W occurs in a text X if X contains W as a subsequence
(w1, ..., wq), where w; € W;. An occurrence of the pattern in X is a sequence

(UO;w17U17---7wd;Ud)

such that X = ugwiug - - - wqug, where u; € A*. We shall study the associated
language £, which can be described as

L=A" xW; x A* x Wy x A*. (5.28)

More precisely, an occurrence of W is a sequence of d disjoint intervals I =

(I, Ia,. .., I4) such that I; := [i},43], where 1 < i} < i3 < n is a portion of
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text X" where w; € W; occurs. We denote by P,, := P, (W) the set of all valid
occurrences I. The number of occurrences §2,, of W in the text X of size n is

then
Q= > Zn (5.29)
IeP, (L)

where Z;(X) := [W occurs at position I in X].

In passing, we observe that the generalized subsequence problem is the most
general pattern matching considered so far. It contains exact string matching
(see Chapter 2]), generalized string matching (see Chapter M), and subsequence
pattern matching as discussed in this chapter. In this section we present an
analysis of the first two moments of 2, for the generalized subsequence pattern
matching problem in the case of the dynamic sources discussed in Chapter [I1

We start with a brief description of the methodology of the generating op-
erators used in the analysis of dynamic sources. We recall from Chapter [I] that
the generating operator G, is defined by G, [f](t) := |h.,(t)|f o hy(t) for a den-
sity function f and a word w. In particular, ([2]) states that P(w) fol ft)det =

fol G, [f](t)dt for any function f(¢), which implies that P(w) is an eigenvalue
of the operator G,,. Furthermore, the generating operator for wu is G, =
G, o Gy, where w and u are words (see ([3)) and o is the composition of
operators.

Consider now a language B C A*. Its generating operator B(z) is then

defined as
B(z) := Z 21l G,
weB

We observe that the ordinary generating function B(z) of the language B is
related to the generating operators. Indeed,

Bz)i= 3 2 P(w) = Zzlwl/o Gw[f](t)dt:/o B()f(0)dt.  (5.30)

weB weB

If B(z) is well defined at z = 1 then B(1) is called the normalized operator of
B. In particular, using (LJ]) we obtain

1

P(B) =Y P(w) :/O B(1)dt.

weB

Furthermore, the operator

G:=) G, (5.31)

acA
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is the normalized operator of the alphabet A and plays a fundamental role in
the analysis.

From the product formula (3] for generating operators G., we conclude
that unions and Cartesian products of languages translate into sums and com-
positions of the associated operators. For instance, the operator associated with

A* is
(I -2G)~!:= ZziGi,
i>0
where G' = G o G*~ 1,

In order to proceed, we must restrict our attention to a class of dynamic
sources, called decomposable, that satisfy two properties: (i) there exist a unique
positive dominant eigenvalue A and a dominant eigenvector denoted as ¢ (which
is unique under the normalization [ ¢(t)dt = 1); (ii) there is a spectral gap
between the dominant eigenvalue and other eigenvalues. These properties entail
the separation of the operator G into two parts (see also (£21])):

G=AP+N (5.32)

such that the operator P is the projection relating to the dominant eigenvalue
A while N is the operator relating to the remainder of the spectrum (see Chap-
ter M). Furthermore, it is easy to see that (see Exercise [£.12)

PoP =P, (5.33)
PoN=NoP =0. (5.34)

The last property implies that for any ¢ > 1 (see also (ZI3),
G' = \'"P + N (5.35)

In particular, for the density operator G the dominant eigenvalue A =
P(A) =1 and ¢ is the unique stationary distribution. The function 1 is the left
eigenvector. Then, using (B.30]), we arrive at

(I—2G)" = iP +R(2), (5.36)
where
R(z):=(I-2N)"'-P=> 2"(G"-P) (5.37)
k>0

Observe that the first term in (530) has a pole at z = 1 and, owing to the
spectral gap, the operator IN has spectral radius v < A = 1. Furthermore, the
operator R(z) is analytic in |z] < 1/v and, again thanks to the existence of the
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spectral gap, the series R(1) is of geometric type. We shall point out below that
the speed of convergence of R(z) is closely related to the decay of the correlation
between two consecutive symbols. Finally, we list some additional properties of
the operators just introduced (see Exercise 0.12) that are true for any function
g(t) defined between 0 and 1:

N[¢] =0, Pg](t) = (1) / g()dt (5.38)

/O Plg](t)dt — /O o(t)dt, /O Nig](t)dt = 0, (5.39)

where ¢ is the stationary density.

The theory built so far allows us, among other things, to define precisely the
correlation between languages in terms of generating operators. From now on we
restrict our analysis to so-called nondense languages B for which the associated
generating operator B(z) is analytic in a disk |z| > 1. First, observe that for a
nondense language B the normalized generating operator B satisfies

/01 PoBoPl|t)=Pb) </01 g(t)dt> . (5.40)

Let us now define the correlation coefficient between two languages, say B
with generating operator B and C with generating operator C. Two types of
correlations may occur between such languages. If B and C do not overlap then
B may precede C or follow C. We define the correlation coefficient ¢(BB,C) (and
in an analogous way ¢(C, B)) by

P(B)P(C)e(B,C) := > [P(B x A* x C) — P(B)P(C)]

k>0
_ /O CoR(1)oBg(t). (5.41)

To see that (&41]) holds we observe, using (.32)—(E40), that

/OCOR(l)oB[cp](t)dt:/ Co | Y (G"—P) | oBJg](t)dt

0 k>0

</01Co G" o B[y|(t)dt — /01 CoP oB[cp](t))

k

Vv

0
(P(Bx A" x B) — P(B)P(C)).

|
™

x>
v

0
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We say that B and C overlap if there exist words b, u, and ¢ such that u # ¢
and (bu,uc) € (BxC)U(C x B). We denote by B 1 C the set of words overlapping
the words from B and C. The correlation coefficient of the overlapping languages
B and C is defined as

P(B1C)

A(B.C) = 5y (5.42)

Finally, the total correlation coefficient (B,C) between B and C is defined as
¥(B,C) = ¢(B,C) + ¢(C,B) + d(B,C). (5.43)
Thus

P(B)P(C)v(B,C) = P(B1C)
+ ) [P(B x A" x €) + P(C x A* x B) —2P(B)P(C)] .

k>0

We shall need the coefficients 7, ¢, and d in the analysis of the generalized
subsequence problem for dynamic sources.

We will now derive the mean and variance of the number of occurrences
Q, (W) of a generalized pattern as a subsequence, for a dynamic source. Here is
a sketch of the forthcoming proof.

o We first describe the generating operators of the language £ defined in

(E28), that is,
L=A"xW; x A*--- Wy x A*.

It will turn out that the quasi-inverse operator (I — zG)~! is involved in
such a generating operator.

e We then decompose the operator with the help of (B.36]). We obtain a term
related to (1 — z) P that gives the main contribution to the asymptotics,
and another term coming from the operator R(z).

e We then compute the generating function of £ using (530).

e Finally, we extract the asymptotic behavior from the generating function.

The main finding of this section is summarized in the next theorem.

Theorem 5.6.1. Consider a decomposable dynamical source endowed with the
stationary density ¢ and let W = (Wi, Wa, ..., Wy) be a generalized nondense
pattern.

(i) The expectation E(Q,,) of the number of occurrences of the generalized pattern
W in a text of length n satisfies asymptotically

B0 = ("5 ) rovy+ ("5 17 ) Pov) oov) - ToN)] + 0,
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where 4
|w|P(w)
T = —_— .44
w-3 T b o
i=1 wew;
is the average text length, and the correlation coefficient C(W) is the sum of
the correlations c((W;—1, W;) between the languages W; and Wiy1, as defined by

E7).

(ii) The variance of Qy, is asymptotically equal to
Var[Q,(W)] = o2(W) n**1 (1+0(n™)), (5.45)

where

Ad—1)! T @2d_1)
and the total correlation coefficient v(W) can be computed from
B i+j—2\(2d—i—j .
1<i,5<d
where y(W;, Wit1) is defined in (5.43).

Proof. We prove only part (i), leaving the proof of part (ii) as Exercise 5131 We
shall start with the language £ defined in (B28]). Its generating operator is

L(z)= (I —2G) ' oLg(2) o (I —2G) to---oLy(2) o (I —2G)~ ', (5.46)
After applying the transformation (5.35) and using (5.3€]), we obtain an operator

1
1—=2

Ml(z)< )dHPoLd(z)oPo...oPoLl(z)oP

that has a pole of order d + 1 at z = 1. Near z = 1, each operator L;(z) is
analytic and admits an expansion
Li(z) =L; + (z — DL{(1) + O(z — 1)%.

Therefore, the leading term of the expansion is

1 d+1

<1 ) PoL,oPo---0oPoL;oP. (5.47)
—z

The term second in importance is actually a sum of d terms, each obtained by

replacing the operator L;(z) by its derivative L}(1) at z = 1. The corresponding

generating function M;(z) satisfies, near z = 1,

Mi(z) = (1 L Z)d+1 POW) - (1 L Z)dP(W)T(W)+O (%)d_l, (5.48)
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where the average text length T (W) was defined in (.44]).

After applying (.35]) to L(z), we obtain an operator My(z) that has a pole
of order d at z = 1. This operator is a sum of d + 1 terms, each term containing
an occurrence of the operator R(z) between two generating operators, those of
the languages W;_1 and W;. The corresponding generating function Ms(z) has
also a pole of order d at z = 1 and satisfies, near z =1,

1 d d 1 d—1

Mo(2) = P YY) i .

0= (773) POV Ym0 (1)

The correlation coefficient ¢(B,C) of B and C was defined in (5.41]). To complete
the proof we need only to extract the coefficients of P(z)/(1 — 2)?, as discussed

in previous sections. n

5.7. Exercises

5.1 Find an explicit formula for the generating function ng ] (z) of the col-
lection B,

5.2 Design a dynamic programming algorithm to compute the correlation
algorithm x2(W) presented in (5.12).

5.3 Establish the rate of convergence for the Gaussian law from Theo-
rem .41

5.4 For the fully unconstrained subsequence problem, establish the large

deviation results (see Janson (2004)).

5.5 Prove (5.14).
5.6 Show that
E[Q, log Q] — E[,]log E[Q] = O(n"™)

for large n and m = O(1).
5.7 Provide a detailed proof of Theorem B.5.1]

5.8 A pattern W = {ws,...,ws} consists of a set of patterns w;. The pat-
tern W is said to occur as a subsequence in a text if any of the w; occurs
as a subsequence. Analyze for a memoryless source this generalization
of subsequence pattern matching.

5.9 Let w be a pattern. Set a window size W with |w| < W < n. Consider
windowed subsequence pattern matching, in which w must appear as
a subsequence within the window W. Analyze the number of windows
that have at least one occurrence of w as a subsequence within a window
(see Gwadera, Atallah, and Szpankowski (2003)).
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5.12
5.13
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In this exercise we find a different representation for €2,, namely as a
product of random matrices. The reader is asked to prove the following
result.

Proposition 5.7.1.  Consider a binary alphabet A = {0,1}. Let ma-
trices T'(a) be defined for a € A by

T(a): Tii(a) =1,Tit1,(a) = [wi =a],T;j(a) =0 (i ¢ {j—1,5}).
The random wvariable 2, is then
2, =(0,...,0,1) B, (1,0,...,0)"

where By, is a random product of n matrices, each factor in the product
being chosen as T(0) or T'(1) with probabilities p or 1 — p, respectively.

Establish the following formula for the multivariate generating function
F.(z) = E[z"] of Q,,. Let A = {0,1} and the Ry, R; be two polynomial
substitutions on z = (2, 21, - . ., 2m), defined by

. [[w:aﬂ
R, : ug = 20, Zj > zj_lzj /

for a € A. The probability generating function F,(z) = E[z‘"] satisfies
the recursion
Fot1(2) = pRo[Fu(2)] + (1 — p)Ra[Fu(2)],  Fo(2) = uo.

Prove the generating operator identities (5.32)—(0.35) and (G.38)—(.40).
Prove the second part of Theorem[B.6.1] that is, derive the formula (5.43])
for the variance of Q,(W).

Does the central limit theorem hold for the generalized subsequence
problem discussed in Section (5.6 What about large deviations?

We now consider the unconstrained subsequence problem (i.e., the gaps
d; between symbols are infinite); however, now we will assume that the
pattern length m grows linearly with n. More precisely, we assume that
m = On for 0 < 6§ < 1. Clearly, we still have

For typical patterns w, that is, when P(w) ~ 27™#®) where H(p) =
—plogp — (1 —p)log(1 — p) is the entropy, prove that

E[Q,, (w)] ~ 2nHO)—0HP)



5.7. Exercises 131

5.16  For the problem discussed in Exercise [5.15], establish that

m

Varlt, )] = 3 (5, )P ) (5.49)

2m — k
k=1

where k = [I N J| and

9 B r1+81—2\[(rg—1r1+52—51—2
Ko (w) =
7“1—1 7“2—7“1—1
1<rm<--rp,<m
1<s1 <5, <m

y (an;TkT; Sk) ) .ﬁ[[w” = ws,] (m - 1)

i=1
and where positions r; and s; are “common”, i.e., in I and J they

overlap.

5.17  We are again in the same setting as in Exercise 015, that is, m = On.
In Exercise we computed the variance. However, it is very difficult
to obtain its asymptotics. To build up our intuition, assume now that
the pattern w = 0™ consists of m zeros. Clearly when X™ is composed
of k 1s and n — k 0s, then obviously ,(0™) = ("ﬂzk) and therefore

(o= ()= (e

Lo BIOZ(07)] ~ 2(q -+ 6p — O)H(8/(q + 0p — 8)) + H((1 —O)p +9)
+((1 = 0)p +6)logp + (¢ + bp — 9)logg,

Prove that

where ¢ = 1 — p and

5 1= V@ +49(1—O)pg

2

Note that
Var[(, (0™)] ~ E[Q2(0™)] ~ 27B0:p)

for large n.
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APPLICATIONS






CHAPTER 6

Algorithms and Data Structures

The second part of the book, which begins with this chapter, is tuned towards the
applications of pattern matching to data structures and algorithms on strings.
In particular, we study digital trees such as tries and digital search trees, suffix
trees, the Lempel-Ziv’77 and Lempel-Ziv’78 data compression algorithms, and
string complexity (i.e., how many distinct words there are in a string).

In the present chapter we take a break from analysis and describe some pop-
ular data structures on strings. We will present simple constructions of digital
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trees known as tries and digital search trees and will analyze these structures in
the chapters to come.

6.1. Tries

A trie or prefix tree, is an ordered tree data structure. Its purpose is to store
keys, usually represented by strings, known in this context as records. Tries
were proposed by de la Briandais (1959) and Fredkin (1960), who introduced
the name; it is derived from retrieval. Tries belong to a large class of digital
trees that store strings in one form or another. In this chapter, besides tries we
also consider two other digital trees, namely suffix trees and digital search trees.

A trie — like every recursive data structure — consists of a root and |A]
subtrees, where A is an alphabet; each of the subtrees is also a trie. Tries store
strings or records in leaves while their internal nodes act as routing nodes to the
leaves. The edges to the subtrees are usually labeled by the symbols from A.
To insert a new string into an existing trie, one follows a path dictated by the
symbols of the new string until an empty terminal node is found (i.e., no other
string shares the same prefix), in which the string is stored. Observe that we
either store the whole string or just the suffix that is left after the path to the
leaf. When drawing a trie, we sometimes will represent leaves as square nodes
to distinguish them from branching nodes.

We now present some pseudo-codes that build tries over a set

W:{wla"' ’wn}

of strings w® = wiw? ... written over the alphabet A. Some comments are in
order. A tree, denoted as 7T, should be understood as the pointer to the root
of a trie. In fact, for any x € A, we denote by 7.z a pointer to the subtree of
T corresponding to the symbol « € A. Furthermore, we denote by record(T) a
string stored in a node pointed by 7. Observe that for internal (routing) nodes
record(T) = nil while for terminal nodes record(T) is nonempty.

We will use the constructor method to build a tree containing a string w in
the root and having all its |.A| subtrees empty. The pseudo-code achieving it is
presented below.

procedure TRIE(w)
T « TRIE()
record(T) < w
for each a € A
do 7.a < nil
return (7)
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Now we construct a trie by first inserting a word w € W. Below we give
a code containing the procedure READ(w), which extracts and returns the first
symbol of w when w # nil or returns nil when w = nil.

procedure INSERTTRIE(w, T
if 7 =nil then return (TRIE(w))
if record(T) = nil
z < READ(w)
then {T.ac = INSERT(w, T .z)

w2 < record(T)
y < READ(w2)
record(T) < nil

else T.y < TRIE(w2)
x < READ(w)
T.z < INSERTTRIE(w, T .x)
return (7)

Finally, we complete the trie construction in the pseudo-code below.

procedure BUILDTRIE(W)
T « nil
if W=0 then return (7)
for each w e W

do T < INSERTTRIE(W,T)
return (7)

To retrieve all strings stored in a trie 7 we follow the paths to all leaves and
read the strings, as presented below.

procedure EXTRACTTRIE(T)
if 7 =nil then return (0)
if record(T) # nil then return ({record(T)})
rw <
for each z € A
W < EXTRACTTRIE(T .x)
do ( for each w e W

do rw «+ rw + {zw}

return (rw)
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We notice that the path to a string in a trie is the shortest prefix of the
original string that is not a prefix of another string stored in the trie. We also
notice that the trie does not depend on the order of insertion of the strings.

Example 6.1.1. Let W = {abaa, abba, babb, aabb, abbb}. Figure shows the
corresponding trie.

Figure 6.1. A trie built over W = {abaa, abba, babb, aabb, abbb}.

There is a variation of tries, called b-tries, where the leaves may contain up
to b strings. The basic trie corresponds to b = 1. In the general case the field
record of a node is a set of no more than b records. This leads to a variation of
the pseudo-code, as shown below.
procedure INSERTTRIE(w, T)
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if 7 =nil then return (TRIE(w))
if record(T) = nil
z < READ(w)
then {T.x = INSERTTRIE(w, T .z)

aw2 <+ record(T)
aw2 + aw?2 + {w}
if |aw2| < b then T «+ TRIE(aw?2)

else record(T) < nil
for each w2 € aw2
else
do v READ(w2)
T.y < INSERTTRIE(w2, T.y)
return (7)

Example 6.1.2. In Figure we present an example of a 2-trie constructed
from the strings: abaa, abba, babb, aabb, abbb. |

Figure 6.2. A 2-trie built from W = {abaa, abba, babb, aabb, abbb}.

The case b = 0 is special since for it all records are nil. In other words,
strings are stored as paths to the leaves. We shall call such a trie a noncompact
trie or a prefix tree. However, we will not deal with such tries in this book. The
pseudo-code for insertion in a 0-trie is presented below.
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procedure INSERTTRIE(w, T)
if 7 =nil then 7 < TRIE(nil)
x < READ(w)while z # §
do 7.z < INSERTTRIE(w, T .x)
T.$ < TRIE(nil)
return (7)

Example 6.1.3. Let W = {abaa, abba, babb, aabb, abbb}. Figure shows the
0-trie built from W. [ ]

Figure 6.3. A 0-trie or spaghetti trie.

In the discussion so far, we have assumed that no string in a trie is a prefix
of another string. This is the case when the strings are potentially infinite. In
order to consider finite strings we introduce an extra symbol, say $, at the end
of all strings. This new symbol is different from any symbol of A and indicates
that the string terminates. In this case the trie is a (|.A| 4+ 1)-tree. The subtree
that corresponds to the symbol $ always has its record equal to nil.

6.2. Suffix trees

The suffix tree of a word w is simply a trie built over successive suffixes of w,
where w can be unbounded in length. In other words, the (infinite) suffix tree
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Figure 6.4. Suffix tree for w = a°.

built over n suffixes is a trie over the set W = {wiwa - -+ ,wows -+ , ..., wy -+ }.
A finite suffix tree is built over successive finite suffixes of w$, that is, over the
set W8 = {wy - w,$,...,w,$}, where we use the special terminal character $
to create finite length suffixes. We will work mostly with infinite suffix trees and
for brevity will refer to them just as suffix trees.

The pseudo-codes to construct suffix trees resemble those for tries. In par-
ticular, we have:

procedure BUILDSUFFIXTREE(w)
T < nil
if w = nil then return (7)
while w # nil
do {ac + READ(w)
T <« INSERTTRIE(w, T)
return (7)

The original string is easy to recover from such a trie, since it is the longest
string it contains. However, one can construct a more economical version of
the suffix tree by storing in the leaves the rank of the suffix in the original
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string instead of the whole sequence of the suffix (or its remaining part). By the
“rank” we mean the position of the first symbol of the suffix in w. Therefore in
a suffix tree the field record is replaced by the field rank (which is set at —1 in
the internal nodes). The conversion code is as follows, where n is the length of
original text:

procedure CONVERTSUFFIXTREE(n,T)
if 7 =nil then return (nil)
if record(T) # nil
rank(T) < n — |record(T)]

then {return (T)
rank(T) < —1
for eachac A

do {T7.a + CONVERTSUFFIXTREE(n — 1,7 .a)
return (7)

Example 6.2.1. Figure [6.4] shows the suffix tree built over the string w =
aaaaaa = a®$ while Figure shows the suffix tree for w = abaabb$. [ |

The reconstruction of the original text is easy. For this it suffices to extract
for each suffix its rank and its path to its leaf. The following procedure returns
an array S, where S[i] is the path to the leaf of the ith suffix.

procedure EXTRACTARRAYSUFFIX(T)
R + EXTRACTSETSUFFIX(T)
for each (w,i) € R
do S[i] + w
return (59)

Figure 6.5. Suffix tree for w = abaabb.
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procedure EXTRACTSETSUFFIX(T)
if 7 =nil then return ()
if rank(T) # —1 then return (nil, rank(T))
S0
for each a € A+ {8}
Sa <— EXTRACTSETSUFFIX(T .a)
do | for each (w,i) € Sa
do S+ S+ {(aw,q)}

return (5)

In the next section we present one of many possible applications of suffix
trees, namely an application to code words for the Lempel-Ziv’'77 data com-
pression algorithm.

We will return to suffix trees in Chapter B, where we present an analysis of
their depth and show to what extent they resemble tries.

6.3. Lempel-Ziv’77 scheme

We now briefly discuss one of the most popular data compression algorithms
designed in 1977 by Ziv and Lempel and known as the Lempel-Ziv’77 algorithm
or LZ’77. The Lempel-Ziv algorithm partitions or parses a sequence into phrases
that are similar in some sense. Depending on how such a parsing is encoded we
have different versions of the algorithm. However, the basic idea is to find
the longest prefix of a yet uncompressed sequence that occurs in an already
compressed sequence. For this task, the associated suffix tree is very useful, as
we shall see below.

More specifically, let us assume that the first n symbols of the sequence
X' =Xy,...,X, is given to the encoder and the decoder. This initial string is
sometimes called the database string or training sequence. Then we search for
the longest prefix X:fjrrf of X% 1 which has a copy in X7, that is, the largest
integer ¢ such that Xﬁj_rf = X™+4=1 for some prescribed range of m and £. We
denote this largest integer ¢ as D,,. Depending on the ranges for m and ¢, we
can have different versions of the LZ’77 scheme.

The code built for LZ’77 consists of a sequence of triple (m, ¢, char), where
char is the symbol X,, ¢, m is a pointer to a position in the string, and ¢ is the
length of the repeated substring occurring at position m. Since the pointer to m
needs log, n bits, the length ¢ can be coded in O(log D,,) bits and char requires
log | A| bits, we conclude that the code length is equal to logyn + O(log D,,) +
log, |A| bits.
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S Sy

S Ss

Figure 6.6. Suffix tree built from the first four suffixes of X =
1010010001 - - - ; thus S; = Xi° = 1010010001, So = X% = 010010001,
S3 = Xa% == 10010001 and S4 = X1° == 010001.

The heart of all versions of the Lempel-Ziv scheme is the algorithm that
finds the longest prefix of length D,, that occurs in a database string of length
n. It turns out that the suffix tree discussed in the previous section can be
used efficiently to find such a prefix. Indeed, let us consider a sequence X =
1010010001 - - -, and assume that X is the database string. The suffix tree built
over X is shown in Figure[6.6. Let us now look for Dy, that is, the longest prefix
of X£° that occurs in the database X{. In the growing database implementation
it is X¥ since this is equal to X3. We can see this by inserting the fifth suffix
of X into the suffix tree from Figure [6.6] which leads to the suffix tree shown in
Figure [677 In these two figures we denote the leaves by squares to distinguish
them from the internal nodes.

6.4. Digital search tree

The digital search tree (DST) is another digital tree structure. Unlike in a trie,
the records in a DST are stored in all the nodes. The root contains either the
first record or an empty record, depending on the application. As with tries, to
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S; =1010010001 S, = 0010001
S, = 010010001 S = 010001
S = 10010001

S

S S

Figure 6.7. Suffix tree built from the first five suffixes Si,...,55 of
X =1010010001 ... where S5 = 010001.

recover stored records we read the DST from the root to all nodes, concatenating
the sequence of symbols along paths and the records stored in nodes.

Let us assume that we insert into a digital tree n records w!,...,w"™, where
each record is a string (perhaps infinite) over the alphabet A. More precisely,
the root usually contains the first string although in some applications the root
may contain an empty string. The next string occupies the ath child of the root
if its first symbol is a € A. The remaining strings are stored in available nodes
which are directly attached to already existing nodes in the tree. The search for
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an existing node in the tree follows the prefix structure of a string, as for tries.
That is, if the next symbol in a string is a € A then we move to the subtree
corresponding to a. This is illustrated in the next example.

Example 6.4.1. Let W = {abb, babb, aabb, abbb}. Figure shows the DST
built over W. ]

Figure 6.8. A digital search tree over W = {abb, babb, aabb, abbb}.

The pseudo-code that builds a digital tree is very similar to that for tries,
so we list below just the three procedures: DST(w), INSERTDST (w, T), and
BuiLDDST(W).
procedure DST(w)

T + DST()
record(T)  w
for each a € A
do T.a < nil
return (7)

procedure INSERTDST (w,T)
if 7 =nil then return (DST(w))
x < READ(w)
T.x < INSERTDST (w, T .x)
return (7)

procedure BUiLDDST(W)
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T < nil
if W=0 then return (7)
for each w € W

do 7 < INSERTDST(W,T)
return (7)

A few comments are in order. Notice that the shape, or structure, of a DST
depends on the order of string insertion. However, a particular DST shape can
be obtained via several insertion orders. For this it suffices that the partial order
of strings starting with the same symbol is not modified. The enumeration of
such trees is an interesting problem. In particular, for the enumeration of DST
trees with a given total path, the reader is referred to Seroussi (2006a) (see also
Knessl and Szpankowski (2005) and Seroussi (2006b)).

The recovery of a set of strings is very similar to the extraction from a trie,
with the addition that one must also extract the records in the internal nodes:

procedure EXTRACTDST(T)

if 7 =nil then return (0))

S < record(T)

for each a € A

Sa < EXTRACTDST(T .a)
do ( for each w € Sa
do S + S + {aw}

return (5)

6.5. Parsing trees and Lempel-Ziv’78 algorithm

A digital search tree has an equivalent suffix tree image, which is sometimes
called the parsing tree and is used in variable-to-fixed compression algorithms.
However, unlike suffix trees, parsing trees do not necessarily contain all suffixes
of the original text. To understand this better, we need to say a few words about
variable-to-fixed codes.

A variable-to-fixed-length encoder partitions the source string over the al-
phabet A into a sequence of variable-length phrases. Each phrase belongs to a
given dictionary of source strings. A uniquely parsable dictionary is represented
by a complete parsing tree, i.e., a tree in which every internal node has exactly
|A| children nodes. The dictionary entries correspond to the leaves of the asso-
ciated parsing tree. The encoder maps each parsed string into the fixed-length
binary code word corresponding to its dictionary entry. There are several well-
known variable-to-fixed algorithms. Here we concentrate on the Lempel-Ziv’78
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scheme, which we describe next.

Let us first consider the parsing process. The idea is to partition a sequence,
say w, into variable phrases, each of which is a path from the root to a leaf in
the associated parsing tree. This parsing tree is a digital search tree. At the
beginning the associated DST contains the nil string in the root. The first suffix
is then inserted into the tree. The path to its leaf is the prefix of w and forms the
first phrase. The next suffix of w to be inserted is the suffix that starts just after
the phrase created in the insertion of the first suffix. This process is repeated
until the text is exhausted or the tree contains the required number of suffixes
or leaves, corresponding to the code words or entries in the code dictionary.

Let us first present the pseudo-codes constructing a parsing tree.

procedure BUILDPARSINGTREE(m, w)
T + DST(nil)
k<0
while k£ <m
do {k —k+1
(w, T) « INSERTPHRASE(w, T)
return (7)

procedure INSERTPHRASE(w, T)
if 7 =nil then return (w,DST(w))
x < READ(w)
(w,T.x) < INSERTPHRASE(w, T .z)
return (w,7T)

As with a suffix tree, it is more convenient to replace the strings that are
stored in the nodes by their rank. The corresponding change in the above code
is rather trivial, since it consists of carrying the integer k into the argument of
INSERTPHRASE(). Below we give a version of the code which is not recursive.
procedure BUILDPHRASETREE(w, m)

Tm < DST(0)

k+1

while £k <m
z < READ(w)
T < Tm
while 7.z # nil

do do T + T x
z < READ(w)

T'.x + DST(k)
k+—k+1

return (7,,)
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where we use the following constructor

procedure DST(k)
T + DST()
rank(T) <+ k
for each a € A
do 7.a < nil
return (7)

Example 6.5.1. The infinite sequence w = a®>° = aaaaa--- is parsed into

increasing sequences ()(a)(a?)(a®)- -, etc. The tree given by BUILDDST (w, 3)
is shown in Figure ]

Figure 6.9. Digital search tree for an infinite sequence limited to the first
three phrases (m = 3).

Now we are ready to describe the Lempel-Ziv’78 compression algorithm. In
general, it is a dictionary-based scheme, which partitions a sequence into phrases
(sometimes called blocks) of variable size such that a new phrase is the shortest
substring that has not appeared previously as a phrase. Every such phrase is
encoded by a tuple made of a pointer and a symbol from A. The pointer is the
index of the longest prefix which appeared before as a phrase, and the symbol
one must append to this prefix in order to make the new phrase. Thus the LZ’78
code consists of a sequence of (pointer, symbol) tuples. To be more specific,
let us continue with Example We now replace each phrase by the pair
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(pointer,symbol), where the pointer is the rank number of the parent phrase
in the associated tree and the symbol is the extra symbol added to the parent
phrase to create the current phrase. In our example, we obtain

(0a)(1la)(2a)--- .

This is in fact the Lempel-Ziv’78 partition of a®°. Observe that knowledge of
this last sequence is equivalent to knowledge of the tree and is therefore sufficient
to reconstruct the original text.

The previous code can be adapted to a finite sequence w as shown below. To
make this rigorous we have to assume that the text w ends with an extra symbol
$ never occurring before in the text. To each node in 7 (w) there corresponds a
phrase in the parsing algorithm. Let L(w) be the path length of 7 (w), that is,
the sum of paths to all the nodes in the tree. We find that L(w) = |w.
procedure BUILDDST(w)

T + TREE(0)
k+1
while w # nil
x < READ(w)
T T
while 7'.z # nil&w # nil
do T + T x
do x < READ(w)
if 7'.z = nil
then 7'.z < TREE(k)
else 7. « TRrREE(k)
E+—k+1
return (7)

Example 6.5.2. Let w = abaababbabbbabaaab$. The corresponding parsing
tree in the Lempel-Ziv’78 scheme is presented in Figure [6.I0 The phrase se-
quence is the following:

()(a)(b)(aa)(ba)(bb)(ad)(bba)(baa)(ab).

Replacing each phrase by the pointer and the extra symbol leads to

(0a)(0b)(1a)(2a)(2b)(1b)(5a)(4a)(69)

which is the Lempel-Ziv’78 code for w. |
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Figure 6.10. Digital search tree for the finite sequence w =
abaababbabbbabaaab.

Observe that knowledge of the tree T (w) without the node sequence order
is not sufficient to recover the original text w. But knowledge of 7T (w) together
with the rank number will reconstruct the original text w, as shown below:

procedure REBUILD(T)
for i + 1 to |T]|

do wtli] < nil
wt < RETRIEVE(T , wt, nil)
return (wt)

procedure RETRIEVE(T , wt, w)
wtlrank(T)] + w
for each a € A
do {if T.a # nil then wt < RETRIEVE(T .a, wt, wa)
if 7.8 # nil then wt[rank(T.$)] + w
return (wt)

To summarize, we present one more example that will help us to understand
universal types.
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Figure 6.11. The digital search tree for abaababbabbaabbaab which is the
same as in Figure [6.10] for abaababbabbbabaaab.

Example 6.5.3. Consider the sequence abaababbabbbabaab, which partitions
into

(a)(b)(aa)(ba)(bd)(ab)(bba)(baa).

The associated digital tree is presented in Figure [6.10l Now consider another
string abaababbabbaabba that is parsed into

(a)(b)(aa)(ba)(bb)(baa)(bba)

and the associated digital tree is presented in Figure But both figures are
the same! In fact, both sequences parse into the same set of phrases, even if
these parsings are different. Notice that phrase number 7 and phrase number 8
are inverted. We say that both strings belong to the same universal types, as
discussed in the example below. [ |

In this last example we show that different sequences may lead to the same
digital search tree. We say that such sequences belong to the same universal
type, as discussed in depth in Seroussi (2006a).

Example 6.5.4. Figure[6.12shows two different Lempel-Ziv’78 trees, (a) and
(b), each corresponding to the same set of phrases. In Figure [6.12(a) sequences
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(0) (1) (00) (10) (11) (0) (1) (00) (01) (11)
(1) (0)(10) (11) (00) (1) (0)(01) (11) (00)

Figure 6.12. Two universal types and the corresponding trees

01001011 and 10101100 lead to the following set of phrases {0, 1,00,10,11}. In
Figure [612/(b) the set of phrases is {0,1,00,01,11}. ]
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CHAPTER 7

Digital Trees

3
Eﬂ

Digital trees are fundamental data structures on words. Among them tries and
digital search trees stand out because they have a myriad of applications. Ow-
ing to their simplicity and efficiency, tries have found widespread use in diverse
applications ranging from document taxonomy to IP address lookup, from data
compression to dynamic hashing, from partial-match queries to speech recogni-
tion, from leader election algorithms to distributed hashing tables.

Tries are prototype data structures useful for many indexing and retrieval
purposes. We described their construction in detail in Chapter[@l so here we only

b gl TN
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briefly review some facts. Tries were first proposed by de la Briandais (1959) for
information processing. Fredkin (1960) suggested the current name, part of the
word retrieval. Tries are trees whose nodes are vectors of characters or digits;
they are a natural choice of data structure when the input records involve the
notion of alphabets or digits. Given a sequence of n words over the alphabet
A = {ai,...,a.4}, |A| > 2, we construct a trie as follows. If n = 0 then the
trie is empty. If n = 1 then a single external node holding the word is allocated.
If n > 1 then the trie consists of a root (i.e., internal) node directing words to
| A| subtrees according to the first symbol of each word, and words directed to
the same subtree are themselves tries. The internal nodes in tries are branching
nodes, used merely to direct records to each subtrie; the record strings are all
stored in external nodes, which are leaves of such tries. In Figure a binary
trie built over five records is shown.

Digital search trees were discussed in Section 6.4l In a digital search tree
(DST) record strings are directly stored in nodes. For a binary alphabet A =
{0, 1}, the root contains the first string (or an empty string) and the next string
occupies the right or the left child of the root depending on whether its first
symbol is 0 or 1. The remaining strings are stored in nodes which are directly
attached to already existing nodes in the tree. The search for an available node
follows the prefix structure of a new string. Sometimes external nodes are added
to such constructed trees, as was shown in Figure These external nodes are
positions where the next inserted string may end up.

In this chapter, we analyze various digital tree shape parameters (e.g., depth,
path length, profile) in a probabilistic framework. As throughout this book,
we assume that the n words that are stored (strings, sequences, records) are
generated by memoryless or Markov sources. We mostly study digital trees
built over a binary alphabet A = {0,1} and denote by p = P(0) the probability
of generating a zero; we also write ¢ = 1 — p. However, all results presented in
this chapter can be quite easily generalized to a general alphabet A.

7.1. Digital tree shape parameters

We now define some shape parameters of a digital tree. Throughout we assume
that n strings (records) are inserted into a tree. To simplify our presentation we
will focus on tries, but our definitions work also for digital search trees.

For a trie built from n strings (see Figure [[T]) we define:

e the depth D, (i) to the ith (external) node as the path length from the
root to the ith node or, equivalently, the level of the ith node;

e the typical depth D,, as the path length to a randomly selected node, that
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[to10| [1011]

{01010 {01011

Figure 7.1. A trie built over n = 7 record strings, 00-- -

0100---, 01010 ---, 01011 ---, 1010-- -, and 1011 ---.

is,

, 011---

)
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the depth of insertion Dy (n+ 1) as the depth of the new, (n+ 1)th, string

inserted into a trie built from n strings;

the path length L, as the sum of the depths to all (external) nodes, that

is,
Ln =Y Dn(i);
i=1
the height H,, as the longest path, that is,

H, = 121%xn{Dn(z)};

the fillup level F,, as the last level containing all internal nodes, that is,

F, = r?>aox{# internal nodes at level k = |A|‘};
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e the shortest path R, as the length of the shortest path from the root to
an external node, that is,

R, = min {D,(i)};

1<i<n

e the size S, as the number of (internal) nodes in the tree;

o the internal profile I, , as the number of internal nodes at level k (see

Figure [T2);

o the external profile By, as the number of external nodes at level k (see

Figure [T2).

There are relationships between these parameters. For example, all param-
eters can be expressed in terms of the external and internal profiles. Indeed,

Ly =Y ilu,

J
H, =max{j: B,; >0},
R, =min{j: B, ; > 0},
F,=max{j: I,; =2},

Sp = Inj.
J

We also have the following relationship between the typical depth D,, and the
average external profile E[B), x]:

3

3

P(D, = k) = —=mkl. (7.1)

The reader is asked in Exercise[7.]] to provide a simple argument to prove equa-
tion (ZI)).

Another parameter, the multiplicity parameter M,, is of interest, especially
for the suffix trees to be discussed in Chapter Bl To define M, let us first
introduce a useful notion, that of the alignment Cj;, the length of the longest
common prefix of the ith and jth strings. Observe that we have the following
relationships:

1<j<n
i)
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Bno=0,I,0=1
Bpi=0,1,, =2
Bnao=1,I,5=2
Bns=21I,3=1

Bn,4 = 27In,4 =0

Figure 7.2. A trie of n = 5 record strings; the rectangles holding the
records are external nodes and the circles represent internal nodes.

Then the multiplicity parameter M, is defined as
My, =#{j: Cjnt1+1=Dyp(n+1), 1 <j<n} (7.4)

where we recall that D, (n + 1) = max; C; ,4+1 + 1 is the depth of insertion. In
other words, M,, is the number of strings that have the longest common prefix
with the (n + 1)th (inserted) string. In terms of the underlying trie, built from
the first n strings, the multiplicity parameter M, is the size of the subtree rooted
at the branching point of the (new) insertion of the (n + 1)th string.

7.2. Moments

In this section we focus on evaluating the moments (mostly the mean and vari-
ance) of some shape parameters of tries and digital trees. We do our analysis for
binary alphabets but all results can be extended easily to an arbitrary alphabet.

7.2.1. Average path length in a trie by Rice’s method

Let us consider a trie built over n strings generated by a binary memoryless
source with p the probability of generating a zero and ¢ = 1 — p. We first
deal with the average depth E[D,,| and the average path length E[L,]. Clearly,
E[L,] = nE[D,], thus we need to evaluate only one of these parameters. It
turns out that the average path length is easier to derive.

Let I, = E[L,] in a binary trie. It should be easy to see that [,, satisfies the
following recurrence for n > 2:

nn+z<)k"klk+ln %) (7.5)
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with l[p = I3 = 0. Indeed, n strings at the root are split into left and right
subtrees according to whether the first symbol of these strings is 0 or 1. The
probability that k£ out of n strings starts with 0 is binomially distributed, i.e., it

is equal to
Y\ k n—k
(7).

Finally, the subtrees are tries of sizes k and n — k, respectively.
The above recurrence falls into a general recurrence of the following form

Ty = Gy, + Z (Z)pkq"_k(:ck + Tp-k), mM>2 (7.6)
k=0

with g = 21 = 0 and a,, a given sequence (in our case a,, = n). We can solve
(TH) using an exponential generating function, defined as

X(z) = an%r:

n>0

We also define the Poisson transform as X(z) = X(z)e *. Then, after multi-
plying by z"/n! and using the convolution formula, we arrive at the following
functional equation for X (z):

X(2) = A(2) + X (2p) + X(2q) — ape™* — ayze > (7.7)

where A(z) = A(z)e™* = 7 >0 ganz™/nl. Since T, = n![z") X (2)[ the
quantities , and x, are related by

Ty = zn: (Z) . (7.8)

k=0

To solve (T3 we need to introduce the binomial inverse relations, defined

as
n

=3 <Z> (—D*ap,  an= zn: (Z) (—1)kay, (7.9)

k=0 k=0

which follow immediately from the exponential functional relations

A(z) = A(=2)e*,  A(z) = A(—2)e?

