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Abstract

Degeneracy in large language models, which is manifested as repetitive, low-quality output, remains a
persistent failure mode in autoregressive generation. Although heuristics such as temperature scaling,
nucleus sampling, and top-k sampling are widely used in practice, their effectiveness lacks a unifying
theoretical foundation. Furthermore, these techniques are inherently static and do not offer adaptation to
evolving input distributions. In this paper, we develop a rigorous information-theoretic framework for
non-repetitive sequence generation and use it to provide theoretical underpinnings for temperature-based
sampling. We formalize the avoidance of repetition through the lens of recurrence time: leveraging
Kac’s Lemma, we adopt maximization of the per-token average entropy under a global cross-entropy
constraint as the principled objective for avoiding degeneracy. The solution to the resulting constrained
entropy-maximization problem is exactly temperature sampling with a fixed offline optimal temperature.
This provides the first clean theoretical justification for this widely used heuristic. Our goal is not to
reinterpret temperature sampling, rather, we show that it is the unique optimizer of a principled objective.
We then extend this framework to the practically relevant and novel online setting, where the model’s
token distributions evolve and are revealed sequentially. We formulate the corresponding online entropy-
maximization problem, characterize its optimal solution, and design the Entropic Online Sampling (EOS)
algorithm, a computationally efficient adaptive temperature-control scheme. We establish that EOS is
asymptotically optimal: its cumulative entropy loss relative to the offline optimum is o(n) with high
probability under mild conditions, and we prove a matching lower bound.

1 Introduction

Despite the empirical success of large language models (LLMs) across a wide range of tasks [1, 14],
fundamental theoretical questions about their decoding procedures remain unresolved. A central and
persistent failure mode is degenerate generation: the tendency of models to produce repetitive, low-entropy, or
otherwise vacuous output sequences. Standard procedures such as greedy search and beam search are known
to exacerbate this phenomenon [8, 11], and the remedies widely adopted in practice, such as temperature
scaling, nucleus sampling, top-k truncation, and repetition penalties are heuristics, adopted for empirical
utility rather than derived from a principled optimization criterion. A fundamental mathematical treatment of
the problem remains to be established.

The central thesis of this paper is that non-repetitive, expressive sequence generation admits a clean
formulation as a constrained entropy maximization problem. In the offline setting, where token distributions
are known in advance, this formulation yields temperature sampling as its exact, analytically derived solution,
providing a rigorous theoretical justification for this widely used heuristic. In the more challenging online
setting, in which the distributions are revealed sequentially, the problem naturally connects to the online
convex optimization framework [2, 12]. However, the presence of a global constraint coupling cross-entropy
across all time steps makes the problem structurally distinct from standard online learning, and requires
new analytical solutions, which we develop in our work. The resulting Entropic Online Sampling (EOS)



Algorithm 1 proposed in this paper achieves an entropy loss of o(n) relative to the offline optimum, with a
matching lower bound, proving that this rate cannot be improved under mild conditions on token distributions.
To our knowledge, this is the first rigorous formulation and justification of the online constrained entropy
maximization problem.

We view a generative model as an autoregressive sequence generator. At each discrete time instant
t, a conditional probability distribution for token w, p; := P(w | w'~1), is computed by the generative
model based on previously sampled tokens w’~! := (wy, ..., w;_1). This conditional distribution is used to
construct a sampling distribution ¢;(w), from which the next token w; is selected. Our goal is to construct the
sampling distribution that yields optimal generation diversity.

In addition to high likelihood, generative models must also optimize for expressiveness, or equivalently,
the avoidance of repetition. Informally, a desirable generative model is one in which a typical token sequence
w™ does not repeat too quickly [9, 12]. A natural way to formalize this is through the recurrence time (or
return time) S(w™), the average number of tokens until the sequence returns to its original state, which we
would like to be as large as possible. Classical information theory provides a clear intuition for what makes
recurrence times long: for stationary ergodic processes W, Kac’s Lemma [9] states that S(w™) ~ 1/P(w"),
and for typical sequences the asymptotic equipartition property (AEP) [3] gives P(w") ~ 27" W) where
H (W) is the entropy rate of the generating process. Combining the two yields S(w™) ~ 2" (W) suggesting
that high-entropy sampling distributions induce long recurrence times. Our setting is non-stationary—token
distributions ¢; vary across time steps, and dependence on past samples is treated as exogenous (see below)—
so this argument does not apply directly as a derivation. Instead, we use it as motivation: it identifies entropy
maximization as a principled target for avoiding degeneracy, and we then adopt the per-token average entropy
under a global cross-entropy constraint as the formal objective and analyze it on its own terms.

