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Three Theorems of Shannon

Theorem 1 & 3. (Shannon 1948; Lossless & Lossy Data Compression)

compression bit rate > source entropy H(X);
for distortion level D:

lossy bit rate > rate distortion function R(D).

Theorem 2. (Shannon 1948; Channel Coding )
In Shannon’s words:

B It is possible to send information at the capacity through the channel
with as small a frequency of errors as desired by proper (long) encoding.
This statement is not true for any rate greater than the capacity.

A

Wef{1,2,...2"} X" CHANNEL Yr W
——>| Encoder p—> ——> | Decoder p———>
message P(le) estimate




Theorem 1: AEP and Typical Sequences

Shannon-McMilan-Breiman:
—+log P(X]) — H(X) (pr.)

H(X) is the entropy rate.

Asymptotic Equipartition Property:

Sequences of length n can be
partitioned into
good set G P(w) ~2 "N et
bad set B, P(B)) <e.

Also, |G| ~ 2mHX),



Theorem 2: Shannon Random Decoding Rule

Xn an{X}

‘
= 8 0w = 8 %

N I There are 2"7(X) X typical sequences

There are 27 () Y-typical sequences

There are 2" (XY jointly X, Y-typical
pair of sequences

Decoding Rule: Declare that sequence sent X is the one that is jointly
typical with the received sequence Y provided there is unique X satisfying
this property!




Sketch of Proof: Channel Capacity Theorem

1. With high probability (whp), there is a jointly fypical pair (X, Y).

2. The probability that there is another jointly typical pair is 27/ (X)),
Indeed:

o there are 2"7X) and 2" (V) typical sequences X™ and Y™, respectively.
o there are 2" (XY) jointly typical pairs (X, Y).
The probability of error (more than one typical pair is):

onH(X,Y)

— 2—RI(X,Y)
onH(X)+H(Y) '
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Sketch of Proof: Channel Capacity Theorem

1. With high probability (whp), there is a jointly fypical pair (X, Y).

2. The probability that there is another jointly typical pair is 27/ (X)),
Indeed:

o there are 2"7X) and 2" (V) typical sequences X™ and Y™, respectively.
o there are 2" (XY) jointly typical pairs (X, Y).

The probability of error (more than one typical pair is):

onH(X,Y)

— 2—71,](X,Y)
onH(X)+H(Y) '

3. Probability of error when 2% messages are sent is approximately

min P (error) ~ o P p(x) V)= g =n(C=F),

4. In conclusion:

rR < C P(error) ~ 27
rR > C P(error) — 1.



Capacity of BSC

Binary Symmetric Channel (BSC)

Y

B

1-
0 = 0
X p
01101011 P
1 1
1-p
Capacity:
I(X;Y) = H(Y)—- H(Y|X)

The capacity is achieved for the uniform input distribution. Thus

<

H(Y) — H(p)
1 — H(p).

C =1-— H(p).

00100000



Noisy Constrained Channel

Constrained BSC

1-&

X €Sd,k & Y

e
01101011 (& 00100000

Let S denote the set of binary constrained sequences of length n. Here:
Sar = {(d.k) sequences},

l.e., N0 sequence contains a run of zeros shorter than d or longer than k.
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Noisy Constrained Channel

Constrained BSC

1-&

X €Sd,k & Y
e

01101011 (& 00100000

Let S denote the set of binary constrained sequences of length n. Here:
Sar = {(d.k) sequences},

l.e., N0 sequence contains a run of zeros shorter than d or longer than k.

Sequence X ¢ S5, ;) can be represented as a Markov process.

C'(S, e) — noisy constrained capacity defined as

1
C(S, 8)—SupI(X Y) = lim — sup I(X{,Y]").
Xe

n—oo N, X"ESn

This is/was an open problem since Shannon.



Noisy Constrained Capacity

1. Mutual information: I(X;Y)= H(Y) — H(Y|X).
Y. =X, ® E,, k>1, (b is exclusive-or),
E ={Ei}r>1isnoise, P(E; =1) =e¢and H(Y|X)= H(E) = H(e).

If X is Markov, then Y is a hidden Markov process (HMP).



Noisy Constrained Capacity

1. Mutual information: I(X;Y)= H(Y) — H(Y|X).

Y. =X, ® E,, k>1, (b is exclusive-or),
E ={Ei}r>1isnoise, P(E; =1) =e¢and H(Y|X)= H(E) = H(e).
If X is Markov, then Y is a hidden Markov process (HMP).

2. The output process Y is hidden Markov, hence we need enfropy H(Y).

Theorem 1 (Jacquet, Seroussi, & Szpankowski, 2004). Consider the HMPY
as defined above. The enfropy rate

1
H(Y) = lim —E[-log (pIM(Y1,Y2) - M(Yso1, Yu)1')] = u(P)
where u(P) is a top Lyapunov exponent of M(Y1,Ys) -+ - M(Y,—1, Y,)
defined as

(1—e)Px(Y,|Yn_1) ePx(Yn|Yn_1) } .

M(¥n-1, ¥a) = [ (1=&) Px (Ya|Vno1)  ePx(YalVao1)



Asymptotic Expansion

3. We now assume that P(E; = 1) = & — 0 is small.

Theorem 2 (Jacquet, Seroussi, W.S., 2004). Assume rth order Markov. If the
conditional symbol probabilities of the underlying Markov X safisfy

P(ar+1|a7£) >0

for all a}™'€ A", then the entropy rate of Y for small ¢ is

H(Y) = lim lHn(Y”) — H(X) + fi(P)e + O(e?),

n—oo n,
where
r PX Z2T+1 r _2r
A(P) = 3 Pr( 108 ) b (P2 ()
2r+1 Px(z7")
?1
where z" " =z ... 2,2, 412749 ..20041. INn the above, D denotes the

Kullback-Liebler divergence.



