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Abstract—In online learning, a learner receives data in rounds
and, at each round, predicts a label that is then compared to
the true label, incurring a loss. The total loss over 71" rounds,
when compared to the loss of the best expert from a class of
experts or forecasters, is called the regret. In this paper, we focus
on logarithmic loss for logistic-like experts with unbounded d-
dimensional weights, a scenario that has been largely unexplored.
To address the irregularities introduced by the unbounded weight
norm, we introduce a regularized version of the average (fixed
design) minimax regret by imposing a soft constraint on the
weight norm. We demonstrate that the regularized minimax
regret is fully characterized by a complexity measure we term
the regularized Shtarkov sum. We also show how the behavior
of the standard regret can be inferred from the regularized
regret. Our main results provide a precise characterization of
the regularized Shtarkov sum and, consequently, the regularized
regret with unbounded weights up to second-order asymptotics.
Notably, unlike the d/2log T regret growth known for bounded
weights, our results imply that the regularized regret grows as
(1/24 a/4)dlog T when the regularization parameter is of order
O(T~%) for oo < 1/2. We achieve this using tools from analytic
combinatorics, including multidimensional Fourier analysis, the
saddle point method, and the Mellin transform.

Index Terms—Analytic methods, logarithmic loss, logistic
regression, regularized minimax regret, Shtarkov sum

I. INTRODUCTION

The problem of online learning under logarithmic loss and its
regret analysis has been intensively studied over the last decade
[, [21, (3], [4], [5]. However, even for logistic regression,
there is a lack of precise second-order asymptotics (especially
for unbounded weights), with a possible exception of [6] which
is restricted to categorical data. In this paper, we initiate the
study to fill this gap.

To set the stage of our discussion, we recall that the online
learning problem can be described as a game between na-
ture/environment and a learner/predictor. Broadly, the objective
of the learner is to process past observations to predict the
next realization of nature’s labeling sequence. At each round
t € N, the learner receives a d-dimensional data/feature vector
x; € R? to make a prediction §; € [0,1] of the true label
y: € {—1,1}. Once a prediction is made, nature reveals
the true label y;, and the learner incurs some loss evaluated
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based on a predefined function ¢ : 37 x Y — RT where
Y =[0,1] and Y = {—1,1} are the prediction and label
domains, respectively. In regret analysis, we are interested in
comparing the accumulated loss of the learner with that of the
best strategy within a predefined class H of expert functions
h:R% — Y. After T rounds, the pointwise regret is defined
as

T
Rg" v HIxT) zy%%-ﬂMEy (xt),Ye)s
t=1

where ; = g:(y*~!,x") is the prediction based on prior obser-

vations y*~! and x’. Throughout, we write y* = (y1,...,%;)
and x' = (x1,...,x) for t € [T]. Note that the prediction rule
g7 need not necessarily come from 7, which is also known
as improper learning in the literature [3l].

In this paper, we focus specifically on the logarithmic loss
defined as:

Sy Y log(1 - go).

N 1-—
og(9t) — 9

We fix a function p(w) from R — [0,1] and restrict our study
to the class of experts:

Hp = {hw : w € R%},

e(gtvyt) = -

(H
where hy, (as a function from R? — R) is defined by
hw(x) := p({w,x)), for x € R?

and (w, x) is the scalar product of x and w. Hereafter, we focus
on the logistic regression with p(w) = (1 + exp(—w))~! [,
[8l], since its precise analysis is the key step to analyze a
larger class of functions and other losses. In the last Section [V]
we discuss the quantum tomography problem with a different
loss function departing from the classical logistic regression,
however, our methodology still applies.

While we assume that x; lies on a compact manifold My
(e.g., My = [—1,1]%, the unit ball By, or the sphere S;), we
do not bound the weights w € R<, and this seems to have
never been analyzed in depth, to the best of our knowledge.
Specifically, we assume that ||w| < R < oo, where R can
grow with T'.

We are interested in the fixed design regret where the feature
vector x”' is known in advance. Specifically, for any given H
and x”, the fixed design minimax regret is defined as

re(H[x") == infsup R(g",y", H[x"). ©)
g yT

When the class H is clear, as in our case, we simply write

r®(xT) := ry(H|xT). This notion was also known in the
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literature as transductive online learning [9]]. To decouple it
from the feature vector x7, one either maximizes over all
possible x” or takes the average over the features. We study
here the averaged fixed design minimax regret as

Fr(H) = Exr [rr(H[xT)),

where the feature vector x” is generated by an i.i.d. process.