In our setting, distribution W corresponds to the sampling distribution g;. Our objective is therefore
to maximize the entropy H(q;), more precisely, » -, ,,, H(q:) over g;. At the same time, the sampling
distribution should produce “reasonable tokens” w" whose probability P(w™) is above a prescribed threshold
(improving downstream performance). In practice, the probability P(w™) of a sampled token sequence
decays exponentially with sequence length n. It is desirable that the exponent be upper bounded by some v
to avoid tokens with very small probability, as implemented in current Al systems. Hence, the probability of
a “reasonable” token sequence is lower bounded by the threshold 277, In Theorem 3.1, we prove that this

condition is equivalent to
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In Theorem 3.2, we show that the problem of maximizing the entropy of the generative process under the
probability threshold constraint yields an optimal sampling distribution for offline optimization of the form of
temperature sampling:
PN (w | wt_l)
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where A\* = 1/T™ is the inverse of an optimal temperature 7.

Temperature is typically chosen empirically (e.g., T' = 0.7), without any formal underpinnings or notions
of optimality. Furthermore, existing offline-trained LLMs are unable to adapt their sampling distributions
in real time in response to distributional shifts or evolving contexts. This lack of adaptability limits their
effectiveness in applications that require timely, context-aware, and diverse generation. To address these
challenges, we introduce an online formulation of the constrained entropy maximization problem. Informally,
in the online entropy optimization problem, we maximize the total entropy » >,,,, H(q¢) over ¢; that
depends only on the probability distributions {p;}!_, observed until time ¢, subject to the probability
threshold constraint w™ € W2 := {w" : P(w™") > 277} for v > 0, and W" being the set of all sequences




of tokens of length n. Please see (1)—(2) in Section 2 for a formal statement of this online optimization
problem.

Our Contributions. Our contributions are as follows: (a) Theoretical foundations of temperature sampling.
We show that temperature sampling is the exact solution to the offline constrained optimization problem
(Theorem 3.2), grounded in the information-theoretic concepts of recurrence time and entropy rate via Kac’s
Lemma [9] and the AEP [3]. (b) Online problem and the EOS algorithm. We fully characterize the optimal
online solution (Lemma 3.3) and design the Entropic Online Sampling (EOS) algorithm (Algorithm 1),
a computationally efficient adaptive scheme. The online optimum corresponds to a time-varying inverse
temperature A"; EOS tracks it with entropy loss O( R log n) relative to the offline optimum (Theorem 3.5),
where R = max;c[,] [ measures cumulative constraint deviation. (c¢) Matching lower bound and asymptotic
optimality. We prove that no online algorithm can achieve entropy loss o(R) (Theorem 3.4), establishing
that EOS is tight up to logarithmic factors. Under mild stationarity conditions on {p;}, we show R =
O(y/nlog(1/d)) with probability 1 — § (Theorem 3.8), so the entropy loss of EOS is o(n), yielding
asymptotic optimality.

Related Literature. The observation that maximum-likelihood decoding leads to degenerate outputs is
well-documented. Holtzman et al. [8] identified nucleus sampling as an empirical fix for the repetition
and incoherence produced by greedy and beam-search decoding; Meister and Cotterell [11] offered a
post-hoc information-theoretic reinterpretation of beam search, arguing that it implicitly targets a uniform
information-density objective. Temperature scaling, top-k sampling [4], and repetition penalties [10] are
similarly motivated by intuition rather than derived from an optimization problem. A related line of work on
unlikelihood training [15] targets repetition at training time, but still relies on static, offline objectives. None
of these approaches derives an optimal decoding rule from first principles, nor do they provide performance
guarantees relative to well-defined benchmarks. Our work fills this gap by identifying entropy maximization
as the canonical objective and recovering temperature sampling as its exact solution.

Information theory has been used to analyze language models in several ways: calibration and uncertainty
estimation [7, 13], the mismatch between likelihood-based training and sequence-level generation quality [11],
and the connection between entropy collapse and model degradation [8]. However, these analyses are largely
descriptive in that they characterize failure modes rather than prescribe solutions. Our work is constructive in
that we formulate a mathematically precise optimization problem whose solution is a concrete, implementable
decoding algorithm, and we derive all performance guarantees from the structure of the problem.