1See (I3D) for the meaning of the notation [z"] X (z).
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or the simple combinatorial relation

For example, in Exercise [[.2] we ask the reader to prove, for nonnegative r, that

an = (n); &n = (*1)7“57%7"

r

where d,, » = 1 if n =7 and zero otherwise.
After comparing the coefficients of X (z) at z™ in (7)) we can solve the
recurrence ([Z0). We give the solution in the following simple lemma.

Lemma 7.2.1. The recurrence (7.6) has the following solution
n ~
_ k(M) Gk + kar — ap
T —z_:(_l) (k)ma (7.10)
where n![z"|A(z) = dyp, := (—=1)"a,. Furthermore,

. Gy, + kar — ag

for all n.

Proof. Comparing the coefficients at z* of (Z1)) we find

~ak— (=D)Pag —ay (-1)" 'k
T = 1 —pk — qk .

Noting that @ = (—1)*a;, and using (Z8)) completes the proof. |

In view of this, we can also derive an exact expression for the average path

length, namely
ln = En (—1)* m__k (7.12)
k=2 k)1—pt—q*

for n > 2. We should point out that (ZI2) has the form of an alternating sum.
This suggests that the asymptotics of [,, may require sophisticated analytic tools.
This turns out to be the case, as we shall see next.

2Recall that [a = b] = 1 if and only if a = b.
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In order to find an asymptotic expansion of [,,, we appeal to the so-called
Rice method. Let us consider a general alternating sum of the form

sirl= 3 0t (3)

k=m
for some fixed m and any function f that enjoys a valid analytic continuation

to a complex plane.

Theorem 7.2.2 (Rice’s formula). Let f(s) be an analytic continuation of f(k) =
fr that contains the half line [m,00). Then

,7 S k(T _(=n 5 n! .
Suldl:= 3 (=1) <k:>fk 2 /C[m]f( )2(2—1)"'(2_”)d

k=m
1

where Cpy, n) s a positively oriented curve that encircles [m,n] and does not
include any of the integers 0,1,...,m—1 and where B(z,y) =T'(2)T'(y)/T(z+y)
is the beta function.

Proof. This requires a direct application of the residue calculus after noting that
the poles within C of the integrand are at k = m,m + 1,...,n and that

n! n

Res |- o) 4 - (1)"’“<k)f(k)~

This completes the proof. [ |

Another representation of Sy, [f] is sometimes easier to handle computation-
ally. (It was called by Knuth (1998) the gamma method.) In this case, however,
we need to restrict f to polynomial growth, that is, f(s) = O(|s|*) for some k
as s — oo. In fact, when evaluating the integral in the Rice method, we must
usually impose some growth condition on f over large circles. The proof uses a
simple residue theorem argument, as above, and is left to the reader to perform
in Exercise [[4l

Theorem 7.2.3 (Szpankowski, 1988). Let f(z) be of polynomial growth at in-

finity and let it be analytic to the left of the vertical line (% —m—100, %ferioo).
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Then
5 —Mm—+100
Snlf] = 2%” /77 f(=s)B(n+1,s)dz (7.14)
%7m+zoo
- 2; o ST (1 - 3(527;;1) (7.15)
(2147225)(3(1 +8)2+s—1)+ O(n3)> ds, R(s) >0,

where as before B(xz,y) = T'(z)['(y)/T(x + y) is the beta function.

We now note that (ZI2) falls into the Rice method paradigm. If we apply
Theorem [T.2.3] to (CI12), that translates into

5
1 [Tatie 4B 1 »
_/ S (n+ 7S?n_éd5

ln =

2mi 1l—p=35—qs

-3 —ioco

_1+0(1/n) /3“'00 I(s+1)

—5d 1
o n~°ds, (7.16)

s . 1l—ps—qgs

—5—1i00

where the integration is along the vertical line (— % —100, — % +i00) in the complex

plane. In what follows, we ignore the error term, which is of order O(1/n).
We can apply a standard approach, sometimes called the “closing-the-box
method”, to estimate the integral (ZI6)). We counsider the rectangle R shown in

Figure To simplify our notation, set

r 1

Xt = et
1 — p—é — q—é

Then the integral of X*(s)n~* along R can be divided into four parts as follows:

c+iA M1 A M—3iA c—1A
lim = lim / / / + /
A—ro0 A—ro0 14A M4iA M—iA

where ¢ = 3/2. We are interested in the first integral since the second and
the fourth integrals contribute O(e~*4) for some a > 0, owing to the small-
ness property of the gamma function presented in ([L42]) of Chapter [I The
contribution of the third integral is computed as follows. For any M > 0,

M —ioco —o0 .
/ X*(s)n"%ds| = X*(M+it)nM”dt‘
M+i00 +oo
— 0o
< |n= M| [ X*(M +it)|dt = O(n™M),

+oo
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@

c+iA
| ' M +iA
| |
| (.
| |
| |
| | ©
(@]
| |
ol T4 0 R

| |

@]
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| | O
| |
[ | ©
' ’ M—iA
|c7iA|

Figure 7.3. The integration contour (the circles represent the zeroes of
pHg =1

since the integral in the last line exists owing to the properties of the gamma
function. Now, by the Cauchy residue theorem, we find for any M > 0
1 c+1i00
— X*(s)n °ds = Z Res[X*(s)n™*, s = sg] + O(n~= M), (7.17)
2m c—1i00 SKEZ

—S

where the s;, are singularities of the function X*(s)n The minus sign is a
consequence of the clockwise orientation of the contour R.

In order to evaluate the residues of (ZI17) we must examine the locations of
the zeros of the characteristic equation 1 — p~% — ¢=° = 0, that is, we need to
study the properties of the set Z ={se€ C:p~* + ¢ % = 1}. We can prove the

following lemma:

Lemma 7.2.4 (Jacquet, 1989; Schachinger, 1993). Suppose that 0 < p < q <
1 with p+q =1, and let

Z={seC:p*+¢°=1}

Then
(i) All s € Z satisfy
-1< §R( ) < 0y,
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where g 1s a real positive solution of 1 + q=° = p~*. Furthermore, for every
integer k there uniquely exists s, € Z with

2k —1 2k + 1

@R DT _ gy < ZRA LT

log(1/p) log(1/p)

and consequently Z = {sy : k € Z}.
(i) If logq/logp is irrational then s = —1 and R(sk) > —1 for all k # 0.

(iii) Iflog g/ logp = r/d is rational, where ged(r,d) = 1 for integersr,d > 0, then
R(sk) = =1 if and only if k = 0 mod d. In particular R(s1),...,R(sq-1) > —1

and 2(k — k mod d)i
— mo e
Sk = Skmodd Tt log p s (718)

that is, all s € Z are uniquely determined by sg = —1 and by s1,S2,...,84-1,
and their imaginary parts constitute an arithmetic progression. Furthermore,
there exists 6 > 0 such that all remaining solutions sy, satisfy R(sy) < s9 — 4 for

k0.

Proof. We first prove part (i). If p < ¢ and 0 = R(s) < —1, then we have
P75+ ¢ | <p°+q % <p+q=1. Next, there uniquely exists o9 > 0 with
14 ¢ 7 = p~ 99 and we have 1 +¢~7 > p~? if and only if 0 < gg. Now if
p+q =1, then 14+ ¢ %) > |1 —¢ % = [p~°| = p~ %), Consequently
R(s) < ap.

Let Bj denote the set

Bpy={seC:-2<R(s)<op+1, (2k—1)n/logp <(s) < (2k+ 1)w/logp}.

We will show that By contains exactly one point of Z for each k. First, the
function f(s) = p~® — 1 has exactly one zero, at 5, = (2k7i)/logp € B. We
shall show that |[¢=%| < |p~® — 1| on the boundary of By. Thus, by Rouche’s
theorend] (cf. Henrici (1997)) the function g(s) = p~* — 1 + ¢~ also has exactly
one zero in By as required. We now prove that |[¢=°| < |p~® — 1| to complete
the proof of part (i). If I(s) = (2k = 1)7/logp, then p=* — 1 = —p~R(E) 1,
Next, observe that p < ¢ implies that for all real o we have ¢77 < 14 p~7.
Consequently, |¢7%| = ¢ R < 1 4+ p~RE) = |1 —p=3|. If R(s) = —2, then
it follows from p? + ¢ < 1 that |[¢7%| = ¢> < 1 —p? < |1 — p~*|. Finally, if
R(s) = 0o + 1 then we have ¢~ 7=t + 1 < p~?°~1 and, thus, |[¢7%| = ¢ 7! <

3Recall that Rouche’s theorem states that if f(z) = g(z) +h(z) and h(z) are analytic inside
and on a contour C and are such that |g(z)| < |h(z)| then h(z) and f(z) = g(z) + h(z) have
the same number of zeros inside C.
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p~9~1 —1 =1 —p~*|. This completes the proof that |¢~*| < [p~% — 1| on the
boundary of Bj.

For part (ii), suppose that s = —1 + it for some ¢t # 0 and p~° + ¢~° =
pe~itlosp 4 ge—itlogd — 1 Of course, this is only possible if there exist (non-
zero) integers (Z, 7 with tlogp = 27d and tlogq = 2n7. This implies that
logp/loggq = d/F is rational. Conversely, if logp/loggq is irrational, then it
follows that all s € Z with s # —1 satisfy R(s) > —1.

Finally, for part (iii), suppose that logp/logq = d/r is rational, where we
assume that d and r are coprime positive integers. It is immediately clear that
all s of the form s = —1 + 2¢mid/logp, where ¢ is an arbitrary integer, are
contained in Z. This means that

Sea = —1+ 20mwid/ logp = so + 2¢mwid/ log p.

Similarly we get

Std+j = 8j + 2mild/logp
for j =1,2,...,d—1. It remains to show that (s;) > —1for j =1,2,...,d—1.
From the proof of (ii) it follows that every s € Z with R(s) = —1 has imaginary
part S(s) = 2md/ log p, where d is an integer with logp/logq = d/#. Thus, d is
an integer multiple of d, that is, d = ¢d and consequently s = syq. [ |

Remark 7.2.5. The above lemma plays a role in many places in this book.
Therefore, we will generalize it to any alphabet A. For this we must first define
rationally related numbers.

Definition 7.2.6. We say that the members of the set {logp,}aca are ratio-
nally related if there exists a positive real number L such that the logp, are
integer multiples of L, that is, logp, = —neL, ng € Zso, (a € A). Equiva-
lently this means that all the ratios (logpg)/(logps) are rational. Without loss
of generality we can assume that L is as large as possible which implies that
ged(ng, a € A) = 1. Similarly, we say that the members of {logp,}aca are
irrationally related if they are not rationally related.

In this general case, the characteristic equation is
> pt =1 (7.19)
acA

Its roots sj, satisfy the above lemma with some alteration, mostly for the ratio-
nally related case. To be more precise, let logp, = Ln, for some real L and
integers n, for a € A. Then (I9) can be written as

doate=1, z=e e (7.20)

acA
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Let K = max,{n,}. Hence, we can say that ({20) is a polynomial of degree K,
and by the fundamental theorem of algebra we know that it has K roots, which

we denote as 29, 21,...,2Kx—1. Notice that the corresponding roots s; are given
by

8§ =T log z; (7.21)
for 5 =0,1,..., K — 1. In particular, sy = —1 corresponds to zg = e’. In fact,

all the roots sy, of the characteristic equation (C.I9) can be written as (somewhat
abusing the notation)

2mik
Sk = S; + 7 ke Z,
for any integer k and j =0,..., K — 1 with s; given by (Z2I)). ]

Now, we are in a position to complete our asymptotic expansion of the aver-
age path length [, = E[L,]. In order to compute the residues we shall use the

following expansions for w = s — sg (in our case sp = —1):
1
T 1) = — 1 22
(s4+1) = — =7+ 0(s+1), (722)
n~ % =n-—nlogn(s+1)+0((s +1)?), (7.23)
1 1 1 ha
=—= + 5 +O0(s+1), (7.24)

1—p=5—q* hs+1 2h2

where h = —plnp—qlngq, hy = pln2p+qln q, and v = 0.577215. .. is the Euler
constant.

Theorem 7.2.7. Consider a binary trie built over n strings generated by a
memoryless source.
(i) If logp/logq is irrational then

n n ha
BIL,] = flogyn+ (74 52 ) + o),

where we recall that h = —plogyp — qlogy q is the source entropy rate, ho =
ploggp + qlogg q, and v = 0.577... is Euler’s constant.
(i1) If logp/logq = d/r is rational with ged(r,d) = 1, where r,d € Z, then

ha »
E[Ln]%10g2n+%<’y+ﬁ¢o logn>+2n ‘5*— ®;(logn)
+0(logn) (7.25)

n n ho
=—1 — — — By(l 1=e 2
hoan+h(v+yl oﬁ%M)+OW ), (7.26)
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with $(s;) > —1 fori=1,...d—1 as in Lemma[7.23)(ii1);
h(si) = —p~*'logp —q ' logq

and

i1 () (22

k0

2kmk 2kmk
CI)i(ac):ZF(l—i—si-i—Tﬂ)exp(— 2-

k0

z> : (7.27)

x) (7.28)

are continuous periodic functions with period 1, mean zero, a small amplitude,
and L =logp/d.

Proof. The proof follows directly from (ZI7), computing the residues at s.
Notice that sp = —1 is a double pole, leading to the main term of E[L,], while sy
for k # 0 contributes to the periodic functions ®;(z) for each s;, 7 = 0,...,d. The
main periodic function ®¢(x) is the residue at s = so + 27wik/L and contributes
n®g(logn) while the other zeros s = s; + 2wik/L, i # 0, lead to n~ % ®;(logn)
and contribute O(n'~¢) for some ¢ > 0. |

Remark 7.2.8. Theorem [.2.7] extends, as stated, to a general alphabet A
with

h==> palogpa,  ha=> palog’pa, h(s))=—> pg* logpa.

acA acA acA
In this case, we need to use a general L as in Definition [(.2.0 [ |

7.2.2. Average size of a trie

In this subsection we apply the methodology just learned to estimate the average
size of a trie, that is, the average number of internal nodes in a trie generated
by a memoryless model.

Let S,, be the size and define s, = E[S,]. Then s, satisfies the following
recurrence for n > 2

n
n _
Sp =14+ E (k)pkq” k(sk—i—sn),
k=0
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with sp = s1 = 0. This falls under the general recurrence (Z.6)) and can be solved
using Lemma [.2.1] We find that

k=2

Applying Theorem [(.2.3] we arrive at

—§ico s)(s
on = —(1+ O(l/n))/ LD

8o L—PTT—q7F

We next follow in the footsteps of our analysis from the last subsection. Since
the characteristic equation 1 — p~° — ¢~* is the same as in the analysis of the
path length, the roots s satisfy Lemmal[7.2.4l In particular, so = —1. However,
unlike in the path length case, s is a single pole owing to the factor s+ 1. Also,
we need the expansion

1
P(s) =~ 7 +1-7+0(+1)

together with (723) and (T.24).

We have the following result.

Theorem 7.2.9. Consider a trie built over n strings generated by a memory-
less source over a finite alphabet A.
(i) Iflogpi,...,logp| 4 are irrationally related, then

E[S,] = 7 + o(n),

where h is the entropy rate defined in (7.29).
(ii) If logp1,...,logp 4| are rationally related then

E[S,] = % (1 + ®o(logn)) + O(n'~) (7.29)
for any € > 0, where ®o(x) is defined in (7.27) of Theorem [7.2.7]

7.2.3. Average depth in a DST by Rice’s method

We now consider a digital search tree, as defined in Chapter An example
of a binary digital tree is shown in Figure 6.8 In this section we use the Rice
method to estimate the mean and variance of the typical depth, that is, the
path length from the root to a randomly selected node. The reader is referred
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to Section [@.37] of Chapter [@ for an extension of this analysis to moments of the
path length.

Let I,, j denote the number of internal nodes at level k in a digital tree built
over n binary strings generated by a memoryless source. To derive a recurrence
on the typical depth D,, we observe as in Section [Z1] that

P(D, =k) = % (7.30)

We shall work initially with the average profile and so we define the gener-
ating function B, (u) = Y 7o, E[L, 1]u”, which satisfies for a binary DST the
recurrence

Bra(w) =1+ (") B0+ Busw) (73D
)

with Bo(u) = 0. This recurrence arises naturally in our setting when we consider
the left and the right subtrees of the root, and note that j strings will go to the
left subtree with probability
(n.l) pqm.
J

To solve ([L3T]), let us multiply both sides by 2™ /n! to arrive at
Bl(z,u) = € + uB(pz,u)e?”” + uB(qz,u)e’?,
where

B(z,u) = Z Bn(u)%:z
n=0 :

and B.(z,u) is the derivative of B(z,u) with respect to z. We now multiply
this functional equation by e~ # and introduce the Poisson transform B(z,u) =
B(z,u)e *. This leads to a new functional equation, namely

z

B'(z,u) + B(z,u) = 1+ u(B(zp,u) + B(zq, u)).

Now comparing the coefficients at z™ one finds that

Byt (1) = 60 — Bo(u)(1 — up™ — ug"),
where §g ,, is the Kronecker symbol. It now suffices to note that

m

Bu(u) =Y <Z> By(u)

k=0
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to finally obtain

Bow)=n—(1-u)S (~1) (Z) Qra(u) (7.32)
k=2
where
k+1 ] ]
Qu(u) = [[(1 —up’ —ug’), Qolu) =1. (7.33)
j=2

Using our analysis from subsection [[Z1] we present in Theorem [[2.10 be-
low our findings for the mean and the variance of the depth in a DST. In Re-
mark [[.2Z.TT] we re-prove the theorem using the Rice method.

Theorem 7.2.10 (Kirschenhofer & Prodinger, 1988; Szpankowski, 1991). The
average depth E[D,,] in a binary digital search tree attains the following asymp-
totics as n — o0;

logn

1 ha
E[D,] = 7 (1ogn+7— 1+ = —77+A1(10gn)) +O(

s ). s

n

where, as we recall, h is the entropy, he = plog2p+ qlog®q, v =0.577... is the
FEuler constant, and

o0 k41 k+1
p 10gp +4¢"" logq
=Y g (7.35)
k=1
When logp/log q is irrational we have
lim Aq(z) =0,

r—00

while if logp/logq = d/r for some integers d,r, then Aq(x) = Ag(z) + ﬁ(m) is
a periodic function with a small amplitude such that lim,_, . A(z) =0 and

2 27,
ZF ( Mkd) exp ( mikd log :c) . (7.36)
gp logp

k0

The variance of D, satisfies

hQ*h

Var[D,] =

1 2
logn + A + Ag(logn) + O ( Ogn ") , (7.37)
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where A is a constant (see Exercise [7.0)) and Aq(z) is a fluctuating function
with a small amplitude. In the symmetric case (p = q), the coefficient at logn
becomes zero and

1 1 2 log?
Var[Dy] = — + —5— - — —n — 8+ A(log, n) — A% + O ( o8 ") (7.38)
12 log#2 6
where
=2 9 Tl i
Jj=1 Jj=1

the function As(x) is continuous with period 1 and mean zero, and the term
[A2]g < 10710 is the mean of A%(z).

Proof. We present only a sketch of the proof using the approach of Theorem[7.2.3
It suffices to derive the asymptotics of the average path length I, := nE[D,]
and the second factorial moment of the path length,

12 :=nE[D,(D, —1)].

n

But I, = B/,(1) and [2 = B/(1) where B/,(1) and B’ (1) are the first and the
second derivatives of B, (u) at u = 1. Note that

2z o, 1\ 2
Var[D,| = —+ — — <—> .

n n n

We should point out here that the variance of the path length Var[L,| requires
a quite different analysis, which is summarized in Theorem of Chapter

Using ([C32)), after some algebra we arrive at the following two recurrences
foralln >0

ln+1n+z<> knklkJrln k), (7.39)
k n—k 2

2,y =2(ny1—n) + (k)p R E) (7.40)

with [y = ZO2 = 0. The recurrence (Z39) resembles (Z31]). Therefore, its solution

) L= 3 (Z) Qk—2, (7.41)

where
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This is an alternating sum with a kernel @ of polynomial growth, so either
Rice’s method in Theorem or Theorem can be used. We use the
latter method first, and then in Remark [.Z2.TT] following this proof we outline
Rice’s approach. We need the analytic continuation of @, but this is easy.
Define

where P(s) = [[[Z5(1 — p**/ — ¢°*7). Then Q; = Q(s)]s=x and, by Theo-
rem [£.2.3 we have

3,
—5+ico

1+0(1/n) / -
lp = ——= s s—2 7.42
=t L Ten Qs - 2 (7.42)
:fZRes Q(—s—2), s =sk;),

Sk,j

where the s; ; are roots of
P e =1 (7.43)
for integers k. To consider all singularities we must also take into account the
singularities of the gamma function at s = 0 and s = —1 together with the
roots of (Z43). In particular, spo = —1 and sg,3 = 0. An easy extension of

Lemma [7.2.4] applies to (7.43). The main contribution comes from sgo = —1.
We use the expansions (7.22)-(T24) together with

P(0 1 P(0
Q(—s—2) = 0 _ R ©
P(-s—2) 1—-p3—q¢*P(-s—1)
To find an expansion for P(0)/P(—s— 1) we use a simple result for the products

of functions. Namely, if
1
z2)=|| ———
@ =1l=75

for differentiable functions f;(z) then Taylor’s expansion at z = zy is

F(z)=F(z) | 1+ Z . f fjozo —20) +O((z — 20)?) | . (7.44)

Thus Q(—s — 2) has the following Laurent expansion:

1 1 T] hg
hs+1 2h2

(s+ 1)7’—h2 +O((s +1)?). (7.45)

Q(fS*Q) - 2h2
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Finally, extracting the coefficient at (s + 1)~!, we establish the leading term of
the asymptotics without Aj(z) as in the analysis of the path length of a trie.
To obtain Aj(z) and, in particular, Ag(x) we must consider the roots at sy 2
for k # 0. Using Lemma [[.2.4] we finally prove (Z:34). The double pole at s =0
contributes an O(logn) term.

The asymptotics of 12 can be obtained in a similar manner but algebra is
more involved. We need to find the binomial inverse to l,. Solution (4TI
implies that I, = @Q,—2. With this in mind we obtain directly

t=aE () o

where
n+1

T, =
i=2

p'+q
1_pi_qi'

We need an analytic continuation of T;,. A “mechanical” derivation works here
upon observing that

pn+2 + qn+2

Tn+1:Tn+—17pn+27qn+2-

Replacing n by z we obtain

ps+2 + qs+2

T(s)=T(s+1)— 1—pt2 — gst2’

for which after some iterations we find

szrz + qur'L

oo
T( Z 1 s+z _ s+z

1=2
Setting s = 0 in the above, knowing that T(0) = 0 we finally arrive at
e s+1 s+i
p +q
=n- 12 1— s+z — qa+z

where 1 was defined in (35]). The above derivation can easily be made rigorous
by observing that all series involved do converge for R(z) > —2. ]
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Remark 7.2.11. Now we re-prove Theorem [(.2.10] using Rice’s method from
Theorem [(.2.2] We have

1
Iy = —— Bn+1,- —9)d
" 271 C[Q,‘”-] (n+ , Z)Q(Z ) :

with the same notation as before. Now we expand the contour of integration to
a larger curve C that includes all singularities of the integral and excludes [2,n].
Then

ln = ZRes[B(n +1,—2)Q(z —2); 2 = 215,

Zk,j
where the zj ; are the roots of
pz+j T qz+j = 1.
Notice that for logp/logq = d/r, where d and r are integers in the rational
case, zi; = 3 — j + 2mid/logp for j > 2. The main contribution to the sum

comes from the roots zp2 = 1 and 29,3 = 0. In particular, we need the following
Laurent expansions:

B(Tl + 17 *Z) = % + n(HnJrl - 1) + O(Z),

1 P(0)
1—p*—¢* P(z—1)’

Q(z—-2) =

where H,, = 3" | 1/i is the harmonic sum. For the last term we then use (7.44).
This leads to findings in Theorem [.2.101

Remark 7.2.12. It is easy to extend our result to any finite alphabet. In
particular, a more detailed asymptotic analysis leads to

ho
E[L,] = nE[Dn] = & (1ogn + o7 7= 1= n+ A1 (log m)) (7.46)

1 ho 1
1 log py — =
+h<0gm+2h+7 n— %nga 2>,

where
Z ZaeA pa log pa

E>2 - ZaGA pa

and h and hg are defined in ([29)). [ |
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In passing we point out that Var[L,] is much harder to analyze. We will
discuss it in Section of Chapter @ where, in Theorem [0.3.1] we present
detailed results concerning the mean and the variance of L,, and in Theorem [@.3.3]
we establish the central limit theorem for the path length L,, of a digital search
tree. These results for DST presented in Section are proved using refined
analytic depoissonization and Mellin transform.

7.2.4. Multiplicity parameter by Mellin transform

In this section we continue analyzing the moments of shape parameters; however,
we now use new techniques such as analytic depoissonization and the Mellin
transform to establish our results. Both techniques are carefully explained in the
recent books by Szpankowski (2001) and Flajolet and Sedgewick (2009) but, for
the reader’s convenience, we summarize the basic properties of depoissonization
and the Mellin transform in Tables [[.T] and

We also deal here with a new parameter, namely the multiplicity parameter
M, defined in Section [[Il Actually, we can interpret M, in a different way.
Consider a randomized selection algorithm that has n initial participants and a
moderator. At the outset, n participants and one moderator are present. Each
has a biased coin with a probability p of showing a head when flipped; as always
g = 1 — p. At each stage of the selection process the moderator flips its coin
once; the participants remain for subsequent rounds if and only if their result
agrees with the moderator’s result. Note that all participants are eliminated
in finitely many rounds with probability 1. We let M,, denote the number
of participants remaining in the last nontrivial round (i.e., the final round in
which some participants still remain). This, as it turns out, is the same as the
multiplicity parameter defined in Section [1] since the game can be viewed in
terms of a trie. Indeed, consider a trie built from strings of Os and 1s drawn
from an i.i.d. source. We restrict attention to the situation where n such strings
have already been inserted into a trie. When the (n+ 1)th string is inserted into
the trie, M,, denotes the size of the subtree that starts at the branching point
of this new insertion.

Our goal is to evaluate the mean and the variance of M,,. However, instead
we will compute all the factorial moments of M,,, that is,

E[M%) = E[M, (M, — 1) (M, —j +1)).

We define the exponential generating function

Wiz) = 3B
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and its Poisson transform as Wj (2) = W;(2z)e*. To find a functional equation
for W;(z) observe that for any function f on tries we have

BI(M,)] = p"(af(0) + PELS (M) + " (o (n) + GELFO,)
az()k"kwwwm+@wwmw»wm>

Thus, in particular,

E[(M, )] = p"(qn’ + pE[(M,)7]) + ¢" (pn? + qE[(M,)])

+Z< ) kg R (pE[(My)] + qE[(My—1)2]).  (7.48)

We derive an asymptotic solution as n — oo for these recurrence relations
using poissonization, the Mellin transform, and depoissonization. The idea is
to replace a fixed-size population model (i.e., a model in which the number n
of initial participants or string is fixed) by a poissonized model, in which the
number of strings/participants is a Poisson random variable with mean n. This
is affectionately referred to as “poissonizing” the problem. So, we let the number
of strings be N, a random variable that has a Poisson distribution and mean
n (ie., P(N = j) = e7"™n’/j! Vj > 0). We apply a Poisson transform to the
exponential generating function W;(z), which yields

2= S E((M )i e

n>0

where in general z is complex. From (48] we conclude that
Wj(2) = ap=)e™ " + plaz) e " + pW;(p2) + aW; (g2). (7.49)

In order to solve (.49]) we apply a Mellin transform, defined for a real function
on (0,00) by

M([f(x);s] = f*(s) = /000 f(x)x* ! da.

We give the properties of the Mellin transform in Table [Z.T
We next determine the fundamental strip of Wj(x) as defined in property

(M2) of Table [[T] that is, we determine where the Mellin transform W*( ) of
Wj (x) exists. We therefore need to understand the behavior of W (x) forz — 0
and z — oo. Observe that

W () = q(pz)ie 9 + p(gz)’e P + pW,; (pz) + ¢W;(gz)



178 Chapter 7. Digital Trees

k

. —qx k . —nx

=q(px)]]§( Z!) +p(q:c)3k220( i!)
SN )" > S
oy B, 3 )

n!
n>0 k>0

(px)?
I

= q(px)’ + p(qz)’ + pE[(M;)’] + ¢E[(M;

= 0(z7) as ¢ — 0.

We expect that WJ(I) =0(1) = O(2") as * — co. So, by property (M2) of
Table [LT] the Mellin transform W (s) of W;(z) exists for %(s) € (—4,0), which
is the fundamental strip. Furthermore,

M(e™%s) = / e Fx%dx =T(s).
0

Using property (M3) of Table [Tl we can solve (Z49)) in terms of the Mellin

transform, arriving at

L(s+3) (Pa 7 +g/p* 71
(1—pstl —g=tl)

Wi(s) = (7.54)

From Table [Tl we note that the Mellin transform is a special case of the
Fourier transform. So, there is an inverse Mellin transform, given in property
(M4). Since W; is continuous on (0, c0),

_ 1 —3+ico
W;(x) = 2—/ Wi(s)z™*ds (7.55)
U 7%71'00
since ¢ = —1/2 is in the fundamental strip of W](m) Vj > 1. This is true for real
x; however, we can analytically continue it to complex z around the positive real
axis.
We now restrict attention to the case where logp/logq is rational. Thus
we can write logp/logq = d/r for some relatively prime r,d € Z. Then, by

Lemma [T.2.4] we know that the set of dominating poles of Wj* (s)z~* is exactly

2kdmi
S —

keZ.
Inp
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Table 7.1. Main properties of the Mellin transform.

(M1) Direct and inverse Mellin transforms. Let ¢ belong to the fundamental
strip defined below. Then, for a real function f(x) defined on (0, c0),

o0 c+1i00
F(s) := M(f(x);9) :/O f@)r*ldr = f(z)= L/ F(s)z=5ds.

270 J i
(7.50)
(M2) Fundamental strip. The Mellin transform of f(z) exists in the funda-
mental strip R(s) € (—a, — ), where

for 5 < a.
(M3) Harmonic sum property. By linearity and the scale rule M(f(az);s) =
aSM(f(x);s), we have

fla) = Mgluz) = [1(5)=g"(s) D ey (7.51)

k>0 k>0
(M4a) Asymptotics of f(z) and singularities of f*(s) for x — 0.

_1)\k
f(z) = Z crat (log 2)* +0(xM) — f(s) < ch%. (7.52)
d SRlrr

(i) Direct mapping. Assume that as z — 07 function f(z) admits the asymptotic
expansion (52)) for some —M < —a and k > 0. Then, for R(s) € (=M, —p5),
the transform f*(s) satisfies the singular expansion (.52)).

(ii) Converse mapping. Assume that f*(s) = O(|s|™") with r > 1, as [s| = o
and that f*(s) admits the singular expansion (T.52)) for R(s) € (—M, —p3). Then
f(x) satisfies the asymptotic expansion (T52) at z — 0F.

(M4b) Asymptotics of f(z) and singularities of f*(s) for x — oo. Corre-
sponding to (M4a) we have an asymptotic property for z — oo, namely

d - . d
fl@)= - ;(71)kk_’§x€(1ogx)k+0(x N MOES ; GrorT
(7.53)

for f < R(s) < M.
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In addition we will have nondominating poles sx; = s; + 2wkid/logp with
R(s;) >0 (j =1,...,d — 1) that contribute O(x~¢), hence we ignore these
singularities from now on.

We observe that W7 (s)z™* has simple poles at each si. The integral (Z.55)
can be evaluated in exactly the same manner as in Section [Z.2.3] by the closing-
the-box method. This leads to

Wi(z) = — > Res[W; ()2~ si] + O(2~%) (7.56)

keZ

where the term O(z~¢) comes from the nondominating poles. We are now left
with evaluating the residues.
We claim that
= a(p/a)f +pla/p)’ | 1

W;(x) =T(j) . + E(Sj(logl/p xz) 4+ O(x™°), (7.57)

where _ | | | |
8;(t) = Ze%mztr(sk 4 ) (pq I gpm it
k0
To prove the claim, we first observe that, if k € Z, then

Res[IW7 (s)z % si] = 2~ Res[W/ (s); si]

e2kd7rilogx/logpr(sk +J) (qu—sk—j+1 + qu—sk—j-i-l)
h

Then ([C57) follows immediately from (Z56]).

Finally, we need to depoissonize our results. Recall that, in the original
problem statement, n is a large fixed integer. Most of our analysis has utilized a
model where n is a Poisson random variable. Therefore, to obtain results about
the problem as originally stated, it is necessary to depoissonize our results.
Observe that (57) is a solution to the poissonized version of the problem.
We utilize the depoissonization techniques shown in Table [[2} in particular,
Theorem [[2T3 By (Z57) it follows that

= a(p/a) +ple/p) 1
W(2)] = () (LD PalPE 2
] J 4 J

< ‘F(j)Q(p/Q) hp(q/p)

= 0(1), since |d;| is uniformly bounded on C.

5(log,, 2) + 0<z-M>\

1 _
+ = [850081,2)] + O(1217)

Therefore, there exist real-valued constants car, ¢; ar, 2ar, 25,3 such that

|Wj(z)| < cj7M|z|0 Vz € Sp= {z : |arg(z)| < w/4} with |z| > z; ar.
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Table 7.2. Main properties of analytic depoissonization.
Let g,, be a sequence of n. Define the Poisson transform as G(z) = Y om0 gn%e’z.

Theorem 7.2.13. Assume that in a linear cone Sy = {z : |arg(z)| < 0} (@ <
w/2) the following two conditions hold simultaneously.
(I)  For z € Sp and some real B,R > 0,8

2l >R = |G(2)| < Blz|°. (7.58)

(O)  Forz¢Spand A,a<1l: |z|>R = |G(z)e*| < Aexp(alz|). Then,
for large n, _
gn = G(n) +0O(n"71). (7.59)

To extend to distributions we investigate double-index sequences g, (e.g,
gnk = P{X, = k}). Define G(z,u) = > 7 %e_ZZ;O:Ogn,kuk; Gr(z) =

n=0
z

oo P
Zn:1gn,kme .

Theorem 7.2.14 (Jacquet and Szpankowski, 1998). Let Gi(z) be a sequence of
Poisson transforms of gn 1. Let the following two conditions hold:
(I) For z € Sp and a slowly varying function ¥(x),

|2l >R = |Gu(2)| < BnP|¥(n). (7.60)

(O) For z outside the linear cone Sy, |z| =n = |Gn(2)e?| < nY exp(n—An®).
Then for large n _

Gnn = Gn(n) + 00 ~10(n)) . (7.61)

~ ~ - - - ~\2

Define the Poisson mean X (z) = G.,(z,1) and V(z) = GI/(z,1)+ X (2) — (X(z)) .

Theorem 7.2.15. Let X(z) = O(zP¥(2)) and V(z) = O(PU(2)) in a linear
cone Sy and appropriate conditions (O) outside the cone be satisfied. Then

E[X,] = X(n) — %n)?@ (n) + O(n"~2¥(n)), (7.62)
Var[X,,] = V(n) — n[X'(n)]? + O(n"~1 0 (n)). (7.63)
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So condition (I) of Theorem [[2T3] in Table is satisfied. In Section [2.5
below we verify condition (O) of the same theorem using a technique known as
increasing domains that will find further applications in this book.

In summary, we prove the following final result.
Theorem 7.2.16. Let s, = Qﬁfl;” Vk € Z, where }?TZ = d for some relatively
prime r,d € Z (recall that we are interested in the sztuatzon where 1“—” is ratio-

nal). Then

q(p/q)? + p(q/p)’
h

E[(M,)] =T(j) + %5j(10g1/p n)+0(n™1)

where

Zerdﬂ'ztl—w(S +]) (p q —sp—j+1 +qu—$k—j+1)
k#0
and I is the Euler gamma function.

Note that 6; is a periodic function that has small magnitude and exhibits
fluctuations. For instance, when p = 1/2 then

. 2kirm
1/1n28,(t Z‘ < - m)‘.

The approximate values of

1 2kim
el IR
In2 Z ‘ (‘7 In2 ) ‘
k£0
are given in Table [[3 for the first 10 values of j.

We note that if Inp/Ing is irrational then §;(x) — 0 as x — co. So §; does
not exhibit fluctuations when Inp/Ing is irrational.

Remark 7.2.17. Recently Gaither and Ward (2013) extended the above re-
sults to an arbitrary alphabet. In particular, it is easy to establish that for any
finite alphabet A we have

ZaeApa((z_pa)/pa)J . %5j(10g1/p n)+o(1).  (7.64)

If the members of {logp,}taca are rationally related then the error term o(1)
can be improved to O(n™¢), and we have

5ity="> eI (s 4 5) > (1 —pi)ip; I
keez\{0} acA
with L as defined in Remark [ |

E[(M,)1] = T(j)
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. 1 . 2kim
J m@) Zk;ﬁo r (J - 1n(2)>

1.4260 x 10~5
1.3005 x 10~*
1.2072 x 1073
1.1527 x 1072
1.1421 x 1071
1.1823 x 10°
1.2853 x 10!
1.4721 x 102
1.7798 x 103
0 2.2737 x 104

= © 00 g0 Uik Wi

Table 7.3. The oscillating function d;(x) for p = 1/2.

7.2.5. Increasing domains

In order to verify conditions (I) and (O) of the depoissonization given in Table[T2]
we often need to prove some inequalities for a function, say Wj (2), defined over
the whole complex plane by a functional equation, such as (Z49). We accomplish
this by using induction over so-called increasing domains, which we discuss next.

Let us define, for integers m = 0,1,... and a constant A such that 0 <
max{p,q} < A\7! < 1, D,, a sequence of increasing domains (see Figure [7.]),

where
Dy ={z: &6 <[z <™}

for some constant £ > 0 and ¢ < min{p, ¢}. Observe that
2 € D1 — D =  pz, qz €D, . (7.65)

The property (Z65) is crucial for applying mathematical induction over m in
order to establish appropriate bounds on G (z) over the whole complex plane.

Let us illustrate how to use this property for WJ(Z) satisfying ((49). In fact,
we will check condition (O), that is, prove that outside the cone Sy there exists
a < 1 such that [W;(z)| < eI,

Now assume that z ¢ Sp. We first observe that |e*| = ™(*) < e®l#l where
a > cosf > cos(arg(z)). Induction over the increasing domains can be applied
as before, however, this time we consider Dy, = Dy N 39, where Sy is the
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Figure 7.4. The linear cone Sy and the increasing domains D,,.

complementary set to Syp. Noting that
R(z) = |z| cos(arg(z)) < |z| cosf < az|

we always can find a > cos(f) such that the following inequalities are simulta-
neously satisfied

. 1 . 1
(2P o] < Seoll|(gapers| < el
leP?| < lepa\Z\, le?%] < leanZI.
2 2
Then by (Z49)

(Wi(2)e*| < ql(pz)Te 2| + pl(gz) e %] + p|W; (pz)eP=e| + q|W; (qz)e?e’?|

< %qeaw n %peaw + pelapl 62| 4 genlazl|o=p| < polel,

which proves our claim.
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7.3. Limiting distributions

In this section we use analytic tools to establish the limiting distributions of the
depth in tries and digital search trees as well as the asymptotic distribution of
the multiplicity parameter.

7.3.1. Depth in a trie

We derive here the limiting distribution of the depth DI in a trie. We use the
index T to distinguish it from the depth in a suffix tree, which we shall discuss
in the next chapter. We recall that DI represents the typical depth in a trie
built from n independently generated strings. We consider a general finite size
alphabet A. We define the probability generating function as

DI (u) = E[uP"]

for u complex. We first prove the following asymptotic expression for DI (u).
To derive it we use the pattern matching approach from Chapter 2] (see also
Section [B)). Let w be a given word. Then

P(D, <k)= Y Pw Pw))"™ ', n>1. (7.66)
we Ak

Indeed, for a given i consider the depth D?(i) to the ith external node. The
condition DY (i) < k holds if there is a word w € A* such that the prefix of the
ith string is equal to w and no other prefixes of n — 1 strings are equal to w.
Clearly, the typical depth DT and the depth of the ith node DT(i) are equally
distributed. Thus we have

]_ _
DI (u)=—" 3" ulP(w)(1 — Pw)"™!, n>1 (7.67)
u
weA*
by noticing that
T
™ P(DT < kyut = “EL]

k>1

1—u
This allows us to prove the following useful lemma.

Lemma 7.3.1. Assume that a trie is built from n strings over a finite alphabet
A generated by a memoryless source that is biased (i.e., not all symbol probabil-
ities are equal). Then, there exists € > 0 such that

(1 —u)

D) = e

n=*0 ) (D(so(u)) + P(logn,u)) + O(n%),
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where h(u) = — ZaeAp(lfso(u) log pa, so(u) is the unique real solution of
uy py o =1, (7.68)
ac€A

and P(logn,u) is a periodic function, with small amplitude in the case when
log p1,...,logp| 4 are rationally related; otherwise, P(logn,u) converges to zero
when n — co.

To prove this lemma we need an extension of Lemma [.2.4] concerning the
roots of a characteristic functional equation like (Z.G8). We formulate it for the
binary case.