The importance of fixed-design regret lies in the fact that it is
a universal lower bound for various regrets discussed in the
literature [4], [10].

As discussed in [6]], [11] the minimax regret r7(x* ) can be
studied through the so called Shtarkov sum which for bounded
lw| < R becomes

)

SR(XT) = sup P(yT\xT,W)

T IwlI<R

3

where P(yT|xT,w) = Hthlp(yt<xt,w>), and the regret
is then r(xT) = log Sg(x’). While the Shtarkov sum
approach provides an exact solution, there are two main
issues: computational and analytical. The optimization problem
sup|w<r P(y"|x", w) is non-convex and, more problemati-
cally, most of the optimal solutions

w* =arg sup Py’ |xT,w)
Iwl<R

“

lie on the boundary ||w|| = R. To address these issues, one
often resorts to regularization (see [12f], [13]]).

In view of these challenges, we introduce and study a regular-
ized version of the minimax regret. We first notice that for the
logarithmic loss function we can write ¢(¢,y) = — log P(y|9)
and {(hw(x),y) = —log P(y|x, w), leading to the regularized
pointwise regret

R,y Ix") =

T T
— > log P(yelie) + sup > log P(yelx, w)e I
t=1 weRd T
(&)

where ¢ > 0 and supycga is unconstrained. Then, the
regularized minimax regret is defined as

rp(x") = inf max R (57, y" |xT), 6)
97 yT
and its averaged version is defined as
P (H) i= Exr [r7(H|xT)].

The generalized Shtarkov sum is defined as

Se(xT) = sup Py |xT, w)eIvI”,
gyt v

(N

We will show in Section [I] that (for all xT):
r7(x") = log S.(x"). ®)

Notice that the optimization

e—cllwll?

W, 1= argy cpd P(yT|xT, w)

is much easier to compute since it is log-concave and
[|[w*|| < oo holds always. However, unlike the regularization

introduced in [12]], [13], here we are not aiming to control the
computational complexity. Instead, the introduction of regular-
ization is primarily for the sake of analytical considerations
(i.e., allowing the existence of the Fourier transform, as detailed
in Section [M).

Furthermore, our regularized regret can be interpreted as
a soft-constraint on R = ||w|| with R ~ 1/ /e. In fact, in
Lemma |1| we prove for all x the following relations hold
between standard (classical) regret 7% (x”') and the regularized
regret 75, (x1)

rf(x") <rp(xT) <V RN T +O() )

with ¢ = 1/R?. This demonstrates that the standard and
regularized regrets grow at the same asymptotic rate for
polynomially growing R, thereby further motivating the study
of the regularized regret and the associated Shtarkov sum.

A. Related Work

Online learning under logarithmic loss can be viewed as
universal compression (source coding) with side information,
as discussed in [[14], [15] and [IL6], [L7], [18], [19], [20]. The
logistic-type class of experts, as in (I)), was studied extensively
in [3], [71, [2], (8], [4] under various formulations of regret. In
particular, it is known that for any range R of the weight w, the
minimax regret can be upper bounded by (d/2)log(T'R?/d)
for the sequential regret, i.e., where both x” and 37 are
selected sequentially [3]], [8]], [4]. For the fixed design regret
we study here, the precise dependency on the weight norm R
is largely unexplored. Several prior results, such as [8], [4],
[21], have demonstrated that the regret lower bound grows as
(d/2)log(T/d?) (with no dependency on R), which can deviate
arbitrarily from the generic (d/2)log(TR?/d) upper bound
for R — oo. Recently, [22] showed that for fixed design regret,
the upper bound can be improved to 2dlogT for a general
monotone class even with R = oco. The authors of [22] also
demonstrated that for R = oo, the (14 o(1))dlog(T'/d) regret
holds for logistic regression. This leaves open the question of
precisely characterizing the fixed design regret in the transition
region of the regret from (d/2)logT to dlogT as R — oc.
In this paper we provide an answer when R = o(T"'/*) for the
regularized and classical regret. To the best of our knowledge,
[22]] is the only work that studies the precise characterization of
fixed design regret with unbounded weights (although recently
[23] studied unbounded weights but not its precise behavior).
We should emphasize that studying the transition region poses
substantial technical challenges if a precise characterization
is desired (i.e., precise up to the second order asymptotic).
Our findings are most closely related to [[L1], [6]]. In [6], a
precise maximal minimax regret is analyzed, but only for a
finite number of feature values (see also [15]]).