Two Examples

Example 1. Markov process with symmmetric transition probabilities pgr =
P10 = p. poo = p11 = 1—p; hence Px(0) = Px(1) = 5. Then

H(Y) = H(X)+ filp)e + fo(p)e” + O(e?)

where

1—p B 1/ 2p—1\"
fi(p) = 2(1 — 2p) log p— fz(p)——fl(p)—§<p—(1_p)> .



Two Examples

Example 1. Markov process with symmmetric transition probabilities pgr =
P10 = p. poo = p11 = 1—p; hence Px(0) = Px(1) = 5. Then

H(Y) = H(X)+ filp)e + fo(p)e” + O(e?)

where

N - _ (21 Y
fi(p) = 2(1 — 2p) log b 12(p) fi(p) 2<p(1—p)> '

Example 2: Consider (here P #0)

p_|1-P P
1 0

where 0 < p < 1. Ordentlich and Weissman (2004) proved for this case

H(Y)= H(P) — p(12T_pp)€ loge + O(e)

(e.g.. (11...) willnot be generated by MC, but can be outputed by HMM
with probability O(e™)).



Finally ...

It can be proved (Han&Marcus, 2007; Jacquet & Szpankowski,2007) that
H(Y) = H(P) — fo(P)eloge + f1(P)e + o(e)
for explicitly computable fo(P) and f1(P).
Let P™** be the maxentropic maximizing H (P). Then
C(8,2)=C(S)=(1 = fo(P™"))eloge+(f1(P™) — 1)e + o(e)

where C'(S) is the capacity of noiseless system (e = 0)

Theorem 4 (Jacquet & Szpankowski, 2007). For k£ < 2d, we shall prove that
C(S,e)=C(S)+ A -+ O(e’loge).

For k > 2d, we shall prove that
C(8,e)=C(S)+ B -cloge + O(e),

where A and B are explicitly computable constants.
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Shannon Legacy

The Information Revolution started in 1948, with the publication o f:
A Mathematical Theory of Communication.

The digital age began.

Claude Shannon:

Shannon information quantifies the extent to which a recipient of data
can reduce its statistical uncertainty.

"These semantic aspects of communication are irrelevant . . .”

Applications Enabler/Driver:

CD, iPod, DVD, video games, computer communication, Internet,
Facebook, Google, ...

Design Driver:

universal data compression, data encoding, voiceband modems, CDMA,
mulfiantenna, discrete denosing, space-tfime codes, cryptography, . ..



Post-Shannon Challenges

Classical Information Theory needs a recharge to meet new challenges of
nowadays applications in biology, modern communication, knowledge
extraction, economics and physics, . . . .

We need to extend traditional formalisms for information to include
("meaning”):

structure, time, space, and semantics ,
and others such as:

dynamic information, limited resources, complexity, physical inforrnation,
representation-invariant information, and cooperation & dependency.,




Standing on the Shoulders of Giants . ..

Manfred Eigen (Nobel Prize, 1967)

"The differentiable characteristic of the living systems is Information.
Information assures the controlled reproduction of all constituents,
ensuring conservation of viability . . . . Information theory,

pioneered by Claude Shannon, cannot answer this question . ..
in principle, the answer was formulated 130 years ago by Charles Darwin”.

P. Nurse, (Nature, 2008, "Life, Logic, and Information”):
Focusing on information flow will help to understand beftter
how cells and organisms work.

... the generation of spatial and femporal order,
memory and reproduction are noft fully understood”.

cell

A. Zeilinger (Nature, 2005)
... reality and information are two sides of the same coin,
that is, they are in a deep sense indistinguishable.

F. Brooks, jr. (JACM, 2003, "Three Great Challenges .. .”):

We have no theory that gives us a metric for the Informnation
embodied in structure . . . this is the most fundamental gap

in the theoretical underpinning of Informatfion and computer science.




Science of Information

The overarching vision of Science of Information is to develop rigorous
principles guiding the exfraction, manipulation, and exchange of
information, infegrating elements of space, time, structure, and semanftics.

Gene Networks  Social Networks

Protein (Mis) f\ ] Material
Folding f ==\ - L Structures
. A: s

Database

i Darwin Channel _ _ a .~
b, Brain Coding ‘ # vy,

Wireless/Ad-hoc
Networks

Knowledge




Institute for Science of Information

In 2008 at Purdue we launched the

Institute for Science of Information

and in 2010 National Science Foundation established $25M

Science and Technology Center

at Purdue to do ccollaborative work with Berkeley, MIT, Princeton,
Stanford, UIUC and Bryn Mawr & Howard U. integrating research and
feaching activities aimed at investigating the role of information from
various viewpoints: from the fundamental theorefical underpinnings of
greeninformation to the science and engineering of novel information
substrates, biological pathways, communication networks, economics,
and complex social systems.

The specific means and goals for the Center are:

develope post-Shannon Information Theory,

Prestige Science Lecture Series on Informatfion to collectively ponder
short and long term goals;

organize meetings and workshops (e.g.. Informnation Beyond Shannon,
Orlando 2005, and Venice 2008).

initiate similar world-wide centers supporting research on information.


http://isihub.org
http://www.cs.purdue.edu/homes/spa/info.html
http://komster.net/~msmolenski/venice/index.html

That’s It