The theory of online convex optimization [2, 12] and mirror descent provides a rich toolkit for sequential
decision-making under non-stationarity, with tight regret bounds in adversarial settings. More recent work on
online universal learning [16] extends these ideas to information-theoretic objectives. Integration of online
learning into autoregressive generation, however, has received limited theoretical treatment [6] and prior work
lacks guarantees on entropy or diversity. Our formulation inherits the sequential structure of online convex
optimization but differs in the presence of a global, coupled constraint (the probability threshold across the
entire sequence), which requires new analytical tools beyond standard regret analysis.

Studies on dataset shift and predictive uncertainty [7, 13] have established that large models degrade
under distributional change, but focus on predictive accuracy rather than generative diversity. Our work
addresses a complementary concern: maintaining entropy and expressiveness as token distributions evolve,
with provable guarantees under mild assumptions.

The remainder of the paper is organized as follows. Section 2 formalizes the online and offline opti-
mization problems. Section 3 presents the main theoretical results. Proofs of all results are presented in the
appendices.



2 Problem Setup

We view the model’s estimate of the probability distribution over token sequences w™ € W™ as P(w") =
[T, P(wt | w=1) = [}, pt(w:), obtained from the conditional distributions P(w; | w'™1), ¢ € [n] =
{1,...,n} given by the model. Let W} = {w" : P(w") > 277} be the set of length-n sequences with
probability at least 27"7. The set VW7 represents sequences that are considered reasonable by the model, that
is, rare tokens are eliminated since they may lead to poor outputs downstream.

The goal is to sample sequences w™ in a sequential manner such that w™ is, with high probability, in WZ.
Specifically, w; is sampled sequentially for ¢ € [n] according to a sampling distribution ¢ = ¢ ({p;}}_;) €
A(W), which is a function of prior distributions p; known up to time ¢. Therefore, the distribution of a
sampled sequence w” is [ [ ; ¢:(w;). When ¢; = p;, w" has distribution P(w™). Note that widely used
sampling algorithms, such as top-k, top-p, or temperature sampling, are specific examples of ¢;. In general,
the conditional distribution p;(w) = P(w | w'~') depends on the sampled tokens w’~! in the past. However,
since the behavior of such dependence is hard to characterize and the effect of the choice of token w; on
future conditional distributions P(wy | w 1), t' > t, is unpredictable, we treat p;(w) = P(w | w'™') as
arbitrarily given.

One strategy to sample sequences with high probability is to sample every token with the maximum
conditional probability, i.e., ¢:(w) = 1 if w = arg max,,ey p:(w) and 0 otherwise. However, this strategy
generates deterministic sequences, which reflects a lack of expressiveness or creativity, and results in
degenerate (repeated) sequences. We are interested in the tradeoff between the probability guarantee v (which
is the measure of goodness of generated sequences considered in this paper) and the creativity/expressiveness
of the sampled sequence, which is measured by the entropy of the sampling probability distributions g;,
t € [n], and is related to the repetitiveness of the sampled sequence. Specifically, we define the following
online optimization problem

max ZH qt) (D

a=dt({pi}i_)eA(W):teln] —

Z > ai(w)logpi(w) < yn, )

t=1 weWw

where + is a given parameter. We justify below that a solution to the above optimization problem achieves the
creativity-probability tradeoff considered in the paper. We will also provide a theoretical justification for the
commonly used temperature sampling as the solution to the above online optimization problem.

Note that Problem (1) corresponds to online optimization of ¢;, t € [n] in the sense that no knowledge
of p;, i > t is assumed. Consider, in contrast, the following offline (static) problem, where {¢};, are
optimized with {p;}}* ; known:

n
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Z > ai(w)logpy(w) < yn. 3)
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In Theorem 3.2, we show that the optimal offline solution to (3) is temperature sampling with fixed tempera-
ture. However, this may not hold for the online setting, as shown in Lemma 3.3. In Algorithm 1 we present
an online learning algorithm for (1) and prove in Theorems 3.4 and 3.5 that the achieved entropy is less than
the optimal entropy for the offline problem (3) by at most o(n) with high probability (whp) under some mild
conditions on p;.



3 Main Results

In this section, we present our main theoretical results. We first show in Theorem 3.1 that the probability
threshold constraint for “reasonable words™ WY is asymptotically equivalent to our condition (2). In
Theorem 3.2, we address the offline optimal solution, which is hard to implement in real-world settings. We
then present an efficient online algorithm (Algorithm 1) that is asymptotically optimal under mild assumptions
(Theorem 3.5) and efficient to implement.