B. Summary of Contributions

In this paper, we present for the first time precise second-
order asymptotics for the regularized Shtarkov sum and
consequently the regularized minimax regret as in (6) with
€ > 0. While our derivations do not directly work for € = 0,
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we extend our findings to ¢ — 0 as long as ¢ > T~1/2

(which means that there exists a sufficiently large positive
constant ¢ such that £ > ¢7'~'/?) showing a phase transition
of the leading term of of the (average) Shtarkov sum and the
corresponding one for the regret. We should emphasize that to
analyze such a phase transition, we need precise expression
for the second-order terms. This result also shed lights on the
classical minimax regret as shown in when the weight
norm R grows as O(T*/4).

More precisely, we represent first in the regularized
minimax regret as the logarithm of the generalized Shtarkov
sum. Then in Theorem [I] we present precise second-order
asymptotic expansion of the average Shtarkov sum and hence
the regularized minimax regret for logistic regression with un-
bounded weights. We prove that for ¢ > T—1/2 the regularized
minimax regret grows as (d/2)log(2T/7) + log Cy(e) where
Cy(e) has a complicated multidimensional integral which we
explicitly evaluate for ¢ — 0 in Theorem [2] Furthermore, for
e = O(T%) with @ < 1/2, we show in Theorem [2| that
the leading term grows as ((1/2 + a/4)d — «a/2)logT for
regularized and classical regret. We also conjecture it reaches
dlog T for ¢ ~ 1/T?. We accomplish it using powerful analytic
technique such as saddle point method, Mellin transform, and
multidimensional Fourier transform (see [24], [25]), hopefully
initiating an analytic learning theory (see [16]) in which
problems of machine learning are solved by tools of complex
analysisE]

We present here analysis for the simplest model for the
logical regression and uniform distribution for x. However, we
must emphasize that the hardest challenge is to find the right
approach for the simplest case and then bring more technical
approaches to generalize. This is particularly true for analytic
techniques as witnessed by regret analysis in information theory:
the Shtarkov sum was first precisely analyzed for a memoryless
source [26], then extended to Markov sources [17] and finally
to renewal processes [27].

II. MAIN RESULTS

In this section we present our main results with most proofs
delegated to the next two sections and the Appendix. Before
we start our discussion, we derive the connection between
the regularized regret (6) and generalized Shtarkov sum (7).
Note that, for any given x”, the predictor ; can be compactly
represented as a distribution @ over {—1,+1}7 such that
gr = Q(+1y" 1, x") and £(Js,y:) = —log Q(yely" ', xT).
Then the regularized regret can be written as

re(HIxT)
= ngn max|—log Q(yT|xT) + suplog P(yT|xT)e*€”WH2]
Yy w

~ min max(— log Q(y” [x") + log P2 (4" x")
Y

JrlongupP (T |1xT, w)e —eliwll®

vT

'A. Odlyzko argued: “Analytic methods are extremely powerful and when
they apply, they often yield estimates of unparalleled precision.”

2Following Handmaid’s percept: “The shortest paths between two truths on
the real line passes through the complex plane."

@ log 3 sup P(y7x", w)e I =log S.(x")  (10)
yT v
where (a) follows since ming is attained when @ = P}, and

S.(xT) is defined in (7)) and

supy, P(y7|xT, w)e eI’
Z’UT SUDy, P(’UT‘XTv W)eisllez

is the generalized maximum-likelihood distribution, We note
that the regularized minimax regret can also be achieved
precisely by the following "regularized" Normalized Maximum
Likelihood (NML) predictor:

Pr(y"xT) =

ZUT*t Pe* (UT_tyt | XT)
Zq;T*t+1 Pe* (UT7t+1yt71 | XT) .
(11)
Our objective is then to find precise asymptotics for the

generalized Shtarkov sum S, (x7) as defined in . Note that
T

Peo=Pr(y |y xT) =

for a sequence of labels y” and a sequence of features x” we
have for any € > 0
T
Py X", w) = [ [ p(y(x1, w)) (12)
t=1
and
T 2
P.(y"xT,w) = Hp(yt<xt,w>)e_€”“'“ . (13)
t=1

We also define L(yT|xT,w) = logP(y?|x?,w) and
Le(y"Ix",w) = L(y"|x", w) + el w]*.