Lemma 7.3.2. Suppose that 0 < p1 < pa < 1 with p1 +p2 =1 and that u is a
real number with |u — 1| <& for some 0 <6 < 1. Let

Zu)={seC :p%_s +p§_s =1/u}.

Then
(i) All s € Z(u) satisfy
so(u) < R(s) < oo(u),

where so(u) < 1 is the (unique) real solution of pi~*4ps~* = 1/u and oo(u) > 1
is the (unique) real solution of 1/u-+p3y~* = p1~*. Furthermore, for every integer

k there uniquely exists si(u) € Z(u) such that
(2k — 1)m/log(1/p1) < S(sk(u)) < (2k + 1)7/log(1/p1)

and consequently Z(u) = {sx(u) : k € Z(u)}.

(i) If logpa/logpy is irrational, then R(si(u)) > R(so(w)) for all k # 0.

(iii) If logpa/logp1 = r/d is rational, where ged(r,d) = 1 for integers r,d > 0,
then we have R(sp(u)) = R(so(w)) if and only if k = 0 mod d. In particular
R(s1(w)), ..., R(sa=1(u)) > R(so(u)) and

2(k — k mod d)mi
log p1

sk(u) = Sk mod a(u) +
that is, all s € Z(u) are uniquely determined by so(u) and s1(u), s2(w), ..., sq—1(u),
and their imaginary parts constitute an arithmetic progression.

One interesting consequence is that in the irrational case we have

min  (R(sk(u)) — R(so(u))) >0 (7.69)

lu—1|<8
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for all k£ # 0. This is due to the fact that si(u) varies continuously in w.

Proof. Now we are in a position to prove Lemma [[L3Il As in Section [[24] we
apply the Mellin transform. Let

be the Mellin transform with respect to n of DI'(u), see (Z67). Then

T*(s,u) = Y u\w\lfﬂ(—loga — P(w)))"°T(s)

weA* P(w)
for R(s) > 0 since

M((1 = P(w))"; s) = T(s)(~ log(1 — P(w))) ",

For s bounded, (—log(1—P(w)))~* = P(w) *(1+O(sP(w))); thus we conclude
that

1 _uzaGApa

T*(Svu) = F(S) ( uZaeApailsis +g(s,u)) )

where

2-%

[uls Cpen i " )
2-R(s) |

L= [u ¥y qpa "

Let so(u) be the unique real root of the characteristic equation (.G8). The

other roots are denoted as si(u) for integer k # 0, as presented in Lemma [(.3.2)
Notice that by (.69) we have, for all k,

g(s,u) =0 (

R(sk(u)) > so(u), (7.70)

and the inequality is strict for the irrational case. Using the inverse Mellin
transform, as given in (M1) and (M4) of Table [[] we find that

1—u e * —s
DT = 2i7ru/ T*(s,u)n™*ds.

—100

We now consider |u| < §~1 for § < 1. Then there exists e such that for R(s) < ¢
the function g(s,u) has no singularity. Moving the integration path to the left
of R(s) = ¢ and applying the residue theorem, we find the following estimate

DT () = (1u)%n_80(")+(1u) > %n—%(uuom—f), (7.71)
k
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with h(u) = — ZaeAp(lfso(u) log pa and hy(u) = — ZaeAp}fS’“(u) log p,. When
the log p, are rationally related, by Lemma the roots si(u) have the same
real part as so(u) and are equally spaced on the line R(s) = R(sp(u)). In this
case their contribution to ([L.71)) is

) Mex —(sk(u) — so(u))logn
];) ho(10) p(—(sk(u) o(u))logn).

When the log p,, are irrationally related, this contribution is negligible when com-
pared to n°0("); this follows from (Z770) which in this case reads as R(sy(u)) >
so(u). |

In order to establish the central limit theorem (CLT) for the depth, it suffices
to observe that, for ¢ — 0,

solet) = —cit — ‘;—Qﬁ +O(t%), (7.72)

where ¢; = 1/h and ¢ = (hy — h?)/h3; that is basically the Taylor expansion of
so(u) around u = 1.

We now consider the asymmetric case, that is, the case when the p, are not
all equal, corresponding to a biased memoryless source. From the expression for
DT (u) we can find immediately the first and the second moments via the first
and the second derivatives of DI (u) at u = 1 with the appropriate asymptotic
expansion in c¢; logn and in ¢z logn. In fact we obtained this in Theorem [[.2.1]
using Rice’s method. In order to find the limiting normal distribution we use
Lemma [Z.31] to find that

2
e ter logn/v/ca lognDz; (et/\/CQ logn) et /2

since

» 2
n=%0® = exp <clt\/10gn/02 + 3 + O(l/\/logn)) ,

[(so(e')  —t-1

(1=¢) h(so(et)) — h eat

+0(t*) =1+0(?), t—0.
By Levy’s continuity theorem, we conclude the following result.

Theorem 7.3.3. Under the assumptions of Lemma[7.3.]]

=

Vs logn

DT — )1
Zn ZCLOBT N0, 1)
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where

1 L h—k?
h’ 2 — h3 )

Cc1 =

and N(0,1) is the standard normal distribution. Here, h = — ZY:1 p;logp; and
ho = Zz/zl pilog® p;.

Remark 7.3.4. For the symmetric case (i.e., all p, = 1/|.A]), there is no nor-
mal limiting distribution since ¢ = 0 and therefore the variance is O(1). To find
the limiting distribution, if it exists, we return to (Z.66). For now let V = |A|.
Then from (Z66) we find that

P(D, <k)=(1-V-kmn-t
Next, we find an asymptotic distribution around
k = |logy n] +m =log, n — (logy, n) +m
for some integer m, where (z) = x — |z] is the fractional part of . We obtain
P(D, < |logy n] +m) = (1+O(1/n)) exp (—V—m+<1°gv ">) .

Owing to the factor (logy n) there is no limiting distribution. However, we can
say, replacing V' by |A|, that

lirr_1>inf P(D,, < [log| 4 n|+m)=exp (—|A"™), (7.73)

n—oo

limsup P(Dy, < [log| 4 n] +m) = exp (—]A[7™H), (7.74)
n—oo

for any integer m. Furthermore, from the above or using the same approach as
in Section [T.2.3] we can precisely estimate the variance:

2 1
Var[D,] = ——— 4+ — + Px(logn) + O(n™°), 7.75
D) = gy + 35 + Pallogn) + 0™ (1.75)
where Py(logn) is a periodic function with small amplitude. |

7.3.2. Depth in a digital search tree

In this section we use a different approach, namely the Rice method, to establish
the limiting distribution of the depth in a digital search tree (DST). We prove
the following result.
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Theorem 7.3.5 (Louchard and Szpankowski, 1995). For a biased binary mem-
oryless source (p # q), the limiting distribution of D, is normal, that is,

Dy, — E[D,]
Var[D,]
where E[D,] and Var[D,] are given by (7.54) and (7.37) of Theorem [7.2.10,

respectively. Furthermore, the moments of D,, converge to the appropriate mo-
ments of the normal distribution. More generally, for any complex 9,

5 N(0,1), (7.76)

—deci logn YD, /y/calogn) _ 02 < ( 1
e Ele J=e= (140 : (7.77)
Viogn

where ¢; = 1/h and co = (hy — h?)/h3.

Proof. We shall work with the probability generating function for the depth,
D,,(u), which is equal to By(u)/n where B(u) was defined in Section [[Z23
Then by (C32) we have

Da(w) =1 - =23 (<1t (Z)@Hw), (7.78)

n
k=2

where we recall that
k+1 4 4
Qr(u) =TT = up’ — ug?).

Jj=2

Let pu, = E[D,,] and 02 = Var[D,,]. Theorem [Z.ZI0 implies that

tn = c1logn + O(1),
02 = cylogn + O(1),

where ¢; = 1/h and ¢y = (ha — h?)/h3. Again we use Goncharov’s theorem to
establish the normal distribution of D,, by showing that

lim e~ ?#n/on D, (/o) = e/, (7.79)
n—oo
where 1 is a complex number. By Levy’s continuity theorem, this will establish
both the limiting distribution and the convergence in moments for D,,.

We now derive the asymptotics for the probability generating function D, (u)
around u = 1. We will assume that u = e¥ and, since o,, = O(y/logn), we define
v =19/0, — 0. Note that 1 — D,,(u), given by (8), has the form of an alter-
nating sum. We now apply the Rice method or, more precisely, Theorem [[.2.3]
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To do so, however, we need an analytical continuation of Qy(u) defined in (7.33)).
Denote this as Q(u, s) and observe that

P.0) _ Qulw)
P(u,s)  P(u,s)’

Qu, s) = (7.80)

where P(u, s) = [[[2,(1 — up®*/ — ug®*7). Using Theorem [[2.3 we arrive at

1y [3/2+ic0
1—Dyp(u) = o /—3/2—i<>o L(s)n™°Q(u, —s — 2)ds + ey, (7.81)
where
—3/2+4ic0
en = O(l/nQ)/ T(s)n™%sQ(u, —s — 2)ds = O(1/n),
—3/2—ico

as we shall soon see. As usual, we evaluate the integral in (T8]]) by the residue
theorem. We compute the residues to the right of the line of integration in (T.81)).
The gamma function has its singularities at s_; = —1 and sg = 0, and in addition
we have an infinite number of zeros sy ;(v) (j =2,3,..., k=0+£1,%£2,...) of
P(e’,—s — 2), the denominator of Q(e¥, —s — 2), where we have substituted
u = e”. More precisely, the s ;(v) are the zeros of

p ST LT — e (7.82)

The dominating contribution to the asymptotics comes from s¢ j(v) and s;.
Indeed, the contributions of the first two singularities at s_; and sq are, respec-
tively, (1—u)Q(u, —1) = 1 and (1—u)Q(u, —2)/n = O(1/n). We now concentrate
on the contribution from sg j(v). In this case, one can solve equation (Z82)) to
derive an asymptotic expansion as follows (see also ([T.72)):

B v 1 1 hg 2 3
5071‘(’1}):]—3—E+§(E—F)’U + O(v?), (7.83)
for integer j > 2 and v — 0. We also note that (s ;(v)) # 0 for k # 0.
Now let
R, (v) = Res[(1 — e"p™* M 4 e%¢7572H) 7 s = 51 5(v)],
9(s) =T(s)Q(u,—s — 1).
In what follows, we use the expansion
1 Qoo(u)
1—u(p=*+q*) Plu,—s—1)
w™! 0 ho Oho

_ w0 hy Oha 2
= h h+2h2+w2h2+0(w ),

Q(ua —Ss = 2) -
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where w = s — 50 ;(v). Then
—Dn(e”) = R%(v)g(so 2(v)(1 — e")ntn 02 ()

+ZRJ (50,5 (0))(1 = e”)n~tp =503 () (7.84)

+ Z ZRJ 95k () (1 — e*)n~tn=*r5 ) L O(1).
Yoo 7

We consider the above three terms separately:

(a) j=2and k =0. Set v ="19/0,, = 3/+/calogn. Then by (L83

—s0.2(v) 9 [logn 92
n ’ = nexp E ?+7 .

In addition, the following hold:
R3(0) = ~1/h+ O),
9(s0,2(v)) = —h/v+ O(1),
and finally 1 — e~ = v 4+ O(1). Therefore, we obtain
e nlon R2(1)g(s0.2(v))(1 — e~ V)ym 021 —e?*/2, (7.85)
(b) j > 3 and k = 0. In this case we can repeat the analysis from case (a) to
get
e=0n/7 R3(0)g(s0,2(0))(1 — e~")n =021 5 O(n2~7¢%/2),  (7.36)
so this term is an order of magnitude smaller than the first term in (7Z.84)).
(¢) k#0. Fix j = 2. Observe that
Z R2(0)g(sk2(0))(1 — eV)n " tn=3:2() = O(pn =17 Rlsr2()))
ey

By the same argument as in Lemma we conclude that R(sg ;) >
j—3+0(). If R(sk;) > j — 3+ O(v) then the term O(vm 1= R(sk2(v)))
is negligible compared with O(n?>77). Otherwise, that is, for si ; such
that R(sk,;) = j — 3+ O(v), we observe that the error term is O(vni=2).
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Actually, we can do better using the following observation (the reader is
asked to prove it in Exercise [[9)):

R(sk,2(v)) = s0,2(R(v))-

Then the sum becomes

> Ri(w)g(sk2(v))(1 = e”)n = n w20

}£0
= nflfm(so,z(ﬂ))O(vn%(So,z(v))*soz(%(v))) — n717§?(50,2(y))0(vn75y2)’

for some . Finally, consider general j > 3. As in case (b), we note that
n=3() contributes O(n?77), so this term is negligible. All other roots
(in the rational case) with R(sx ;(v)) > so,;(v) (see Lemma [32(iii))
contribute negligible terms.

Putting everything together we note that as v = O(1/y/n) — 0 for n — oo,
e=Pmn/on D (e2/7n) = e /2(1 + O(un ") + O(1/n)) — €*/2, (7.87)

which proves the theorem. [ |

7.3.3. Asymptotic distribution of the multiplicity parameter

Finally, we analyze the “asymptotic distribution” of the multiplicity parameter
M, using the depoissonization technique. We say asymptotic distribution rather
than limiting distribution since, as we shall see, M, does not in fact have a
limiting distribution.

In this section we prove the following main result.

Theorem 7.3.6. Let s = Qﬁ?;i Vk € Z, where }:’TZ = % for some relatively
prime r,s € Z. Then

qln(1 —pu) +pn(l —qu)
h

1
E['LLM"] _ + Ed(logl/p n,u) + O(n®) (7.88)

where

5(t, u) — Zerdm‘tr(Sk) (q(l _pu)—sk +p(1 _ qu)_s’“ _ p—sk-',-l _ q—sk—i-l) )
k0
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It follows immediately that

0o ; j 1 2kdmilog, ;, np j J 7
Elu™] = Patap 1g~e (sk) (P’ q + ¢’ p) (s)

: : +0(n™7)
|
= jh h 2o 7!
) (7.89)
where we recall that 27 = 2(z +1)--- (2 +j — 1), and
' qu+qu 1 e2kdmilogy, n(g quJrqu su ) B
J k20 J-
(7.90)

that is, the nonfluctuating part of P(M,, = j) represents the logarithmic series
distribution shown in Figure[7.5l When logp/logq is irrational, the fluctuating
part converges to zero as t — 0o.

Proof. We shall follow our analysis from Section[7.2.4l We define the exponential
generating function
-

n>0
for complex u € C, which, by (C47), satisfies

E[u'"] = p"(qu" + pE[u""]) + ¢" (pu" + ¢E[u""]) (7.91)
+Z< ) Bl + Bt

As in Section [[2Z4 the Poisson transform G(z,u) = G(z,u)e™* of G(z,u) sat-
isfies

é(z, u) = qePt=17 4 pelau=1z _ pe=pz _ o=z —l—pC:'(pz7 u) + qé(qz, u). (7.92)

Using properties of the Mellin transform, as summarized in Table [T} we con-
clude that the Mellin transform G*(s,u) of G(z,u) exists in R(s) € (—1,0) and
that

I(s) (¢(1 — pu)~* +p(1 — qu) =% —p~*FT1 — g==t1)
(1 _ p—s+1 _ q—8+1) '

G*(s,u) =

Now, we are in a position to find the inverse Mellin transform for z — oo on a
cone around the real axis (see property (M4) in Table[T]) and then depoissonize,
as described in Table (see Theorem [[.2.74). We claim, that for any ¢ > 0,

Gloou) = _gin(l—pu) J};pln(l — qu)

1
-1+ Eé(logl/p z,u) + O(z™%), (7.93)
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where
5(t, u) — Z€2kdm‘tr(sk) (q(l —pu)_s’“ +p(1 _ qu)_s’“ _ p—sk-',-l _ q—sk—i-l) )
k0

Formally, we will derive it first for z real and then by analytic continuation
extend to a cone around the real axis. Indeed, as before we first conclude that

G(z,u) =Y —Res[G"(s,u)z™" s + Oz M). (7.94)

keZ

If £ # 0 then

Res[G™ (s,u)z™7%; si] = 27" Res[G*(s,u); sk] = exp <2kd7ri logy /,, z)

L(sk) (q(1 — pu)=** + p(1 — qu) =+ — p=ss Tl — g=sstl)
X )
p~sctlinp 4+ ¢g=skt+llng

Now we compute Res[G*(s,u)z"%; zg]. We first observe that

F(S) (q(l —pu)fs +p(1 _ qu)fs _pferl _ qferl)
= (57" +0(1) (—gIn (1 = pu)s — pln (1 — qu)s + pln (p)s
+q¢In(g)s + O(s?))
=—qln(l—pu)—pln(l —qu)+plnp+glng+ O(s).
It follows that

gln(1 —pu)+pln (1 — qu)
h
Combining these results, the claim given in ((93) now follows from (7.94)). Fi-

nally, Theorem [.2.T4] allows us to depoissonize ([.94]). To see that ([[L.89)) follows
from (T.88), consider the following. From (7.88), we have

+ 1.

Res[G™ (s,u)z™7%; so] = 27 *°Res[G* (s, u); so] =

~qIn(1—pu) +pln(l —qu)

E[ut"] = >

1
+ Eé(logl/p n,u) + OMn=°).  (7.95)

Observe that

_qln(l—pU)erln(l—qu)_i Patap)
. - PaTar) g

Also note that

R 10810 T (sy) (q(1 — pu)~** + p(1 — qu)~**)
p~stlInp 4 g=s+1llng

5(l0g, , m,u) =
k#0
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Figure 7.5. The logarithmic series distribution.

2kr7rilog1/ np =S+l —sk+1

e p Sk

I Z (sk) ( p q )
k#0 -

i >o- MmO M (s1) (P g + ¢7p) (k)

=1 k0

J!

p~sHtlInp + g stling

since p® = ¢* = 1. Then we apply these observations to (93] to conclude
that (Z89) holds. Finally, we observe that (Z90) is an immediate corollary of

9). N
As mentioned above, the nonfluctuating part of the M,, distribution (Z90) is

known as the logarithmic series distribution and has mean 1/h. It is presented
in Figure

Remark 7.3.7. It is easy to extend this analysis to a finite alphabet A. In
particular, for the rational case

qapa 1 Z e2hmilog n/LF(Sk)(Sj)j ZbeA qz],pb

J' +O(n7€)ﬂ

by UL h kEZ\{0}
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where ¢, = 1 — p, and with L as defined in Remark [Z.2.5] In the irrational case
the last two terms are o(1). ]

7.4. Average profile of tries

In this section of the chapter, we shall focus on establishing the asymptotic
properties of the average profile of a trie. Recall that we introduced two profiles
for a trie: the external profile By, ;, and the internal profile I, i, defined respec-
tively as the numbers of external and internal nodes at level k; see Figure
Hereafter, we mostly discuss the average (i, , = E[By ] of the external profile.

Let BE(u) = E[uP*] be the probability generating function for the external
profile B,, j. It is easy to see that it satisfies the following recurrence for n > 2:

n

B =Y (1) B B )

i=0
with BY =1 for n # 1 and BY = u. Then the average external profile

d

pnk = E(Bn k) = %Bﬁ(u) lu=1

becomes
n C
e ( ,)qun T (Wj k=1 + fin—jk—1), (7.96)
0<j<n

for n > 2 and k£ > 1 with initial values p,, 0 =0 for all n # 1 and 1 for n = 1.
Furthermore, 19, =0,k > 0, and

0 if k>1,

Hrk =1 if k=o0.
We use poissonization and depoissonization and the Mellin transform (see
Tables [T and [T.2)) to find the asymptotics of y, 1 for a wide range of n and k,

mostly for k = ©(logn). Our starting point is an exact formula for the Poisson
transform

~ Zn s
M (z) == Z unykme

n>0

of iy k; we also write My (z) = Mk(z)ez for the exponential generating function
of fin, k-
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Lemma 7.4.1. The Poisson generating function Mk(z) satisfies the following
integral representation for k > 1 and R(z) > 0

p+ioco
M;.(2) 1/ z*sr(s+1)g(s)(p*5+q*5)’“ds, (7.97)

21t J ) ioo

where g(s) :==1—1/(p~* 4+ q~%). When p > —2 the integral is absolutely con-
vergent for R(z) > 0.

Proof. We consider the recurrence (7.96) with initial conditions i, x = dp,10k,0
when either n <1 and k>0 or k =0 and n > 0. Note that

pna =n(pg" "t +aqp" ) (n>2).
By (7.90)) it follows that
My(z) = e My_1(pz) + " Mp_1(qz) (k> 2),
with M, (z) = z(pe?® + qeP* —1). Thus My(z) satisfies
My(2) = My_1(p2) + My_1(q2), (7.98)

and using property (M3) of Table [T} the Mellin transform M; (s) of My(z), is
given by, for k > 1,
My (s) = Mg, (p™" +q°).

Iterating it and noting that
Mi(s) =T(s+ 1" +q¢ =1

we prove (T.97).

To justify the absolute convergence of the integral, we apply the Stirling
formula for the gamma function (with complex parameter)

D(s+1) = V2rs (2) (1+0 (s 7).
uniformly as |s| — oo and |args| < m — &, which implies that
[T+ it)| = ([ /2em1/2), (7.99)

uniformly for |t| — oo and p = o(|t|?/?). The integrand in (Z97) is analytic for
R(s) > —2 and bounded above by

TP (p 4 Lit)g(p +it) (p P 4 g
-0 <|Z|fp|t|p+1/2efvr\t|/2+arg<z>t(p—p I q—p)k) ,
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for large |t|. This completes the proof of the lemma. |

Observe that we have another integral representation for p,, r, namely

1 F'n+1)I(s+1) _ _s\k
k= — s N d > -2, (7.100
ke = 5= ) Titi+s) g(s)(p°+q %) ds p ( )

where (p) denotes the vertical line of integration (p — ico, p + c0). This follows
from
n!

o = 5 27" et My, (2)dz (7.101)

_n z7nle? ( L /z‘sf(s +1)g(s) (p~° + q_s)kds) dz

2mmi 27

n! k(1
_ r 1 —s —s - —n—1—s 2 d
P [ () (g [o ) as
n! T(s+1) Cs ek
=— [ —/————— ds.
2mi | Tnasan)?®) W7 +a7) ds
The depoissonization results given in Table allow us to show that wu, y ~
My (n). So, we will mostly work with Mj(n). Before we present our main result
and its proof, we discuss the ideas behind our derivation.
In what follows, we mostly concentrate on analyzing the average profile for
k = alogn. For this range, observe that (Z.97) gives us

Y 1 prhieo —S(,—S$ —s
My(n) = 5— [ g(s)T(s +1)n""(p~" +q"*)"ds
p—ico
1 c+ico

= — g(s)T'(s+ 1) exp(h(s)logn)ds, k= alogn

2mi c—100

where g(s) =p~*+ ¢ * — 1 (note that g(0) = g(—1) = 0). In the above,
h(s) = alog(p™ +¢7°) —s

for k = alogn. Actually, we should write «,, ; for a but for now we simplify it
to just a. For k = ©(logn), the function under the integral grows with n. Thus
the saddle point method, summarized in Table B.Il can be used. The saddle
point p occurs where h'(p) = 0, and it is easy to show that

(9)"’ _alog(1l/p)—1

q)  1—alog(1l/q)
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and notice that for r = p/q > 1 we have rii =1 for t; = 2mj/logr, j € Z,
which indicates an infinite number of saddle points along the line R(s) = p.
Throughout we assume that p > ¢, hence r > 1 and thus

-1 logg™! -1 1 1
p= log aoeq , <a< . (7.102)
log r 1—alogp! logg—! log p—1

Furthermore, 4 4
‘p—p—zt + q—p—zt| — p—p + q—p.

Therefore, there are indeed infinitely many saddle points p+it; for t; = 275/ logr,
j € Z on the vertical line R(s) = p that contribute to the leading term of the
asymptotic expression.

Let us now make some additional observations. The real saddle point p will
move along the whole real line from oo to —oo as « varies from log(1/q) to
log(1/p). More precisely, p — oo as

all/logg™ = a,

and p — —oo when
at1/logp™t.

When p — oo we need to consider the gamma function I'(s) in the expression
for the saddle point. Also, when p moves from oo to —oo, that is, when a moves
from log(1/q) to log(1/p), the saddle point p coalesces with the poles of I'(s+ 1)
at s = —2,—3,... The pole at s = —2 is dominant and occurs at

Qg 1= p2 +q2
p?log(1/p) + ¢ log(1/q)

In fact, the average profile undergoes a “phase transition” around o = ay. We
describe this precisely in the next theorem.

Theorem 7.4.2. Consider a trie built over a binary memoryless source with
p>q:=1—p. If k satisfies

aq (logn —logloglogn + wy,) < k < as(logn — w,+/logn), (7.103)

where a1 = 1/1og(1/q) and w, is an arbitrarily slowly growing function, then

s n g ) 1 !
pnse = G (o g ') 27 B2(p)k <1 o (k(p/q)” TR+ 2)2)> ’
(7.104)
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6 x 10723 3x 1077 T6x 1073

p = 0.55

—6 x 10723 —3 x 10 T —6x 103

Figure 7.6. The fluctuating part of the periodic function G1(z) for p =
0.55,0.65, ...,0.95.

where p = p(n, k) > —2 is chosen to satisfy the saddle-point equation

d
(PPe P " +q¢ ")) =0 ifp>1;

do ) (7.105)
L (P (pP 4 PV = o<1
dp(n (P~ +q ")) =0 ifp<
For p < 1 we have
1 logn — klog(l/p))
= lo . 7.106
P ogn/a) (klog(l/Q) —logn (7.106)
Furthermore,
p~"q " log(p/q)?
— , 7.107
52(/)) (p,p+q,p)2 ( )
Gilpsz) =Y glp+it)T(p+1+it;)e ™ (t; := 2jm/log(p/q))

JEZ

where g(s) =1—1/(p %+ ¢ %), and G1(p, ) is a 1-periodic function shown in
Figure [7.0]

Proof. In order to estimate (ZIOU) asymptotically we apply the saddle point
methods twice: first to find the inverse Mellin transform and then to depois-
sonize. Observe first that by depoissonization

n!

fin = LA N (2)dz + O (e_C"I/SMk(n)) . (7.108)

271 [z|=n
| arg(2)| <00

where the O-term is justified by applying the following estimate for My(2)

|Mk(7°ew)| < Mk(r)(f‘we2 r>0;]0] <, (7.109)
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J= JJlogn

Figure 7.7. Location of the saddle points on the line p + it;.

for all k = k(n) > 1 and some constant ¢ > 0. We only need to evaluate My, (n)
and obtain precise local expansions for My (ne’?) when |8 < 6. To estimate
the first integral of (ZI08), we first focus on estimating Mj,(n) and then extend
the same approach to derive the asymptotics of M, x(ne?). This suffices to prove
that g, 1 ~ Mk(n)

In order to evaluate My (n) by the inverse Mellin transform, we first move
the line of integration of ([Z91) to R(s) = p, so that

[ee]
My, (n) = i/ Ji(n; p + it)dt, (7.110)
2 J_ o
where p > —2 is the saddle point chosen according to (C.I05]), and we use the
abbreviation
Tr(n;s) == n""T(s + L)g(s)(p~° +q°)".

We now show that the integral ((.I10) is small for |¢| > v/logn, and then assess
the main contribution of the saddle points falling in the range |¢| < y/logn. This
is illustrated in Figure [T.7

Assume, from now on, that p is chosen as in (I08). We show that for
[t| > /logn the integral in (ZIIQ) is asymptotically negligible. For ease of
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notation, we write here L, = logn. Since p > —2 satisfies (100, we have, by

[39),
1
27 J\t|>v/Ln

oo

Ji(n; p+it)dt = O (n_p(p_p + q_p)k/
VL,

=0 (nﬂ(p” +q7)F /OO t”“/Qe’”/th)
VL.

=0 (Lﬁ/2+1/46_7"\/ll_n/2n_ﬂ(p_ﬂ + q—p)k) )

IT(p+1+ it)|dt)

However, on the one hand,

; og logn — logw o) M 0
pélog(p/q) (l glogn — logw, + 1 glog(l/q)+ (1)), (7.111)

implying in particular that p = O(loglogn). On the other hand, p > —2 +
wnLﬁlﬂ, so that n=?(p~" + ¢~ *)* = O(n?), and thus we obtain

L2142 — (e*“m/”O(log log”2>) =0 (F(p + 2)e*ﬂ7) ,

for large enough n. The last O-term holds uniformly for p > —2 + w,, Ly, 12 1n

summary, the integral for |t| > v/logn is exponentially negligible.
Now, we consider |t| < /logn. Let jo be the largest integer j for which

29
log(p/q) < VIn.

Then we can split the integral over fl VI s follows:

t<

Je(n;p +it)dt =
e >

l71<jo

+ / Ji(n; p + it)de.
tjo <|t|ISVIn

The last integral is bounded above by

/ Ji(n; p+it)dt
[t—t;|<m/log(p/q)

o (F(p +2)n " (p7" + q_”)’“e‘m> ,
by the same argument as that used above. It remains to evaluate the integrals

1

= Ti(n; p+ it)dt
J , 7
2T |t—t;| <7/ log(p/q)
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for |j] < jo. 4 .
We derive first a uniform bound for [p~#~% + ¢=*~%|. By the elementary
inequalities and

\/1—x§1—g (z € [0,1)),

we have

i i _ _ 2p—Pg—P
P T = (07 g w@f@i‘]q_p)gucos(ﬂog(p/q»)

<+ (1 s (e 1) log<p/q>>>)

p*ﬂ + q*ﬂ
p - 2pPq" 2 2
p p I A S S
<4 0) (1 st = 1) ox(o/a)
< (p g r)e ottt (7.112)

uniformly for |t —¢;| < w/log(p/q), where

2pPq "1 22
co = co(p) = ];rg (Zq),p J(:g;(p,{)qg) == Ba2(p).

We now set
. k=20 if —2<p<1;
0 (cok)=2/5 if p>1,

and split the integration range into two parts: |t —¢;| < vo and vg < [t —t;| <
7/ log(p/q), as shown in Figure [l (We assume that k is sufficiently large that
vo < /log(p/q).)

Consider first the case —2 < p < 1. From the inequality (ZI12), it follows
that

v 1

V= —/ Je(n; p + it)de (7.113)
2T Jug<|t—t;1<n/log(p/q)

=0 (|F(p + 2 +it;)n =" (p—p + q—p)k/ e—C()k‘fu2d,U)

k—2/5
— =0 (p=P 1 g—P\F 1.—8/5,—cok'/® IT(p+1+it;)] if j # 0,
_O(n (p +q )k e X{l, 520 )

for each |j| < jo.
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When p > 1 and k satisfies (I03]), we have
k[ 2
T]{/ =0 |F(p + 1+ itj)|n_p (p—P + q—p) / e—cokv dv
(cok)=2/5
=0 (|F(p F14ity)n " (p + qu)k (Cok)fS/sef(cak)l/s) 7

for [j] < jo.
It remains to evaluate the integrals T} for ¢ in the range |t — t;| < vg. Note
that by our choice of t;,

p P g P =T (p P g ) =q " (pP "),

so that
i i i(t ;)" p " log(1/p)’ 4+~ log(1/0)"
p—PTity gt =1+ ; VAl p—PTit g Pt
S Y i“(t - t;)* p*plog(l/p_)é + q:”log(l/Q)e.
= ! PP 4 q=P
It follows that
Be

('p) Z'e(t . tj)€7

log (p—p—it + q—p—it) = log (p—p—itj + q—p—itj) + Z i

>1

where, in particular,

~ p~*log(1/p) +q *log(1/q)
Pilp) = Py r— :

The remaining manipulation is then straightforward using the saddle point
method. We use the local expansions

—p—it —p—it k
<p S o ) —exp [k Y ﬁ‘('p)z‘f(tftj)f+O(k|ﬁ4(P)llt*t]’I4) :

—p—it; 4 g—p—it, 7
p t4a 1<¢<3
and

, (t—t;)° .
CO"’ClZ(t*t])*FO m y *2<p§1,

L(p+1+it)g(p+it) =  T(p+ 1+ it;)e1o8PE=t) (1 4 Cyi(t — t5)
+O(|Ca?[t — t51%)) (9(p + it5)
+9'(p +it;)i(t —t;) + O (|t — t5]?)) if p>1,
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where

Cri=glp+it;)L(p+1+it;)v(p+1+it;) + g (p+it;)I(p+1+it;),

with ¢(s) =I"(s)/I'(s) the logarithmic derivative of the gamma function, and
Cy :=v(p+1+1it;) —logp (p>1).

Here Cy and C are defined to take their limiting values when p = —1 and 5 = 0,
namely,

Cy :=plog(1/p) + qlog(1/q),
Cy == -2 (plog(p)* — qlog(q)?) — Coy — 2pqlog(p) log(q).

Note that ¥ (p + 1 + it;) —log p = O(log(1 + [|¢;])). It follows that for |j| < jo
glp + it;)

SR T
‘ (”O (kﬁzl(p) * k(pi2>2))'

Summing over together the various |j| < jo and collecting all estimates, we
obtain

T(p+1+itj)n P~ (p~f + q’”)kp’““j

S g )
Mifn) = 21 Ba (p)k

D glp+it)T(p+ 1 +it)(phn) ="

l71<jo

) <1 o <k(p;q)” " k(p—lﬂ)?)) '

Finally, to complete the depoissonization and to estimate the integral in
(ZI0R), we need a more precise expansion for Mj,(ne®) for small 6. The above
proof by the saddle-point method can be easily extended mutatis mutandis to
Mk(z) for complex values of z lying in the right half-plane since we can write

(T9]) as follows:
1

~ i —s _—ifs —s —s\k
My(ne'’) = o— " e D (s+ 1)g(s) (p~° +¢~*) " ds,
P

where p > —2 and |6] < 7/2 — e. The result is

S (p°+q )k

My (ne') = o+ it))T(o+ 1+ it;)(ne?)=Pitip=ikt;
() = L 37 oo+ i) ey

[71<o

) (1 o (k(p}Q)” Tk ~1F 2)2)) ’ (r114)




7.4. Average profile of tries 207

uniformly for |§] < 7/2 — ¢ and k lying in the range (T.103). This completes the
proof of (ZI04). |

Before we continue discussing the asymptotic behavior of the average profile,
let us mention here an interesting consequence of Theorem [.4.21 Theorem [[.3.3]
gave the CLT theorem for the depth D,, of a trie. Is there a corresponding local
limit theorem (LLT) for this depth? Surprisingly, the answer is no, as the result
just proved shows. Indeed, recall that the distribution of the depth D,, is given
by P(D,, = k) = tin1/n. Observe that for

1
k= E(logn + zv/h~152(—1)logn),

that is, for & = 1/h, where h is the entropy rate, p = 1 and (.I04) becomes

_1- k
o VEG (~Lilog,,p'n) e (1 o (1 T |x|3)) a115)
’ log(p/q)v2mpg  +/logn Viegn ) )’

uniformly for = = o(logn'/%). Thus

—;c2/2 1 3
. k e + |z
P(Dn = k) = G (~1ilogyy ')~ (+o(Vrer)) - o

uniformly for = = o(logn'/%), where
Var[D,,] ~ (ha — h?)/h*logn,

as in Theorem [[3.3] The appearance of the unusual periodic function G; means
that D,, satisfying the central limit theorem but not a local limit theorem (of
the usual form).

Let us now move to other ranges of k = ©(logn). What happens to p, k
when o > as? The answer is provided in the next theorem.

Theorem 7.4.3. If

k> oy (logn+wn\/a2ﬂ2(f2)1ogn) , (7.117)
where By is defined in (7.107), then

Pk = qunQ(p2 + qQ)k_1 (1 + 0 (w;le_‘”i/%ro(‘”i/m))) , (7.118)

uniformly for 1 < w, = o(y/logn).
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Proof. To prove (TI18), we move the line of integration of the integral in (7.97)
(this is allowable by the absolute convergence of the integral) to $(s) = p, where

Wn

Vaaf2(—2) logn.

Thus My (ne) equals the residue of the integrand at s = —2 (the dominant
term in (CII])) plus the value of the integral along R(s) = p:

pi=—2—

- . : 1
Mi(ne) = g(=2)ln2e (5 + ¢*)* + 5

(o)
o / J(ne'; p +it)dt,

—0Q0

where |g(—1)| = 2pq/(p? + ¢*). We need only estimate the last integral. By the
same analysis as that used for T} (see (ZII3)) and the inequality (ZIT2)), we
have

=y
— +
21\ Jit|<n/ 10g(p/q) 2

l7]=1

e <|r<p + DI (" +q7)" / e_c‘)ktzdt>
[t|<m/log(p/q)

205 —1 )‘
Tp+1+ 2= "0
<p log(p/q)

/ Ji(ne'; p+it)dt
[t—t;|<m/log(p/q)

+0 | n? (pprrq*p)k Z

l7]=1

e<2m+1>vr|e|/log<p/q>/
[t—t;|<m/log(p/a)

k—1/2 k k
— =P (P —p — —1,—=p (=P —p
0<|p+2|n (p"+q )>O<wnn (P +q )),

e—cok‘(t—tj)zdt>

where we have used (.99) to bound the sum

>

l7]=1

r (p T4 MM) ‘ (L)1 Los(p/a)
log(p/q)

) . x2(2lj ~1) (il + Dl
o Gy e (it ey )

= O(l)a

uniformly for |0] < 7/2 —e.
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By our choice of p and by straightforward expansion, we have

_ _ _ _ kK
wyln= (p=P 4+ q7") :O(wfle—10gn(ﬂ+2)+a—k2(ﬂ+2)+§ﬂ2(—2)(0+2)2+0(k|ﬂ+2|3))
2 (2 2\k n
n? (p?+¢?)

0 (wglewimowz/m)) .

Thus
Mi(ne™) = |g(=2)|(ne2(p* + *)* (1+ 0 (w20 /Vioem ) )
(7.119)
uniformly for |§| < m/2—¢. Substituting this into (ZI0])), we deduce the desired

result (CITY)). |

Finally, let us say a word about the behavior of p,, i for &k < aq logn or, more
precisely, for 1 < k < a;(logn — logloglogn + O(1)). Because the proof of the
following theorem is elementary, in Exercise [.I0] we ask the reader to provide
the missing details.

Theorem 7.4.4. Define

km =1 <1ogn — logloglogn + log <B — 1> + mlog ]—)) m > 0,
q q

(7.120)
Snk.j = (I;)quk‘jn (1-p/g" )" 0<j<k
For convenience, set k_1 = 0. Assume that m > 0. If
kmfl+% <k< m—b’;ﬁ%, (7.121)
then
Lk = Sngem (14 O((m + 1)e™“m)) . (7.122)

If k = ky, + cnz/ loglogn, where x = o(y/loglogn), then

pae”
Hn,k = Sn,k,m <]- + q !

m) (1 + 0 (:c2 loglogn™" 4 (m + 1) logn*(lfq/p)))

(7.123)
for large n.

This completes our discussion of the average profile. The reader may consult
Park, Hwang, Nicodeme, and Szpankowski (2009) to find further results such
as the variance, limiting distribution, and internal profile for tries (see also the
exercises below).
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7.1
7.2

7.3
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Exercises

Establish (71]) for tries and digital search trees.
Prove the following pair of binomial inverse relations:

Qn = (n); (p = (_1)7‘6n,7'

r

for any nonnegative integer 0 < r < n.
Consider the following system of two-dimensional recurrences:

b(n+1,0)=n+ Z (Z)pkq”k (b(k,0)+b(n —k,k)), formn > 2,
k=0
and
b(n,d) =n+>» (Z)pkq”_k (b(k,d—1) +b(n —k,k+d—1))
k=0

for n > 2, d > 1. Observe that for d = oo this gives

b, o0) = ?—nf ()=

. P —q

which is exactly our recurrence () for the average external path (so
that b(n,00) = I, = E[L,]) for which we gave the solution in Theo-
rem [L.2.7 Therefore, set

b(n,d) = b(n, 00) — b(n,d)
and prove the following result (see Choi, Knessl, and Szpankowski (2012)).

Theorem 7.5.1.  Forn — oo and d = O(1) the difference b(n,c0) —
b(n,d) = b(n,d) is of order O(log®n) for n — co. More precisely

> o ]. 2 d
b(n,d) = i Tog(1/p) log“n — hlogn
L2 L 142 w(iog ) )| logn + 0(1)
5h  hlogp \ ! 2 O8pT) || T0BT ’

where V() is the periodic function

o0 . .
2kmid 2kmid )
] _ § 1 (- 2kmirx
(@) ( " log p ) ( log p ) ‘
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7.4
7.5
7.6
7.7
7.8

7.9

7.10
7.11

7.12

and logp/logq = d/r is rational. If logp/logq is irrational, the term
involving ¥ is absent.

Prove Theorem [[.23] (see Szpankowski (1988a, 2001)).
Compute the constant A in (T37) of Theorem [[2.101
Prove ([C73), which holds for a symmetric trie.

Establish the asymptotics of the variance of the path length, Var[L,],
for tries and digital search trees (see Kirschenhofer, Prodinger, and Sz-
pankowski (1989b, 1989a, 1994), Jacquet and Szpankowski (1995)).

Derive asymptotic expression for the variance of the size, Var[S,], in
tries (see Régnier and Jacquet (1989)).