3.1 Preliminary Results

We start by establishing three preliminary results that highlight key aspects of our online optimization. The
first result proves the equivalence of the constraint (2) and the set of reasonable words W7.

Theorem 3.1. Let w" be the sequence sampled by q, t € [n] sequentially, i.e., the probability of sampling w

is [ Tiepn) ae(we). If
> aw)logpi(w) +yn > —O<\/nlog};>, )
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then

Pr (P(w”) > 2—7”—0(\/"10%(1/5))) > 11— (5)
Conversely, if (5) holds and pi(w) > p for w € W and some constant p > 0, then
> a(w)logpy(w) + (1= 6)yn > —O<\/nlog 3;) — onlog p~" + 7). (6)
te[n] wew
By choosing 6 = O(1//n), the constraint w" € W, is asymptotically equivalent to (2) with high probability.
The next two results present solutions to the offline and online optimization problems, respectively.

Theorem 3.2. The optimal solution for the offline optimization problem (3) is given by

P (w)
> wew P (w)’

off
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where \* is the unique solution to:
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Lemma 3.3. The optimal solution to the online problem (1) and (2) is given by:

agn
g (w) = QY = pt—(ium)]7 t € [n] 9)
Zwewpt (’UJ)

for some A", t € [n], such that:

-2 > /\OH( )10gpt(w) = yn. (10)
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Proof. Following similar arguments in the proof of Theorem 3.2, we find that ¢;(w) of the form

on

X
qt(w) = pt—(Am),, t € [n],

ZwEW pt (’LU)

maximizes H (g;) for fixed value of ) 1\, q:(w) log ps(w) + . Hence (9) follows. To show that (10) holds,
suppose on the contrary the equality does not hold, we have that

B Z Z Aon( : log p(w) < yn.
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Note that the left hand side decreases with A\, ¢ € [n]. One can decrease A" so that

- Z > )\0“( )logpt(w) <n
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still holds. Note that H(Q9") decreases with \>". Hence, decreasing \?" increases H (Q9"), contradicting
the optimality of Q¢", ¢ € [n]. Hence, we have (10). O

3.2 An Efficient Online Algorithm

Our solution to the online optimization problem is not algorithmically efficient and hard to realize in practice
(i.e., in an online setting). To handle this, in the next two main results, we first establish a lower bound
on the entropy loss for any online algorithm, when compared to the offline algorithm. We then design an
approximate, efficient online Algorithm 1 and show in Corollary 3.6 that it achieves asymptotically online
optimality, under mild conditions.

We start with a general lower bound proved in Appendix A. Throughout the rest of the paper we will
assume that p;(w) > p for some p > 0.

Theorem 3.4 (Lower Bound). For any online algorithm A that selects g as a function of {p;}'_, and
satisfies (2), let q{‘l, t € [n], be the output of any algorithm A. Then for any ~y and R < ~yn/6 satisfying:

_(WI-DIs(S5=) - 4 m
Wi EIE

and log |W| > 42 there exists a set of distributions py, t € [n], such that:

S OH@QT) - > H(g') > QR(n)), (1)
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where R := R(n) := maxc|,] R with Ry being

Z > Q9T (w)logps(w) + vt (12)

i=1 weW

fort € [n].



Sketch of the proof. We briefly describe the main idea of the proof leaving details to Appendix A. In addition
to Ry =: RY defined above, we introduce R = 31 3> 11 ¢ (w) log p;(w) + ~t. Next we construct
two distributions p; 1 and p; 2 such that they are equal up to time 0 < ¢ < av = 3R/~ but different otherwise
(see (24)). We will prove that RST = —R for p;, = p;1 and RS® = R for p; = p;2, which implies
|RST — RA| = Q(R) either when p; = Dt,1 Or py = pq 2. Finally, after some algebraic manipulations, we

show that . .
> @) - High) = (IR - RAl) = (R)
t=1 t=1

as needed. O]

Algorithm 1: Solving \;
Input: v, n, p; at time ¢.
Output: ¢; at time ¢.
fort =1tondo

)
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=22 s lospi(w) =t (13)

i€t] wew wEsz( )

Let ¢"(w) = , Where )\ satisfies

The lower bound tells us that the best achievable performance for any algorithm is bounded by R(n)
away from the offline optimal, which can go up to O(n). However, as we prove in Theorem 3.8 below, there
exist a large class of p; for which R(n) = o(n).