Before we proceed, let us discuss a relation between the
regularized Shtarkov sum S.(x7) as well as regularized regret
r5(x?) and the standard Shtarkov Sg(x”) as well as the
standard regret that we write as r%(xT) when ||w|| < R.
Formally, we have the following result.

Lemma 1. For all x

. p2
e eRY SRl (XT

T ¢>0and Ry,Ry > 0, we have
) < Se(xT) < Spy (xT) + Soo(xT)e Rz
(14)

In particular, if log Soo(xT) = O(dlogT) and ¢ = 1/R? we

find
ri(x7) < (xT) < x") +0(1).
Proof. The lower bound of (T4) follows from

Se(xT) = " sup P(y" xT, w)e Il

rp T (1s)

yT

> sup ]—7(yT|xT,w)e_5”‘"'H2
o7 IWI<R:

>Z sup P(yT|xT,w)e ERf:e_sR%,S’Rl(xT).
o7 IWI<R:

For the upper bound of (I4), we have
Se(xT) = sup P(y" xT, w)e I’

yT
<Z sup  P(y'|x", w)e —eliwll®
7 [IWII<R2
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+ Z sup P(yT\xT,W)e_5||WH2
g7 Be<|lwl[<co

<3 sup PlyTIXTw)

wl|<R
Wl <R

e <R sup P(y”

T |wl|<oo

7, w)
Y
— S, (x7) + S (x

Taklng e = 1/R2, R; = R and Ry = R+/dlogT, we have

e~<Ri = ¢! and e~¢R2 = 2187 The inequality then
follows by taking logarithm on both side of (I4) and using the
fact that log Soo (x7) = O(dlog T). O

T)e—sR;

It was shown in [22, Theorem 2] that for any expert class
with a monotone p (including logistic regression), we have

log So (x7) < 2dlog T'. Therefore, implies that
i (x7) < rif(xT) < v (x),
by taking
dlogT 1
€1 = and e =

R% R

Thus the dlogT factor contributes only to the lower-order term
of r#(x™) as R grows polynomially w.r.t 7. Therefore, the
regret 2 (xT) (with a polynomial growth R) can be converted
to the regularized regret r5 (x”') with the same leading constant
as long as € = %.

We now focus on the logistic regression p(w) = (1 +
exp(—w))~! since all interesting behavioral phenomena occur
for this function, and its analysis is the key to a general case.
For the logistic function we have

ZP —ye(X¢, W

VL. (y"|x", w) W) Yt Xt + 2ew

and

V2L L.(y T|xT w)

(—(x¢, W) X @ x; 4 2¢I, (16)

Xf7

HMH

where x®x denotes the matrix (x;2;)1,<; j<q and I the identity
matrix.

To study the Shtarkov sum, and ultimately the minimax
regret, we need a better understanding of of the optimal w
defined as

w’ = arg min L_(y” |x",w)
weRd

which is the (unique) solution of the equation
VL.(yT|xT,w) = 0. Similarly, for every a € R? the
equation

VL.(yT|xT,w)=a (17)

has a unique solution w}(a). Furthermore, if we denote

Gyrixr (W) = VL (y"|x",w), then we have w; =
Gy%‘xT .(0). Note that w* can be infinite, but w} < oo.

We shall analyze the Shtarkov sum via a multidimensional
Fourier transform method. The first key issue is its existence,
which we address next and Appendix @ We set hyrcr(a) =

(y T|x G, Tle E(a))). The goal is to show that
(for every yT and x7) the Fourier transform

}leT‘xT (z) = / hyT‘xT (a)e*“a’z) da
R

:/ exp( (y |x G} T |xT, E(a))) e~ a2 g
Rd

of hyr|r(a) exists and that the inverse Fourier transform has
an absolute convergent integral representation

1 7 i(a
W Ad hyT|xT (Z)@ (a.y) dz.

Actually we will need h,r,r(0) since

P.(y T|X G TleE(O))

exp (

hyT‘xT (a) =

sup PE(yT\XT, w) =
wcRd

— hyrer (0).