Let sj (j =1,2,... and k = 0,%1,...) be a solution of ((.82). Prove
that

R(sk,2(v)) = s0,2(R(v))
(cf. see Jacquet and Régnier (1986)).
Prove Theorem [7.44] (see Park et al. (2009)).

Prove the following theorem concerning the variance 07217,C = Var[B,, ;]
(see Park et al. (2009)). Below we use the same notation as in Sec-

tion [[.41
Theorem 7.5.2. (i) If 1 <k < a1(1+0(1))logn, then

Oo k™~ Pk (7.124)
(ii) If a1 (logn — logloglogn + wy,) < k < as(logn — wy/logn), then

n (p +q°)"
2mBa2(p)k

X (1 +0 ( ! + = ))
k(p/a)» ~ k(p+2)2))"
where p = p(n, k) > —2 is gwen by (7.103]) and

Gap;) = hlp+it;)T(p+ 1 +ity)e ™ t;:=2jm/log(p/q).
JEZ

oi’k = G (p; log,, pkn) (7.125)

(iil) If k> a2(1 — o(1)) logn then
oo~ 2l k- (7.126)

Using Theorem [7.5.2] from the previous exercise, prove, for the following
limiting distributions for the external profile.
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Theorem 7.5.3. (i) If 0y, — 00 then

Bk — tn
Znk — Hn.k i>./\[(()7 1), (7.127)
On,k

where N'(0,1) denotes a standard normal random variable and 5 stands

for convergence in distribution.
(ii) If opx = O(1) then

P(Bny=2 _ A 4 (1
nak = 2m) = e 4 o(1),

! (7.128)
P(Bypr=2m+1)=o0(1),

uniformly for finite m > 0, where Ao := pgn?(p® + ¢®)F 1.

In this exercise we ask the reader to extend our results obtained for the
external profile B,, , to the internal profile I, ;. In particular, define

2
0= log(1/p) + log(1/q)’

We now list asymptotic approximations of E[I,, x| for various ranges of
k, and ask the reader to establish them.
(a) The asymptotics of E[I,, ;] when 1 < k < a;(1 4+ o(1)) logn:

E[L, 5] = 2" — E[B,4](1 + o(1)), (7.129)

uniformly in k.
(b) The asymptotics of E[I,, x] when a; (logn —logloglogn +wy) < k <

ag(logn — wp/logn):

P (p=P + q*ﬂ)k
E[] =2F_@ ;1o kn o
[,k 3 (P Ep/q P ) 27 B )k

(0 (g + 7))

where p = p(n, k) > 0 satisfies the saddle point equation (ZI05l), S2(p)
is the same as in (ZI07) and

Gs(p;z) = Z(p +1+4it;)T(p+ Z‘tj)€72j7riz
JEZ

where t; := 2j7/(log(p/q))-
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(c) The asymptotics of E[I,, 1] when k = ag(logn + o(logn?/?)):

k = ap(logn 4+ £+/apB2(0) logn),

where
aoB2(0) = 2(log(1/p) +log(1/q))/ log(p/q)*
and
¢ = o(logn'/%),
and then P
1+
E[l, ] = 25®(—=¢) [ 1+ 0 ,
=20 (140 ()
uniformly in £, where ®(z) denotes the standard normal distribution
function.
(d) The asymptotics of E[I,, ;] when ag(log n+wn,v/logn) < k < as(logn—
wny/logn):

n="(p +q")"
2mBa2(p)k

(1 o (k@jq)p § k(pi2>2>) ’

with p, B2(p) and G5 as defined above.
(e) The asymptotics of E[I,, ] when k = az(logn 4 o(logn?/?)): In this
case, we write

E[l,x] = G3 (p; log,, /, pkn)

k = ag(logn + &/ azB2(—2)logn),

and then we have

E(L, 1) = %‘P(é)nQ(p2 +¢%)" (1 +0 (1\/%3)) :

uniformly for & = o(logn'/%).
(f) The asymptotics of E[I,, ;] when k > as(logn + w,/logn):

1 —
E[Lnk] = 5”2(192 + )" (1 +0 (w;le—wi/2+o(wi log n 1/2>)>

as n — 0o.
The reader should consult Park et al. (2009).
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In Section [.]] we expressed the height H,,, the shortest path R,, and
the fillup level F), in terms of the internal and external profile. Using
the results of Section [[.4] and the above exercises, prove the following

corollaries.

Corollary 7.5.4.  (Height of a trie). Let H, := max{k : B, > 0}

be the height of a random trie. Then
H, 1
logn  log(p* +¢°)~!

in probability.

Corollary 7.5.5.  (Shortest path length of tries). Define

logloglogn

o (1ogn — logloglogn — logmg + mglog(p/q) —

mg loglogn
a1 (logn — loglogn),

).

depending whether p # q or not, respectively, where mg := [1/(p/q—1)]

and .
ks = { (k] ifp#aq,
k] ifp=aq
If p # q then

an{k’s

if (k)loglogn — oo,
k’sOI‘k’s—l Zf<

k
k)loglogn = O(1),

with high probability; we recall that (x) is the fractional part of x.
p=gq=1/2, then

R ks + 1, if (k)logn — oo,
" | ks or ks + 1, if (k)logn = O(1),

with high probability.

Corollary 7.5.6.  (Fillup level of a trie) If p # q then

P ks — 1 z'f(l%)loglogn%oo,
" ks —2o0rks —1 if (k)loglogn = O(1),

with high probability; if p=q = 1/2 then

P ks if (k)logn — oo,
" \ksorks — 1 if (k)logn = O(1).

If
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7.15

7.16

T7.17

7.18

For p = ¢ = 1/2 we have ap = a1 = a2 = 1/log2, hence the internal
and external profiles become particularly simple. Derive these results.
Extend the profile results presented in Section [T4] to a general finite
alphabet.

In a b-trie the external node is allowed to store up to b strings. The
regular trie corresponds to b = 1. Extend the results of this chapter to
b-tries.

Extend the analyses of this chapter to Markov sources. In particular,
prove the CLT for the depths in a trie and in a digital search tree built
over n independent strings generated by a Markov source.

More precisely, define P = {pij}x j=1 to be a positive transition matrix
for the underlying stationary Markov sources with the stationary dis-
tribution @ = (71,...,7y). Define a new matrix P(s) = {pi_js ijl for
some complex s with principal left eigenvector (s) and principal right
eigenvector 1 (s) associated with the largest eigenvalue A(s), as follows:

where 7(s)¥(s) = 1. In particular, observe that

pij log pij,

\%4 \%4
=1

X(—l)zh: —Zﬂ'i

i=1 i

where h is the entropy rate of the underlying Markov process. Prove
the following result.

Theorem 7.5.7 (Jacquet, Szpankowski, and Tang, 2001).  Let a dig-
ital search tree be built from n strings generated independently by a
Markov stationary source with transition probabilities P = {p”}y =1
that are positive. Then

A1)

E[Dy,] = L <1Ogn+’y —14+A(-1)+ 1)

— — wp(—1) + 51(logn)> +0 (loin) )
Var[D,] = %bgn—i—@(l),
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where AN(—1) and A(—1) are the first and second derivatives of A(s) at
s = —1. Here ¥ = wx(—2) where

%(=2):= 2 Q7 (=2)-- QN (=DQ () =i Q@ (=i = 2) ) K,
K = (HQ1(22)> 0
=0
Here ¢p = (1,...,1) and Q(s) = | — P(s). The function 61(x) is a

fluctuating function with a small amplitude when

log pi; + log p1; — Inpy;
Inp1y

E@a iaj:172a"'ava

where Q is the set of rational numbers. If the above does not hold, then

For details see Jacquet, Szpankowski, and Tang (2001).
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CHAPTER 8

Suthx Trees and Lempel-Ziv'77

(3

In this chapter we discuss a (compact) suffiz tree (also known as a suffix trie) and
the Lempel-Ziv’'77 (LZ’77) data compression scheme. Suffix trees are the most
popular type of data structure on words while LZ’77 is one of the fundamental
data compression schemes. We discussed both the suffix tree and the LZ’77
algorithm in some depth in Chapter [6l so here we only briefly review the basic
facts.

A suffix trie is a trie built from the suffixes of a single string. In Figure BIlwe
show the suffix trie (tree) built from the first four suffixes of X = 0101101110.
More precisely, when building a trie from the first n infinite suffixes X7, X5°,.. .,
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S Sy

S Ss

Figure 8.1. Suffix tree built from the first five suffixes of X =
0101101110, i.e. 0101101110, 101101110, 01101110, 1101110.

X7 of X, as shown in Figures Bl and B2 we call it an infinite suffix tree or
simply a suffix tree. We also consider a finite version, called a finite suffix tree,
built from the finite suffixes X7',... X, of X; however, in this case we would
need to append the suffixes with a special symbol not belonging to the alphabet.
In this chapter we mostly deal with infinite suffix trees, which is what we mean
here when we say “suffix trees”. We will leave the analysis of finite suffix trees
to Section RI.2] the remarks, and chapter exercises.

Thus, we present here the probabilistic behavior of suffix trees when the
input string X is potentially of infinite length and is generated by a probabilistic
source. We will concentrate on a memoryless source over a finite alphabet A.
Extensions to Markov sources are possible as presented in Fayolle and Ward
(2005), but we will not consider them in this chapter.

We will also discuss here, the Lempel-Ziv’77 algorithm presented in Chap-
ter We recall that it partitions a sequence into phrases. The basic idea is
to find the longest prefix of an as yet unprocessed (uncompressed) sequence
that occurs in the already processed (compressed) sequence. Let us assume
that the first n symbols X{" are given to the encoder and the decoder. In the
standard Lempel-Ziv’77 scheme, the next phrase is the longest prefix as yet un-

compressed) X;’jrrf of X9, that is repeated in X'. If we denote the length of
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Figure 8.2. Suffix tree built from the first five suffixes of X =
0101101110, i.e. 0101101110, 101101110, 01101110, 1101110, 101110.

this next phrase by D,,(n+1), then this length corresponds to the largest ¢ such
that Xgif = Xm+4-1 for some prescribed range of m and ¢. We have chosen to
denote the length of this phrase by D,,(n+1) because it is the depth of insertion
in a suffix tree built from the first n suffixes; it is why we are discussing suffix
trees and LZ’77 in the same chapter. For example, from Figure we can find

the fifth phrase of X = 0101101110 (i.e. the path to S5), which is 10111.
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8.1. Random tries resemble suffix trees

In this section we discuss the typical depth D,, in a suffix tree built from the
first n suffixes of a string generated by a memoryless source. We first redefine
the depth D,, in terms of the number of occurrences of a given pattern and its
generating function. This will allow us to take advantage of many results on
pattern occurrences presented in Chapter

Let ¢ be an arbitrary integer smaller than or equal to n. We define D, (i) to
be the largest value of £ < n such that XI-H"“_1 occurs in at least two positions
before n in the text X. We recall from Chapter [ that O, (w) is the number of
times that pattern w occurs in a text X7'. Therefore, D,, (i) can be characterized
as Opyp—1 (Xi”k*l) > 2, where we explicitly note that any occurrence of Xi”k !
must occur before the position n + k — 1. Clearly On+k_1(Xf+k*1) > 1 since
X1 is already counted as a factor of X7™~! Our goal is to determine the
probabilistic behavior of a “typical” D, (i), that is, we define D,, to be equal
to D, (i) when i is randomly and uniformly selected between 1 and n. More

precisely,
1 n
P el
(Pn=0)=3, 210

for any 1 < ¢ <n.

We hasten to observe that the quantity D,, is also the depth of a randomly
selected suffix in a suffix tree. Observe that in a suffix tree the path from the root
to node ¢ (representing the ith suffix) is the shortest suffix that distinguishes it
from all other suffixes. The quantity D,, (i) defined above represents the depth
of the suffix ¢ in the associated suffix trie, while D,, is the typical depth, that is,
the depth of a randomly selected terminal node in the suffix tree.

Let k be an integer greater than or equal to 1 (the case k = 0 is trivial). Let
w € A* be an arbitrary word of size k. Observe that

P(D,(i) > k and X/ T* 1 = w) = P(Opyp—1(w) >2 and X/ TF1 = ).
Further_more, if Opqk—1(w) = r then there are exactly r positions ¢ < n such
that X"~ = w; hence

> P(Onsi-a(w) =7 and X1 =w) = rP(Op s (w) = 7).

i=1

Recall from Chapter 2] that

Nu(u) = B = 37 P(O,(w) = r)u’

r>0
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is the probability generating function for O, (w). We shall sometimes write
Ny.w(u) to underline the fact that the pattern w is given. From the above
considerations we conclude that

n

1
P(Dn>k) = - P(D,(i) >
(Do 2k = S PDA 2B
:Z ZP (i) > k and X TF1 = w)
wEA’C =1
1 ,
=3 =3 S P(Onror(w) =7 and X[ = w)
weAr =l r>2
1
=- Z ZrP(On+k_1(w) =r).
weAF r>2
However,
D rPOpsi1(w) =7) =Y rP(Onip1(w) =7) = Nyyy1,,(0),
r>2 >0

where N}, ,(0) = P(On(w) = 1) denotes the derivative of Ny, o (u) = E[u®"()]
at u = 0. Since ), - ,7P(Onti—1(w) = 1) is equal to the average number of
occurrences of the word w inside X7~ it is also equal to nP(w). Thus

P,z = Y (P -3 ;+k_1,w<o>)
wGAk
:1__ Z n+k lw (81)
wGAk

Now let D, (u) = E[uP] =Y, P(D,, = k)u” be the probability generating
function for D,,. Then ([8J]) implies that, we include the specific but trivial case
of lw| =0,

1(1—w) w
Dn(u) = ——=> " ulIN] 4o, -11,0(0),
weA*
where we have used again the fact that
uB[uPr] -1
5 P(D, > kit — W21

k>0



224 Chapter 8. Suffix Trees and Lempel-Ziv’77

Then the bivariate generating function D(z,u) = Y, nD;,(u)z" (notice the
unusual definition of D(z,u), containing the factor n) becomes

1—u ul*l 9
D(z,u) = — ; e 5y Ve (2, 0); (8.2)

where a™ = max{0,a}, and

Ny(z,u) = Z Nypw(u)z" = Z ZP(On(w) =r)z"u"
n=0 n=0r=0

In Chapter 2 we worked with Y >2 />">2 P(O,(w) = r)z"u" (notice that
the second sum starts at » = 1) and in (Z2I)) we provided an explicit formula.
Adding the term

n>0 w
found in (2.28]), we obtain
Ny (z,u) = 21 P(w) u L Sul2)

D2(z) 1—uMy(z) Dy(z)

where M, (z) is defined in Z22) and D, (2) = (1 — 2)Sy(2) + 2I*!P(w), found
in (225) with S, (z) being the autocorrelation polynomial for w presented in
Section 2221 Since

— Ny(z,u)| - lem (8.3)
ou w\~» u=0 = % Di) (Z)’ .
we finally arrive at the following lemma which is the starting point of our sub-
sequent analysis.

Lemma 8.1.1. The bivariate generating function D(z,u) for [u] <1 and |z| <
1 is given by

D(z,u) = 1—u ZA* ulwlzgél(”;), (8.4)

with
Doy(2) = (1 = 2)8,(2) + 2V P(w),

where S, (z) is the autocorrelation polynomial for w.
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Let DI be the typical depth in a trie built from n independent infinite strings
generated by the memoryless source. We studied tries in Chapter [l We denote
by DT (u) = E[uP~] the probability generating function for DT. We next state
a very important fact establishing the asymptotic equivalence of random suffix
trees and independent tries. We will prove it in Section BI1.1]

Theorem 8.1.2. Consider a suffiz tree built from the n suffizes of an infinite
string generated by a memoryless source over alphabet A. There exist € > 0 and
p > 1 such that, for all |u| < p,

Dy (u) = Dy (u) = O(n™) (8.5)
for sufficiently large n.

Let us stop here and ponder the importance of the above result. It basically
says that the distribution of the depth in a suffix tree is asymptotically the same
as the distribution of the depth in a trie built from n i.i.d. strings. Thus random
suffix trees resemble random tries. In fact, the assumption of a memoryless
source is not a restriction since the above statement can be extended to Markov
sources, as proved in Fayolle and Ward (2005).

Using this finding and results for tries proved in Chapter [[lwe can formulate
the following more explicit characterization of suffix trees.

Theorem 8.1.3. Let h = — ) . palogpa be the entropy rate of a source,
and hy =) ,c A Pa log? pa. Then we have the following

(i) For a biased memoryless source (i.e., p, # py for some a # b € A?) there
exists for e > 0

1 Y h2 _e
E[Dn] = E IOgn + E + ﬁ + (I)O(logn) + O(n )7 (86)
hg — h?
Var[D,,] = ———logn + O(1) (8.7)

n3
where $o(-) defined in [7.27) is a periodic function with small amplitude in the
case when the log p, are rationally related; otherwise it converges to zero.
Furthermore, (D, —E[D,])/Var[D,] is asymptotically normal with mean zero
and variance 1, for fivred x € R we have

1 v 2
lim P{Dn < E(Dn) + I\/V&I‘(Dn)} = \/?/ 67t /2dt,
™ J—c0

n—oo

and, for all integer m,

lim E D, —E(D,)]™ [0 when m is odd
i /VarD,, - #7;/2), when m is even.
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(ii) For an unbiased source (i.e., Ya € A p, = 1/|A]), we have hy = hZ,
which implies that Var[D,] = O(1) or, more precisely, for some ¢ > 0 (see

Remark[7.37),

2
1
a — + ®y(logn) + O(n~°),

Var[D,]| = ——— +
(D] 6log®| Al 12

where ®o(logn) is a periodic function with small amplitude. The limiting dis-
tribution of D,, does not exist, but one finds (7.73)-(7_74) or in another form

lim sup ‘P(Dn <z)-— exp(—n|A|*z)‘ =0,

n—oo xT

for any real x.

Theorem tells us that the typical depth is normally distributed, with
average depth asymptotically equal to h=!logn and variance ©(logn) for a
biased memoryless source. In the unbiased case, the variance is O(1) and the
(asymptotic) distribution is of the extreme distribution type. Interestingly, as
said above and proved below, the depth in a suffix tree (built over one string
sequence generated by a memoryless source) is asymptotically equivalent to the
depth in a trie built over n independently generated strings. Thus suffix trees
resemble tries! Actually, this is not so surprising if one notes that n suffixes
of X typically overlap only on O(logn) positions. Thus considering O(n/logn)
suffixes instead of n suffixes, we are dealing with O(n/logn) almost independent
strings that create a trie resembling probabilistically the original suffix tree.

8.1.1. Proof of Theorem [8.1.2]

The proof of Theorem[B.T.2 hinges on establishing the asymptotic equivalence be-
tween D,, and the typical depth DZ in a trie built from n independent sequences.
We analyzed the typical depth DI of tries in Section [[3d} In particular, we
found the following representation.

Lemma 8.1.4. Foralln>1,

1—u

Dy (u) = Y ulYIP(w)(1 — P(w)",

weA*

. B 1—u w zP(w)
D (z,u) = w;; ul! (1 -z + P(w)z)2

for all |u] <1 and |z| < 1.
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Proof. From (Z66) we know that
P(DL(i) <k)= > Pw)(1-Pw)"", n>1

weAF
Indeed, DI(i) < k if there is a word w € A* such the prefix of the ith string is
equal to w and no other text prefix is equal to w. The rest is trivial. [ |

Our goal now is to prove that D,,(u) and DI (u) are asymptotically close as
n — 0o. This requires several preparatory steps, outlined below, that will lead
to

DI(w) = Dlw) = (1= w)O(n™), (535)
for some € > 0 and all |u| < 8 for 8 > 1. Consequently,
P(D, < k) = P(DT < k)| = O(n~<3~) (8.9)
for all positive integers k. Indeed, from Cauchy’s theorem we have
1 DT (u) — Dy (u)
P(D, <k)—P(D! <k)= ——— e g
(Du k) = PO} <K = gy | P,

which immediately leads to ([83]). In conclusion, in Theorem we proved
that DI is asymptotically normal; hence we expect D,, to be normal, as stated
in Theorem R3] provided that we can prove Theorem [R.I.2] which we take up
next.

We start with a lemma indicating that for most words w the autocorrelation
polynomial Sy, (z) is close to 1 for some nonnegative z. This lemma is partic-
ularly crucial to our analysis shedding light on the analytical properties of the
autocorrelation polynomial.

We need some definitions. We recall that P(w), for w € A*, is the au-
tocorrelation set, that is, the set of positions i such that w! = w’,ﬁ_iﬂ. No-

tice that we always have k € P(w). We denote by P(w) the symmetric set:
P(w) ={j, k—j7+1 € P(w)}. Notice that 1 € P(w). We fix an arbitrary inte-
ger m greater than 1, say m = 2; and denote by B, the subset of A* consisting

of the words w € AF such that min{P(w) — {1}} > k/m.

Lemma 8.1.5. Let p = maxqca{pa} and let m > 1. There exists 0 > 1 such
that for all p > 1, the following hold:

Yw € By, ¥p >1: Syu(p) <1+ (pd)*6 (8.10)
and
> P(w) <685 (8.11)
we Ak —By,

with 8, = pY/™ and 8y = p'~1/™.
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Proof. To simplify the notation, let P, be the probability measure on A* such
that for any boolean expression A(w), Pr(A(w)) = >, car[A(w) = true] P(w).
Thus we need to prove that Py (w ¢ By) < 665. L

Let i be an integer greater than 1 such that 1+ € P(w), that is, such that

wh= = wh, ;. Tt is easy to see that

Pk(1+iem)=<2p£’“/”“> (Zp&’””) , (8.12)

acA acA

where r = k— | k/i]4, the remainder of the division of k by ¢. The reader is asked
in Exercise to prove ([BIZ)), but it is easy to understand. Consider ¢ < k/2
such that the first £ — ¢ symbols exactly coincide with the last k — ¢ symbols.
This can only happen if the word w is periodic with period of length . This
observation leads to (812). Therefore,

i< (E o) (o)

acA acA
< prLk/in(i—r) [k/i]+r—i _ pk—i'

Thus
P(w ¢ Bi) = Py <min(m —{1}) < ﬁ)

< Y Pli+1€Pw) <

i<k/m

Now, assume that w € By, that is, min(P(w) — {1}) > k/m; then

k/m
Su(p)—1< k=i k—i ~ kP
(p) _4§ GO
i>k—k/m

for all p > 1. Equations (8I0) and II)) will be satisfied if we select § =
(1-pt u

Notice that: (i) by making m large enough we can have do arbitrarily close
to p while §; gets closer to 1; (ii) by choosing p such that pd; < 1 we can make
Sw(p) arbitrarily close to 1 for large k.

In the next lemma we show that D(z,u) can be analytically continued above
the unit disk, that is, for |u| > 1.
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Lemma 8.1.6. Let |z| < 1; the generating function D(z,u) is defined for all
lu| < min{é;*, 55"}

Proof. From Lemma R.1.1] we know that

o= 5 3

weA*

with Dy (2) = (1 — 2)Sy(2) + 2/YI P(w). Define

1—u ol P(w)z
Dl(z7u):T Z U‘ ‘D (2)2)
weAt w

where AT = A* — {}, that is, the set of all nonempty words. For all w € A"
and z such that |z| < 1,

zP(w e
Dwé; ‘Z;P“%+mpﬂw)1pn
N n ZP(’LU)
< nP@I" = T
Hence 1 1

< .
[Dw(2)[* — (1= [2])
Let |u] <1 and |z| < 1. Consider the following identity:

Z vl P(w)z _ 2

T R R ([ e

Thus, when |z| <1,

z 1—u w 1 1
Do) = g =15 X Pk (g - o)

weAt

1) a2 Pul) — (= 2) (Dufe) + (1= 2)
R P DI~ o '

weAt

Now we observe that S,,(z) — 1 is a polynomial with positive coefficients and

that
1 1

<
I—Jz[p " 1-p

Su(2) < S P <

i>0




230 Chapter 8. Suffix Trees and Lempel-Ziv’77

when |z| < 1; thus

1
Du(@)] < (1= 21— +p*<B

for some B > 0. Therefore

z

(1-2)?

Dy(z,u) —

1—
< l( 1—|z| BZu Z P(w

= weAk

with
f(w,2) = [Dy(2) = (1 = 2)|.
We already know that max,ea+{f(w,2)} < B+ 2. We now consider
Y P(w)f(w,z)
we Ak

Let w € Bi. From Lemma RB.1.5 we know that
Sw(l) <1+ 676
Since Sy (z) — 1 is a polynomial with positive coefficients:
Su(1) =1<670 = V|z| <1:|S,(2)—1| < 76.
Therefore, since P(w) < p¥ < 6% we have
F(w,2) < 1 - 2[650 + P(w) = O(6) .

Consequently,
3" Pw)f(w,z) < (11 - 2| + B)dto.

weBy
Finally, we consider w € A* — By,. Since f(w, z) < B + 2, from Lemma RT5
we find that
> P(w)f(w,z) < (B +2)655.

weAR—B

In summary,
Z ut Y P)f(w,2)
k=0 weAk

converges for all |u| < min{d; ", 85!}, as required. |

We need two other technical lemmas.
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Lemma 8.1.7. There exists K, a constant p’ > 1 and a > 0 such that, for all
w with lw| > K, we have
15w (2)] = a

for |z| < p" with pp’ < 1.

Proof. Let £ be an integer and p’ > 1 be such that pp’ + (pp')¢ < 1. Let k > £
and let w be such that |w| = k. Let 1 +4 = min(P(w) — {1}). If ¢ > £ then, for
all z such that |z| < p/, we have

Jj=k

S22 1= Yy 21— 20

14

Jj=t

We now consider the case ¢ < £. Let ¢ = |k/i] and r = k — iq (thus r < 7). As
in the proof of lemma we have w = wiw,, w;, and w, being respectively,
the prefixes of lengths ¢ and r of the word w. Notice that w, is also a prefix of
Wi .

Since 144 = min{P(w) — {1}}, there are no other elements in P(w) between
position 1 and position 1 4 ¢ and consequently no other positions, other than
1 plus multiples of ¢, between 1 and 1+ (¢ — 1)i. Since the positions between
(¢ —1)¢ and k correspond to the positions of P(w;w;,) translated by (¢ —1)i—1
we have the identity

Sw(z) = ) (P(wi)2") + (P(wi)2") " (Sww, (2) — 1)
=0
1- (P(wi)zi)q ivg—1
T 1= Pw)z + (P(wi)2")" (Swiw, (2) — 1),

where Sy, w, () is the autocorrelation polynomial of w;w,.. Since |Sy,w, (2)—1] <
pp' /(1 — pp'), this implies that

1—(pp)?  (pp/)ta—DH!
Sulz)] > T RO )T
1+ (pp') 1—pp
Since (pp’)! < 1 — pp’ we have

1—(pp)?  (pp)a—Dit!

|Sw(2)| > 1+ (pp/)i - (pp/)l
1— (pp))? — (pp/) TV H1=E(1 4 (pp')?)
- 1+ (pp')

_ N (q—1)i+1—2¢ _ N(g—1)i+1—2¢
5 1=3(p) " < 1 =3 .
B 1+ (pp')* - 1+ pp'
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Let j be an integer such that 3(pp’)’* < 1 and choose K = (j + 3)¢{. Since
qi >k —i>k—¢{, thus for k > K, we have (¢ —1)i +1—¢ >k — 3¢ and
1—3(pp)”*

S > ———F—>0;
Su(2)| 2 =0 > 0

taking a = (1 — (pp’) — 3(pp')7)(1 + pp') completes the proof. |

Lemma 8.1.8. There exists an integer K' such that for |w| > K’ there is only
one root of Dy, (z) in the disk |z| < p' for p' > 1.

Proof. Let K; be such that (pp/)%1 < (p’ — 1)a holds for a and p’ as in
Lemma BT Write K’ = max{K, K}, where K is defined above. Note also
that the above inequality implies that for all w such that |w| > K’ we have
P(w)(p)®! < (p' =1)a. Hence, for |w| > K’ we have |P(w)z!"!] < |(z—1)S,(2)|
on the circle |z| = p’ > 1. Therefore, by Rouché’s theorem the polynomial D,,(z)
has the same number of roots as (1 — 2).S,,(2) in the disk |z| < p’. But the poly-
nomial (1 — 2)S,(z) has only a single root in this disk, since by Lemma BT.7] we
have |Sy(2)] > 0in |z| < p'. |

We have just established that there exists a smallest root of D, (z) = 0,
which we denote as A,,. Let Cy, and D,, be the first and the second derivatives
of Dy(z) at z = A, respectively. Using bootstrapping, one easily obtains the
following expansions:

Av=1+3 (1)P(w) + O(P(w)?), (8.13)
Cp = —Su(1) + (k - 2531((11))> P(w) + O(P(w)?), (8.14)
By, = —25/,(1) + (k(k -1) - 35‘?;%/)((11))) P(w) +O(P(w)?),  (8.15)

where S;, (1) and S!/(1) respectively denote the first and the second derivatives
of S, (z) at z = 1. Note that 4,, > 1+ P(w) since S(1) < 1.

Finally, we are ready to compare D,,(u) with DI(u) in order to conclude
that they do not differ too much as n — oco. Let us define two new generating
functions @, (u) and Q(z,u) that represent the difference between D, (u) and

DI (u): "

Qn(u) = (Dn(u) = Dy (w),

1—u

and
u

Q(z,u) = ZnQn(u)z” =T (D(z,u) — DT (2,u)) .
n=0




8.1. Random tries resemble suffix trees 233

Thus

Qzuwy= Y ul P(“’)Z<Dw<z>2 ) (1—z+P<w>z>2>'

weA*

It is not difficult to establish the asymptotics of @, (u) by appealing to Cauchy’s
theorem. This is done in the following lemma.

Lemma 8.1.9. Let 6 = max{d1,02}. For alll < p < p' and for all u such that
u < (6p)~1, the following evaluation holds:

where

with
fa(w,u) = ul"IP(w) (A;” (CQLA + %) —n(l- P(w))n—l)
o (w, p,u) (8.16)

In(w, p,u)| = O(p™").

Proof. By Cauchy’s formula

for large n with "

weA*

1 d
fn(u) = % %Q(z’u)zn——zi-l’

where the integration is along a contour contained in the unit disk that encircles
the origin. Let w be such that |w| > K’, where K’ was defined in Lemma RIT.8
From the proof of Lemma B8 we conclude that Dy, (z) and 1 — z+ P(w)z have
only one root in |z| < p for some p > 1. Now we enlarge the integration contour
to a circle of radius p that contains the dominant singularities. Then, applying
Cauchy’s residue theorem we obtain

ot = gz F P05 (52~ o7 P
= ety (A (B B py)

u

+In(w7 p7 u)a
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where

_ P(w) w| 9% 1 L
In(w, pyu) = = /z=pU| lz_" (Dw(z)2 e Z+P(w)z)2) '

To bound I,(w, p,u) contribution we argue in exactly the same manner as in
the proof of LemmaB.T.6 We fix an integer k and consider )  4x [In(w, p,u)|.

For w € A* let

In(wa p) =

ir (oo~ = ) ‘ (517

We have
L (w, p,u)| = [ul* P(w) L (w, p).

Our goal now is to show that

we Ak

so that the sum of the I,,(w, p,u) converges for |u| < (pd)~! and decays expo-
nentially with integer n. Selecting pd < 1 will terminate the proof.
By Lemma BT.7 we know that

In(w,p) <p™" ((pp1)2a2 * (Ppl)Q) 7

thus by Lemma, we have for all w € AF — By,

> Pw)ln(w,p) = O(55p™").

we Ak By,

Furthermore,

In(w7 p) =

L[ (D) (=) P Dule) 41—~ P
20T Jyz)=p 2" Dy (2)2(1 — 2 + P(w)z)? '

Let w € Bi. We know from Lemma [R.1.6] that
[Dw(2) = (1= 2) + P(w)| < |p— 1|0(31p)" + P(w)p* = O((61p)")
and thus, for w € By, we conclude that I,,(w, p) = O((d1p)*p~"). This leads to

> Lu(w, p,u) = O((6pu)*p™")

we Ak
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for 6 = max{d,d2} and consequently, for |u| < (6p)~1,

) In@UM%U)C)(i——lg——P_n)7

weA* polul

which concludes the proof. [ |
In the next lemma we show that Q,(u) — 0 as n — oo.

Lemma 8.1.10. Let § = max{61,d02}. For all 8 such that 1 < 8 < 61, there

exists € > 0 such that Qn(u) = (1 —uw)O(n=%) uniformly for |u| < B.

Proof. Our starting point is the asymptotic expansion (8I). Using the expan-
sion (BI5) for £, and Lemma [8T.5 we can show easily that

nEw
> ullP(w) A, @ =0(1).

weA*

Therefore, by Lemma [8.1.9 we arrive at

= > ulPw (AC" : -1 —P(w))”_l) +0(1/n).

weA* w

Now let f,(x) be a function defined for real x by

Afzfl
C2

w

ful(z) = — (1 - P(w))" % (8.18)

It turns out that

Z ul®l f, (2) P(w) < oo.

weA*

To be convinced of this it suffices to notice that by (8I3) this function is uni-
formly bounded on all z > 0 and w € A* by some fax, and therefore

X 5 rw = 0w <

k Ak —

when |u| < 8. When w € By, since S,,(1) — 1 and S’(w) are both O(P(w)) we
have
fu(z) =1+ P(w))™0 (kP(w) + zP(w)?).

Noticing that
P(w)

(Lt Plw))*aP(w) = pre™" g

=0(1)
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with u = log(1 + P(w)), we get

Z Z uFzP(w)*(1+ P(w)) " P(w) = O (%}M) .

k weBy

We also have Y, kP(w)?* < 1/(1 — p|u])? . In view of this, we conclude that

Z ul”l P(w) fo(x) < 00

weA*

is absolutely convergent for all x > 0 and u such that |u| < . The function
fw(x) decreases exponentially for  — oo, and therefore its Mellin transform

fit) = [ " @)l

exists for R(s) > 0 since f,,(0) # 0 (see Table[[1lfor the properties of the Mellin
transform). However, for our analysis we need a larger strip of convergence.
Therefore, we introduce a modified function,

fw(x) = fw(m) - fw(o)eima

which also decreases exponentially for 2 — 400 but is O(z) for + — 0. For
this function the Mellin transform f(s) is well defined for R(s) > —1. In this
region, again using the properties of the Mellin transform from Table [LI] we
obtain

Fr (o) _(logAy)™* —1  (—log(l—P(w))) " —1
f’w(s) - F(S) (Aw Cﬁ) - 1 — P(w) ) :

Let g*(s,u) be the Mellin transform of the series >, 4. ul*IP(w) f,,(x) which
exists at least in the strip (—1,0). Formally, we have

g (s,u) = Y ul“IP(w)fi(s).
weA*

It turns out that this Mellin transform exists in R(s) € (—1,¢) for some ¢ > 0,
as the next lemma — which we prove below — states.

Lemma 8.1.11. The function g*(s,u) is analytic in R(s) € (—1,¢) for some
c>0.
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Assuming that Lemma RT.TT]is granted, we have

1 e+ioc0
Qn(u) —/ g*(s,uyn"*ds + O(1/n) + > ul”IP(w)fu(0)e ",

2im e—1i00 weA*

for some ¢ € (0,c). Notice that the last term of the above expression con-
tributes O(e™™) for |u| < S and can be safely ignored. Furthermore, a simple
majorization under the integral gives the evaluation @, (u) = O(n~¢) since by
Lemma BTTT] g*(s,u) is analytic for R(s) € (0,¢). This completes the proof
provided that we can establish Lemma R IT.17] ]

Let us now finalize our analysis by providing a proof of Lemmal[8 .11l We
will establish the absolute convergence of g*(s,u) for all s such that R(s) €
(—1,¢) and |u| < 8. Let us define

We set h(s,u) = hi(s,u) + ha(s,u) where

S, u) = —1 E U‘M‘P w fx S
hl( ) ) F(S) = ( ) w( )7

S, u) = —1 E u‘“" w F* S
h2( ’ ) (S) WEB| 4| P( ) w( )

We first prove that ha(s,u) is well defined for R(s) > —1 and |u| < § for all
w ¢ By|- Then we deal with the harder problem of establishing the existence
of hi(s,u).

Let k be an integer and let w ¢ By. Notice that

Lo (logAy) Tt — 1 (“log(1— P(w) — 1
Ry o) = 42

C2 1— P(w)
is uniformly bounded for all complex values of s such that R(s) > 0. However
for w € By, we also know that

ST Plw) = 0(),

we Ak —By,

thus

ha(s,u) = O (%{w)
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This implies that h(s,u) is defined for all s, such that $(s) > 0, provided that
lu| < B. But f(0) =0, hence the pole at s = 0 of I'(s) is canceled by the zero
in the numerator and ha(s, ) is defined for R(s) > —1.

The case w € By needs more attention but leads to similar derivations as
before. Note that for any fixed s we have the following:

o) = (1152} 1+ O(P(w))
(~og(1 — P(u))™* = P()™"(1 + O(P() "

One must be careful with the manipulation of the “big oh” terms when the
exponents are complex numbers. In particular, we have, for any given quantity
p >0,

le7 — 1| = |(e7*R) — 1) cos (uS(s)) |
+1 — cos (uS(s)) + | sin (uS(s)) [e 7).

Thus e #* —1 =1+ O(|s|e) as long as R(s) and p are bounded quantities. So
for R(s) bounded we have (replacing p by log(1+O(P(w))) in both expressions)

(14 O(P(w)))™% =1+ O(]s|P(w)).

From this estimate we derive

(log A,)~* =1 (= log(l = P(w)))~* — 1

Azl 1— P(w)
= P(w) ™" ((Sw(1))"(1 + O(|s| P(w))) = (1 + O(|s| P(w))) + O(jw|P(w))).

From the assumption that w € By we know by Lemma [R5 that S, (1) =
1+ O(8%), and therefore

(Sw(1))® = 1+ O(|s]d7).
Since P(w) = O(d}),

log4u)~ —1 (“log(1— Pw))™* 1 _

We have |P(w)~*| = P(w) %) hence

ha(s,u) = > JulFO(|sloF) S Plw)t =R
k=0

weBy,
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Since

Z P(w)l—%(s) < z:p(ll—ﬂ?(s)7

wEBY acA

the sum converges for

<Zp;m<s>> fuldy <1,

a€A
which is the case if |u| < 8 < d; for ¢ such that
1—c
> piC < oy
acA

(Notice that ZaeApé_éR(s) — 1 when R(s) — 0.) As before, the pole of I'(s)
at s = 0 cancels out since f*(0) = 0 and therefore ho(0,u) = 0. In summary,
9*(s,u) does not show any singularities in the strip R(s) € (—1,c¢); it is well
defined there. ]

Since
fu(w,1) = P(Oy(w) = 1) = nP(w)(1 — P(w))"

as a consequence of our proof, we conclude with the following corollary regarding
the probability P(O,(w) =1). We will use it in Chapter [0

Corollary 8.1.12. Let k be an integer and let w € A*. For alle > 0
P(On(w) = 1) = nP(w)(1 = P(w))" "' +0(n'~"P(w)'"%67) + fu(0)e ™" (8.19)

when w € By, where fy,(x) was defined in (818). Furthermore, when w ¢ By,
P(On(w) =1) = nP(w)(1 — P(w))"~" + O(n'~P(w)'~%) + fu(0)e™ (8.20)

where 7, c 4+ | fuw(0)] < 00.

8.1.2. Suffix trees and finite suffix trees are equivalent

We now investigate the typical depth of a finite suffix tree. Recall that by a
finite suffix tree we mean a suffix tree built from the first n suffixes of a finite
string X7'$ where § ¢ A is a special symbol. As before, by suffix tree we mean
a tree built from the first n suflixes of the infinite string X7°.

We leave as Exercise the proof that the probability generating function
DI'S(u) for the typical depth in a finite suffix tree satisfies

PIDFS > K) == 3 (n+ 1 Jul) " Plw) - N, (0, (8:21)
we Ak
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where we use the notation a* = max{0,a}. From (227 we observe that

Y rP(On(w) =7) = (n+ 1~ [w)P(w);

T

thus any occurrence of w must fit into the first n + 1 — |w| positions in X7'.

Therefore
11—
DFS —— [wl ar?
n () = —— ( + > ulINg L0 ],
weA*
with o
2u —1 —u"
_ +\,,k _ .

k>0

however, the exact form of A, (u) is irrelevant. In view of this we have

DFS(z,u) = 1—u (A(z,u)-F Z %Nw(z,0)> ,

U
weA*
where

= Z Ay (u)z

and again its exact form is not important. Finally, by borrowing the formula for
Ny (z,u) from Chapter [ or just using (B3], we have

F 1—u wl Pw)
DFS(z,u) = " (A(z,u)—i— Z (zu)! Dw(z)>'

weA*

Our goal is to prove the following theorem which establishes the equivalence
of finite suffix trees and tries built from independent strings.

Theorem 8.1.13. There is an € > 0 for |u| < S with > 1 such that
Dy (u) — Dy (u) = O(n™*)
for large n.