To complete the picture, we need an upper bound on the entropy loss of o(n). That is, we need an online
algorithm that approximates the optimal entropy for the offline setting well. This algorithm is presented
in Algorithm 1 in which we compute \; that approximates well A* and ultimately A" as shown in (15) of
Theorem 3.5. We emphasize that the \;, t € [n] computed in Algorithm 1 are obtained by efficiently solving
the offline optimization problem (3) given the probabilities p; up to time ¢ = ¢. Clearly, )\; returned by
Algorithm 1 are not necessarily the same as the optimal A" (see Lemma 3.3). In particular, compared to
constraint (10) where the exponents A{™, ¢ € [n] are different for each time step ¢, constraint (13) has the
same exponent \; for all time steps i € [¢].

Next, we present the second main result, showing that Algorithm 1 is asymptotically optimal.

Theorem 3.5. Let ¢{", t € [n], be the output of Algorithm 1. Let \* satisfy (8) such that
off pi\* (w)
t *
ZwGW pz\ (’LU)
is the solution to the offline optimization problem (3). If there exists a constant c such that
d 1
Z Var gor [log ] > ct, (14)
i=1 ' pi(w)
then we have:

i:H( ) ZH ) < O(Rlogn), (15)

Z > ¢ logpi(w) +yn > O(—Rlogn), (16)
t=1 wew



where R := R(n) = maxc[,) R with R; defined in (12).
Corollary 3.6. Under condition (14) Algorithm 1 satisfies ‘ S HQM™M > H Alg D) ’ = n)logn).

Special Cases. Finally, we study the behavior of R. In general, R can be O(n), however, for many p;, R
reduces to R = o(n). Indeed, consider p;, t € [n], that are independently and randomly selected from a
finite set of k distributions {p("), ..., p(®} such that Pr(p, = p(9)) = P;, i € [k] and Zz 1 P, = 1. While
pt, t € [n] in practice are not exactly 1.1.d., they present some stationarity, which through our analysis for the
i.i.d. case, enables Algorithm 1 to converge to a good solution. We start with the following lemma.

Lemma 3.7. Let p; be independently selected according to Pr(p; = p)) = P;, i € [k] and P, = |{t : p; =
pD}Y|/n, i € [k] be the empirical distribution of p; for t € [n). Then with probability at least 1 — 6, the total

(k+1) 10g22n+log(1/5) for any

variation between Py, i € [k] and P;, i € [k], i.e., i > iclk]
k and n.

Proof. Note that

Sl (56 )

AC[K] * jea icA
Since py, t € [n] are i.i.d. generated, by Hoeffding’s inequality we have

(|-
€A
for any A C [k] and € > 0. By the union bound, we have

Pr( sup ’ZP

AC[k] icA

| > 6) < 2€Xp(—2n62)
€A

> e) < 28l exp(—2ne?).

Let 281 exp(—2ne?) = §. We have Lemma 3.7. O
We now present our last main result, showing that for p;, t € [n], we have R = o(n).

Theorem 3.8. Let p; be independently selected according to Pr(p; = p¥)) = P;. Then R(n) < O (\ /nlog %)

with probability at least 1 — 9.

Proof. W.l.o.g., assume that nP;, i € [k] is an integer. Let \ satisfy
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By Lemma 3.7, we have Z \]52 — P <2 5o

('L
Sonbr Y g0 w) 4

with probability at least 1 — §. Hence,
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where the last inequality follows from Proposition A.1 since g;(\) < Lyax max) g;(A) < Lpax log? %

On the other hand, from Lemma 3.7, we have } .y [t — 1P| < \/Zt((k +1)log 2 + log }), leading to
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where the last lines follow from Proposition A.1 since p;(w) > p. O

4 Experimental Results

We provide a brief empirical validation of our theoretical predictions on the ELI5 dataset [5], using Meta-
Llama-3-8B-Instruct. Our goal is not to optimize downstream performance, but to verify that the entropy
ordering implied by the theory is observed in practice. We compare the offline optimal policy, the proposed
online algorithm, and a standard heuristic baseline with fixed temperature 7" = 0.7. We set v = 0.9 and apply
a probability cutoff of 10~ to obtain truncated distributions.

Entropy comparison on ELI5
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Figure 1: The offline optimum (green) achieves the highest entropy across most questions; the online
algorithm (orange) tracks it closely with small gap; the fixed-temperature heuristic (blue) consistently
produces lower entropy. The ordering offline > online > heuristic is predicted by Theorems 3.2 and 3.5.