Observe that by 1 ) (for w = G T X e (a)) we have

T

a=- ZP(*?Jt(Xt,W» yeXt + 2ew = O(1) 4 2ew.
t=1

Note that the O(1)-term depends on 3’ and x’. Thus
G;%‘xTﬁ(a) = 5-a+ O(1) which directly implies that

hyrixr () = O (e*i“a“z) . (18)

Hence the Fourier transform iLyT‘xT (z) certainly exists since
(T8) implies absolute convergence of the corresponding integral.
Furthermore, we establish in Appendix [A] the upper bound

hyrper (2) = O (Jz2| 7" -+ [za] )

for all non-negative integers k1, ..., kg which implies that the
inverse Fourier transform is given by

1
(2m)

Consequently we can proceed to evaluate the Shtarkov sum as
follows:

sup P.(y"|xT,w) = P. (471x", G o (0)))
weRd

= exp( Liy"x",Gc} T |xT 5(0)))

= (2m)~¢ /R ) hyr|xr (2) dz

= (2m)~¢ /]Rd /Rd hyT‘xT(a)e
(2m)~ /Rd /Rd exp (—Le(y"[x", G r or E(a)))

e~ 422 ga dg,

— —1 T1xT w),z
— (21 d/d/dp(yT|XT7w)e (VLG I w) 2)
R4 JR

e cllwl?—2ie(w,2) qot (VQLE(yT|xT, W)) dw dz

hyrixr () = ) hyr v (z)e' %) dz.

—i{a2) ga dz

where we have used the substitution a = Gyr|xr (W) =
VL (yT|xT,w). To complete our derivation, we observe that

D

yTe{-1,1}T

P(y"|x", w)exp (—i(VL(y"[x", w),2))
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= Hf(w,xt7z),

t=1

where f(w,x,z) denotes

F(w,x,2) = p((x, w))e (-G bo2)
+ p(—(x, w))eP(xw)) Gez) - (19)

This leads to our integral representation of the Shtarkov sum

T

SE(XT) = (27T)_d/ / Hf(w’xt7z) e—EHWHz—Zis(w,z)
Re JRE 4 2q

~det (V2L.(-|x", w)) dwdz. (20)

We now assume that the vectors x1,...,Xp are iid random
vectors X, ..., X7 that follow a probability distribution over
bounded support, however, this can be relaxedﬂ Furthermore
since P and V2L, are bounded in a bounded domain it follows
that

ES.(XT)

This expression is the main tool that we will use to study
asymptotically the minimax regret. The asymptotic evaluation
of is very challenging as we will see in Sections [[1I| and
in Section We also want to note that in the representation
(20) the integral cannot be sees as a double multi-dimensional
integral. The representation there is only correct if the integra-
tion with respect to w is done first and the integration with
respect to z in a second step. This is due to the fact that
this representation depends on the the inversion of the Fourier
transform. For example, by formally exchanging the integration
we would have to calculate linear combinations of integrals of
the form [p, eih(wx")(w.z) qz (for some function h(w,xT)),
however, these integrals do not converge. After taking the
expectation the integral representation for ES.(XT) is
not only valid as an iterated integration (first with respect
to w and then with respect to z) but converges as a double
multi-dimensional integral (this will be shown in Section [[II| for
d =1 and in Section [[V|for d > 1) with different asymptotic
behaviors of the integrand for various ranges, in particular
if w and z are unbounded). Unfortunately this phenomenon
does not show up in the computation of the second moment
E[S.(xT)?]. Here we have to add a regularization factor of
the form e="I7I” in order to make the appearing multi-integral
convergent and by finally setting n > 0 sufficiently small, see
Appendix [E]

Our first result of this paper can be summarized as follows,
which we prove in Sections [IT] and

1 f(w.Xs,2) det (V2L (- X", w))

t=1

CemelwlP=2istw.a) o g (21)

3In what follows we assume that X is uniformly distributed in the unit ball.
This simplifies several of our computations. However, they can be directly
extended to rotation invariant distributions with a sufficiently fast decreasing
tail (for example as O(e Il for some constant ¢ > 0).