We will prove the theorem in two steps. In the first step we prove that a
random finite suffix tree resembles a random finite trie, defined below. That is,
we prove the following:

Dy®(u) = Dy " (u) = O(n™°)
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where DI (u) is the generating function defined by

DFT (2, u) = zn:”DTIjT(“) =— <A(z,u)+ Z (2u) l(l z+P(w)z)2> :

weA*

From the above we may also conclude that

DET (u) = 1l1-u <An(u) + ) Pw)(n — |w+ 1)1 - p(w))n|w|> ,

n u
weA

The quantity DET (u) is the probability generating function for the typical
depth in a tree structure that we tentatively call a thinning trie. In a thinning
trie we delete one string at each level of the tree. In other words, one string
is stored at the root (level 0) and the remaining n — 1 strings are dispatched
into the subtrees. At level 1 we again delete one string at random while the
remaining n — 2 strings are dispatched into the subsubtrees, and so forth. Thus
at level n (if attained) no more strings remain. This mimics a finite suffix tree
quite well since the nth suffix remains at the root, thanks to the special final
symbol §. The (n — 1)th suffix is stored at level 1, and so forth. A finite suffix
tree cannot reach level n though this is still possible for suffix trees with infinite
suffixes.

Unfortunately, the thinning trie does not have a recursive definition. (Re-
cently Choi et al. (2012) analyzed a similar trie, called (d,n)-trie.) Thus we
cannot use the nice recurrences that we used in Chapter [[l However, we still
can prove that a thinning trie resembles a regular trie.

Lemma 8.1.14. There exists € > 0 such that, for |u| < f,
D" (u) = Dy (u) = O(n™°)
for large n.
Proof. Let
_ l 1—u

DI (w) = DE () = - —Qf (u).

We basically need to prove that the quantity

Q) =— > u"P(w) [n((1 - Pw)"" ~1)

weAk

—(n— |w| + 1) ((1 — Plw))r vl - 1)}
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is O(n'=¢) for |u| < 8. We have the upper bound
Q7 ()] < |fa(w)] + |gn(w)]

where
fulu) = Z ul®l P(w)n ((1- P(w))" ! — 1)=n Z ul®l f,(n —1)
we Ak we Ak

with f, () = P(w)(((1 — P(w))* — 1), and

gn(w) = > wlIP@)(n+1— fw)* (1= Pw)" "~ 1).

lw|<n

We already know, via the use of the Mellin transform, that f,,(u) = O(n'=¢) for
e and f8 such that 8 _ ,pate < 1.
We can rewrite g, (u) as follows:

gn(u) = Y ul*Plw)n ((1 = P(w)"~" = 1) (1 = P(w))' "1

|w|<n

+ 3 n(Q-P)" ! -1)

lw|<n

= > (= DulIP(w) (1 = P(w)" ™" = 1) (1 = P(w))' 1

lw|<n

— Z (lw] = 1) (1 = Pw))"~* —1). (8.22)

wl<n

Since (1 — P(w))'~I*l = O(1) it turns out that all the right-hand side terms
are of order O(f,(u])) (see Exercise BT)) which in turn is of order O(n'~¢), as
required. [ |

Now we are in a position to prove Theorem R.1.13 we need to show that
DES(u) — DET(u) = O(n=%), which we do in what follows. Let

11—

Dy®(u) = Dy " (u)
n o u

Qr (u).

By the Cauchy formula,

1 d
Qf () = 5~ $ Q" w) o,

where

Flz,u) = uz) VP (w L L
O (e = 3 P00 (5705~ s )

weA*
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This quantity is similar to Q(z,u) from the previous section. However, in
Q¥ (2,u) the factor ul”!z is now replaced by (zu)®!. The proof proceeds in the
same way as for Q(z,u). The function Q' (z,u) has the same poles as Q(z,u)
at z = A, and z = (1 — P(w)) for w € A*. Define

fr};(vavu) =

L/ dz I 1
2im Jipjzp 27\ Dy (2)2 (1 =24 P(w)z)? /)|’
It is easy to show that

where f,,(w, p,u) is defined in (8I7) in the previous section. Thus (as the reader
is asked to prove in Exercise [8.8))

> Pl wop) = 0 (7o ) (5.23)

_ 2
weA* 1=p 5|u|

Finally, we estimate the residues over the poles of Q¥ (z,u). We need to deal
with the following sum over w € A*:

Alwl=n n+1l—|w E 14
w Zwy _ n—1+|w|
" ( 2 A, + Cﬁ,) n(l — P(w)) )

ul®l P(w)

However,

AT = AL (14 O(Jw| P(w)))
(1= Pw))" 0 = (1 = P(w))" "} (1 + O(Jw| P(w))).

Thus the above sum is fundamentally equivalent to

u

o _ n—1
A, +ng> n(l— P(w))

which we know to be O(n'~¢). This completes the proof. |

8.2. Size of suffix tree

We now extend our analysis to other parameters of suffix trees. Our method-
ology applies without major modifications to the evaluation of the average size
of a suffix tree. We define the size of the tree as the number of internal nodes.
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However, we should point out that our methodology works for the average size
of a suffix, and we do not yet know how to extend it to the variance and limiting
distribution; these are still open problems. Regarding the variance of a suffix
tree, one can derive a generating function that counts the occurrences of two dis-
tinct words but, so far, attempts to make it suitable for an asymptotic expansion
of the variance have not been successful. It is conjectured that the error term
between a suffix tree and the corresponding independent trie becomes larger
than the order of the variance (which is O(n) for the tries) when the alphabet
size is small.

We denote by s, = E[S,] the average size S,, of a suffix tree built from n
suffixes. It is easy to verify that

Sn="3_ POpiu-1(w) >2), (8.24)
weA*

since any two occurrences of a word w within the first n+ |w| — 1 symbols of X7
create an internal node. We denote by s(z) the generating function Y >~ | s,2™.
The following is easy to derive.

Theorem 8.2.1. The generating function S(z) for the average size of a suffix

tree 1s
1 1
s(z)=— Y zP(w) (Dg,(z) i Z)Dw(z)) : (8.25)

weA*

Proof. The proof is actually quite easy using our results from Section First
note that

5(:)= 30 3 (1= POt = 0) = P(Opyjugr = 1)) "

weA* n=0

From Theorem [2.3.2l we can see that

> Z1-vlg, (2)
> P(Opijuy1 = 0)2" = =202
n=0 Dw(z)
> zP(w)
ZP(On+\w\—1 = ].)Zn = .
= D3 (2)
This leads to (824]). |

The size of tries built from independent strings was discussed in Section[[.2.0
In particular, in Theorem [7.2.9] we gave the average size for tries. Here, we re-
derive the generating function for the average size s,, of a trie in a way that is
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more suitable for our analysis. Noting that
sn= Y [I=(1=Pw)" —nPw)(l-Pw)" ],
weA*
we obtain

o 1 1
== 3 ) (T )

weA*

In this section, using Theorem we will prove the following main result.
Theorem 8.2.2. There exists € > 0 such that the following expansion holds:
Sy — sb = 0(n'7¢)

for large n. Furthermore,

Sn (14 ®o(logn)) + O(n*~*)

EI3

where ®o(logn) is a periodic function with small amplitude if the logp,, a € A
are rationally related; otherwise ®o(logn) converges to zero.

Proof. The proof proceeds as the proof for the depth in a suffix tree. We split
sT(z) — s(z) into two parts, as follows:

T = ! :
HOEEOEY ZP(“’)(Dg,(z) - (1z+P(w))2)

weA*

- 21P,(U;) (le(z) - 1z+1P(w)Z)'

weA*

Using the same approach as in Section Rl we set
st — s, = fu(1) = d, (8.27)

where fn(1) =3, ca- fu(w, 1) was studied earlier, and

d, = Z dp (w)

weA*
with

P(On(w) >0)—1+(1—P( )"
1 )z dz 1 1
- 2_7{ 1—2z zntl (Dw(z) B 1z+P(w)z)'
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We have
() = (% (- P(w))“) T () (5.28)

T )_Lj{ P(w)z dz I 1
nW P = S tl=p L =2 2"\ Dy(z) 1—z+Plw)z)’

We already know that it is O(n!=¢).

The term d,, in [827]) is more intricate since in its present form it is not even
clear that the sum of the d, converges

We first analyze the sum . J,(w) which is easier. We notice that when
w € AF — By, the function P(w)(1/Dy(2) — (1 — z + P(w))™1) is O(P(w)d%)
when |z| = p. Thus

with

S Ja(w) = 0(%).

weAk—B
Furthermore

> Pw)(1/Duw(z) = (1 - 2+ P(w))™") = O(5Y).

weBy,

Therefore the sum of the integrals that make up the .J,, (w, p) is finite and O(p~™).
To handle the factors involving the A,, we need to extend the expansion of
the root A,,, writing

P(w 5 w Si(1
Ay =1+ Sw((l)) + P%(w) (Sl%(|1) - 5308) + O(P3(w)). (8.29)

Therefore

P(w)A,™

Miw)wcw —(1—P(w))" =n(l — P(w))"O (P(w)S{u(l) + P2(w)) )

The series Z
Since S}, (1)
can prove that

P?(w) converges. Let us study the series Y o 4. P(w)S],(1).
(Sw(1) — 1), the convergence of this series holds as long as we

> P(w)(Sw(1) = 1) < oo

weA*

Let k = |w| and first assume that w € By. We know that S,, — 1 = O(F) and
thus we have for the corresponding partial series,

> Pw)(Su(1)-1)=0 | > 4

’UJGB‘W‘ k>0

weA*
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Let us assume now that w ¢ By; since Sy, (1) = O(1) and 3_, o5, P(w) = 0(85),
we have this partial series

S P@)(S.(1)-1)=0 (S8

ngB‘w‘ k}ZO
Now, to prove that d,, = O(n'~¢) we split up the sum d, = >, . 4. dw(n),
where A, P(w)
wP(w
d =— ——(1-P L. 8.30
(o) = s = (1= P(w) (5:30

As before, we apply a Mellin transform (see Table[TT]). The Mellin transform of
d, () exists in the strip (0, 00) but we cannot extend it further since d,,(0) # 0.
However, it can be analytically extended for ®(s) < 0 as long as we avoid the
poles of T'(s) on the nonpositive integers. Since we want to extract an order
a'=¢ for 3 o 4. dw(2) we must use the same trick as in Section BT} namely we
define

dy(x) = dy(z) — dy(0)e™7,

for which the Mellin transform exists for £(s) € (—1,00). We now notice that

Y wear dw(n) — dp tends to zero exponentially fast. The Mellin transform of

dy (), namely J,,(s)T'(s), satisfies

((log Ayy)™* — 1) P(w)

Tuls) = =G ac.

+1—(—log(l — P(w)))~".
We split J,,(s) as follows:

Ji(s) = Z Juw(s), Ja(s) = Z Ju(8).

WEB| | WEB| )|

Since Jy(s) = P(w)~*0(]s|P(w)), we immediately find that

jals) = 3~ 0(8%)

k>0

for N(s) < 0, and therefore it has no singularity for R(s) € (—1,0).
Regarding j1(s), we consider w € By and refer to (829) for A4,. Since
Su(1) = O(6%) and S!,(1) = O(ks¥), we find that

Ju(s) = O(|s|kd})P(w)'
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and therefore ja(s) = > ,cp,, Juw(s) converges as long as

(zp;w) i<t

acA

Thus for R(s) < —1 + ¢ with the same value of ¢ > 0 as in the proof of The-
orem BT2 Therefore, J,(s) is defined for R(s) € (—1,—1 + ¢), and hence
dn, = O(n'~¢). This concludes the proof of Theorem |

As a consequence of our proof, we can deduce the following corollary regard-
ing the probability P(O,(w) > 1). We will use it in Chapter

Corollary 8.2.3. Let k be an integer and let w € A*. For all ¢ > 0 and
w € By, we have

P(On(w) >1)=1—(1—-P(w))" +O(n' = P(w)' ~567) + dw(0)e™™, (8.31)
where dy,(x) was defined in (830). Furthermore, for w ¢ By,
P(Op(w) > 1) =nP(w)(1 — P(w))" ' + O(n' *P(w)' ™) + dy(0)e™™, (8.32)

where Y

wear [dw(0)] < oo.

8.3. Lempel-Ziv’77

We study here the number of longest matches using the Lempel-Ziv’77 scheme.
Recall that in LZ’77 we find the longest prefix of, say, X%, that has a copy
in X7; this was discussed in Chapter More precisely, let w be the longest
prefix of X9, that is also a prefix of X for some ¢ with 1 <4 < n, that
is, XvITt < X;lﬂw‘ for i < n. The number of such i is denoted M,, the
multiplicity matching parameter. More formally,

M, =#{1 <i<n| X has w as a prefix}. (8.33)

In other words, M, is the number of suffixes from among the first n suffixes which
agree mazimally with the (n + 1)th suffix X9, where we measure the degree
of agreement between two suffixes by the length of their longest shared prefix.
We shall see that the number M,, coincides with the multiplicity parameter (of
the associated suffix tree) defined in Chapter [7l

As in Chapter[d the longest match in LZ’77 (the phrase length) can be found
by building the associated suffix tree. We note that in the framework of a suffix
tree, M, is precisely the number of suffixes in the subtree rooted at the node at
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Mn

Figure 8.3. This suffix tree has multiple matching parameter My = 2
after the insertion of suffix Ss.

which the (n + 1)th suffix X9, is inserted, that is, the size of such a subtree.
This is illustrated in Figure R3]

Our goal is to understand the probabilistic behavior of the variable M,,. We
will derive the asymptotic distribution P(M,, = j) for large n. We can accom-
plish this by finding the probability generating function E[u?"] and extracting
its asymptotic behavior for large n. We will follow the methodology established
in Section Bl

The main result is presented for a general finite alphabet A with p, > 0 and
Ga = 1—pg for any a € A. Recall also from Definition [[.2.6 that the log p,, a € A,
are rationally related if there exists a real L such that log p, = n,L for an integer
ng (€., logpa/logpy = na/ny is rational for any pair a,b € A). Otherwise, we
say that the logp, are irrationally related. We also define p = max,e4{p.} and
¢ = maxgea{qa}. Our main result is presented next.

Theorem 8.3.1. For |u| < min{p~/2 ¢~} the sequence E[uM~] has the fol-
lowing asymptotic form:
log(1 — qqu 1
E[uM] = _LaeaPa hg( 4at) _ —3(logn, u) + o(1), (8.34)
where §(logn,u) converges to zero as n — oo when the logp,, a € A, are
irrationally related, while when they are rationally related the o(1) estimate can
be improved to O(n~%) for some € > 0, and the function §(t,u) has the form

5(t, u) — Z e2km‘t/LF(sk) Z pa(l _ qau)_s" _p(;sk-i-l7

k#0 acA
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where s, = 2mik/L with L defined for the rational case as the common real
factor of the logp,.
It follows immediately that in the rationally related case,

’ 1 @ip 1 p2kmi IOgn/LF(Sk)(Sj); e @ pa .
P(Mn:J):EZ ; *EZ* 7 +0(n™9),
acA k#0

(8.35)

while for the irrational case

J
P(M, =j) =Y 2o 4 o), (8.36)
acA jh

for large n.

The rest of this section is devoted to the proof of Theorem B3Il However,
to simplify our presentation we describe the proof only for the binary case, with
po = p and ¢, = q < p, leaving the general proof as Exercise 89l Our strategy
for analyzing M, is the same as that for the depth of a suffix tree, that is, we
compare M,, with the distribution of the multiplicity parameter M defined for
tries built from n independent strings. We actually analyzed this in Section [[.3.3]
under the name M,,. Now we will relabel it as M to distinguish it from the
multiplicity parameter of a suffix tree.

The road map of the proof follows the method of Section BI] with slight
variations. After deriving the bivariate generating functions for M, and for
MY denoted as M(z,u) and M7 (z,u), respectively, we compute

Q(z,u) = M(z,u) — M* (2, u).

We then use Cauchy’s theorem to prove that Q. (u) := [2"]Q(z,u) — 0 uniformly
for u < p~/2 as n — oco. Another use of Cauchy’s theorem proves that

P(M, =k) — P(MT = k) = [u*2"]Q(z,u) = O(n=5b~F) (8.37)

for some € > 0 and b > 1.

parameter M, is asymptotically the same in suffix trees as in tries built over
independent strings. Therefore M,, also follows the logarithmic series distribu-
tion plus fluctuations, claimed for M, in Theorem

Thus our main goal of this section is to prove the following result.

Theorem 8.3.2. There exists € > 0 such that, for |u| < 1+0 and some 6 > 0,

| My, (u) = My (u)] = O(n™°). (8.38)
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As a consequence, there exists b > 1 such that
P(M, =k)— P(MI =k)=0n""<bv"F) (8.39)
for large n.

This together with Theorem suffices to establish our main result, Theo-
rem R3]

We now start the proof of Theorem by rederiving a simple formula for
the bivariate generating function M7 (z,u) of the multiplicity parameter in an
independent trie over a binary alphabet A = {a, 8}. We let w denote the longest
prefix common to the (n+ 1)th string and at least one of the other n strings. We
write 8 € A to denote the (Jw| + 1)th character of the (n + 1)th string. When
M = k we conclude that exactly k strings have wa as a prefix with o # 3 and
the other n — k strings do not have w as a prefix at all. Thus the generating
function for M is exactly

o0

=2

n=1k

P(MT = Ek)ubz"

Mg

Il
—

o

2

ﬁMg

ZAj (w8 () (Plwa) (- Pl atsn

After simplifying, it follows immediately that

Ty ) — uP(B)P(w) zP(w)P(«)
M (zu) w;* 1—2(1=Pw))1—2(1+uP(w)P(a) — P(w))’ (8.40)

The same line of reasoning can be applied to derive the generating function
M(z,u) for M, in the associated suffix tree; however, the situation is more
complicated because the occurrences of w can overlap. Consider a suffix tree
built over the first n + 1 suffizes X1 ..., X+ of a string X (e, X =
XiXi11Xit2...). We let w denote the longest prefiz common to both X (nt1)
and at least one X for some 1 < i < n. As before, we write 8 to denote the
(Jw| 4+ 1)th character of X(™*+Y. When M,, = k, we conclude that exactly k
suffixes X (¥ have wa as a prefix and the other n — k strings X do not have
w as a prefix at all. Thus, we are interested in finding strings with exactly k
occurrences of wa and ending on the right with an occurrence of wf and with no
other occurrences of w. This set of strings constitutes the words of a language.
In Chapter 2 we studied such languages and their generating functions. We
therefore follow the methodology developed in Chapter In particular, the
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language just described (i.e., k occurrences of wa ending on the right with w/3)
can be written as

Rua(T P a)k= 17 g, (8.41)
where
R = {v € A*|v contains exactly one occurrence of w, at the right hand end}

7;(,“) = {v € A" | wav contains exactly two occurrences of w,
located at the left and right hand ends}.

In order to understand (841 the reader is referred back to Theorem [Z2:3 Tt
follows from (84T that

kiz Z Slsl+1 ( Z p(ta)ztlﬂu)k_l

wEA* SER ., t€7—u(ra)
X g P(vpB) Zlolti=lwl=1,
veTY

After simplifying the geometric sum, this yields

z a)2T8 (2
M(z,u) = w;* uP(B)R ‘U(j‘ ) . —Pli(;)fuTga))(z) (8.42)

where

Ry(z) = Z P)zl", T (z) = Z P(v)zl"l

VERw ’UGT,_E,Q)

are generating functions for the languages R, and 7;@, respectively. From
Lemma 31 we known that R, (z) = zI“|P(w)/D.,(z), where

Dy(2) = (1 —2)Su(z) + 2™ P(w)

and Sy, (z) denotes the autocorrelation polynomial for w. It follows that

s~ N WP(OPW)  P(a)2Ti(2)
M) = w;* Dy(z) 1- P(a)zuTTE,a)(z). (843)

In order to derive an explicit form of M (z,u), we still need to find qu,a)(z).
As in Chapter 2] we introduce the language

M, = {v | wv contains exactly two occurrences of w,
located at the left and right hand ends},
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then we observe that 04771(,&) is exactly the subset of words of M, that begin
with a. We use "nga) to denote this subset, i.e.,

HE) = My N (A",

and thus
T = Hl),

So ([B43) simplifies to

uP(8)P(w Hfua) z
Mz u) = w;* éw)(z§ )1uH£“’)(z)' (8.44)

(@)
w

In order to compute the generating function Hfua)(z) for Hy ' we write

My =HE +HP,

where ’Hq(f) is the subset of words from M, that start with 8 (i.e., &B) =
M, N(BA*)). (Note that every word of M,, begins with either o or 8, because
the empty word ¢ ¢ M,,.) The following useful lemma is the last necessary
ingredient to obtain an explicit formula for M (z,u) from (8244]).

Lemma 8.3.3. Let ’Hfﬂa) denote the subset of words from M, that start with

«. Then
Dya(z) —(1—2)
Dy (2) '

H (z) =

Proof. In Chapter 2] we introduced the language

Uy, = {v | wv contains exactly one occurrence of w,
located at the left hand end}

while here we need a new language, namely

U = {v | v starts with o, and wv has exactly one occurrence of wao

and no occurrences of wg}.
We note that the set of words with no occurrences of wf can be described as
AT\ Rup(Mup) Unp
with generating function

1 Rus(2)Uwp(2)
— 1waﬁfz) . (8.45)
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Now we will describe the set of words with no occurrences of w/ in a different
way. The set of words with no occurrences of w3 and at least one occurrence of
wa is exactly Ry, ( Sﬂ"‘>)*u$", with generating function

Ry (2)US"(2)
1-HM ()

On the one hand, the set of words with no occurrences of w3 and no occurrences
of wa is exactly

Ru + (A" \ Ry(My)*U),

since the set of such words that end in w is exactly R,,; on the other hand, the
set of such words that do not end in w is exactly A* \ Ry, (My,)*U. So the set of
words with no occurrences of wa and no occurrences of w3 has the generating
function

Ru(2)US (2) 1 Ru(2)Uu(2)
T TR R A e T e (8:46)

Combining (843) and (844), it follows that

L Rup(a)Uus(z) _ Ru(2)US(2) 1 Ru(2)Uu(2)
=2 1-Mus(s) 1 H9() R () - LML) (8.47)

Now we can find the generating function for L{é,a). For each word v € L{é,a),
wv has exactly either one or two occurrences of w. The subset of Ufua) of the
first type is exactly Vq(f) = Uy N (@ A*), i.e., the subset of words from U, that

start with . The subset of Ufua) of the second type is exactly Hq(ua). We observe
that
VA= (HY + Vi) {a} (8.48)

(see Exercise BI0). Hence, its generating function becomes

Hfua)(z) - P(a)z.

v = 2
Since L[ﬁ,a) = Vfua) + nga), it follows that
H(z) - P H{(z)— P
Ul(ua)(z) _ w (Z) (a)z +H1(ua)(2) _ Zd1y (Z) (a)z

z—1 z—1
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From equation ([847), we see that

L Rup(2)Uus(2) _ Ru(2)(zHSY(2) — P(a)2)

1—z 1— Mus(2) (1 - HM (2))(z - 1)
1 Ry (2)Uy(2)
1

i (z) + 1—z

Simplifying, and using Lemma [Z3.1] from Chapter 2]

1— My(2)
1—=z

1 — Myp(2)
1—z

Uw(z) = ) Uwﬁ( )

it follows that
Rup(z) ~ 2P(B)

Ruo(z) 1_ B0
Solving for Hfua)(z) and then using R, (z) = z™P(w)/Dy(z) and

2P (w
Ruple) = e,
it follows that
H{(z) = Dul2) = Dup(2) (8.49)

Note that

Dy(2) = Dup(2) = (1 = 2)Su(2) + 2™ P(w) — (1 = 2)Swps(z) — 2™ P(w) P(f)
= (1= 2)(Swal2) = 1) + 2" P(w) P(a)
= Dya(z) — (1 = 2).

Thus, (8Z9) completes the proof of the lemma. |

In summary, we have just proved the form for M(z,u) given in the following
theorem.

Theorem 8.3.4. Let M(z,u) := Y oo >0, P(M, = k)u*z" denote the bi-
variate generating function for M, . Then

o) = uP(B)P(w) Dya(z) — (1 —2)
M(z,u) u;* Dy(z)  Duy(z) — u(Dwa(z) — (1 — 2)) (8.50)

for |u] <1 and |z| < 1. Here Dy(z) = (1 — 2)Sw(2) + 2™ P(w) with m = |w|,
and Sy, (2) denotes the autocorrelation polynomial for w.
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We now start to make a comparison of M(z,u) and M7T (z,u). Before we do
this we need some preliminary results, as in Section Bl First, we deal briefly
with the autocorrelation polynomial. In Lemma [R.T.6l we proved that, with high
probability, w has very few large nontrivial overlaps with itself. Therefore, with
high probability, all nontrivial overlaps of w with itself are small. In the next
two lemmas we summarize our knowledge about Sy, (z) and Sy (2). As before,
we use p > 1 such that p\/p < 1 (and thus pp < 1 also). Finally, 6 = |/p.
Throughout this section we write m = |w| for the length of w.

Lemma 8.3.5. If0=(1—pp) ' +1 and a € A then

> [max{|Su(p) = 1], [Swalp) — L[} < (p6)*0]P(w) > 1 - 6%,  (8.51)
weAF

with the same notation as in Lemma [S._1.0.

Lemma 8.3.6. Define c =1~ p\/p > 0. Then there exists an integer K > 1
such that, for |lw| > K and |z| < p and |u| < 671,

|Sw(2) — uSwa(2) +ul > c.

Proof. The proof needs to be broken down into several cases. The only condition
for K is

K/2
T Ry
1—pp
The analysis is not difficult; the reader is asked to provide details in Exer-
cise 8111 ]

These two lemmas allow us to bound from below the denominator of M (z, ),
which we need in order to analytically continue the latter. We establish this
bound in the next two lemmas.

Lemma 8.3.7. If0 <r <1 then there exists C > 0 and an integer K1 (both
depending on r) such that

Du(2) = u(Dual2) — (1 - 2))| > C (8.52)
for |w| > Ky and |z| < r (where, as before, |u] < 571).

Proof. Consider K and c as defined in Lemma B3.6 this tells us that, for all
|w| > K, we have
|Sw(z) — uSwa(z) +ul >c (8.53)
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for |z| < p. So, for m =: |w| > K, we have
|Dw(2) = u(Dya(z) = (1 —2))[ > (L =7r)c—r"p" (1 - 5*17np)_

Note that r™p™(1 — 6~'rp) — 0 as m — oo. Therefore, replacing K by a
larger number K if necessary, we can assume without loss of generality that
rmp™(1 — 6 trp) < (1 —r)e/2. So, we define C = (1 — r)c/2, and the result
follows immediately. [ ]

Lemma 8.3.8. If0 < r < 1, then there exists C > 0 (depending on r) such
that
|Doy(2) — u(Dyal(z) — (1= 2))| > C (8.54)

for |z| < r (and, as before, |u| <57 1).

Proof. Consider K; as defined in Lemma 8371 Let Cy denote the quantity C
from Lemma 8377 There are only finitely many values of w with |w| < K7, say
wr, ..., w;. Foreach such wj, with 1 < j <4, we note that D, (2) —u(Dw;a(z)—
(1 —2)) # 0 for |2] <7 and |u| < 571, so that there exists C; > 0 such that
|Du, (2) = w(Du,a(2) — (1 = 2))| > Cj for all |z| <r and |u| < 671, Finally, we
define C' = min{CO,Cl,...,Ci}. |

Now we are in a position to prove that M (z,u) can be analytically continued
for u values beyond the unit disk.
Theorem 8.3.9. The generating function M(z,u) can be analytically contin-

ued for |lu| <671 and |z| < 1 with § < 1.

Proof. Consider |z| <r < 1. We proved in Lemma [83.8 that there exists C' > 0
depending on r such that, for all |u] < §~1, we have

1 < 1
|Du(2) = u(Dwa(z) = (1= 2))| — C

Setting u = 0, we also have | D, (z)| > C. Thus

01w < PSS P Dan(z) — (1 2]

acAweA*

Now we use Lemma [R.3.5l Consider w and o with

max{|Su(p) = 1], |Swalp) — 1]} < (05)™0
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where, we recall, m = |w|. It follows immediately that
[Dua(z) = (1= 2)| = |(1 = 2)(Suwa(2) = 1) + 2" P(w) P(a)]
< (147)(p6)™0 + ™ p™p = O(s™),
where s = max{pd, rp}. Now consider the other values of w and «. We have
[Dua(z) = (1= 2)| = (1 = 2)(Suwa(2) = 1) + 2" P(w) P(a)]
B L)/ W e Y
1—pp 1—pp
so we define C1 = (14 r)pp/(1 — pp+ 1) to be a value which depends only on r
(recall that r is fixed here). Thus

[M(z, u) Z > D Pw - (1=2)

aEAm>0weA™

g Z > 11 = 8m0)O(s™) + 6™OC |
aEAm>0
5_
< PUP S 5o (1),
aEAm>0
and this completes the proof of the theorem. [ |

In the final stage of our discussion we compare the generating functions
M (z,u) and MT(z,u), as we did in previous sections when analyzing the depth
and size of a suffix tree. Define

Q(z,u) = M(z,u) — MT (2, u). (8.55)
Using the notation from (840) and 350), if we write
MT (zu) = uP(B)P(w) zP(w)P(«)
e 1];(2()1Pz ];(w)) 1 —Dz(l(—l—)uP((lw)P()a) — P(w))’
Mool =5 6 D) - uDee) (-7
then
Q(z,u) = Y (Mya(z,u) = ML (2,u)). (8.57)

We also define @, (u) = [2"]Q(z,u). We denote the contribution to @, (u) from a
specific w and o as Q4 (1) = [2")(My.a(z, u) — M ,(z,u)). Then we observe

that d
lew’a) (u) = — %(Mw,a(za u) - Mg,a(zv u))zn—il’ (8'58)

27
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where the path of integration is a circle about the origin with counterclockwise
orientation. We define

1

dz
o o T
Iw,a(pa U) - 2mi /lzl_p(Mw,a(Za u) Mw,a(zv u)) ontl ' (8'59)

To analyze this integral, we apply a singularity analysis. For this we need to
determine (for |u| < 671) the zeros of Dy (2) — u(Dya(z) — (1 — 2)) and in
particular the zeros of D,,(z), extending Lemma The following lemma is
easy to establish and the reader is asked to prove it in Exercise

Lemma 8.3.10. There exists an integer Ky > 1 such that, for u fixed (with
lu| <671) and |w| > Ka, there is ezactly one root of Dy (2) —u(Dya(2) — (1—2))
in the closed disk {z | |z| < p}.

When u = 0, this lemma implies (for |w| > K3) that D, (z) has exactly one
root in the disk {z | |z| < p}. Let A, denote this root, and let B,, = D} (Ay).
Also, let Cy (u) denote the root of Dy (2) — u(Dye(z) — (1 — 2)) in the closed
disk {z | |z| < p}. Finally, we write

Bulw)i= (3 (Dule) = u(Dua(s) = (1= 2))

= Dy (Cw) = u(Dyye(Cw) + 1)

2=Cy

Now we can analyze the integral in (8:59). By Cauchy’s theorem, we observe
that the contribution to @, (u) from a specific w and « is exactly, after expanding
the integral to a larger contour of radius p:

w,o M, (Z,U,) M, (Z,U,)
QU ) = Tua(prw) = Reseman =500 — Resecu =" 51—
Mg;,a(za U)
FReS-=1/(1-Pw) ™ a1
My (2 0)
+R6Sz=1/(1+uP(w)P(a)_P(w))'“;‘:L‘T’ (8.60)

where we write Res,, f(z) := Res[f(z); 2 = zo]. To simplify this expression, note
that
Mya(sw)  P(BPw) 1
ReSz:Aw ontl = - Bw A?U_i_l )
R My,o(z,u)  P(B)P(w) 1
C82=Cu (W) ™ i1 T T Eu(u) Cyuw)rtl

(8.61)
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and
My o(2,u) N
Res.—1/0-pw) —nm — = P(BP(w)(1 — P(w))",
My o(2,u)
Res.—1/(1+uP@)P@)-P@) o1 = ~PBP)1 +uP(w)

x P(a) — P(w))".
It follows from (B.60) that

W, Pﬂpw 1 PﬂPw 1
QU0 = Lalpor+ P e - FOE e s62)

+ P(B)P(w)(1 — P(w))" — P(B)P(w)( + uP(w)P(a) — P(w))".

We next determine the contribution of the z = A,, terms of M (z,u) and the
z=1/(1 — P(w)) terms of MT(z,u) to the difference @, (u) = [2"](M(z,u) —
M7T(z,u)).

Lemma 8.3.11. The z = A,, terms and the z = 1/(1 — P(w)) terms (for
|w| > K3) altogether have only an O(n~¢) contribution to Qn(u), i.e.,

M Z,U% M (z,u) —
Z (—RGSZ=Aw% + Reszzl/(lfp(w))% = O(n 8)7
|w|>K2

acA
for some € > 0.

Proof. We define

1 T
fuw(z) = g (1= P(w))
for x real. So by (B&]) it suffices to prove that
> PB)P(w)fu(z) = O(x™°), (8.63)
lw|> Ko
acA

Now we proceed as in Section Bl Note that the left-hand side of (B.G3)) is
absolutely convergent for all z. Also f,,(¥) = fu(7) — f,(0)e™® is exponentially
decreasing when  — 400 and is O(x) when & — 0 (notice that we utilize the
fw(0)e™ term in order to make sure that f,(z) = O(z) when 2 — 0; this
provides a fundamental strip for the Mellin transform as in Section Bl From
Table [[I] we conclude that the Mellin transform

HERY) " Fo@)e Tt de
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is well defined for $(s) > —1, and that
. log A,)~* — 1 i
Fits) = 19) (PELE = (ogl1 = P - 1))

Recall now from (8I3) and (8I4) that

Ay =14 = P(w) + O(P(w)?),
281,(1)
S,(1)

+ m) P(w) + O(P(w)?).

and

Therefore,

+P(w)” é(l ( (w mfl}
= T(s) (P(w)~* (=Su(1)* " + 1 + O(Jw|P(w)))

1
tom oL O(|w|P(w))) .

We now define g*(s) = 3 jui=x, P(B)P(w)f}(s) and compute
acA

=Y ) Y P

acA |lw|> K2
=Y PEI6) Y (sule ", 135) " o),
acA m=Ko

where the last equality is true because 1 > p~ %) > ¢=R() when R(s) is negative
and ¢~ %) > p=R() > 1 when R(s) is positive. We always have § < 1 and
p > q. Also, there exists ¢ > 0 such that ¢~ ¢§ < 1. Therefore, g*(s) is analytic
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in R(s) € (—1,c¢). Working in this strip, we choose ¢ with 0 < ¢ < ¢. Then we
have

1 e+1i00 . . e
> POP@L@ =5 [ g dss Y PEPw@L 0
|w|>Ko [w|>Kgy

acA acA
Majorizing under the integral, we see that the first term is O(z~¢) since g*(s)
is analytic in the strip $(s) € (—1,¢) (and —1 < € < ¢). The second term is
O(e™™). This completes the proof of the lemma. ]

Now we bound the contribution to @, (u) from the Cy(u) terms of M(z,u)
and the z = 1/(1 + uP(w)P(a) — P(w)) terms of M7 (z,u).

Lemma 8.3.12. The Cy(u) terms and the 1/(1 + uP(w)P(a) — P(w)) terms
(for |w| > K3) altogether have only an O(n™=%) contribution to Qn(u), for some
€ > 0. More precisely,

My, o(z,u ME; a(zﬁu)
Z (_Resz—cww)% + Resz_1/<1+up(w>p(a>p(w»W)
lw| > Ky
acA
=0(n=e).
Proof. The proof technique is the same as that for Lemma B3I above. |

Finally, we show that the I, o(p,u) terms in ([862) have an O(n~¢) contri-
bution to Q. (u).

Lemma 8.3.13. The L o(p,u) terms (for |w| > Ks3) altogether have only an
O(n=¢) contribution to Q,(u), for some e > 0. More precisely,

E Ly,o(p,u) = O(p™"),
|w|>Ky
acA

where p > 1.
Proof. Here we only sketch the proof. Recall that

u) — 1 " w 1 Dya(z) — (1—2)
Lualpu) = 55 /lzl_p PBF( )<Dw(z) Du(2) — u(Dualz) — (1 — 2))
3 1 2P(w)P(«) ) dz
1—2(1—P(w))1—2(1 +uP(w)P(a) — P(w)) ) 271

In Lemma RB310 K5 was selected to be sufficiently large that

(pp)™(1 =67 pp) < (p—1)e/2.
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Thus, by setting C; = (p — 1)¢/2, we have

and

Also

1/]1 = 2(1 = P(w))| < 1/eq,
1/]1 = 2(1 + uP(w)P(a) — P(w))| < 1/ea.

So, we obtain

Hw,a(psuw)] = O(p™")P(w)(Swa(p) — 1) + O(p™ ") P(w)O((pp)™).

Thus, by Lemma [823.5]

Yo D Hualpw)l = O0(p™)O((p8)™).

a€A|w|=m

We conclude that

Z [lw,a(p,u)] =O(p™"),

|w|=>K2
acA

and the lemma follows.

263

Finally, we consider the contribution to @, (u) from small words w. Basically,
we prove that for small |w| < K5 the contribution to @, (u) from those words w

is very small.

Lemma 8.3.14. The terms Y jwi<xy (My,a(z,u) — ML  (2,u)) altogether have
acA ’

only O(n=%) contribution to Qp(u).

Proof. Let D, denote the depth of the (n + 1)th insertion in a suffix tree.
Similarly, let DI denote the depth of the (n + 1)th insertion in a trie built over

n + 1 independent strings. Therefore,

"] D0 (Mualz,u) = My o(2,))

|w| <Ko
acA

= > > (P(M, =k and D, =i) — P(M, =k and D} = 1)) u".

1<Ko k=1
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Noting that P(M,, = k and D, = i) < P(D, = i) and that P(M] =
k and DI =i) < P(DI =), it follows that

"] Y [Muya(z,u) - (zu) <> Z i) + P(DL =) Jul*.

\W\éiﬁ <Ko k=1
o

(8.64)
In Section [[.3.1] we prove that the typical depth DZ in a trie built over n in-
dependent strings is asymptotically normal with mean A~ 'logn and variance
©(logn). In Theorem BIJ of this chapter we extended this result to suffix
trees. Therefore, we conclude that

"] > I Mualz,u) = M (2,u)] = O(n™9),
Jw|< Kg
acA

since K5 is a constant. This completes the proof of the lemma. [ |

All contributions to (8.62) have now been analyzed. We are finally ready to
summarize our results. Combining the last four lemmas, we see that @, (u) =
O(n™¢) uniformly for |u| < §~1, where 6=! > 1. For ease of notation, we define
b = 6~!. Finally, one more application of Cauchy’s theorem yields

P(M, = k) — P(MT = k) = [*2"]Q(z, u) = [u¥]Qn(u) = 271 Jjuymp uFH

du,

O(n—¢ e
\P(M,, = k) — P(MT = k)| < I2m|2 b b(k+1) — O(n~—b").
Theorem holds.

In summary, it follows that M,, and M have asymptotically the same dis-
tribution. Theorem gives the asymptotic distribution of M. As a result,
Theorem follows immediately, and we conclude that M,, has the logarith-
mic series distribution, i.e., for a binary alphabet,

N Patdp
P(M, =j)=———
( n=17) ih
(plus some small fluctuations if Inp/Ingq is rational). Theorem B37] is finally
proved.
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8.4.

8.1
8.2

8.3

8.4

8.5

8.6

8.7
8.8
8.9

8.10
8.11
8.12
8.13

8.14

Exercises

Extend Theorem for Markov sources.

Prove (8I2)) and extend it to Markov sources (see Apostolico and Sz-
pankowski (1992)).

Consider a compact suffix tree in which all unary nodes (i.e., nodes with
one child) are skipped as in a PATRICIA trie. Prove that also in this
case the depth and the average size resemble the depth and average size
of PATRICIA tries built from independent strings.

Consider a Markov source that generates a sequence X of length n over
a finite alphabet A. This sequence enters a binary symmetric channel
that alters each symbol with probability €. The output sequence Y
represents a sequence generated by a hidden Markov process. Analyze
the depth of a suffix tree built over Y, and compare it with a suffix tree
built from X.

Let X and Y be two sequences independently generated by a memoryless
source. Build two suffix trees from X and Y. Estimate the average
number of common nodes in these two suffix trees. What would be
the difference if X and Y were generated by two different memoryless
sources?

Derive the probability distribution (82I]) of the typical depth in a finite
suffix tree, that is, prove that

1
P(Dy® > k)=~ % (n+1—[w)*P(w) = N;,(0)
we Ak
where a™ = max{0,a}.
Prove that g, (u) as defined in 822)) is O(n!~¢).
Establish the estimate ([823]).

Prove Theorem [B.3 Tl for a general alphabet. Attempt to find the limiting
distribution of the multiplicity parameter M,, for Markovian sources.
Prove (848).

Prove Lemma (see Ward (2005) for a detailed proof.)

Prove Lemma [R.3.10

Establish the asymptotic moments of the multiplicity parameter M,, of
a suffix tree.

Consider the number of longest phrases of the LZ’77 algorithm for such
Markov sources. In other words, consider the multiplicity parameter M,
for Markov sources. Prove that

1
E[Mn] ~ Ea
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where & is the entropy rate of the underlying Markov source. Then find
the asymptotic distribution of M,,.