Figure 1 reports the average per-token entropy across sampled instances. The offline optimal achieves the
highest entropy, as predicted by Theorem 3.2, while the online algorithm consistently exhibits higher entropy
than the heuristic baseline, in agreement with the theoretical guarantees.
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Figure 2: Scaling of the variance 3"'_, Var o [log pi(W)] with respect to ¢.

Figure 2 shows that the cumulative variance grows approximately linearly with ¢, providing empirical
support for the assumptions underlying Theorem 3.5. Overall, the results are consistent with our theoretical
analysis. The approximate linearity of the cumulative variance in Figure 2 provides direct empirical support
for the variance condition (14) of Theorem 3.5: condition (14) asserts a linear lower bound, and the empirical
curves are well-approximated by a line, so c in (14) can be taken as roughly the slope of these curves.
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Figure 3: Alpaca. (a) [Left figure] Comparison of per-token entropy for heuristic generation with 7' = 0.7,

the proposed online algorithm, and the offline optimal policy. (b) [Right figure] Scaling of the variance
St Var o [log Pari(W)] with respect to ¢ for 5 sampled generations.

Experiments for Alpaca dataset. Applying the same experimental setup to the Alpaca dataset yields
qualitatively similar results. In particular, in the fixed-distribution setting the online algorithm maintains
higher entropy than the heuristic baseline, A; converges to \*, and the cumulative variance exhibits the
predicted linear scaling, confirming the generality of our findings. Under independent generations, we
observe analogous behavior: the online algorithm continues to attain higher entropy on average, while
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maintaining nonnegative plausibility scores as measured by logy P(W™) + yn.

5 Conclusion

We formulated non-repetitive sequence generation as a constrained entropy maximization problem and showed
that its offline solution is exactly temperature sampling at a fixed optimal temperature, providing a principled
justification for this widely used heuristic. Extending to the online setting, where token distributions are
revealed sequentially under a global cross-entropy constraint, we characterized the optimal online solution
and designed the Entropic Online Sampling (EOS) algorithm. We proved that EOS incurs entropy loss
O(Rlogn) relative to the offline optimum with a matching Q(R) lower bound, and that R = o(n) under
mild stationarity, so EOS is asymptotically optimal. These results give the first rigorous treatment of online
constrained entropy maximization for decoding.

A  Proof of the Lower Bound (Theorem 3.4)

We first provide some facts about the constraint and the objective function in (1) and (2) that will be repeatedly
used in the proofs.

Proposition A.1. For p;(w) > p, let

Mw Mw
ﬂ“*:‘wwzgi&&wﬂ%zgz&émr an
) = 3 =20y ) 4 1 1s)
Sy 2wew Pr(w)
Then we have 0 < gi(\) < logQ(%) and — Lax log2(%) < fl(x) <.
Proof. 1t can be verified that
gi(A\) = Var P (w) [log 1] , (19)
Swcw Pr(w) pe(w)
FiN) = =Agi(N). (20)
Hence, the proposition follows. O
Lemma A.2. If p,(w) > p for some constant p > 0, then
Z?:l H (pt)

N < Liax 2 max {1, i }7
< Lmax ny + Z?leog maXypew pi\ (w)

where \* is given in Theorem 3.2. In practice, it is observed that )", | H(p:) = O(n) after filtering out
small py entries using, e.g., top-k or top-p sampling, and ny + 31| log max,,cw py (w) = Q(n) > 0 with
~ properly selected. Hence, Lyax < O(1).

Proof. Let

B ) )
T == 2 @) e i ()

t € [n]
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which is the entropy of the distribution

Mw
Qt(w)zz pt( )

weW pi‘ (w) '
Then
A*

! _ pg\*(w) 092 pi (W) — pi (w) o w 2
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< 0. 21
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Thus we can write (8) as

\* w X n . .
Nyn = —%XM log ;" (w) = <ft()\ ) —log Y p} (w))

t=1 weW
n n
< A —1 () <> Hp) -2 Y1 X
< ; (ft( og max pp” Z (pt) ; og max py” (w)
for A\ > 1, where the last inequality follows from the facts that f/(\) < 0 and that f;(1) = H(p;). Hence,

we have n o
M < max {17 2 Hp) ~ }
ny + > 1 log max,cw ppt (w)
which completes the proof of the lemma. O

Now we are ready to prove Theorem 3.4.