Theorem 1. Let w € R? and ¢ > 0. Assume features x,; are

generated by a uniform distribution over the d-dimensional

ball By and p(w) = (1 +exp{—w})~! is the logistic function.
() For e > 1//T there exists B(d) > 0 such that

E[SE(XT)]
/2
B (rzj;r) /R Vdet(B(w)) eI (14 O(T 7))
(22)
with
B = o5 L, (w1 —p((whe) e, @3)

where x ® x = xx7 being the tensor product of x; with T
denoting the transpose.
(i) Furthermore,

E[S.(x")*] = E[S-(x")]? (1 + O(T~P)) (24
which implies that
75 = E [log S.(XT)]
= log B[S-(XT)](1 + O(T 7))
= g log T + log Cy(e) + O((log T)T D) (25)

where
Ca(e) :/ Jdet(B(w)) e==IWI* duw
Rd

for e > 1/V/T.

Before we proceed, we first show how to establish
E [log S-(XT)] = logE[S:(XT)](1 + O(T~F@D)) of
using the fact that (24) holds which we prove in (A-24) of
Appendix [E| (for simplicity of presentation we provide details
only for d = 1). Thus, let us consider the expected regret
E[log S-(zT)]. In order to simplify the notation we set S =
S.(xT). Observe that implies Var[S] = O((E[S])2T 7).
By Jensen’s inequality we directly have E[log S] < log E[S].
Thus, it remains to obtain a lower bound. By Chebyshev’s
inequality

PHE[SQI‘ 2;] <1 E)y

Furthermore, for |z — 1| < % we have

=0(T 7).

logz >z —1—c(x— 1)

for some constant ¢ > 0. Hence,

E {10% ]EFSJ =E [1[5/15[5]_131/2] log Eﬁg}]
A
+E |:1[S/E[S]1>1/2] log S]
5]
B
SIE R )
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S 2 S
—cE E[S] L) | +E | 1ys/ms1-11>1/2 10g E[S]
B
Trivially
S
=g 1] -0
and _ )
S ) Var[S] _
Ell—n—1) | = ——2 =0O(T%).
_(E[S] &spz - 00
Using Cauchy-Schwarz’s inequality, we find
[ S
E | 1s/Bis1-11>1/2 (E[S] - 1)]
S 1 Var[S]
<P || -1 > 2] -
\/ H 5] ‘ 2] (E[S])?

=0(T").

Therefore, the term A > —¢'T~# for some ¢’ > 0.

To bound the term B, we note that by the definition of
the (regularized) Shtarkov sum, we have S > 1 (to see this,
take w = 0 in (7)). Moreover, by (27) of Theorem [2] we have
(uniformly for £ > 1/+/T) that log E[S] < ¢’dlog T for some
constant ¢ > 0. Therefore, we have

S
> >
log E[S] log E[S]

This implies

—c'dlogT.

B

S
E |:1[|S/E[S]1>1/2] log ]E[SJ

v

—c"dlog T E[1}5/p(5]-1)>1/2]]
S 1 S1 >
E[S] ~ 2

> (. Consequently,

dlogT
__n "
= —c'dlogT P H 5

for some constant ¢’/

Ellog S] —logE[S] = E {log IE‘[SS}]
>A+B
d +c"dlogT
> T3
Together with the upper bound E[log S] < log E[S] we thus
obtain

E[log S]

—0asT — .

= log E[S]+O((log T)T %)

which proves our main result (23)) regarding the regret (provided
([24) is true established in Appendix [E).

Another question is whether Theorem [T] allows us to recover
the classical regret with ¢ — 0. First, we note that our proof of
Theorem |1| works only for e > 1/ \/T, which corresponds to
a radius R of order O(T"/*) by Lemma 1] Second, from [22],
we know that for R = oo, the leading term of the minimax
regret is dlog T, not (d/2)logT. This indicates a transition
region in which the leading term in log T' grows from d/2 to d.
In Theorem [2] below we partially fill this gap by providing the
asymptotic behavior when R € (0, T'/4]. The main technical
ingredient is the following asymptotic analysis of det(B(w)).

=log E[S]-(1+0(T~7)).

Lemma 2. Suppose that the matrix B(w

) is given by .

" Then, as |w|| — oo, we have

Vd—1

det(B(w)) = =55 Iz)d—

plwll==2 (1 +o(lwl =),

(26)
where vy = 7/2/T(1 + &) denotes the volume of the d-
dimensional unit ball.