Bibliographical notes
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CHAPTER 9

Lempel-Ziv'78 Compression
Algorithm

)

The Lempel-Ziv’78 (LZ’78) algorithm is a dictionary-based scheme that parti-
tions a sequence into phrases or blocks of variable size such that a new phrase
is the shortest substring not seen in the past as a phrase. Every such phrase is
encoded by the index of its prefix appended by a symbol; thus the LZ’78 code
contains the pairs (pointer, symbol). The LZ’78 algorithm and its pseudo-code
were discussed in Chapter [6l In Section we provide some additional details
and introduce some measures of performance, such as the number of phrases
and the redundancy, which we will study in this chapter.
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As observed in Chapter [l a next phrase in the LZ’78 scheme can be easily
found by building the associated parsing tree, which in this case is a digital
search tree. For example, the string 11001010001000100 of length 17 is parsed
as (1)(10)(0)(101)(00)(01)(000)(100), and this process is shown in Figure [0.1]
using the digital search tree structure. The root contains the empty phrase;
to emphasize it we draw it as a square. All other phrases of the Lempel-Ziv
parsing algorithm are stored in internal nodes (represented as circles). When
a new phrase is created, the search starts at the root and proceeds down the
tree as directed by the input symbols in exactly the same manner as in digital
tree construction. The search is completed when a branch is made from an
existing tree node to a new node that has not been visited before. Then the
edge and the new node are added to the tree. The corresponding phrase is just
a concatenation of the symbols leading from the root to this node, which also
stores the phrase.

We should observe the differences between the digital search trees discussed
in Chapter [Bl and that described above. For the Lempel-Ziv scheme we consider
a word of fired length, say n, while in Chapters [f] and [[] we dealt with a fixed
number of strings, say m, resulting in a digital tree consisting of exactly m
nodes. Looking at Figure @Il we conclude that the number of nodes in the
associated digital tree is exactly equal to the number of phrases generated by
the Lempel-Ziv algorithm.

o

Figure 9.1. A digital tree representation of the Lempel-Ziv parsing of
the string 11001010001000100 into phrases (1)(10)(0)(101)--- .
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9.1. Description of the algorithm

For the reader’s convenience we will succinctly describe the LZ’78 algorithm
again. Let a text w be generated over an alphabet A, and let T (w) be the
associated digital search tree constructed by the algorithm, as illustrated in
Figure[@l Each node in 7 (w) corresponds to a phrase in the parsing algorithm.
Let L(w) be the (total) path length in 7 (w), that is, the sum of all paths from
the root to all nodes (i.e., the sum of the phrases, which is also the text length).
We have L(w) = |w]| if all phrases are full. If we know the order of node creation
in the tree 7 (w) then we can reconstruct the original text w; otherwise we
construct a string of the same universal type, as discussed in Seroussi (2006b)
(see also Knessl and Szpankowski (2005)).

The compression code C'(w) is a description of T (w), node by node in order
of creation; each node is identified by a pointer to its parent node in the tree
and the symbol that labels the edge linking it to the parent node. The encoding
pseudo-code is presented below.

procedure ENCODING(w)
T < TrREE(0)
C < nilk + 1
while w # nil
x < READ(w)
T +«T
while 7.z # nil&w # nil
do T T x
do x < READ(w)
if 7'.x = nil
then 7'.z + TREE(k)
else 7'.$ « TrREeE(k)
k< k+1
return (7)

The decoding pseudo-code is presented next. Notice how simple it is to
implement. The above procedure returns the array wt of phrases from which
the text w can be fully reconstructed. Notice that the code is self-consistent and
does not need a priori knowledge of the text length, since the length is a simple
function of the node sequence.
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procedure DECODING(C)
k<0
wt[k] < nil
ke k+1
EXTRACT(C, k)
while (a # nil)
parent < NUMBER(a[1])
if (a2) =9)
then wt[k] < wt[parent]
do
else wt[k] + wtlparent].a[2)
k< k+1
EXTRACT(C, k)
return (wt)

Example 9.1.1. As an example, consider the string ababbbabbaaaba over the
alphabet A = {a, b}, which is parsed and coded as follows:

Phrase No. 1 2 3 4 5 6 7
Sequence:  (a) (b) (ab) (bb) (abb) (aa) (aba)
Code: 0a Ob 1b 2b 3b la 3a

Observe that we need [log, 7] bits to code a phrase and two bits to code a
symbol, so in total for seven phrases we need 28 bits.

Now, we are in a position to discuss the performance of the LZ’78 com-
pression scheme. Its performance depends on the number of phrases, but the
ultimate goal is to minimize the compression code, and we discuss this next.
The pointer to the kth node requires at most [log, k] bits, and the next sym-
bol costs [log, |A|] bits. We will simply assume that the total pointer cost is
[logy (k)] + [logy | A[] bits. Figure 0.2l shows the phrase sequence of the first 100
phrases of a random binary text with p, = 0.9. It spans 973 characters.

In summary, the compressed code length is

M (w)

C(w)] = Y Nogy(k)] + Mogy (AT, (9-1)

k=1

where M (w) is the number of full phrases needed to parse w (we shall neglect
the boundary effect of the last, usually not full, phrase). Clearly, M (w) is also



9.2. Number of phrases and redundancy of LZ’78 271

ML AL AR AR

1 (‘)O 20‘0 30‘0 4(‘)0 500 6(‘)0 7(‘]0 8(‘]0
Figure 9.2. The phrase sequence of the first 100 phrases of a binary
random text with p, = 0.9.

the number of nodes in the associated tree T (w). We conclude from (@) that
C(w)] = &a(M (w)),

where we define

Eq() = z[log(lAN] + D [ogg (k)] (9:2)

0<k<Lzx

for any integer @ and real z. Notice that £o(M (w)) is the code length in a Q-ary
alphabet. Actually, a different implementation may add O(M (w)) to the code
length without changing our asymptotic findings. To simplify, we shall assume
throughout that

|C(w)| = M(w) (log(M (w)) +log(|A[)) - (9:3)

Using a natural logarithm simply means that we are measuring the quantities
of information in nat units. In Figure we present simulation results for the
code length vs. the number of phrases. It confirms ([@3]). Thus our goal is to
understand the behavior of the number of phrases M (w) when w is generated
by a memoryless source.

9.2. Number of phrases and redundancy of LZ’78

Let n be a nonnegative integer. We denote by M,, the number of phrases M (w)
and by C,, the code length C'(w) when the original text w is of fixed length n. We
shall assume throughout that the text is generated by a memoryless source over a
finite alphabet A such that the entropy rateis h = — > . 1 pa logp, > 0, where
Pq is the probability of symbol a € A. We respectively define the compression
rate

Pn = —
n

and the redundancy
Tn = pn — h.
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Figure 9.3. Code length as a function of the number m of phrases.

In Chapter [ we defined hy = . 4 Pa (logp,)? and

Z ZaGApa 1nga

k>2 ZaEApa .

Finally, we introduce three functions over integer m:

B(m) = +77177}+A1(logm)

2h

1 ho 1
I — E I - —
+m <ogm+2h+7 n— 2 0& Pa 2),

m hg — h2
vim) =3 =72

{(m) = T (log m + B(m))

logm + c2 + As(log m)> ,

where v = 2.718 . ..

(9.4)

(9.6)

(9.7)

is the Euler constant, ¢z is another constant, and A;(z) and
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Ay (z) are periodic functions when the logp, for a € A are rationally related;
otherwise Ay (x) and Ay (z) converge to zero as  — oo. For detailed information
about these functions the reader is referred to Theorem[.Z. 10 and Remark[.2.12]
of Chapter [1

The main goal of this chapter is to characterize the probabilistic behavior
of the number of phrases M,. We start with the following result, where we
establish the mean, the variance, and the central limit theorem for M,,. The
proof is delayed until Section

Theorem 9.2.1. Consider the LZ’78 algorithm over a sequence of length n
generated by a memoryless source. The number of phrases M, has mean E[M,]
and variance Var[M,] satisfying

E[M,] = *(n) + o(n'/?/logn) (9.8)
nh
~ logl~1(n) + Bt (n))
nh
logn’

+ o(n'/?/logn)

~

o) (hy — K)n
VarlMal ~ G E o

where £(m) and v(m) are defined in (97) and (94), respectively. Furthermore,
the normalized number of phrases converges in distribution and moments to the
the standard normal distribution N(0,1). More precisely, for any given real x

lim P(M, < E[M,]+ z+/Var[M,]) = ®(x) (9.10)

n—oo

(9.9)

where

1 xr
d(z) = E/ e 12qt.

In addition, for all nonnegative k,

k
M, — E|M,
lim E My, — EIM,] = lig (9.11)
n—00 Var[M,,]
where
0 k odd
= o (9.12)
W k even

are the moments of N(0,1).
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We next consider the large and moderate deviation results for M,,, which we
will prove in Section

Theorem 9.2.2. Consider the LZ’78 algorithm over a sequence of length n
generated by a memoryless source.

(i) [Large deviations]. For all 1/2 < § < 1 there existe > 0, B >0, and § > 0
such that, for all y > 0,

s € Y
for some A > 0.
(ii) [Moderate deviation]. There exists B > 0 such that

2

"

P(|M,, — E[M,]| > z+/Var[M,]) < Be™ 2
for all nonnegative real x < An’ with § < 1/6.

Using these large deviation results, we conclude that the average compression
rate converges to the entropy rate. Furthermore, our large deviation results allow
us also to estimate the average redundancy

E[Tn] = E[T(;n] —h,

and its limiting distribution when n — co. We formulate these results precisely
in the next theorem.

Theorem 9.2.3. The average compression rate converges to the entropy rate,
that is,
E|[C
lim [Cn]

n—oo n

= h. (9.13)
More precisely, for all 1/2 < § < 1,

E[C,] = ¢ '(n)(log £~} (n) + log |A]) + O(n’ log n)
= E[M,](log E[M,] +log |A]) + o(n'/?*%)

and

Var[C,,] ~ Var[M,,|(log E[M,] + log | A| + 1)?
~ (h2 — h2)n
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Furthermore,
C, — E[C,)]

Var[C),]

and also in moments, where N (0, 1) represents the standard normal distribution.

Proof. Let p, = E[M,] and o, = \/Var(M,,). Also define

4 N(0,1)

9(y) = y(log | Al +logy).
Notice that C,, = g(M,,). Clearly, for any fixed z > 0
P(M, > pn + xo,) = P(g(M,) > g(pn + xoy)). (9.14)

Using a Taylor expansion we have

XTO 2
9t + 20w) = 9(ttn) + 209 (1) + O (( M:) ) , (9.15)

where
' (y) =1+ log|A| + logy.

Given Theorem [9.2.1] we conclude that

lim P(M,, > pn + zoy,) = ®(z),

n—oo

and then by (@.I4)-(@IH) we find that
o,
P(Cn > Q(Mn + Ian)) =P <Mn > o + Iang/(ﬂn) <1 + 0 (,7>)) >
tng’ (k)
which converges to ®(z) since
o)
o (e+0 (7*1))  (2) + O(n-1/2+)
( ting’ (pin) (=) + O )

In other words,

lim P (C, < pun(log pn +log|A|) + zoy, (log pn + log |A] + 1)) = &(z).

n—oo

Via a similar analysis we find that

lim P (C, < pun(log pn +log|A|) — zoy, (log pn + log |A] + 1)) = &(z).

n—oo

Thus, the random variable
Cn — g(pin)
ong'(tn)
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tends to the normal distribution in probability.

In order to conclude the convergence in moments, we use the moderate devi-
ation result. Observe that by Theorem [.2.4] to be proved next, the normalized
random variable satisfies

(
for x = O(n®), when § < 1/6. Thus

Cn— g(ﬂn)
O—ng/(un)

ong' (fin)

> :c) < Be~®’/2

has bounded moments. Indeed, we have for z = n®, for ¢ < 1/6,

P ( Cn — g(ptn)

O—ngl(,u'n)
Since v2n < M,, < n, we conclude that

9(vn) < g(M,) < g(n) = O(nlogn).
Therefore, for all integer k,

k )
] = 2k/ F1p ( > :c) dx
0

< 2k3/ aFle B /2qy 4 O(n* log" n)67”26/2 =0(1).
0

> ne) < Be /2,

Ungl(ﬂn)

C — g(pin)
Ungl(:un)

In summary, the random variable

Cn—9(pn) _ Cn — pn(log pin + log | AJ))
ong'(1in) o (l0g pin + log |A] + 1)

has bounded moments. Therefore, by virtue of the dominated convergence and
the convergence to the normal distribution

lim E [ ]
n—00 ong(

lim E{ g(,un ] =1.
n—o0 ong' (tin)
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In other words, for some € > 0

E[C,] = g(un) + o(n~1/7+¢) (9.16)
Var[C,,] ~ Var[M,](log p, + log |A] +1)? (9.17)
which proves our variance estimate. [ |

In order to establish the limiting distribution for the redundancy we also
need the corresponding large deviation results for the code length C,,.

Theorem 9.2.4. Consider the LZ’78 algorithm over a memoryless source.

(i) [Large deviations] For all 1/2 < § < 1 there existe > 0, B >0, and 8 > 0
such that, for all y > 0,

P(|C,, — E[C,]| > yn®log(n/logn)) < Aexp (—ﬁnaﬁ) (9.18)

for some A > 0.
(ii) [Moderate deviation] There exists B > 0 such that for n

P(|C,, — E[C,]| > xy/Var[C,]) < Be™ % (9.19)
for all nonnegative real x < An’® with § < 1/6.

Proof. We start with the moderate deviation result. From Theorem [0.2.2] we
know that for z < An'/® and some A, B > 0 we have

P(M,, > pn + xoy,) < Be~°/2,

As before we write g(z) = z(log |A| +log x) and note that g(M,,) = C,,. We also
have )
P(g(Mn) = g(n +200)) < Be™ /2.

Since

9(pn +204) = g(in) + g () on (1 +0 (%))

we arrive at

P (g(Mn) > g(pn) + 2ong’ (pn) (1 +0 (%))) < Be /2,

However, for z = O(n'/%)

On 1/6
——— < An " /°—u—
9" (fn) fin 9" (fn) fin

On

=0(n %) =0,



278 Chapter 9. Lempel-Ziv’78 Compression Algorithm

hence

P (9(My) = g(pn) + 20ng' (1n)) = Plg(Mn) = g(n) + onz(1+O(n~1/?)
< Be—®>/2+0(n™ /%))

< Ble—$2/2
for some B’ > 0. Therefore, from (@I6) and (@I7) we conclude that

P(C, > E[C,] + 2y/Var[C,]) < B"e "/

and similarly
2
P(C,, < E[C,] — z+/Var[C,]) < B"e % /2

for some B” > B’, where B” absorbs the asymptotics of [@16]) and ([@.I7).
We now turn our attention to the large deviation result. Since M,, < n, we
observe that if p, < z < n then

9(2) < g(pn) + (2 = pa)g' (n).
Thus, for y such that y,, +yn’ < n,
9(My,) > g(pn) +yn°g' (n) = g(My) > g(pn +yn®) = My, > i + yn®.

Thus by Theorem [I.Z2(i) we obtain on the one hand

P(g(My) = g(ptn) +yn’g'(n)) < Aexp <—Bn€ﬁ> '

The result also holds for p,, + yn® > n since P(M,, > n) = 0. On the other
hand, for v2n < v < u,, we have g(v) > g(pn) + (v — pn)g’ (4n). Thus

9(My,) < g(pn) = yn’g () = g(Mn) < g(pn — yn®) = My > py — yn’.

Again by Theorem [.2.2(i),

P(g(Ma) = g(pn) = yn°9' (1n)) < Aexp (‘5”Eﬁ) '

Since ¢'(p1,) and g’(n) are both O(logn), the order n° is not changed in the
large deviation result. u

The next finding is a direct consequence of Theorems [0.2.3] and [0.2.4]



9.3. From Lempel-Ziv to digital search tree 279

Corollary 9.2.5. The redundancy rate ry, satisfies, for all 1/2 < § < 1,

_, Jog(lAD = B ()
log £=1(m) + 501 (n))
o84 — B (n/logn)

logn

+ 0(n’ 'logn)

; (9.20)

and T
Var[ry] ~ ———.
n

Furthermore,
n - E n
o Bl 4 g gy
Var[r,]

and the convergence also holds in moments.

Proof. We will deal here only with E[r,] since the rest is a direct consequence
of previous findings. We observe that the above Corollary follows from a trivial
derivation:

Efra] + O(n®~1) = Hm@"g“’l(nﬁ) + log|.AJ) — nh

~ 07Y(n)log|A] + ¢~ (n)log £~ (n) — hE(L~(n))

n

_ @ (log| Al — Bt~ (n)),

where we have used the fact that £(¢71(n)) = n, by the definition of the inverse
function and that

he(t=(n)) = £~ log €= (n) + B(£™ ()
by the definition of ¢(n). |

In Figure we show experimental histograms of 7, for different values of
n. We see that when n increases the mean of r,, decreases, in theory as 1/logn.
However, the variance decreases much faster, as 1/n.

9.3. From Lempel-Ziv to digital search tree

In this section we make a connection between the Lempel-Ziv algorithm and
digital search trees, using a renewal theory argument. In particular, we prove
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Figure 9.4. Simulation of the redundancy distribution for (right to left)
n = 400, n = 1000, n = 2000, and n = 10000, with p, = 0.9.

here more precise results for moments and distributions (i.e., the CLT and the
large deviations) for the path length in a digital search tree. We may, therefore,
view this section as a continuation of our discussion from Chapter[7] in particular
Sections [[.2.3] and We shall use the analytic tools developed in Chapter [7]
such as the Mellin transform and analytic depoissonization. However, we need
a major strengthening of these tools in order to establish our findings regarding
the Lempel-Ziv’78. In particular, we shall develop a more powerful analytic
depoissonization.

We recall that our main goal is to derive an estimate on the probability
distribution of the number of phrases M,, in the LZ’78 algorithm. We assume
that our original text is a prefix of length n of an infinite sequence X generated
by a memoryless source over the alphabet A. We build a digital search tree
(DST) by parsing the infinite sequence X up to the mth phrase; see Figure
for an illustration. Here we use m for the number of strings inserted into the
associated DST since n is reserved for the string length to be parsed by the
LZ’78 algorithm.
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Let L,, be the total path length in the associated DST after the insertion
of m (independent) strings. The quantity M,, is exactly the number of strings
that need to be inserted to increase the path length of the associated DST to n.
This observation leads to the following identity valid for all integers n and m:

P(M,, >m) = P(L,, <n). (9.21)

This is called the renewal equation. It allows us to study the number of phrases
M, through the path length L,, of the associated digital search tree built over
m fixed independent strings.

We now use generating functions to find a functional equation for the distri-
bution of L,,, from which we can estimate the moments of L,, and its limiting
distribution. Let L,,(u) = E[u®"] be the moment generating function of L.,
In the following, k is a tuple (ki,...,kj4) where k, for a € A stands for the
number of strings that start with symbol a. Since the strings inserted into the
DST are independent, we conclude that

Lipia(u) = Umz ( ) 11 phe Lk (w), (9.22)

acA

m\ m)!
k) HaEAka!.

Next, we introduce the exponential generating function

where

m

Lizu)=Y %Lm(u),

m

leading to the following partial functional-differential equation

—L (z,u) H L(pauz,u) (9.23)
acA

It is clear from the construction that L(z,1) = e?, since L,,(1) = 1 for all
integers m. Furthermore, by a Taylor expansion around the mean, we have, for
all integers m and for ¢ complex (sufficiently small that log L, (e’) exists),

log(Lm(e")) = tE[L,,] + gVar[Lm] + O(t?). (9.24)

Notice that the term O(t3) is not uniform in m. In passing, we remark that
E[L,,) = L., (1) and Var[L,,] = L” (1)+L! (1)—(L’,(1))?. The mean E[L,,] can
be found from Theorem [7.2.10] of Chapter[{l Here we use a Mellin transform and
analytic depoissonization to estimate the variance and the limiting distribution.
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9.3.1. Moments

We first deal with the moments of the path length in a DST built from m inde-
pendent strings generated by a memoryless source. We use the Mellin transform
and depoissonization to prove the next result. This result can be viewed as an
extension of Theorem of Chapter [1

Theorem 9.3.1. Consider a digital search tree built over m independent strings.
Then

E[L,,) = {(m)+ O(1), (9.25)
Var[L,,] = v(m) + o(m), (9.26)

where £(m) and v(m) are defined in (9.7) and (@8), respectively.

Proof. Our approach here is different from that in Sections [(.2.3] and [[.3.2] In
what follows, we use poissonization to find functional equations for the pois-
sonized mean X (z) and poissonized variance V(z), which are defined as follows:

() = oLz e,

2

= guzt

V(z) (z,1)e™* + X (2) — (X(2))2

Note that, via straightforward algebra,

E[L,] = %Lmu) = ml[z" X (z)e?,
2
Var[L,,] = %Lm(u) + %PLm(l) - (%Lm(l))Q

= ml[z"|(V(2) + (X(2))*)e” = (B[Ln))*.

We shall recover the original mean and variance through the depoissonization
Theorem [L.2.T5] from Chapter[l In fact, from Theorem [.2.T5 we conclude that,
for all § > 0,

E[L,,] = X(m) + O(m®), (9.27)
Var[L,,] = V(m) — m(X'(m))? + O(m®), (9.28)
provided that X(z) = O(|z[**?) and V(z) = O(|z|**?), which we will prove

in Lemma [0.4.3] of Section [0.4.3] In passing, we should point out that in Theo-
rem [Z.2.T0l of Chapter [ we gave the expected depth, which leads to the expected
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value E[L,,]. We now recompute E[L,,] through X (m) and then deal with the
variance Var[L,,] through V(m).

From (@.23), after some algebra we find that X (z) satisfies the functional
equation

X(2)+X'(z) =2+ Y X(pa2). (9.29)
acA

We apply a Mellin transform, as discussed in Table [Tl of Chapter [ Define
X*(s) = / X (2)2" dz
0

as the Mellin transform of X (z). Using Table [} we conclude that the Mellin
transform of X’(z) is —(s—1)X*(s—1). Therefore, we introduce another function
~(s) defined by

X*(s) =T(s)v"(s). (9.30)

Then, from (@29) we obtain the following functional equation for v*(s):

Y (s) =7 () = () Y e (9-31)

acA

for R(s) € (—2,—1). Writing

h(s)=1-) p,°

acA

and

Q(s) = [ h(s — k)
k=0

we find by iterating (@.31) and using ([@30)

X*(s) = I'(s). 9.32
(5) = 55 0 (9:32)
Using the inverse Mellin transform and the residue theorem we obtain
= z z ho
X(z) = plogz+ 4 |v—1+ 5 —a—Ailogz) | +0(1), (9.33)

where Aj(log 2) is a periodic function defined in Theorem of Chapter [1
Then by ([@27)) we can prove our claim regarding E[L,,].
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The analysis of V(z) more delicate but follows a similar pattern. It is more
convenient to use W(z) = V(z) — X(z), which satisfies
W(z)+W'(z Z X'(2) 42 pazX'(pa2). (9.34)
cA acA

This equation has no closed-form solution owing to the (X’(z))? term. We set
W(z) = Wi(z) + Wa(z), where

Wi(z) + Wi(z Z Wi (paz) = 2 Z paz X' (paz (9.35)
acA acA

Wa(z) + Wi(2) = Y Wa(paz) = (X'(2))*. (9.36)
acA

It is proved below that W3(z) = O(z) when z — o0, so for now we concentrate
on Wi(z). The Mellin transform W7 (s) of Wi (z) satisfies

h(s)Wi(s) — (s — L)W (s — 1) = =2(h(s) — 1)sX™*(s).

If we set Wi (s) = w1(s)X*(s) then wy(s) satisfies the following functional equa-

tion: e 1 (% ) 1)

which we can solve to find that

:fzzsf ( ! k)l)'

k>0

Thus

The sum on the right-hand side converges since 1 — h(s — k) tends exponentially
to 0 when k — oco. After some tedious residue analysis, one finds that

log? 221 h?
Wi(z) = = (;l% “ 4 Zhofz ( h+hy = = —nh— hAg(logz)) +0(2), (9.38)

where 1 was defined in (Z38) of Chapter[ffor the binary case and in ([@.4]) for the
general case. The function Ay(x) is identically equal to zero when the numbers
{log pa}aca are irrationally related. For {logpg,}aeca rationally related As(x)
is a periodic function with small amplitude. To complete our estimation of the
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variance, we use the depoissonization result (Z63) of Theorem [[ZZT5] to recover
©.28).

Now we return to Wa(z), which satisfies (@36). The case of Wa(z) is more
difficult to deal with since the Mellin transform of (X”(z))? involves convolutions.
Therefore we will rely on an indirect method to estimate Wa(z). To this end we
write

Wa(z)e* = / <()~('(x))2 + Z Wg(p,ﬂ)) e*dz. (9.39)

0 acA
Let p = max,e4{pa}. If 2 < p~*~1 for some integer k then for all a € A we
have p,z < p’k. We denote

Ap = max {W2—(Z)}

z<p~Fk z

We will prove in Lemma below that X(z) = O(z'*9) for any § > 0,
hence (e.g., by the Ricati theorem) we conclude that X’(z) = O(z°) or more
precisely that |X'(z)| < B|z|° for some B > 0. By equation (039) we get, for
pE<z<pht

)

[Wa(2)e*| < B?|z|*e* + Z Appalzle® = B?|z|Pe* 4+ Aglzle®
acA

since paz < p~F for all a € A. Therefore we have
Ajy1 < B2pU=20k 4y

Taking 20 < 1 we finally arrive at

2

limsup Ay < + Ao < o0,
k

1— p1726

and therefore Wa(z) = O(z). This completes the proof. |

9.3.2. Distributional analysis

We will now show that the limiting distribution of the path length is normal for
m — o0o. In order to accomplish this, we need an important technical result,
which will be proved in Section [0.4.3]

Theorem 9.3.2. For all § > 0 and for all §' < & there exists € > 0 such that
10g Ly (e!™ ") eaists for |t| < e and

log L ("™ ") = O(m), (9.40)
5 t t?

log Ly, (e™ ") = WE[Lm] + mVar[Lm] +£20(m 3 (9.41)
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for large m.

Given that Theorem [9.3.2]is granted, we present next and prove the central
limit theorem for the path length in a DST.

Theorem 9.3.3. Consider a digital search tree built over m sequences gener-
ated by a memoryless source. Then

L,, — E[L,,)

Vel — N(0,1)

in probability and in moments. More precisely, for any given real number x:

lim P(L.,, < E[L,,] + v/ Var[Ly]) = ®(z), (9.42)

m—0o0

and, for all nonnegative integers k and € > 0,

k
M _ m—1/2+e
( S ) — e+ O( ) (9.43)

where the uy, are centralized moments of the normal distribution given by [(9.12).

Proof. We apply Levy’s continuity theorem, or equivalently Goncharov’s result,

asserting that
Ly, —E[L,,)

Var[L,]

tends to the standard normal distribution for complex T,

L,, | exp L | | e BV VAL, ()2, (9.44)
Var(L,,)

To prove the above we apply several times our main technical result, Theo-

rem [0.3.2] with

Tm(s

t=———x==0(m ?7") 50,

VVarL,,
where 6 < 1/2 and € > 0. Thus by Theorem [0.3.2 we find that

T TE[Ly] T2 1 joae
log L, —_— =——=+ —+0 [2+e 9.45
o8 (exp < Var(Lm))> VarL,, * 2 +0(m ) (9.43)

for some ¢’ > 0. By (@44]) the normality result follows.
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To establish the convergence in moments we use (0.45). Observing that the
kth centralized moment of L,, is the kth coefficient at ¢ = 0 of

exp <m> exp (*TE[Lm]/\/VaI‘[Lm])

we apply the Cauchy formula on a circle of radius R encircling the origin. Thus

k
L,, — E[L,,] 1 dr T
— = -0 k—-‘rle exp — Y

Var|[L,,] 2im | T Var(L,,)
we—TEILn]/vV Var(L,]

]. dT T2 _1 ’
= 5 f e () (00t
= + 0 (R_k exp(R2/2)m_%+a/> .

This completes the proof. [ |

In order to compare our theoretical results with experiment, in Figure we
display the histograms of Logg for a binary alphabet with p, = 0.8 and Lggg for
pa = 0.9. As can be seen for m = 800 we have a reasonably good approximation.

9.3.3. Large deviation results

We now study the large deviations for L,, and prove the following result.

Theorem 9.3.4. Consider a digital search tree built over m sequences gener-
ated by a memoryless source.

(i) [Large deviations]. Let + < 6 < 1. Then there ezist e > 0, B > 0, and
B > 0 such that, for all x > 0,

P(|Ly — E[Ly,)| > 2m®) < Bexp(—fmz). (9.46)
(ii) [Moderate deviations]. There exists B > 0 such that

P(IL — BlLn)| = 2y/Nar[Ln)) < Be™ (9.47)

for nonnegative real x < Am® with § < 1/6 and A > 0.
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Figure 9.5. Simulation of the histograms of (a) Lago for p, = 0.8 and
(b) Lsoo for pa = 0.9. In (a) we also show, for comparison, the theoretical
limiting distribution for p, = 0.8.

Proof. We apply the Chernov bound. Let ¢ > 0 be a nonnegative real number.
We have the identity

P (L > Bl + am) = P (eHn > ofBlineonty).
Using Markov’s inequality we find that

tL
L — (E[Lm]+am®)t Efe"m]
P(e™ >e ) < BT TTamd)t

= Ly (') exp(—tE[L,,] — xm°t).

Here we have taken

1

6+1/2
:L/> EZ(SI—§>O,

1
d 2 2’
since 0 > 1/2. We now apply Theorem [1.3.2] setting ¢ = tm=9", to obtain
log Ly, (€') = tE[Ly] + O(t*Var[L,,)).
By Theorem we conclude that

log Ly (€") — tE[L,,] = O(m™°). (9.48)
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We complete the lower bound by setting tm® = t'm® with 8 = ¢'.
To obtain an upper bound we follow the same route, but considering —t
instead of ¢ and using

Vi (Lm < E[Lm] — $m6) =P (e_th > e_(E[Lm]—:Cm‘s)t>
< Ln(e7?) exp(tE[Ly,) — xm°t).
To prove part (i) we apply again Theorem with

6/
L (9.49)

V/Var[L,,]’

where 6 < ¢’ < 1/6. Then by Theorem (with § and ¢’ formally inter-
changed)

x x z?
log Ly, (exp(m)> = E[L,,] Nl + 2Var[Lm]Var[Lm]

< ’
g;3 mdé

N (Var[L,,)] 2

O(m!=39).

Observe that the error term for x = O(m?) is
O(m™3+3 (logm)~3/2) = 0(1)

since ¢’ < 1/6, and this leads to

108 Lo <eXp <m>> - E[Lm]\/ﬁ = % +o(1).  (9.50)

Therefore, by the Markov inequality, for all ¢ > 0 we have
P(Ly, > E[Ly) + v/ Var[L,,]) < exp(log Ly, (") — tE[L,,] — 2t\/Var[L,,]).
Using (@.50) we find that

P(Ly, > E[Ly] + 2/ Var[L,,]) < exp (”%2 +o(1) — IQ) ~ exp (—%2) ,

where we have set t = x/4/Var[L,,] in the last line. This completes the proof of
the lower bound, while for the upper bound we follow the same argument but
with ¢ replaced by —t. [ |
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9.4. Proofs of Theorems [9.2.7] and [9.2.2

In this section we prove our main results, namely Theorems[9.2.Tland [9.2.2] given

that Theorem is granted.
9.4.1. Large deviations: proof of Theorem
We start with Theorem [0.2.2(i). By (@21 we have
P(My, > (7 (n) +yn’) = P(My > [£}(n) +yn’])
= P (Lie-i(myyns) <) -
Observe that E[L,,] = ¢(m) + O(1), and hence

E[Llﬁfl(n)-i-ynéj] = E(Eil(n) + yn‘s) + O(].)

(9.51)

Since the function £(-) is convex and £(0) = 0 we have, for all real numbers a > 0

and b > 0
l(a+Db) > l(a) + @b,
La—10) <l(a)— @b.

Applying inequality (3.52) to a = £~!(n) and b = yn® we arrive at

n )
n-— E[LLlfl(n)ern‘SJ] < _ygfl(n)n + 0(1)
Thus
P(Lg-1(n)syns) < 1) < P(Lin — E[Ly] < —zm’ + O(1))
with s
I P . n n
m=[£""(n) 4+ yn’], x—mﬁy.

We now apply several times Theorem[9.3.4] concerning the path length L,,

is, for all x > 0 and for all m, there exist € > 0 and A such that
P(Ly, — E[Lp] < 2m®) < Ae=P#m",
In other words,

P(Lm — E[Lp] < zm® + O(1)) < Ae=Arm™+0m ") < g7—Bam*

(9.52)

(9.53)

(9.54)

(9.55)

. That

(9.56)
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for some A’ > A. We find that
P(M, > 7 (n) +yn®) < A exp(—Bzm®). (9.57)
We know that £=1(n) = Q(n/logn). Thus, with x defined as in ([@.55), we have

Yy < g nely

1
T = O((logn)1+ )(1 + ynzifl logn)zS — 6 (1 + yn*52)5

for some 3’ > 0. Setting e; < ¢ and g5 < € for some € > 0, we establish the
upper bound.
In a similar fashion, we have

P(M,, <71 (n) —yn®) = P(L -1 (n)—yns| > 1) (9.58)
and
E[L | 4-1(ny—yns|] = L7 (n) —yn®) + O(1). (9.59)
Using inequality (@.53) we obtain
n s
n—E[LLefl(n)fynSJ] Z ygil(n)n +O(1) (960)

In conclusion,
P(L{g-1(n)—yns] > n) < P(Ly — E[Ly] > zm’ + O(1))

with
n n®

() me

Observe that this case is easier since now m < £~!(n) and we do not need the
correcting term (1 + yn®)~°.

Now we turn our attention to the moderate deviation results expressed in
Theorem [0.2.2(ii) (with § < 1/6). The proof is essentially the same, except that

we now consider

m = |0~ (n) —yn’], x =

on with s, = \/v({~1(n))

e (m)
instead of yn’, and we assume y = O(n®") for some &' < 1/6. Thus

Sn

TETw)
for some £ > 0. By Theorem we know that

= O0(n'/?*%) = o(n)

E[M,] = (7 (n) + o(sn /0'(¢7} (n));



292 Chapter 9. Lempel-Ziv’78 Compression Algorithm

thus, for y > 0,

P (Mn >0 (n) + yﬁ) = P(L,, <n), (9.61)

with
Sn

_ -1
We use the estimate
la+0b)="L(a)+(a)b+o(1)
when b = o(a) and a — oo. Thus

Sn

(=1 (n))
Since \/v(m) = s, + O(1) we have
n = E[Ly] — y/v(m) + O(1).
By Theorem we know that
P(Ly < E[Ly] = y/v(m) + O(1)) < Aexp(-y*/2),

where the O(1) term is given by

o (0 <§’m))> — exp(o(1)),

which is absorbed into A since 6 < 1/6. The proof for y < 0 follows a similar
path.

14 (E_l(n) +y > =n+ys, +o(1). (9.62)

9.4.2. Central limit theorem: Proof of Theorem [9.2.]]
We first show that, for all 1/2 <6 <1

E[M,] = (1 (n) + O(n°).

Indeed, for any random variable X, we have

BLY)| < Bllx) - [ " P(X| > y)dy:
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we now set X = M,, — £=*(n) to find from Theorem [I.2.2(i)
E[M,] — ¢ (n)| < n® + nﬁ/ P(M, — 07 ()] > yn®)dy = O(n?).
1
By the renewal equation ([@.2]]), for a given y we have

_ Sn
P <Mn >/ 1(n) +ym> = P(LL471(n)+yWJ <n).

As before, let
_ |1 Sn
m= | gt |
We know that
n—E[Ly] = —ys, + O(1)

and
50 = Vo) = V/VarlLal (1 + (1)),
Therefore
P (Mn >0 (n) + yﬁ) =P (Lm < E[Ly] + yv/Var[Ln)(1 + 0(1))) .
Hence

P (Lm < E[Ln] +y(1 4 0(1)) Var[Lm]) =P (M” >+ yW) ’

since for all ¢y’ we have

lim P (Lm < E[Ln] + y’\/Var[Lm]) =®(y'),

m—r o0

where, we recall, ® is the distribution of N(0,1). Therefore, by the continuity
of &(x),

lim P (Lm < E[Ln] +y(1 £ o(1)) Var[Lm]> = B(y).

m—0o0
Thus

lim P (Mn > ¢ (n) + ym) =1-d(y),

and, using the same method, we can also establish the matching lower bound

lim P (Mn <t n) - ym) = O(y).
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This proves two things: first, that
A )
Sn

(M, — 7} (n))

tends to the normal distribution in probability; second, since by the moderate
deviation result the normalized random variable
_ 0 (n
(g, — 7y HE)
Sn
has bounded moments. Then by virtue of dominated convergence and conver-
gence to the normal distribution we have

Jﬁ;E[@L,—fimnggsﬁD}zo
lim E <uwn£%n»€g££ﬁﬁ}i)1.

In other words,
E[M,] = (= (n) 4+ o(n'/?logn),
(! (n))
(e (t=*(n)))*’
which prove ([@8)) and ([@0). This completes the proof of our main result in
Theorem

Var[M,,] ~

9.4.3. Some technical results

The main goal of this subsection is to prove Theorem @.3.21 We accomplish this
through several technical results.

First, we will work with the Poisson model, that is, the exponential gener-
ating function L(z,u) satisfying [@23)) (or its Poisson version L(z,u)e™*), from
which we can extract information about the probability generating function
L, (u) for large z and w in the vicinity of u = 1. Throughout we will use an-
alytic depoissonization, as discussed in Chapter [l However, here we need an
extension of the results presented in Table to diagonal exponential depois-
sonization, reviewed below. _

Recall the Poisson mean X (z) and the Poisson variance V(z), defined in
Section by

X(z) = %L(z, D), X(2) = X(2)e ",
Wazeﬂgﬁuam+igy4igw.
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For a given z and for any ¢, we then have

log L(z,e') = z + X (2)t + V(z)g + O(t3). (9.63)

We first obtain some estimates on the Poisson mean X (z) and the Poisson
variance 17(2) (see Lemma below), by applying Theorem proved in
Section[@.Z:4l Then we derive some estimates on the derivative of log L(z, e?) (see
Lemma [0:44). Finally, we use the depoissonization tool given in Theorem
to prove Theorem

The main tool of this section is analytic depoissonization. To this end we
will use the diagonal exponential depoissonization established in Jacquet and
Szpankowski (1998). Let 6 be a nonnegative number smaller than /2, and
let S(A) be a complex cone around the positive real axis defined by S(6) =
{z: |arg(z)| < 0}. We will use the following theorem (see Theorem 8 in Jacquet
and Szpankowski (1995)), known as the diagonal exponential depoissonization
tool.

Theorem 9.4.1 (Jacquet and Szpankowski, 1998). Let uy, be a sequence of com-
plex numbers, and 0 €]0, 5[. For all e > 0 there exist ¢ > 1, a <1, A> 0, and
B > 0 such that

z € 8(0) and |z| € [%,cm] = |log(L(z,um)| < Blz|,
z2¢8(0), |z|=m=|L(z,um)| < Ae*™.

Then

Lin(tm) = L(m, ) (L o(m™ /) exp (‘m -5 (52 ostzmun)) - 1)

(9.64)
for m — oo.

In Theorems [0.4.7] and @.4.11] we prove the following main technical result
needed to establish Theorem [0.3.2]

Theorem 9.4.2. Let § €]0,1[. There exist numbers 6 €]0, 5[, a <1, A >0,
B >0, and € > 0 such that for all complex t such that |t| < e:

2 € 8(0) = |log(L(z,€'* ")) < Blz| (9.65)
2 ¢ S(0) = |L(z, e ") < AelAl. (9.66)
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Granted Theorem [0.4.2], we now proceed to estimate the Poisson mean and
variance that will be used to prove Theorem (the main technical result of
this subsection), in which we state an estimate on log L, (e?).

We start with some bounds on the Poisson mean, variance, and log L(z, et).

Lemma 9.4.3. Let § be an arbitrary nonnegative number. There exists € > 0
such that for |t| < e and z € S(8) the following estimates hold:

X(2) = 0(1#]*),
V() = 0(:l),

-5 ~ t ~ t2 .
logL(Z,et\z\ 0) =z 4+ X(Z)W + V(z)_2|z|25 + O(t3|z|1*35),

Proof. We first notice that log L(z,1) = z. We recall that X(z) and V(z) are
respectively the first and the second derivative of L(z,e!) with respect to t at
t = 0. By Cauchy’s formula we have

S ot
X(2) = Sem %log L(z,e )t2, (9.67)
~ 2 dt
Viz) = %im %log L(z,et)t—3, (9.68)

where the integrals are along the circle of center 0 and radius |z|=°. On this
integral contour the estimate |log L(z, e*)| < B|z| holds, and therefore we have

- B

K@) < S, (9.69)
~ 2B

V()] < S 1=+, (9.70)

which proves the first two assertions. For the third, we need to assess the
remainder 5
- -t
R(z,t) =log L(z,e") — z — X(2)t — V(z);
We again use the Cauchy formula, obtaining

3

2t / dt’
R(z,t) = % flog L(z,e! )(t’)3

GEEDE (9.71)
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The above follows on noting that

R(z,t) = %j{logL(ze )(tdtlt),
R(z,0) = i %logL(z e )it
R'(2,0) = i %logL(z e )g
R"(z,0) = % flogL(z e )f;

We integrate R(z,t) around the circle of center 0 and radius £|z|~%. If we restrict
t in such a way that [¢| < £|z|7° then [t — ¢/| > £]2|7%, and

8B, . 35
|R(z,t)] < E—3It|3|2|”3 ;
which completes the proof. [ |

Now let

D(z,t) := % log L(z,e")

which is needed in (@.64) to apply the diagonal depoissonization. Our second
technical lemma provides estimates on D(z, t).