. (M—-1) log(lLW)
Proof of Theorem 3.4. Wl 0.g., let W = [|[W)|]. Let M be the smallest integer such that — 7 +

37 > 47 and log M > %Y. Let us define

forﬁ <z <1andlet

for A > 0. Then

(M- DIog(=HFE) 4 4
C(anxp(_%)) == M + M > 30
C (00, exp(—7)) = —log max d(w) < T« 2—7
3 weW -3 3
Hence, there exist non negative A1 such that C(Aj,exp(—v/3)) = 43:’ and non-negative A\ such that
C(A2,exp(—=7/3)) = F ie.,
A
Desep( 7/3)(“’) 4y

- IOg dexp(—’y/?)) (’U)) =5

weW szW exp 7/3)(w) 3
a w
- a0 gs) = = (22)

weW ZWEW dexp( v/3) (’LU)
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Moreover, note that C'(\, 1;) = log M > 47 and C(\,1) =0 < 2” for any A > 0. Hence, there exist

1 < 21 < 1 such that C(Al,xl) 27 and 57 1 < x9 < 1 such that C()\g,a:g) = 43 ,1.e.,

d)! 2
-> %bgdm(w) =21
dzl (w) 3
wew ZWGW 1
)2 4
_ Lﬂ;\)log dy, (w) = =1 23)
dirs (w) 3
weW Zwel/\/ T2

Moreover, there exist ﬁ < x3,24 < 1 such that C(\,z3) = v and C (A2, 2z4) = . Consider the following
two sequences of distributions

3R 3R
dexp(—/3) ¢ €[] doxp(—/3) ¢ € [5] ,
pr1 =S da, te PR 4+1,.. 0 pro=dy, te {41, . o8 24)
s te{6R+1 } dy, te{®+1,...,n}.

According to Theorem 3.2, when p; = p ¢, £ € {1,2}, we have

)\*
off _ _ Pi'(w)
t )\*

Zwewpt ( )7

where A}, ¢ € {1,2}, are unique solutions satisfying

D> ris )logpmm—vn.

ten] weW 2 wew pt Y,

Note that from (22), (23), and (24), we have

3R 4 3R 2 6R
_ZZ 3 Ingt,l(w):f'l—Ff' ’)/_1_(”_7)7:”%
te[n) weW weWpt 2 (w) v 0l

pr3(w) 3R 2y 3R 4 6R
_ZZ Ll 2 logpt?(’w):*'%—i-f’%—k(n—f>’yzn’y
te[n] wEW weWth(w) v Y vy

and thus AT = A1 and A5 = Ao. In addition, we have

Y(3B _ |4 _ 3R te@
‘ZZ (w)logpzf ‘—{8(7 | 7‘) tei(fi}ngl’.“’n}.

i=1 wew weWw pz Y

Therefore, we have

max
te(n]

>0 > Qi (w)logpi(uw)| = R

i=1 wew

both when p; = py1,t € [n], and p; = pyo, t € [n].
In the following, we show that

n

D H(Q) =Y H(g') > Q(R)

t=1
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either when p; = py 1, t € [n] or p; = py 2, t € [n]. Note that p, = dexp( 7/3) [@] both when p; = py 1,
t € [n] and when p; = p; 2. Hence, the sampling distributions g;*, ¢ € [ R] when p; = py.1, t € [n] are the

same as g7\, t € [2& p R] when p; = pi2, t € [n]. Denote Q9 as the optlmal solution to (3) when p; = py s,
€ [n], £ € {1,2}. Then from (22) we have

3R/~ 3R/
1> 3 @) togpatw) — 3 3 Qfw) logpia(w)| =28,
t=1 wew t=1 wew
which implies

3R/vy 3R /vy

(X2 Y @ff)togpua(w)+3R) = (3o D a'(w)logpua(w) + 3R),
t=1 wew t=1 weWw

PN smiy 3R/

‘( >3 @) logpa(w) +3R) — (D D a7 (w) log i (w )+3R>‘

t=1 wew t=1 wew

(S S ew Q8 (w) log pra (w) + 3R) — (S e Q55(w) log pra(w) + 3R)|

> = R.
2 5 R
W.l.0.g. assume that
3R/ 3R/y
(Z 3 Q¥ (w) log pri (w) +3R) (Z 3 6 (w) log pr (w )+3R>‘
t=1 wew t=1 weWw
3R/ 3R/~
‘ Z Z QY (w) log py 1 (w Z Z g/ (w)log py,1 (w )‘ 2 R. (25)
t=1 wew t=1 weWw
From (22), we have
3R/y
> > Qi (w)logpi(w) +3R =R, (26)
t=1 weWw
Define
3R/vy
= > 4 (w)logpyi(w) +2R.
t=1 weWw

Then accordlng to (25) and (26), we have either B > R or B < —R. We prove that > ;" | H( Off)
S H(g') > Q(R) for the case when p; = py1,t € [n] and B > R. The proof of 7, H(Q9T) —
Yoy H(q;“) > Q(R) for the case when p; = py1,t € [n] and B < —R is similar.