Lemma 9.4.4. Let § > 0. There exist € > 0 and B’ > 0 such that, for all t
for which |t| < e, we have

|D(m,tm_6))| < B,

D(m,tm=%) = 1+ X'(m)—~

Ot2 257
L ofem)

X'(m) = O(m?)
for m — oo.

Proof. The key point here is to show that D(m,tm~%) = O(1). In order to
establish this, we again use the Cauchy formula:

m—? dz

)m, (9.72)

1
D(m,tm™%) = o j{log L(z, e
im

where the integration contour encircles m with radius O(m) and lies on the cone
S(6). Let |t| < e such that (@60) holds, namely |log L(z,et™ )| < B|z| since
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m = O(|z]). To this end the contour is chosen to be a circle of center m and
radius msin(f). Noticing that |z| < m(1 + sin(f)) we finally arrive at

1 + sin(6)

D N <B
|D(m, tm )] < sin(6)

(9.73)

From here the proof takes a similar path to that in the proof of the previous
lemma. Noting that D(m,0) = 1, we have

X”(m):%DmO %D

m76 dt’
D(m,tm=%) =14 X'(m)tm™° 4+ + %Dmt’ GEGSTER
where the integral contour is now a circle of center tm—° and radius em 9. |

These two lemmas allow us to establish the following intermediate result.

Theorem 9.4.5. There exists a number A > 0 such that for all arbitrarily
small §' < 6, and for all complex t such that |t| < A, we have

tm0\ _ t B / 2\ 1P 3. 1-35465
log Ln(e™ ") = X(m) 5 + (V(m) = m(X'(m))?) S5 +O(t'm )
for m — oo.

Proof. We need to apply (@64) of Theorem ATl Let 6’ < § be arbitrarily
small. We require Lemma @23 with ¢ and &’ ¢ = tm® ~?; the condition |t'| < e
is then easily checked. From

, / - 12

log L(m,e!™ ") = m + X (m)— + V(m) + O3 m! 3

m9’ 2m2¢’

we find that

2

log L(m, ™ ") = m + X’(m)% +V(m) + O(t3m1 30465y,

2m20

In order to apply (@.64) we need to estimate
0 2 2
3, losL(m,um)) =1 ) = (D(m, um) = 1)7,
2

where u,, = ™ . Applying Lemma 24 with #' = tm® ~% we find that

_ ~ t /
D(m,e™ ’)y =1+ X' (m) — + O(t*m™=*"+17"). (9.74)
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Then using X’(m) = O(m?") we arrive at
(D(m ety — 1)2 = ()?’(m)fi +O(tm 20
’ m2s :

Putting everything together and using ([@.64]) of Theorem [ 4.T], we finally achieve

the expected estimate on log Ly, (e!™ ). [

The next result allows us to connect the Poissonized mean and variance with
the original mean and variance; it follows directly from Theorem [9.4.5] In fact,
we have already established the original mean and variance in Theorem [.2.15]

Corollary 9.4.6. For any ¢’ >0
E[L,] = X(m) + o(1) = O(m**%"),
Var[Ly,] = V(m) — m(X'(m))? + o(1) = O(m'*+2%")
as m — oQ.

We are finally in a position to prove Theorem [0.3.2] granted Theorem [0.4.2]
which we establish in the next subsection. From Theorem[@.4.]J]and Lemma[@.4.4]
for any ¢’ > 0, we obtain the estimate

log Lin(e"™ ") = O(m)
which proves (@40) of Theorem 0321 To prove ([0.4I) we need to estimate the

remainder 9

t
R (t) = log Ly (e') — E[Ly,|t — Var[Lm]?
By the Cauchy formula, as in the proof of Lemma we have
3

2t iy dt!
i) = 52 108 e iy

where the integral is around a circle of center 0 and radius £|z|7%. If we again
restrict ¢ in such a way that [¢| < $]z|7° then [t — | > $|z|7°. As in the proof
of Lemma [0.4.3] we find that

m1+36/
R (t) = 20 ( = > :

Therefore, for § > §" we finally arrive at

Rn(tm™%) = £20 (m!=30-00) = 30 (jn! 30" (9.76)

(9.75)

for some 0” > 0. This completes the proof of Theorem
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9.4.4. Proof of Theorem [9.4.2]

To complete our analysis we need to prove Theorem 42 we will establish
@65) and [@60]) respectively in Theorems and below.

We apply the increasing domains technique introduced in Section Re-
call that this technique allows us to establish a property over an area of the com-
plex plane (e.g., a cone) by mathematical induction. Indeed, let R be a real num-
ber. We denote by Sp(6) the subset of the linear cone S(6) = {z: |arg(z)| < 0}
consisting of the complex numbers of modulus smaller than or equal to R. By
extension, let k be an integer and denote by Sy () the subset of S(#) that consists
of complex numbers of modulus smaller than or equal to Rp*, where

} > 1 (9.77)

p= min
ue(1),acA | palul

for a neighborhood U(1) of u = 1. By construction, if z € S;(8) for £ > 0 and
u € U(1) then all pyuz for a € A belong to Sg_1(0). Thus a property (e.g.,
recurrence ([@.23)) that holds for Sk_1(0) can be extended to a larger subset of
the cone, namely Sk (6), as in standard mathematical induction.

Our goal is to present a polynomial estimate log L(z,u) (i.e., log L(z,u) =
O(z)) for large z in a cone containing the real positive axis. The main problem is
that of the existence of the logarithm of L(z,u), in particular for complex values
of z and u. Technically, we can prove the existence and growth of log L(z,u)
only for complex u with a small imaginary part as z increases. For this we fix
an arbitrary nonnegative real number § < 1 and complex ¢ and z such that

u(z,t) = el (9.78)

The key to our analysis is the following theorem, which proves equation (3.65])
of Theorem [9.4.2]

Theorem 9.4.7. There exists a complex neighborhood U(0) of t =0 and B >0
such that for all t € U(0) and for all z € S§(0) the function log L(z,u(z,t)) exists
and

log L(z,u(z,t)) < Blz|. (9.79)

We will prove the theorem in several steps. The “road map” for the proof
is as follows. We first introduce a function f(z,u), which we call the kernel
function; it is defined by

L(z,u) _ L(z,u)
ZL(zu)  laca L(pauz,u)’

z

f(z,u) = (9.80)
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Notice that, formally,

1 0

Indeed, if we can show that the kernel function is well defined and is never zero
in a convex set containing the real positive line then we will have proved that
log L(z,u) exists, since

log L(z,u) = /OZ % (9.81)

Furthermore, if we can prove that the estimate f(x,u) = Q(1) holds then

log L(z, u) /O f(;lxu) = 0(z) (9.82)

as needed to establish (@60 of Theorem [B.4.2
Understanding the kernel function is therefore the key to our analysis. In
passing we observe that this function satisfies the following differential equation:

0
5 —f(z,u)=1- f(z,u prauzu (9.83)

acA

We proceed now with the proof of Theorem [0.4.71 We start with a trivial
lemma, whose proof is left to the reader as an exercise.

Lemma 9.4.8. For (z,¢) a real positive tuple, let a function h(x,€) be defined
on an open set containing all tuples (x,0) with x > 0. Assume that the function
h(z, ) is real positive and continuously differentiable. If

0
>0: — 1
Vo >0 8xh($’0) <

then for all compact sets K, there exists a compact neighborhood of U(0) of 0:
(x0,t) € Ky x U(0) such that the sequence

Trt1 = h(zg, €) (9.84)
defined for k integer converges to a bounded fixed point when k — oco.

Let us define the function a(z,u) as follows:
1
Flzu)
In the next two lemmas we prove that a(z,u) = O(1) for u as in ([@78)), and

this, by ([@82), will prove (@.63).

=1+a(z,u).
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Lemma 9.4.9. Let &' be a real number such that 6’ < 6 < 1. For all number
G > 0 there exists a real number € > 0 such that for all real t and |t| < & we have

(9.85)

for all z € §(9).

Proof. We apply the increasing domain technique with

1
p= min — >1
ueld(1),a€A | palul

for a compact neighborhood (1) of w = 1, which is assumed to be small enough
so that p is greater than 1. To proceed, we make u(z,t) independent of z in
the subset S(#) of the kth increasing domain, by introducing uy(t) = et" for
v=p7% and fix
p=p">v

for ' < 0. In the following we will write fx(2) = f(z,ur(t)) and ur = ug(t),
omitting the variable ¢. Recall that the kernel function satisfies the differential
equation:

Pallk
fr(z) =1~ fulz gf TR (9.86)

Let ax(z,t) = a(z,ur(t)). Since L(z,1) = €* for all z, f(z,1) = 1. Since
6‘1 f(z,u) is well defined and continuous, we can restrict the neighborhood (1)
in such a way that f(z,u) is non zero and therefore a(z,u) is well defined for
z € 80) ={z€80): |z| < R} and u € U(1). Let ap be a nonnegative
number such that

YueU(l), Vze€Su(0) : |ao(z,t)| < aglt] (9.87)

Now we fix € such that age < 1. We want to prove that there exists a number
€ > 0 such that there is an increasing sequence of nonnegative numbers a such
that

a2, 1)] < altlt (9.88)

for all z € S;(#) and all ¢ for which |¢| < e, with limsup;,_, ., ar < o0.
We now apply the increasing domain approach. Let z € S (0). We set

a Uk
9.89
Z J(Paurz, ug) (9.89)
a€A
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Thus (@.8G) can be rewritten as f;(2) = 1 — gr(2)fr(2), and the differential
equation can be solved to give

fe(z) =1+ /Oz(l — gr(z)) exp(Gr(z) — Gr(2))dx | (9.90)

where Gj(z) is a primitive of the function gx(z).

We now will give some bounds on g(z) for z € Sk() and |t| < e. For all
a € A we assume that p,ugz € Sg—1(0). We have ug(t) = ux—1(vt) and we can
use the recursion (@90) since |vt| < e. In particular we have

gk(z) = Z Ptk (1 + ap—1(paurz,vt)) = 1+ bi(z,t) (9.91)
acA
with
bi(z,t) = Z Da(tur — 1+ ugar—1(paurz, vt)). (9.92)
a€A

Since both |ak_1(puk,vt)| and |ax—_1(qug,vt)| are smaller than ap_qvpF=1¢],
and since |ug, — 1| < BrF|t| for some B close to 1, we have |b(z,t)| < bg|t| with

b = (ap—1vp*~t + BUF) (1 + prFe). (9.93)

Thus, substituting into ([@90) we find that

e -1< [ g, 1) exp(R(C () — G (=)

1
< [ uldlz| exsp(R(Guey) - Gu(2))dy
0
b |
~ cos(0) — belt|
Clearly,
1
R(Gr(yz) — Gi(2)) = —R(2)(1 — y) —|—/ R(zbg(zx,t))dx
y
< —cos(0)|z] + bg|z|,
hence bl
1 oSO —bTd byt
1)< ©O)—bltl aU : (9.94)
fr(2) 1— —beltl 7 cos(h) — 2bt]

cos(0)—b|t|
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Therefore,

ar < | a Z+ﬂy—k (14 pv* );
F= ATy uk c cos(0) — bre

Now let h(ag,€) be the right-hand side of (@.93]). Notice that

(9.95)

v
wcos(d)

ih(ak, 0) =

<1
8ak

for small enough 6. Thus we are in within the remit of Lemma[0.4.81 Moreover,
h(zx,¢e) is increasing. Since in Lemma [0.4.8 we can make ¢ as small as necessary,
limsup,,_, . ar < oo and ([@88) is proved, and so is the lemma. |

We can extend this lemma to a complex neighborhood of t =0 (u = 1).

Lemma 9.4.10. For all numbers o > 0 there exist ¢ > 0, 0 €]0,7/2[ such
that, for complex t with |t| < e,

la(z, u(z, 1)) < a% (9.96)

forall z € S.

Proof. The proof is essentially the same as that of the previous lemma ex-
cept that we have to extend the cone S(6) to a larger set S’(f) defined by
{z: |arg(2)| < 0+ ¢|z|°~'} such that if z € §'(#) then, for all a € A, p,u(z,t)z
also belongs to §’(#) (with a small rotation of angle S(#) in the case where
two points outside S(f) may not satisfy the induction hypothesis). [ ]

We can now establish ([@.66) of Theorem

Theorem 9.4.11. Let 0 €]0,7/2[. There exist numbers A > 0, a < 1, and
e > 0 such that, for all complex t with |t| < e,

2 ¢ S(0) = |L(z,u(z,t))] < Ae®l?l (9.97)

Proof. We proceed as for the previous proof. First we prove the statement for ¢
real (near t = 0) and then consider complex ¢. We take a neighborhood #(1) of
u=1 (or t = 0) and define p as in ([@.77). We define C(#) as the complement of
S(0) in the complex plane. We also introduce

A= mi alul}. 9.98
werilin  {palul} (9.98)
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We set R > 0 and define Co(#) and C_k(H) for integer k > 0 as subsets of C(6):

With these definitions, if u € U(1) when z is in Cj(#) — Cx_1(#) then both puz
and quz are in Cj,_1(6). This determines the increasing domains in this case.

Since L(z,1) = €7, if a > cos(f) then |L(z,1)| < e®l?l. There exist 49 > 0
and ¢ such that for all ¢ with |t| < e and for all z € Co(6): |L(z,e?)| < Age®!?.
We also tune € so that a ][, ur(e) < 1.

We proceed with the same analysis for z € C;(6). However, since |L(z,1)] is
strictly smaller than e“?l for all z € C_l(H), we can find A; < 1 and € > 0 such
that for all ¢ with |¢| < ¢ and for all z € C;(f) we have |L(z,e?)| < Aje®l?l. In

fact, since
. e*
min u —0
zeC(6) | evl?l

when R — oo we can make A; as small as we want.
We now define ay, = a]_[zg ug(g). We will prove by induction that there
exists an increasing sequence Ay < 1 such that, for ¢ with |¢| < e,

2 € Cr(0) = |L(z,ur(t))| < Ape® =, (9.99)

Our plan is to prove this property by induction. Assume that is true for all
integers smaller than or equal to k£ — 1; we will then prove that it is true for k.
Assume that z € Ci(0) — Cx—1(0). We use the differential equation

L(z,ux) = L(z/p, uk) / H L(paurx, ug)dx.
z/p

acA

Clearly,

[ L(z,ur)| < [L(z/p, ur)| + 12| H |L(Paurzy, u)|dy.
1/ paGA

Using the induction hypothesis,
|L(Z/p7 U’k)| < Ak_leak—llzvﬂ,
and so for all a € A,

L (paugyz,up)| < Aoye-1Pelunll < 4y conplsly
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(we have aj—1|u| < ax—1e° = ay). Thus
A2
Lz, up)| < Ap_qe@—1l#/p 4 Zh=1 (eakm _ eak|z|/p) _
ay
This gives an estimate

2
A < A P G
af

“2(p—1)axR

Evidently, the term in e can be made as small as we want by

increasing R. If we choose A; such that

A1 | 2-DaR <1

for all k then we get Ay, < Ai_1 and the theorem is proven for t real. Figure
displays the function log L(z,u(t))/z for t = 0.1 and t = —0.1 for u(t) = etv*
with v = p~0% ~ 1.34524 and k = 1,...,6. This confirms graphically our
assertion.

Figure 9.6. The function (log L(z,ux))/z when p, = p» = 0.5 and uy =
e for t = 0.1 and t = —0.1 for k = 1,...,6.

Now, we need to expand our proof to the case where ¢ is complex and |¢| < e.
To this end we use a trick similar to that in the proof of Lemma [9.4.100 We
expand C(f) as

C'(0) ={z: arg(z)| >0+ R — |2},
for |z| > Rp, in order to ensure that p,uxz stays in C'(6) for all a € A when

2 € C(0) — €1 (0)
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(absorbing, if needed, a tiny rotation that the factor uy implies when ¢ is com-
plex). Of course, one must choose ¢ such that § + ¢R°~! < 7/2 and tune .
Figure [@.7 displays the function log P(z,uy(t))/z for t = 0.1 and k = 6 with the
usual convention for complex function display. Again it confirms our statement.

9.5.

9.1
9.2

9.3

9.4

Figure 9.7. The function log L(z+1iy,u(t)))/(z+iy) when po, = p, = 0.5
and up = et"k for t=0.1.% and k = 6.

Exercises

Prove Lemma [9.4.§

Analyze the phrase length D,, in the LZ’78 algorithm; that is, com-
pute the mean and the variance, as well as proving the CLT and large
deviation results for D,,.

Consider a digital search tree built over an unbiased binary memoryless
source, that is, one with p, = p, = 0.5. Prove that the variance of
the path length grows linearly in this case, that is, Var[L,,]®(m) and
compute precisely the term in front of m (see Kirschenhofer et al. 1994).
Study the problem of Gilbert and Kadota (1992), namely: How many
parsings of total length n can one construct from m words? For example,
for m = 2 we have four parsings of length 3, namely (0)(00), (0)(01),
(1)(10) and (1)(11), and two parsings of length 2, namely (0)(1) and
(1)(0). Let F,,(n) be the number of parsings built from m words of total
length n, and let F,,(z) = Y.~  Fm(n)z™ be its generating function.
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9.5

9.6

9.7

9.8

9.9

9.10
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Note that m
m
Fm+1($) =™ ;) (k)Fk(I)Fm_k(x)
Observe that
F,.(n)=2"P(L}Y" =n)

where L;Y™ is the path length in a symmetric digital tree. In particular,
for n = mlogy, m + O(y/m) show that

N 2 o [ (n —mlogym)?
\/27(C + 6(logy n))m p< 2(C+5(10g2n))m)

for a constant C' and a fluctuating function é(z).

F..(n)

First consider the generalized Lempel-Ziv’78 scheme. Fix an integer
b > 1. The algorithm parses a sequence into phrases such that the
next phrase is the shortest phrase seen in the past by at most b — 1
phrases (b = 1 corresponds to the original Lempel-Ziv algorithm). For
example, consider the sequence ababbababaaaaaaaaac over the alphabet
A ={a,b,c}. For b= 2 it is parsed as follows:

(a)()(a)(b)(ba)(ba)(baa)(aa)(aa)(aaa)(c)

with seven distinct phrases and eleven phrases altogether. Analyze
this algorithm, its compression rate, its redundancy and the number
of phrases (see Louchard, Szpankowski, and Tang (1999)).

In Theorem we established the central limit theorem for the path
length L,, in a digital search tree. Using the Berry—Esseen inequality
establish the rate of convergence to the CLT.

In Theorem[@.2. ] we establish the central limit theorem for the number of
phrases M, in the LZ’78 algorithm. Using the Berry—Esseen inequality
establish the rate of convergence to the CLT.

The multiplicity parameter for tries is defined in Section [[.2.4] and for
suffix trees in Section83]l Consider the LZ’78 scheme and the associated
digital search tree and define the corresponding parameter. This param-
eter coincides with the number of previous phrases that are equal to the
new inserted phrase (without the last symbol). Analyze this parameter.
Consider two strings X™ and Y. Parse the string X using the Lempel-
Ziv’'78 algorithm. Then consider parsing the other string, Y™, with re-
spect to X™ by the LZ’78 algorithm. Analyze the phrase length and the
number of phrases of Y™ (see Ziv and Merhav (1993)).

Extend the main results of this chapter to Markov sources (see Jacquet
et al. (2001)).
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Bibliographical notes

In this chapter we studied the limiting distribution, the large deviations, the
moments of the number of phrases, and the redundancy of the Lempel-Ziv’78
compression scheme when the text is generated by a memoryless source. Among
other things we proved that the number of phrases satisfies the central limit law
and that the (normalized) redundancy rate of the LZ’78 code obeys the CLT.
We accomplished this by studying the path length in a digital search tree with
a fixed number of strings, as discussed in depth in Chapter [7

The Lempel-Ziv algorithm was introduced in Ziv and Lempel (1978). It
has been analyzed in several papers, e.g., Aldous and Shields (1988), Louchard
and Szpankowski (1995), Louchard et al. (1999), Jacquet et al. (2001), Merhav
(1991), Plotnik, Weinberger, and Ziv (1992), Savari (1997), Wyner (1997) and
Ziv and Merhav (1993). In particular, the limiting distribution for the number
of phrases in LZ’78 was studied in Aldous and Shields (1988) and Jacquet and
Szpankowski (1995). In Aldous and Shields (1988) only an unbiased (symmetric)
memoryless source was analyzed (p, = 0.5). Aldous and Shields (1988) wrote:
“It is natural to conjecture that asymptotic normality holds for a larger class of

processes . ... But in view of the difficulty of even the simplest case (i.e., the fair
coin-tossing case we treat here) we are not optimistic about finding a general
result. We believe the difficulty of our normality result is intrinsic ... .” The

general memoryless case was solved in Jacquet and Szpankowski (1995) using
analytic tools of a similar nature to those in this chapter. A simplified and
generalized analysis was presented in Jacquet and Szpankowski (2011, 2014).
However, the proof of the CLT in our 1995 paper was quite complicated: it
involves a generalized analytic depoissonization over convex cones in the complex
plane. It should be pointed out that, since this 1995 paper, no simpler proof, in
fact, no new proof of the CLT has been presented except for that by Neininger
and Riischendorf (2004); however, that was only for unbiased memoryless sources
(as in Aldous and Shields (1988)). The proof of Neininger and Riischendorf
(2004) applies the so-called contraction method.

The redundancy of the Lempel-Ziv’78 remained an open problem for some
time. It was conjectured in Plotnik et al. (1992) that the average redundancy
decays as O(loglogn/logn). It was finally settled in Louchard and Szpankowski
(1997) and Savari (1997). The variance and the limiting distribution of the
redundancy were presented for the first time in Jacquet and Szpankowski (2011,
2014).

Finally, universal types based on LZ’78 are discussed in Seroussi (2006b); see
also Knessl and Szpankowski (2005) and Seroussi (2006a).






CHAPTER 10

String Complexity

In this chapter we analyze a set of distinct substrings (factors, words) of a
sequence X. We denote this set as I(X). Our goal is to estimate the cardinality
of I(X), known as the string complexity. More interestingly, we shall also study
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the cardinality of I(X) N I(Y) when X and Y are two sequences. This is called
the joint string complezity.

The string complexity captures the richness of the language used in a se-
quence. For example, sequences with low complexity contain a large number of
repeated substrings and they eventually become periodic (e.g., the tandem re-
peats in a DNA sequence). On the one hand, in order to identify unusually low-
or high-complexity strings one needs to determine how far their complexities are
from the average or maximum string complexity. On the other hand, the joint
string complexity is a very efficient way of evaluating the degree of similarity
of two sequences. For example, the genome sequences of two dogs will contain
more common words than the genome sequences of a dog and a cat; the set
of common words of one author’s text is larger than the set of common words
between two texts from two different authors. Similarly, two texts written in
the same language have more words in common than texts written in very dif-
ferent languages. Also, the joint complexity is larger when languages are quite
close (e.g., French and Italian), and smaller when languages are rather different
(e.g., English and Polish). In fact this can be verified experimentally as will be
discussed in the last section of this chapter (see Figure [[0.2)).

Here we will analyze the average (joint) string complexity under the assump-
tion that the underlying sequences are generated by memoryless sources. We
should point out that the technique proposed in this chapter can be extended to
Markov sources, as recently proposed in Jacquet and Szpankowski (2012) and
in Jacquet et al. (2013).

We first present the average string complexity of a single string of length n
and prove that it equals n?/2 — O(nlogn). Then, we will show that the aver-
age joint string complexity is ©(n) when two strings are generated by the same
source model and ©(n”), for some k < 1, when the strings are generated by two
different independent sources. When proving these results we use techniques
discussed in Chapters [1 and [§] as the string complexity is related to some pa-
rameters of the associated suffix tree. Furthermore, we need an extension of the
methodology used so far to include the two-dimensional Mellin transform and
depoissonization.

10.1. Introduction to string complexity

In this section, we formally introduce string complexity as well as the joint string
complexity. We also present some simple properties that will be used throughout
this chapter.
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10.1.1. String self-complexity

We first consider the string complexity of a single string, which we also call the
self-complexity. Throughout we denote by X the string (text) whose complexity
we plan to study. Define by I(X) the set of distinct substrings of X. For example,
if X = aabaa, then I(X) = {¢, a, b, aa, ab, ba, aab, aba, baa, aaba, abaa, aabaa}; if
X = abbba, then I(X) = {e,a,b, ab, bb, ba, abb, bbb, bba, abbb, bbba, abbba}. The
string complexity is the cardinality of 7(X).

In this chapter we study the average string complexity. Clearly,

E[I(X)[[= ) PX)(X)],

XeAn

where |I(X)| denotes the cardinality of I(X). Let |X|, denote the number of
times that the word w occurs in X; it is nothing other than our familiar frequency
count Ox (w) analyzed in depth in Chapter @l It is now easy to observe that

[1(X)] = > min{1,|X].},
weA*

since we count only distinct occurrences of w in X. Furthermore, since between
any two positions in X there is one and only one substring, we also have

(I X[+ 1)[X]
S 1), = (XD
weA*
This we can rewrite in a more convenient form as
(X[ +1D)|X]
— - > max{0, X, — 1}.

weA*

(X)) =

Now let | X| = n, and denote the average string complexity by
Cn = E[I(X)] | |X]=n].

Then, in terms of our regular notation O, (w) = | X|,, from Chapter 2] we finally

arrive at
C, = (ntin _ > (k= 1)P(On(w) = k). (10.1)

2
weA* k>2

10.1.2. Joint string complexity

Let X and Y be two sequences, not necessarily of the same length. We define
J(X,Y) as the set of common factors between X and Y, that is, J(X,Y) =
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I(X) N I(Y). For example, if X = aabaa and Y = abbba, then J(X,Y) =
{g,a,b,ab,ba}. We call |J(X,Y)| the joint complexity of sequences X and Y.

Our goal is to estimate the average joint complexity Jy, ., = E[|J(X,Y)|] of
two random sequences X and Y of lengths n and m, respectively, generated by
two (possibly different) independent sources. We denote these sources as source
1 and source 2. We have

XY = 3 min{1, X[} - mingL [¥],).
weA*

Therefore, for | X| =n and [Y| =m

Jam =E[J(X,Y)]=1= Y P(O,(w) = 1)P(O5,(w) > 1)
weA*—{e}

where O! (w) is the number of w-occurrences in a string of length n generated
by source i. We have removed the empty word to ease the presentation.

10.2. Analysis of string self-complexity

Now we briefly discuss the average string self-complexity when the underlying
string is generated by a memoryless source.

Theorem 10.2.1. Assume that the string X of length n is generated by a
memoryless source over a finite alphabet A. Then the average string complexity
C,, is
(n+1)n n
2 h
where h is as usual the entropy rate per symbol of the text source while Qo(x) is
a periodic function of small amplitude, with zero mean when the logp,, a € A,
are rationally related, and zero otherwise.

C, = (logm — 14 Qo(logn) + o(1))

Proof. From ([I0.I]) we conclude that

Co = @ + 555 _n(DFSY (1) (10.2)

where s'% is the average size of a finite suffiz tree and DI (u) = EJ DSS] is the
probability generating function for the depth of insertion in the finite suffix tree
as described in Section Furthermore, by Theorem we know that
there exists & > 0 such that s£% = sT+O0(n'~¢) and DF¥(u) = DT (u)+0(n=%),

where s1 and DT (u) are the respective quantities for the independent tries. As
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in Chapter [7] we denote by, respectively, E[S,] = sI and E[L,] = n(DI9)'(1)
the average size and the external path length in the associated (independent)
trie. In Theorem and Theorem [T.2.7] we show that

B[S,] = 7 (n+ W (logn)) + o(n),

nlogn
h

+ nPUs(logn) + o(n),

where ¥(logn) and ¥a(logn) are periodic functions when the logp,, a € A are
rationally related. This completes the proof. [ |

For a more detailed analysis of the average string complexity for an unbiased
memoryless source the reader is referred to Janson, Lonardi, and Szpankowski
(2004) and Exercise 10.41

10.3. Analysis of the joint complexity

We now concentrate on the average case analysis of the joint string complexity.
In this section we present some preliminary results. In particular, in Theo-
rem [I10.3.1] we establish — as we did in Chapter [l for suffix trees — that we can
analyze the joint string complexity through independent strings. Then we extend
the depoissonization technique discussed in Chapter [ to the two-dimensional
case needed for our current analysis. We finish this section by establishing some
recurrences on the average joint string complexity.

10.3.1. Independent joint complexity

We first define the independent joint complexity. Consider n independent strings.
We denote by Qf (w) the number of strings for which w is a prefix when the n
strings are generated by a source i, for ¢ € {1,2}. In this case we define

Com =Y. P, (w)>1)P(Q},(w)>1) (10.3)
weA*—{e}

and call it the average independent string complexity. In Chapter [ we noticed
that

~—
I

) =1-(1-Fw)",
2) =1— (1= Pi(w))" —nPi(w)(1 - P'(w))"~".

Our main key result established below shows that the joint string complexity
Jn.n is well approximated by Cy, 5.
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10.3.2. Key property

In the first part of this book, we studied the number of word w occurrences,
denoted as O, (w), in a random text of length n. We now compare it with Q,, (w).
Using Corollary we can easily prove (see Exercise [[0.0) the following
important relationships.

Theorem 10.3.1. Let k be an integer and let w € A¥. Define

p = max{P(a)} (10.4)

Then for all e > 0 and w € By, we have
) - P(Qn( )

1 w
2) — P(Q,(w)

P(On(w)
P(On(w)

) = O(n “P(w)'~*p"?) (10.5)

> 1
> 2) = O(n~*P(w)' " “p"?),  (10.6)

>
2

where, as we recall from Chapter[8, By is the set of words w of length k such
that maxP(w) — {k} < k/2 and 3 c 4r_p, Plw) = O(p*/?).  Purthermore,
when w ¢ By,

for large n.

We now assume that both sources are memoryless and write P;(a) for the
probability of occurrence of symbol a € A generated by source i. Our main key
result is presented next.

Theorem 10.3.2. There exists € > 0 such that

Inm — Cnom = O(min{n, m} ) (10.9)
for large n.
Proof. For w € A* and n integer, let

A (w) = PO}, (w) > 1) — P(Q;

n

(w) >1). (10.10)
We have

|Jnm — Cnm| < Z (|A7ll(w)| + |A72n(w)| + |A71L(w)A72n(w)|) :
weA*
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Let us consider the sum of the |A](w)]. We set > 4. |[AL(w)] = 61 + b2
with d1(n) = ZweBM |AL(w)| and da(n) = ZweA*—BM |AL(w)]. Using Theo-
rem [I0.3.1] we know that, for all € > 0,

-0 ( Z nsp(w)lsp|w|/2> _ <Z nfs —ke k/2> ’

weA*

(52(71) -0 Z —EP( (Zn q —ke k/2>

WEA* —B )

for p = maxsea{P(a)} and ¢ = minge4{P(a)}. We conclude that d;(n) and
82(n) are both of order n=¢ as long as ¢~*p'/? < 1.

We can prove similarly that > 4. [A2 (w)| = O(m™°) when the same
condition is applied to the second source model. The evaluation of the sum
>wear [AL(wW)AZ (w)] is left as Exercise L7 [

10.3.3. Recurrence and generating functions

From now on we will exclusively concentrate on C, ,,, (see (I0.3)) for memoryless
sources. We start with a recurrence for the independent joint string complexity.

Lemma 10.3.3. For n,m > 1 we have the recurrence

—1+ Y 3 () At a-A@r (77 ) P - ) Cu,

a€AKkL>0
(10.11)
with Co.m = Cpo = 0.

Proof. Let us assume that n,m > 0. Partitioning A* as {e} + > ., aA* and
using (I03]) we arrive at

Com =143 3 (1= (1= Pr(aw))")(1 — (1 - Py(aw))™).  (10.12)

acAweA*

Factoring P;(aw) as P;(a)P;(w) and expanding, we obtain
1-(1—Pia Z( > 1= Pia)" ™% (1-1-Pi(w)),
k

Z( ) (1 = Po(a)™ (1 — (1 — Py(w))").
V4

1= (1- Py(a)
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We now establish (I0IT]) using (I03]) with n, m replaced by k, £. |

In passing, we observe that

Cr i 1
M1 e Pi(a)Pa(a)

As already seen in previous chapters, recurrences like the above are easier to
solve in the poissonized version. However, this time we need a two-dimensional
poissonized generating function, defined by

3 212y
—Z1—Z
0(21,22) = Cn,m e T2,

nlm!
n,m>0

Then (I0IT) becomes

C(z1,22) =(1—e ) (1—e"?) + Z C (Pi(a)z1, Pa(a)z2) . (10.13)
ac€A

Clearly,

nIm!Crm = [27[25"]C (21, 22)e* 22

which is a two-dimensional (double) depoissonization operation. As mentioned
earlier, we presented one-dimensional depoissonization in Table However,
in our present case we have two variables, z; and z2, and we need a generalized
depoissonization that will allow us to claim that C,, ,, = C(n,n)+ O(1). This is
discussed in the next subsection.

10.3.4. Double depoissonization

Let ap,m be a two-dimensional (double) sequence of complex numbers. We define
the double Poisson transform f(z1, z2) of an m as

A e
f(z1,22) = Z an,mmme .

n,m>0

It is relatively straightforward to obtain an extension of the one-dimensional
depoissonization result presented in Table to the two-dimensional case.

Lemma 10.3.4. Let Sy be a cone of angle 8 around the real axis. Assume that
there exist B> 0, D >0, a <1 and 8 such that for |z1|, |z2| — oo:

(i) if 21, 22 € Sp then |f(21,22)] = B(|z1|5 + |Z2|5);

(ii) if 21,20 & Sp then |f(z1, 20)e*1 T22| = Delz1ltelzl;
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(iil) if z; € Sp and z; ¢ Sg for {i,7} = {1,2} and |f(z1,22)e* | < D|z;|Pe?Izl.
Then

B B
n m
an,m = f(n,m)+ O (— + —)
m n
for large m and n.
Proof. Let
zy
fn(z2) = Zan,m%e 2,

We notice that f(z1,22) is the Poisson transform of the sequence f,(z2) with
respect to the variable z;.
First depoissonization. For zo € Sgp we have the following estimates

for 21 €Sy, |f(z1,22)] < B(|21|5 + |22|5)
for 21 ¢ Sp, |f(z1,22)e™| < D|22|Beo‘|zll.

Therefore, for zo € Sy we have, for all integers k > 0,

B
fa(22) = f(n,25) + O (nﬂl n %) T 0(2s [P0 F).

Similarly, when zo ¢ Sy we have

for 21 €Sy, |f(z1,20)e*?| < D]z |Pecl*!
for 21 ¢ Sp, |f(z1,22)e™ 72| < Declzltalzl,

Thus for all integer k and Vzo ¢ Sy,
fn(22)e™2 = f(n, 20)e* + O(nf~tel22ly 4 O(nP~keol=2l),

Second depoissonization. The two results for f,(z2), respectively for zo € Sp
and zy ¢ Sp, allow us to depoissonize f,(z2). Then

o for 25 € Sy, ful(z2) = O(n? + |22|7);
o for 2y & Sp, fn(z2)e® = O(nPecl?2l),
The “big oh” terms are uniform. Therefore, for all £ > 3,

B B
ap,m = fn(m) + O (n_ + m_) +0 (nPmPF).
m  n



320 Chapter 10. String Complexity

Since 5
Fulim) = flom) 40 (w94 2
n
setting k > 8 + 1 we prove the desired estimate. [ |

We will now prove that C(z1, z2) satisfies the conditions of Lemma [[0.3.4]
to conclude that

Cpm =C(n,m)+ 0O (% + %) .

Lemma 10.3.5. The generating function C(z1,22) satisfies the condition of

Corollary with 8 = 1.

Proof. We will prove that the generating function C/(z1, 22) satisfying the func-
tional equation (I0.I3) fulfills the conditions of Lemma 0.3 with 5 = 1. More
specifically, we will prove that when z; and z3 belong to a cone Sy with angle
0 < /2 around the positive real axis, C(z1, z2) = O(|z1] + |22])-

We now use the increasing domain technique discussed in Section Let
p =max,e4ici1,2}1Fi(a)}. We denote by Sy the fraction of the cone containing
points such that |z| < p*k. Notice that S € Si41 for all integer k. We also
notice that C(z1, 22) = O(|z1| + |22|) when 21, z3 — 0; therefore we can define

Bi—  max {M}@O

(Zl,ZQ)ESkXSk |Zl| + |22|

We know that C(z1, 22) satisfies the functional equation (I0I3). If (z1,22) €
Sk41 X Sk41 — Sk X Sk then, for all a € A (P1(a)z1, P2(a)z2) are in Sk x S and
therefore we have

|C(21,22)| < Bi (Z Py(a)lz| +P2(a)|22|> +1=By(|z1] +[22]) + 1,
acA

since |1 — e~ %] < 1 for ¢ = 1,2. Thus we can derive the recurrence for all & > 1:

1
Bipi1 < Brp + max {7}:Bk+ k.
1 (21,22) €Sk 41 XSk+1—Sk XSk |Z1| + |22| P
We need to note carefully that
min {lz1] + |22l = p7F,

(21,22) ESk4+1XSk41—Sk XSk

since only one of z; and z; can have modulus greater than p~*. It turns out
that limy_, o Br < oo and therefore condition (i) of Lemma [[0.3:4] holds.
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Now we will prove condition (iii) of Lemma [[0.34 To this end we define
G as the complementary cone of Sy and Gy as the portion consisting of points
of modulus smaller than p*k. We will use cosf < a < 1; therefore Vz € G:
le?| < e®l*l. We define Dy, as follows:

D, — |C (21, 22) exp(z1 + 22)| }
=

max {
(21,22)€Gx X Gn, exp(alz1| + alz2))

Defining G(z1, 22) = C(21, 22)e**T#2 we have the equation

G(z1,22) = Z G(Pi(a)z1, Py(a)ze) exp((1 — Pi(a))z1 + (1 — Pa(a))z2)
acA
+(e® —1)(e* —1).

We notice that if (z1,22) € Gr+1 X Grr1 — Gk X Gy, then all (Pi(a)z1, Pa(a)z2)
are in G X G and therefore we have

|G (21, 22)| < Dy, ( Z exp ((Pl(a)oz + (1 — Pi(a)) cos)|z1]
acA

+(Py(a)a + (1 — Py(a)) cose)|22|))
H(ewos 1zl g 1)(ecosOlz2l )y,
Now we notice that Va € A and Vi € {1,2}:
Pi(a)a+ (1 = Pi(a)) cosd —a < —(1 — p)(a — cos B);

therefore

|G(zla 22)|
exp(a(|z1] + |22]))

< Dg| Al exp(—(1 — p)(a — cos0)([z1] + |22])
+4exp(—(a — cos0)(|z1| + |22])) -
Since (21,22) € Ger1 X Gear1 — G X Gi implies |z1| + |z2| > p~F, it follows that

Dy1 < max{ Dy, |A| Dy exp (—(1 — p)(a — cos0)p™")
+4exp (—(a—cosh)p )}

We clearly have limy_, o, Dy < 0o and condition (iii) holds. We leave the proof
of condition (ii) as Exercise |
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10.4. Average joint complexity for identical sources

We assume here that the two sources are probabilistically identical, that is,
Va € A we have Pi(a) = Pa(a) = p,. In this case, we define ¢(z) = C(z,z2)

which satisfies
o(z) = (L=e ) + Y clpa2). (10.14)
acA

To this end, in order to extract the asymptotics of the generating function we
will use the Mellin transform given in Table [[11

Theorem 10.4.1. (i) For a biased memoryless source, the joint complexity is
asymptotically

Cpmn=n

2log?2
22+ Qogm)n + o(n),

where Q(z) is a small periodic function (with amplitude smaller than 1079)
which is nonzero only when the logp,, a € A, are rationally related.
(ii) For a binary unbiased memoryless source, if Ya € A we have p, = 1/2 then
it holds that

Cpm=2n—1+4(-1)", n>2

with 0171 = 2.
Proof. We first consider p, = 1/2 (the binary symmetric case) for which
c(z) =2z —1+e %2

This can be directly verified by substituting it into (I0.I4). Then an easy cal-
culation leads to Cy, , = 2n + O(1) or more precisely C, , = 2n — 1+ (—1)", for
n > 2.

We now consider the general case. Since c(z) is O(2?) when z — 0 and is
O(z) when z — oo, taking z as a positive real number, the Mellin transform
C*(s) of ¢(z) is defined for R(s) € (—2,—1) and satisfies

er(s) = Z ) (10.15)
1- ZaeA pa’

where I'(s), as always, is the Euler gamma function. We use the inverse Mellin
transform
c(z) = —/ c*(s)z"%ds
2im d—ioco

for d € (—2,—1) in the definition domain of ¢*(s). The reader is referred to
Chapter [ for a more in-depth discussion of the Mellin transform.
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The next step is to use the Cauchy residue theorem. The poles of the inte-
grand of (I0.I0) are:
(i) the double pole at s = —1 with residue —2zlog2/h;
(ii) sy = —1 + 2wik/L for integer k # 0 when the logp,, a € A, are rationally
related (L was introduced in Definition [Z.2.6]), with residues

—sh r
Z W (sk) (Sk)
Therefore )
2zlog?2 _ 278 =2
(2) = -y [(sk) +O(1)
h k20 h (Sk)
with
L 27—
Q) = 27" =5rs=Tlx)
k#0
By Lemma [[.2.7] the behavior of the fluctuating function Q(z) depends on the
rationality of the logp, ratios. This completes the proof. |

10.5. Average joint complexity for nonidentical sources

We now handle the much more complicated case of nonidentical sources. We will
again use the functional equation ([(L13]) but now we need double depoissoniza-
tion, double Mellin transform, and the saddle point method. In fact, we will
establish our main result only for the special case when one source is symmetric.

10.5.1. The kernel and its properties

As in the case of identical sources, the asymptotic behavior of the joint com-
plexity depends crucially on the location of the roots of the denominator of the
corresponding (double) Mellin transform (see (I0.23]) below). This set of roots
is much more complex than in the previous case, so we dedicate this subsection
to understanding its properties.

Let us define

H(s1,82) = 1= Y (Pi(a)) " (Pa(a)) .
acA
The kernel of H(s1,s2) is the set K of tuples (s1,s2) such that H(sy,s2) = 0.
For example, (—1,0) and (0, —1) belong to K. With this definition set

K= min —S1 — S9) }.
(sl,SQ)EICﬁ]Rz{( ! 2)}
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We will prove that C,, ,, is of order n"//logn.

Let (c1, c2) be the unique real pair in XNR? such that ¢; +c; = —x. We denote
by OK the subset of K consisting of the tuples (s1, s2) such that R(s1 +s2) = —k
and let OK* = 0K — {(c1,¢2)}. Although the set K is continuous, the subset
0K is an enumerable set. A careful analysis will show that there is a positive
minimum distance that separates any pair of elements in 0.

|

T T T T . T T LT T Y T O Y S B 1

o

0,2 0,4 0,6 0,8
pl2]

Figure 10.1. The quantity « versus p2 for p1 = ¢1 = 1/2 (left) and versus
(p1,p2) (right).

Example 10.5.1. Consider now a binary alphabet A = {a, b}, and let P;(a) =
p; and P;(b) = ¢; for i € {1,2}. Then in Exercise the reader is asked to
prove that

g2P1
q1pP2
log p1 log g2 — log p2 log q1

log log 42EL

20 (10.16)

log Z—f loglog Z—f +log ;;—; loglog ;;—; —log

K

Figure [0l displays & as a function of p1,pe. Observe that, for p; = ¢1 = 1/2 &
does not reach zero when ps or ¢ is close to zero. |

Now we will dwell on some important properties of the set 9K. We prove
the following property.
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Lemma 10.5.2. The set OK consists of pairs (c1 + it1, ca + ita) with (t1,t2) €
R? satisfying Va € A, _ _
(P1(a))™ (Py(a))™ =1. (10.17)

Proof. Indeed, assume that (s1,s2) € 9K: hence

> Pt (a)Py 2 (a) = 1.

acA

Consequently,

oI (@) Py ()| 2 1

acA

or, equivalently,
Z me(sl)(a)P;éR(sz)(a) > 1.
acA

Actually, the last inequality is an equality; that is,

> (Pr(@) RO (Py(a) R = 1.
acA
Indeed, assume the contrary, i.e., that
S (Pa(@) ™) (Py(a) T RCD) > 15
acA
then by continuity there exists ¢, < R(s2) such that
> (Pi(@) R (Pafa) " = 1.
acA

Thus (R(s1),ch) € K. But (s1) + ¢4 < R(s1) + R(s2) = K, which contradicts
the definition of x. Therefore, > . 4 Pl_%(sl)(a)PQ_%(”)(a) = 1 implies that
(R(s1),R(s2)) = (c1,¢2). Furthermore, since

(Pr() (P2()™ = (Pi(a))" ) (P2(a)) 502 (P1(a)* (Pa(a))2,

each factor (P;(a))¢1) and (P(a))®2) must be equal to 1 because this is
the only way in which the identity > . , P/ *'(a)P, **(a) = 1 can be obtained.
This completes the proof. [ |
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Example 10.5.3. We will illustrate Lemma [[0.5.2] for the binary case. Then
(c1+1ty, ca+ite) € K must satisfy (I0IT), which further means there exist pairs
(k,£) € Z such that

ity log p1 + ita log pe = 2ikm,
it1log 1 + ite log o = 2ilm.

Therefore,

ot 2w
t = 3(lclog(p —llogps), t1= 5(—7?108;Q1 + £logp1)

with D = log p; log g2 — log p2 log q;. ]

10.5.2. Main results

To present succinctly our main results for nonidentical sources, we need a gen-
eralization of the rationally related set of numbers that we introduced in Defi-
nition This will lead us to the notion of commensurability.

Let x = (x1,...,x)) be a vector of k real numbers. We say that it is commen-
surable if there exists a real number v # 0 such that vx € ZF. We realize that
in this case commensurability is equivalent to the numbers x4, ..., x; being ra-
tionally related (in Definition [[.2.6] we used L rather than v). However, in order
to handle the joint complexity we need an extension of the idea of rational rela-
tionship to two vectors; then the concept commensurability is more appropriate.
Consider two vectors x and y. We say that they are mutually commensurable if
there exists a pair of nonzero real numbers, (v, v5), such that v1x + vy € ZF.
The pair (v1,12) is called the integer conjugate of (x,y). Furthermore, a pair
of vectors is called mutually fully commensurable when the set of integer con-
jugates is of dimension 2 (i.e., the integer conjugates are linearly independent).
In this case the set of integer conjugates forms a lattice {ka + ¢b), (k, () € Z*},
where a and b are two independent vectors. Finally, if two vectors are mutu-
ally commensurable but not fully commensurable, then the integer conjugates
form a set of the form {ka,k € Z}. If x and y are not commensurable, then
we call them incommensurable. We should point out that in our case we shall
view the vectors x and y as (log Pi(a1),...,log Pi(ax)) =: (log Pi(a))ec.a and
(log Po(aq),...,log Py(ax)) =: (log Px(a))ac.a, respectively.

We now formulate our main result; however, as mentioned earlier, in the next
subsection we prove it only for the special case when one source is unbiased (i.e.,
symmetric). We need some additional notation. Let f(s1,s2) be a C? function;
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then we define

2

? 0
Af(s1,82) = @f(sl,sﬂ + @f(sl,sz),
1 2

1

Vf(s1,s2) = 3 (%f(shsﬂ + %f(sl,sz)) ~

We claim that in general the average joint string complexity C, , (see Theo-
rem [[0.4.7]) behaves asymptotically as follows

o _ nk F(Cl)F(CQ)
e /logn V/TAH (c1,2)VH(cr,c2)

+ Q(logn) + 0(1)> ., (10.18)

where

_ ['(s1)T(s2) (i3 .
s (5175%;8’@ VTAH (s1,52)VH(s1,52) p(—i3(s1 + 52)2).

The behavior of Q(z) depends on whether (log Pi(a))eeca and (log Py(a))aca
are commensurable, which in turn depends on the structure of the set 9K*. The
properties of @Q(z) are discussed in Lemma [[0.5.4] below.

In particular, we shall see that Q(z) may exhibit periodic or doubly periodic
behavior. Recall that a function f is periodic if there exists T # 0 such that, for
all z, f(x+T) = f(x); a two-variable function f(z,y) is doubly periodic if there
exist T} and T3 such that, for all x and y, we have f(z+T1,y+T2) = f(x,y). In
our case we need to modify this definition slightly, since Q(z) = F(z, x) where
F(z,y) is defined formally in (I0.19) below.

Lemma 10.5.4. If (log Pi(a))aca and (log Pa(a))aca are not mutually com-
mensurable then
Ve : Qx)=0.

Otherwise Q(x) is doubly periodic unless (log Pi(a))aca and (log Py(a))aca are
not fully mutually commensurable; then the function Q(x) is simply periodic.

Proof. Clearly, the set of integer conjugates (t1,t2) of ((27) !log Pi(a))aca
mapped into (¢ + itq1, ca + ita) corresponds to IK. We will consider the com-
mensurable and incommensurable case separately.

If the vectors (log Pj(a))ac.4 and (log Py(a))qec.4 are not commensurable then
there is no (t1,t2) such that, Va € A,

t t
i log Pi(a) + i log P>(a) € Z.
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But this is not sufficient for us to infer that 9K* = (). To conclude the latter we
must prove that the existence of (¢1,t2) such that ¢; log Py (a) + t2 log P2(a) = 0,
Va € A, implies (t1,t2) = (0,0). Since the vectors (Pi(a))aca and (Pz(a))aea
both sum to 1 and are different, there is necessarily at least one symbol a € A
such that Pi(a) > Ps(a). This implies that ¢;/t2 < 1. There is necessarily
another symbol b € A such that P;(b) > P(b) implies that t1/to > 1. Thus,
there is no (t1,t2) # (0,0) such that, Va € A, t;log Pi(a) + t2log P2(a) = 0;
consequently OK* = (.

Now we assume that (log Pi(a))sea and (log Py(a))eca are commensurable.

In this case, the elements of K form a lattice of the form (slf’l, sg’e) = (a1 +
i(kay + £by), ca + i(kag + €by)) with (k, £) € Z?. Consequently
Qz) = > Vi, exp (—iz ((a1 + az)k + (by + b2)0)) ,
(k,0)€Z2—{(0,0)}
where
L(s7)T(s5)
Vo = .
VAAH(sE SOV H (s, 55
If we set Q(x) = F(x,z) then we can write
F(z,y) = Z Vi, €xp (—(a1 + ag)ikz — (b1 + ba)ily), (10.19)

(k,£)#(0,0)

which is doubly periodic of period (27/(a1 + a2), 27/(b1 + b2)). When the com-
mensurability is not full, we have 0K = {(c1 +ika1, ca +ikaq), k € Z} and Q(x)
is periodic of period 27/(a; + az). |

The binary case is special since, surprisingly, there is no incommensurability
at all.

Corollary 10.5.5. In the binary case, for which |A| = 2, Q(x) is always doubly
periodic. When logp1,logqi,logpa,loggs are commensurable, Q(x) is simply
periodic.

Proof. The elements of K corresponding to the pairs (¢1 + it1, co + ite) satisfy
the conditions discussed in Example [[0.5.3] above. Consequently, the elements
of K form a lattice and therefore Q(z) is doubly periodic. ]
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10.5.3. Proof of (I0.18)) for one symmetric source

Here we will not prove (IILI8) in the general case. We investigate in detail only
the case when one probability distribution is uniform over the alphabet, i.e.,
when Va € A we have P;(a) = 1/|A| (an unbiased or symmetric source). To
simplify the notation we write p, = P2(a). We also write r(s) = > . 115 °.

Theorem 10.5.6. Let the first source be uniform with Pi(a) = 1/|A|, while
the second is a general memoryless source with p, = Pa(a).

(i) If the logpa, a € A, are rationally related and v is the smallest nonnegative
real such that, Va € A, v~ 'logp, € Z then

Cov nk ( T'(c1)T(e2)

+ Q(logn) + O(1/logn) |,

= \/logn \/WAH(Cl,CQ)VH(Cl,CQ)
(10.20)
where
L(s1)I'(s2) )
Qle) = exp(—i3(sy + s2)x)
(81,82;6810 \/ﬂ-AH(sla SQ)VH(Sl, 52)
with

2ikm 1 1 214
. 9; 72 .
K {01 log | A| it (logl/ 1og|A|’c2 logy) > (k,6) € 27 {(0’0)}

(ii) If the logpa, a € A, are not commensurable, then

I I'(c1)I(c2)
n,n Viogn \/WAH(CMCQ)VH(CMCQ)

2ikm
* = —_ VAR
* {((”1+1<>g|A|’02)”€e }

Remark 10.5.7. Notice that the error term O(1/logn) for the rational case
is smaller than the error term o(1) in (I0IF]). |

+ Qlogn) + 0(1)) , (10.21)

with

In the rest of this section we provide a proof of Theorem The heart
of it relies on showing that C(z1,22) = O(z"%) for z; = 22 = z and in giving an
explicit expression of the factor in front of z*. We accomplish this by using a
double Mellin transform, which we discuss next.
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The two-dimensional (double) Mellin transform C*(s1,s2) of the function
C(z1, 22) is defined as follows

1, »—1
*(s1, 82) / / (21,22)27' " 252 "dzidze.

However, it is easy to see that it does not exist: the convergence strip is empty.
Indeed, let {7,5} = {1,2}; for fixed z; we have C(z1,22) = O(z;) when 2z — 0
and z; — 00, i € {1,2}. More precisely, we have C(z1, 22) = O(z122) when z1, 22
when both tend to zero. To circumvent this difficulty, we define

C(z1,22) = C(21,22) — D(21, 22),
where
D(z1,22) = z1€7** D1(22) + 22?2 D3 (21) — Cy 12120€ *17%2

with 9 9
D =—C(0 D = —C(z,0
()= 5-C0.2), Dafz) = 5-C(z.0).
We now show that the Mellin transform of C'(21, 22) exists in —2 < R(s;) < —1.
Indeedi notice that the C'(z1, 22) expansion contains no terms in z1, zo or z12zs.
Thus C(21,22) = O(22) when z; — 0, and so the double Mellin transform

1, »—1
*(s1, 82) / / (21, 22)27' " 252 "dz1dze

of C(z1, 22) exists in the strip —2 < R(s;) < —1.
To find C*(s1, $2) we need first to estimate D;(z), ¢ € {1, 2}, for large z;. We
shall prove, using the standard (one-dimensional) Mellin transform, that

Dy(z) = Zl}?gz +0(z) (10.22)
ij

where h;; = —p;logp; — g;logq; for z — +400. Indeed, to find its strip of
convergence, observe that by (I0.I3]) we have

C(z1,22) = Ci12122 + 2%91(217 z9) + 2592(21, z2)

with analytic g;(z1, 22) and such that

0
D1 (Z) = 228—2192(0, ZQ).
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Thus D;(z) = O(2%) when z — 0. Similarly, Ds(z). Furthermore, we have

i O 22 %C 21,22 le
821

where the integral over z; is around any contour encircling zero, using the fact
that uniformly in z5 € C we have

C(z1, 22) = O(|za]e®11])

and 9

8_210(0’ z2) = O(|z2])
for z5 — +o00. Therefore, D1(z) = O(z) when z — +o00 and also Dz(z) = O(z)
by symmetry. Thus the Mellin transform D} (s) of D;(z) exists in the complex

vertical strip R(s) € (=2, —1), and is given by

rig) = I(s)
D) = oy TR B @)
since, by (I0.13),
3%1-0(21722)26_Zi —e"¥)+ ) Plo) Pi(a)z1, Py(a)z2);

acA

thus

Dz() 176 +ZP ))

acA

and this implies (I0.22).

Now, knowing D;(z) we can move on to compute the Mellin transform of
C (21, 22). Let us return for now to the general case of two nonidentical sources.
Observe first that on modifying the basic functional equation (I0I3) we obtain

C(z1,22) = (1 — e *)(1 — e *2) — D(21, 22)
+ Z é(Pl (a)zl, PQ(G)ZQ) + D(Pl (a)zl, PQ(G)ZQ) .
acA

The double Mellin transform is then

1 + S1 n So 5182
51,82) H(—l,SQ) H(Sl,—l) H(—l,—l)
(10.23)

C*(s1,82) =T (s1)T'(s2) (H(
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In passing we observe that

1
N C RS

To recover C~'(,z7 z) we apply the inverse Mellin transform

1
Clz,2) = —/ / C*(s1,82)z~ *17%2ds1ds,. (10.24)
(2’”[-)2 R(s1)=c1 JR(s2)=c2 ' e

We move the integration domain of s; to R(s1) = p1 and the integration domain
of s9 to R(s2) = pa, for p1,p2 = —1 + & with € > 0 such that H(s1, s2) stays far
away from 0. The only poles encountered are at s; = —1 and s; = —1 but they
are canceled by the additional terms.

Therefore, (I0.24) remains valid for R(s1) = p1 and R(s2) = p2 for some
p1, p2 > —1. On the new integration domain we need to focus only on the term

—81—82
H 81552 ’

since the other leading terms contribute o(z =) for any M > 0 (these terms
have no singularities on the right-hand side of the double integration domain).
Indeed the term
s10(s1)T'(s2)
H(—l, 82)
has no singularity for ®(s;) > —1, and the term

SQF(Sl)F(SQ)
H(Sl, 71)

has no singularity for ®(s2) > —1. The term

51820 (51)(s2)
H(-1,-1)

has no singularity at all. In fact the above terms are exponentially negligible
since the contribution of D(z1, z2) is exponentially small when (z1, z2) tend to
+o00o. In view of this, for general nonidentical sources we arrive at

S
C(Z7Z <2Z7T) /51 /sz P2 817222))Z5152d51d82+0(ZM)a
(10.25)

for arbitrary M > 0.
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We now look at the simplified case where one source is uniform, so that
Va € A, Pi(a) = 1/|A]. Recall that in this case we write Py(a) = p, and
H(s1,82) =1 — (JA|)**7(s2), where r(s) = >, 4Py °- Furthermore,

_log(r(s)) + 2ikm .
(et ) <

for s complex and k € Z. It is also easy to compute x in this case. Indeed,

k= min{log) 4 (r(s)) — s},
co = minarg,cg{log 4 (r(s)) — s}

We will need the following technical lemma.

Lemma 10.5.8. Let L(s) = log| 4(r(s)). Then, Vs € C, we have R(L(s)) <
L(R(s))-

Proof. The following holds:

R(L(s)) = log 4 (Ir(s)]) < loga (Z Ipa5|> :

acA

Thus logja) (X aea P *]) = LR(5))- u

Now we prove a lemma which is a special case of Theorem [[0.5.61 Later we
will show that the additional condition in that lemma can be removed.

Lemma 10.5.9. Assume that r(s) has no root for R(s) < ca. Let —aa be the
second derivative of log(r(s)) — s at its local minimum cy on the real axis. The
average number of common words Cy, ,, between two sequences of the same length
n for nonidentical sources satisfies

1
Chn=|——TI(1)l 1 1 s
n,n (\/W (cl) (02)+Q( Ogn)+0( )) n

where Q(logn) is a periodic function of order 10=6 when the logp,, a € A, are
rationally related.

Remark 10.5.10. The condition R(s) < ¢3 = r(s) # 0 will be removed in the
final proof of Theorem [I0.5.6] presented in the next subsection. Notice that this
condition is fulfilled when the alphabet is binary. Indeed, r(s) = 0 is equivalent
to (pa/py)® = —1; thus (pa/ps) ™) = 1, which can occur only when R(s) = 0.

|
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Proof. We move the integration line of s; in (I028) towards the positive real
axis direction and meet one pole at s; = 0 (residue 1). The poles of the function

(1 —JA|**(r(s2)))~! are at

2ik
s1.= —log 4 (r(s2)) + mv

for k integer with residues —1/log(|.A]). Therefore we have

) - 1 F(SQ) . 1 2ikm
Cen) =5 | T d82+;m/r (L(82)+m>

XF(SQ)ZL(sz)—sz—2ik7r/10g(|A\)ds2 4 O(Z—M)7

where, as before, h(s) = >, 4P, *logps and L(s) = log 4 (r(s)) with M >0
arbitrary (but fixed to ensure the uniformity of O(-)). It turns out that the
function (h(s))~! and the function

Z I' (= L(s) + 2ikm/log(]Al)) L L(s)~2ikm /log(| AJ)
log(|-Al)

k

have the same poles and their residues cancel out. Indeed the roots of log(r(s))—
2ikm are exactly the roots si of h(s) and the residue of I (L(s) — 2ikw/log(|.A]))
is the same as the residue of (h(s))~.

There is no other potential singularity except the root of r(s). Since by
hypothesis there is no root such that R(s) < ¢, the integration path can be
moved towards a position ¢, that contributes z(¢2)=¢2 = 2% We can ignore the
term in z7%/h(s) since it is o(z"), because L(s) > 0 and thus L(s) — s > —s for
s between —1 and 0. Therefore we have

1 2ikm
Cer2) = g a2 (49 )

XF(S)ZL(5)7572ik7r/10g(|A\)d5 + O(ane).

We notice that L(s) — s is a saddle point at s = cq, i.e., it attains a local
minimum on the real axis and a local maximum on the imaginary axis at s = cs.
This is a natural consequence of the fact that the first and second derivative of
L(s) — s at the point s = ¢o are respectively zero and nonpositive. Let —as be
the second derivative of L(s) — s at s = ca.

Now we will handle the rational and irrational cases separately.

Rational or Commensurable Case. In the case where L(cg + it) is a periodic
function of ¢ of period 27 /logv, the function L(cy + it) — co — it is therefore
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periodic in t if we omit a linear term. Therefore it has a sequence of saddle
points at cg + ity with ty = 2iln /logv for all £ € Z. These saddle points are the
maxima of (L(cz + it)) and each has the same second derivative ap. In fact
it turns out that exp((L(cz + it) — cg — it) is periodic in t. Around each saddle
point we have uniformly

L(cs +it) — co — it = k — %(t — )2+ O((t — t)?).

This property is valid for some A > 0 and for ¢ real as long as |t — ty| < A for
some £ € Z. Assuming that 24 < |logv|, we define intervals [t; — A, t; + A] such
that

I =R —Uezlte — A, te + A].

Outside these intervals, namely if ¢ is such that for all £ € Z, |t — t,| > A, we
have R(L(cg + it) — ¢2) < k — € uniformly for some € > 0. We set

1 L(s) Lot
— D(L(s))(s)z"'*7%ds = —/
27 R(s)=ca ZGZZ 2m tp—A

XT (—L(cg + it)) D(cy + it) 2L (catit) —ea=it gy
1

— I'(-L it
b [ T(Ller+ i)

XD (cq + it)zLlcatit)—ca=it gy

As a consequence we find that

tep+A . -
/ I'(—L(ea +it)) T(co + «Z;t)ZL(C2+’Lt)7627'Ltdt
tp—A

can be estimated as follows:

1 AVlog z
'L it
Tog = CAvEe ( (02 + 1ty +

3
rk—ity 70(2/2t2 1 O l dt
" c ( * ( log 2z

This expression becomes

it it
T it
\/logz)) (C2+Z€+ \/logz)

ZK'/

V21 log 2

T (e1 — ite(1+ loguyv) ) Tz + ite) (1 +0 (\/kl)?))
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with ¢; = —cg — k. In fact, a more careful analysis shows that the order-3 term
disappears, and thus we have an O(1/logz) term instead of an O(1/+/log z)
term. Finally, observe that each term such as

— 00

+oo 2ikm ; i
T(-L it 2T it L(CQ“F%t)*CQ*’Ltdt
[t (s 2 ) e in:

can be treated similarly.
The sum of these terms with their respective factors z~2¥*7/10g Al i5 asymp-

totically equivalent to

ZKZ

Vorartogs )

and ultimately contributes

2" 1
— T —ite(1 + 1 T ) 1 .
D et (4 it log ) it (1+0 ()

This becomes the double periodic function with error term log z.

Irrationals/Incommensurable Case. Here the function L(cg +4t) is not periodic.
However, there still may be a sequence of local maxima of R(L(cqo + it), and we
need to deal with this.

Lemma 10.5.11. Forcy <0, let {tr} be a sequence of local mazima of R(L(ca+
it)) such that
klim R(L(ca +ity)) = L(ca).
— 00

Then the sequence of the second derivatives of R(L(cq + it) at t = ti tends to
the second derivative of —L(s) at s = ca. Also, there exist A > 0 and ag > 0
such that

R(L(ca + 1)) — R(L(ca + ity.)) } < @
k—oo t€[tk— Atk +A] -

lim sup max { (= tn)? 5

Proof. We have

—atg
log(r(ce +it)) = —itlogpy + log (Z Dy 2 <&> )

acA Po
and

ity
R(log(r(ca + it)) = log Z D, <%> .
b

acA
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We know that if R(L(co + itx)) tends to L(ca) then Va € A, (pa/py) "+ — 1.
The second derivative of L(cg + it) with respect to ¢ is equal to

2

ZGGA(logpa)2(pa/pb)7cziitk - <ZaeA(1ogpa)(pa/pb)Czitk) .

ZaeA(pa/pb)_CQ_it’“ ZaeA(pa/pb)—cz—itk

hence the first part of the lemma is proved.

For the second part, we note that the derivative of any given order of R(L(co+
it) is uniformly bounded as ¢ varies from —oo to +00. Therefore, for all € > 0,
there exists A such that for all ¢ € [t — A, tr + A] the derivative at ¢ is within €
of the derivative at t. Now let L(?)(t) be the second derivative of R(L(cy +it)).
We find that V¢ € [tg, tr + A], since the first derivative of R(L(c2 + it)) is zero,
we have

R(L(cy +it)) = R(L(cy + ity)) + /t(t — tx) L P (t)dt

23

(t —t)?

< (LA(t) +e) 5

as required. [ |

Corollary 10.5.12. There exists A > 0 such that, in the sequence of local
mazxima, the separation of adjacent maxima tends to an interval larger than A.

For the irrational and incommensurable case, for all ¢ € R* we know that
R(L(cz +it)) < —c1. We use the fact that, for all s, >, [I'(s + 2ik7/log |A])]
converges to a continuous function g¢(s). Therefore, the contribution of the
external terms is smaller in modulus than

/ 9(L(s))|D(cy + it)zHextit=ea=it gy,
t¢(—A,A)

Since L(cg + it) is bounded as ¢ varies from —oo to 400, g(L(s)) is uniformly
bounded. The function |T'(cy + it)| is absolutely integrable; therefore

|ZL(CQ+'L-t)7()27'L-t7KI| - 07 2 — 400
implies that

2ik
Z/ r (—L(cz vit) + L)
— Jig(—a,4) log |A|

XF(CQ + it)ZL(CQ+it)—CQ—it—2ik7r/log |A\dt _ O(ZK).
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We still need to show that the error term is o(2"/+/logz). To this end we
must prove that, for a sequence of local maxima of R(L(ce + it)), with ¢ real,
tending to &, the function R(L(cz + it)) is locally bounded on such maxima by a
Gaussian function. In fact this is established by Lemma [0.5.T11 We know that
there exist g > 0 and A > 0 such that, for all t € [ty — A, tx + 4],

R(L(cz + it) < R(L(ca +ity)) — 2 (t — t;)?

and that there exists € > 0 such that, for ¢ not in such an interval, R(L(ca+it)) <
R(L(c2)) — . Therefore

/ g(L(ca + it)|D (e + it)| R+ =2 gy
t¢(—AA)
te+A

<O+ /t ) 9(L(ca +it))[T(cz + it)| 2R e gy,
k k=

By an easy change of variable, i.e., setting ¢t = t; + /log 26, any term on the
right-hand side can be written as

1 AVlog z
Viogz J_ayiogz

Notice that the right-hand side is a uniformly dominated sum even when multi-
plied by /Togz. This follows from the fact that z®(L(c2tite))—c2 < 25 and that
the sum of

9(L(ca + it))[T(ca + it) | RE(eatiti)) —e2 g —as0?/2 g

r it
te[tﬁl,?,’fﬁ,q{' (ca +1t)[}

is uniformly dominated. Since z%®(L(c2titk))=cz — o(2%) we conclude that the
resulting sum is o(z"/1/log z). |

10.5.4. Finishing the proof of Theorem [10.5.6]

To complete the proof of Theorem we must remove from Lemma
the condition that for all s such that R(s) < ¢z there are no roots of r(s).
Assume in the following that in fact there are such roots. Let 6 be such that
r(6) = 0 with (6) < c¢o. On such points the function L(s) is no longer analytic
but multi-valued, that is, it can have ambiguous values. Indeed, the domain of
the definition of L(s) in a complex neighborhood of # must exclude a half line
starting from 6, i.e., a horizontal line towards the right. Below and above the
line, L(s) has well-defined values by continuity but crossing the line adds a term
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2im/log |A] to L(s), creating a discontinuity. We call this line the interdiction
line of 8. Therefore, it is impossible to move the line of integration in

/ D(—L(s))D(s)z"®)=%ds
R(s)=p2

without distorting it in order to avoid the interdiction line of #. Fortunately,
when we sum all the contributions

2ikm ,
() [ =L L(s)—s+2ikm/log | A|
o (-0 )

for k € Z, the sum converges because
2ikm
r{-L
i (-20+ g7)

k
is absolutely convergent. It turns out that the discontinuity terms due to the
interdiction line cancel out. Indeed, crossing the interdiction line is equivalent
to incrementing the integer k; therefore

2ikm ;
NS L(s)—s+2ikm/log | A|
2.16) (-1 + )

has no discontinuity on this line. In other words, the function

2ikm :
N AN S L(s)—s+2ikm/log | A|
216 (29 + g

converges and is analytic around 6.

There is still a problem, because 6 is a singularity. If s — 6 we obtain
R(L(s)) — —oo and therefore |T'(—=L(s))z%*)] — oco. Therefore, moving the
integration line of

2ikm L(s)— s 2ikT
I'(s)I' | =L Tog [A]
2 (8)< (S”logvu)z

generates an isolated integration contour around 6. But since R(L(s)) — —oo
when s — 6 we can make the contour close enough to 6 that the exponent
2Le)=s g o(z=M) for any arbitrary M > 0. In conclusion, we can ignore the
O(z=M) term.

To conclude our discussion we must also take into account the fact that the
roots of r(s) form an enumerable set {0} ren. We must estimate whether the sum
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of the contributions of the isolated loops is o(z ). A simple analysis shows the
existence of a minimum in the discrepancy between the roots, so that |3(6,)| >
A’¢ for some A’ > 0 and hence the sum of the |I'(¢,)| converges. Furthermore,
the sum of the integrals of I'(—L(s))T'(s)2%(®)=% around the isolated roots 6, is
dominated by the sum of the |T'(6,)]. |

Remark 10.5.13. Finally, let us look at the general formula (I0I8), which
we are not going to prove here. In the general setting, {—L(s2)}ren is the
set of roots of H(s1,s2). This set of roots corresponds to multivalued functions
Li(s) having continuous branches. In other words, the (—Lg(s), s) are analytic
descriptions of K. For 6 such that (co,8) € K we have the infinite branch of K
corresponding to the singularities of the Lj(s) branch. As discussed above, we
need to consider

C(Z,Z)ZZ/ | D(-Lels)D(s) s + O M),

We expect that the same sort of analysis based on the sequence of saddle points,
applies for the general case. [ |

10.6. Joint complexity via suffix trees

Enumerating the common words in sequences is not an easy task as we have
seen in the previous sections. An alternative (and almost equivalent) method
is to enumerate common words that appear at least twice. This turns out to
be equivalent to counting the number of common nodes in the corresponding
associated suffix trees. We now discuss this method.

The suffix tree Sx of a word X describes the set of subwords of X that have
at least two copies in X, possibly on overlapping positions. In other words,

Sx ={w:Ox(w) > 2},

where Ox (w) is the number of times that w appears in X. Clearly, Sx C Ax.

We sometimes will call Sx the string semi-complexity. We know that
X|+1)|X
1 XL DI

leads to a quadratic complexity, while |Sx| = O(]X]). In fact, there exist
algorithms that build Sx in linear time in |X| (see Chapter [0).
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10.6.1. Joint complexity of two suffix trees for nonidentical sources

Our aim is to evaluate the cardinality of Sx N Sy when X and Y are two
sequences generated from two distinct random sources. The cardinality of this
set may be called the joint string semi-complexity. Let R, be the average of
|Sx NSy | when X and Y are both of length n and the two strings are generated
by two nonidentical memoryless sources. We have

R, :=E[Sx NSyl = Y P(O}(w) >2)P(O}(w) >2). (10.26)
weA*
As in Theorem [I0.3.1] we can establish a key property, that R, is well approxi-
mated by the average number of common nodes in two independent tries built
over two sets of n independent strings. We call the latter 7}, ,, and, as is easy to
see,

Tom= 3 (1= (1= Pi(w))" — npy(w)(1 — Pi(w)"™)

weA*
X (1= (1= Py(w))™ — mpz(w)(1 — Po(w))™ ")

where P;(w) is the word probability in source model i. Throughout we will now
assume that R,, = T, , + O(n~¢) and study only T}, .

Let us start with a recurrence for 715, ,,. Observe that T, =Ty 0 =T1,n =
Tm.1 =0 and, for n,m > 1, we have

T =14 3 5 () P@ = At (7 ) (@)1 = o)™ T

acA k.t
(10.27)
Then, using the double poissonized generating function
212y —z1—2
T(Zl, ZQ) = ZTn’m nl'?’Tj' e ! 2
yields
21, 22 Z T P1 21, PQ(G)ZQ) + (1 — (1 + 21)6721)(1 — (1 + 22)6722) .
acA
(10.28)

In fact, using the same approach as in the proof of Lemma [[0.3.5] we conclude
that T'(z1, 22) satisfies the conditions of the depoissonization Lemma [I0.3.41 We
formulate the result in the following lemma.

Lemma 10.6.1. The function T (21, z2) satisfies the conditions of Lemma[I0.37)
with 8 = 1.
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We have T, , = T'(n,n) + O(1) via double depoissonization. To estimate
T(n,n) we use a double Mellin transform T*(s1, s2) defined for —2 < R(s1) < —1
and —2 < R(s2) < —1 which becomes

D(s1+ 1) (s2+ 1)
H(Sl, 52)
as is easy to see from ([0.28). Using the same techniques as in the previous

section we can prove the theorem below which mimics Theorem [[0.5.60 In fact,
in Exercise [[0. 10 we ask the reader to provide the details of the proof.

T*(Sl, 52) =

Theorem 10.6.2. Consider the joint string semi complexity when one string
is generated by a general memoryless source with p, = Pa(a) while the second
source is unbiased, that is, Pi(a) = 1/|A|.

(i) If the logpa, a € A, are rationally related, i.e., commensurable, with v the
smallest nonnegative real number such that, VYa € A, 1/vlogp, € Z then

n I'(1+c)T(1 + ¢2)
fnn = + R(logn) + O (1/logn) |,
, Viogn (\/WAH(CMCQ)VH(CLCQ) (logn) (1/logn)
(10.29)
where
I'(1 (1
i) = Z B exp(—iS(s1 + 52)x)
(s1,82)€0K* \/WAH(SDSQ)VH(51752)
with

2ikm 1 1 2i¢
* 2 [ _ E— ZQ .
K _{(cl+1og| | + 2iml <10g1/+10g| |),02+logy),(kz,€)€ \(0,0)}

(ii) If the logpa, a € A are irrational, i.e., incommensurable, then

n* < T(1+c)T(L + c2)

Tn n —
: Viogn \/ﬂ'AH(Cl,CQ)vH(ClaCQ)

+ R(logn) + 0(1)) (10.30)

with
2tk

Y= — keZ" ;.
IC {(Cl+ 1Og|A|502)) E }

In fact, we believe the above finding holds true for the generally case when
both of the sources are generally memoryless. In this case, we expect

o nk T'(1+ )01 + ¢2)
e /logn V/TAH (c1,c2)VH (cr,c2)

However, details of the proof are quite tricky and so we will skip them.

+ R(logn) + 0(1)) . (10.31)
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10.6.2. Joint complexity of two suffix trees for identical sources
Let t(z) = T'(2,2). When, Va € A, Pi(a) = P»(a) = p, we have
t(z) = (1= (L+2)e ) + ) t(paz):
acA

The Mellin transform T*(s) of ¢(z), as is easy to see, satisfies

(14 8)(27%s/4—2427°)T(s)
h(s) ’

T*(s) = (10.32)

from which, by following the same footsteps as in previous sections, we conclude
that (see Exercise [[0.1T])

1n
T, = [2"t(z) = 3% + nQs(logn) + o(n) (10.33)
where @5 is periodic when the members of the set {logp,}eca are rationally
related, i.e., commensurable, and zero otherwise.

10.7. Conclusion and applications

In this chapter, we studied the joint string complexity and proved that the joint
complexity of two strings generated by the same source grows as O(n) while
for strings generated by different sources it grows as O(n/+/logn) for some
k < 1. In fact these findings can be extended to Markov sources, as proved in
Jacquet and Szpankowski (2012) and Jacquet et al. (2013). In view of these
facts, we can apply the joint string complexity to discriminate between identical
and nonidentical sources. We introduce a discriminant function as

1
logn

dX,)Y)=1- log J(X,Y)

for two sequences X and Y of length n. This discriminant allows us to de-
termine whether X and Y are generated by the same memoryless or Markov
source by verifying whether d(X,Y) = O(1/logn) = 0 or d(X,Y) =1 -k +
O(loglogn/logn) > 0, respectively. In Figure we compare the joint string
complexities of a simulated English text and the same-length texts simulated in
French and in Polish. We compare these experimental results with our theoret-
ical results (extended to Markov sources). In the simulation we used a Markov
model of order 3. It is easy to see that even for texts of lengths smaller than
1,000, one can discriminate between these languages. In fact, computations show
that for English and French we have x = 0.18 while for English and Polish we
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Figure 10.2. Joint string complexity of simulated texts (we used third-
order Markov analysis) for English and French (upper set of points), and
English and Polish (lower set of points) languages, in each case versus the
average theoretical results (solid lines).

have k = 0.01. Furthermore, as indicated in Jacquet et al. (2013), the joint
string complexity can be used for automated Twitter classification. In closing,
we observe that our algorithm based on the joint complexity was one of the top
finishers in the SNOW 2014 Challenge of Tweets Detection.

10.8. Exercises

10.1  Consider an unbiased memoryless source over alphabet A of cardinality
|A]. We denote by C,(|A]) the string complexity. Prove the following
results for the average and variance of the string complexity, for small

values of n:
E[C2(|A])] =3 = (1/]|A]),
E[C3(|A])] =6 — (3/|A]),
E [C4(|A])] = 10 — (6/]4]) + (1/A]*) — (1/|AP),
E [C5(|A])] = 15— (10/|A]) + (4/].A]*) — (6/]A]%) + (2/|A[*)
and
Var [Co(|A])] = (JAl = 1)/]AP,

Var [C3([A])] = 3(lA| - 1)/]4]%,
Var [Ca([A])] = (JA] = 1)(6|A[* — 5]AP +12]A* — |A| + 1) /] A%,
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10.2

10.3

10.4

10.5

10.6
10.7

Var [C5(|A])] = 2(|A| — 1)(5]A|° — 10|.A]° + 33| A|* — 28|A|*
+16|A]> — 10]A| + 2)/] A8

(see Janson et al. (2004)).

Consider a strongly, that is, exponentially, mixing stationary source.

Prove that
n—+1

E[C,] = ( 5 ) — O(nlogn)
using Szpankowski (1993b) result on the height of a suffix tree.

Define C’fL as the the l-subword complexity or (-spectrum of a string,
which is the number of distinct ¢-length subwords of the underlying
string. Prove for an unbiased memoryless source that

E[C/] =K1 — e )+ O(f) + O(ntk™")

(see Janson et al. (2004) or Gheorghiciuc and Ward (2007)).

Consider again an unbiased memoryless source over a finite alphabet A.
Prove the Janson et al. (2004) result

1 1 1-
E[C,] (n;r > nlog 4 n+ ( o |A| + ¢\A|(log|,4\ n))
+0(y/nlogn)

where v ~ 0.577 is the Euler constant and

_ 1 . 271y omiju
@) = log|A|j§F< - i)

is a continuous function with period 1. Observe that [¢| 4 ()| is very
small for small |A]: |p2(z)] <2x 1077, |¢3(x)| < 5x 1075, and |p4(x)| <
3x 1074

Extend Theorem [[0.2.] for an ¢-subword complexity C* as defined in
Exercise above (see Gheorghiciuc and Ward (2007)).

Provide the details of the proof of Theorem I0.3.11
Using the notation from the proof of Theorem [0.3.2] prove that

Y 1AL )]|AY, (w)| = O(min{n, m} )

weA*

where n and m are integers representing the lengths of respective strings.
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10.8  Complete the proof of Lemma by showing that condition (ii) of
Lemma [[0:34] holds for the joint string complexity C(z1, 22) defined in
([.13).

10.9  Prove (I0IG) for a binary alphabet.

10.10 Provide the details of the proof of Theorem

10.11 Considering identical memoryless sources, prove that the average num-
ber of common nodes of the two associated suffix trees can be expressed

by (I0:33).

Bibliographical notes

String complexity is discussed in many books and articles, mostly from the
worst-case point of view: see Li and Vitanyi (1993), Niederreiter (1999), Shallit
(1993), and Wang and Shallit (1998). In this chapter we focused on the average-
case complexity. It was first studied in Janson et al. (2004) for random strings
generated by an unbiased memoryless source. It was then extended by Jacquet
(2007) to two unbiased memoryless sources. The joint string complexity from the
average-case point of view was first studied by Jacquet (2007), and then extended
to Markov sources by Jacquet and Szpankowski (2012). The experimental results
presented in the last section of this chapter were taken from Jacquet et al. (2013).
We would like to point out that the classification of sources was also investigated
by Ziv (1988).
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