Let S({pi}!_, =) be the optimal value of the following optimization problem

max ZH qi) st Z Z qi(w) log p;i(w) + vt > x. 27

GEAW) €]t =1 o
Similar to Theorem 3.2, we have S({p;}!_,, ) = >>'_, H(q}) where

)\;‘c w
Gy =P ey,

ZwEW p;\I (w)
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and A} satisfy

Ax

Z —(A) log pi(w) + vt = .

W Dwew Pr - (W

€

3R
Since 37 50, ey 6 (w) log pri(w) + 3R = R+ B, we have 3 gp - 1 ¥ ey a7 (w) log py (w) +
ny — 3R = —R — B and thus

=1 w

ST H(gH) < SUpi}Y R+ B) + S({pi}i_sp/p1. —R — B).
t=1

Let A%, X;”B, At p.and \* p_ p satisfy

3R/vy

>y )logpl( w)+3R=R

i=1 wew wewpt (

3R/~ R+B
> 2 ) logpu(w) + 3R = R+ B
i=1 wew ZwEWpt s (w)
Z Z E\w) logpi(w)+n—3R=—-R
i=3R/v+1weW ZwEW Dy (w
n M g B
Z pi—/\(*w)logpi(w) +n—-3R=-R- B. (28)
i=3R/y+1wEW > wew Pi " (w)

Note that from (26) and the fact that >, ; > -0 Q9 (w) log ps(w) + yn = 0, we have Aj, = A* ;.. Then
n n
D H(Q) = H(g)
t=1 t=1

R n R
= S({Pi}le/w’ R) + S({ps i=3R/y+1> —-R) - S({pi}?:{yv R+ B) - S({pi}?:SR/v-i—lv —R—B)
3R/~ n 3R/vy

=D KR+ D KR =D AR — DL fiA e
i=1 i=3R/y+1 i=1 i=3R/y+1
3R/~
= Z / FIN) d + Z /
R+B 1=3R/vy+1
@ K [Ares
:Z/* Agi(A) dX + Z / "0 dA
i=3R/v+1
) 3R/v A* g
> Z/ (A) dX — Z / )\*Rgt ) d\
i=3R/v+1
3R/y
© Z / (A = \5)gh(A) dA (29)

where f;(\) and g.(\), ¢ € [n], are defined in (17). Equality (a) follows from the fact that f/(\) = —Agj()).
Inequality (b) follows from the fact that \* , > X\* , 5 since B > R > 0 and ¢’(\) > 0. Equality (c)
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follows from the fact that A\, = A* ; and the fact

A}(?fFB ’ AiR ’
/ g()\)d/\—/ J(\)dr= B
A

* *
—R—-B

according to (28).
In the following, we show that Z3R/W fA*RJ“B (A= X5)gi(A) dX > Q(B) = Q(R). To this end, we first
show that ¢’(\) is lower bounded by (1) for AR S A< Apjy < ARy Where A3y o satisfies

3R/vy )‘SR/2

3R
S g +sr=2E
=1 wew Zwewpl JR/Q(U})

Note that g:()), t € [n], is increasing in A. Hence, we have

3R P} (w)
5 < — Z Z = logpi(w) <2R

i=1 weWw ZwEW p; (U})

and thus .
ISy = (wi log <
2 S wew b (w) T pi(w) T3
for \, <A < )\?;R/Q Ak p- Therefore, we have
5 <E loo —— | < =L
2~ P (w) [Og pi(w)] <3

Swew i (w)

fort € [%] Note that

1
) =V 1
gl( ) ar p;‘(w) |:Og pz(w):| ’

ZwGW pi‘(w)

and that log pv(l y = % for w = M and log ( ) > log(M —1) > 4%. Therefore, we have that

2
g zmin{(3-3)" (-3} =%

Finally, note that gé()\) S 10g2 pt(l]W) = 1Og2 m S (4% + log W)% Hence,

R
ap/g — AR > . (30)
3R/2 R 4 1 2
2(5 + 108 o737
From (29) and (30), we have
n 3R/vy ()\* — 2\t )2ﬁ
R+B 3R/2 R/} 9
IR SLITIED of MR RS e e U]
t=1
The proof is complete. 0
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