The proof of a slightly more refined property is deferred
to Appendix [B] (see Lemma [§). This leads to the following
noteworthy conclusion regarding the growth of the regularized
Shtarkov sum.

Theorem 2. Under the assumptions of Theorem [I} we have,
as € — 0 but e > T~/

E[S.(x")] =
Tsz<5 4+2+0(1) ( +O(TPDY)), for d > 3,

ol [ e

+o 5%)) 1+ 0T PDY), ford=1,

T\/;(logg 1+01)1+0(T By, for d = 2.
(27)

p(wzx)) x? da dw

Here,

- _ 2 dv d—2
— (2m)~ /2, [ Vit il Tdp(f/2).
Ca = (2n) \/”Ud 3(d+2)4 1 2 1

In particular, for d > 3 and e = ©(T~%) with a < L

7 =Elog S.(XT)] = (4 +4)d-

g) log T + O(1).
(28)

Proof. Theorem 2] follows from Theorem [T] and Lemma [2} We
only do the calculations for d > 3. The cases d =1 and d = 2
are then simple variants.

By Lemma 2] we have for ||w| > 1

det(B(w)) = Kqlwl[|=*= (1+ O(|lw|~?))
with K4 = ”f}dl W Consequently we obtain (with sq =

dvg denoting the surface measure of the d-dimensional unit
ball)

/ \/detB(w)e*EHW‘Pdw
Rd

:/ \/detB(w)e =™ I gw + O(1)

[[w]|>1
Vi / I 10wl )
zsd\/E/ P15 (14 0(r2)) e dr + O(1)

1

%‘R/Ee*%%/ vi73 (140w 'e))e " dv + O(1)

g

e~ IWI gw + O(1)

:ng€,%+%/ v%*ie*”dv+0(1)
0

-2
= VR () von,
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where we have used the substitution 72 = v and the property
that

a_
1

Nl=

).

Thus, with the help of Theorem [I] the asymptotic result follows.

O

We highlight the importance of ([28). Note that previous
results show that 7% ~

It was conjectured that as R grows to infinity, the leading
coefficient in front of logT also increases. Theorem [2| and
Lemma [I] demonstrate that such a growth rate is linearly
controlled by a. More precisely the relation (9) implies

d d—2 d—2
§logT—|— log R — loglogT + O(1) < 7&
d d—2
< GlogT + logR+0(1) (29)

for R < T4 1t is very likely that the restriction £ > T7—1/2
is natural and that the behavior for T7-! « ¢ < T~1/2 will
be different. This would be another major challenge to settle
in future work.

III. PROOF OF THEOREM[I[1) FOR d = 1

In this and the next sections we present the proof of our
main result Theorem [I[i). The proof is long, tedious, and very
technical. To help the reader, we focus here on d = 1. The
extension for d > 1 is presented in Section

The second part of Theorem [I] is still more technical. So
we will only present in Appendix [E] the proof of the relation
E[S.(x7)?] = E[S. (xT)]?(1 + O(T~#D)) for d = 1.

We start with a brief road map of the proof. We recall that we
already used the following principle to represent the maximum
max, f(w) = f(w*) (where f(w) = P.(y"|zT,w)). By
convexity we can determine w* by the equation g(w) =
Vf(w) = 0 and is, thus, given by w* = ¢g~1(0) which (by
Fourier analysis) can be represented by

max f(w) = f o g7 (0)

1 )
—//fog_le_zyz dy dz

T JrRJR

1 _
—//f(w)eﬂg(w)zVQf(w) dw dz.
T JRJR

In our case we additionally have the property that V2 f(w)
does not depend on y and that the sum }_ - f(w)e (W)=
factors nicely.

The main part of the proof is to evaluate the resulting double
integral (that we have slightly simplified and where we have
taken the sum over all 7 and the expectation with respect to
2T asymptotically:

1 — )
7/ / f(w7Z)Te—aw2—2’sz dw dz.
T JRJR

For small z and w the first term is approximated by

Fw, =) m e3P0

(d/2)logT for bounded R = O(1),
while for R = oo, it was observed in [22] that F:,@ ~ dlogT.

so that the integral over z can be evaluated by a Gauss-like
integral. The main problem is that this approximation does not
hold for large z and w so it needs subtle analytic methods to
show that these parts do not contribute to the main term that is
given by the Gauss-like integral. (This is even more involved
in the case d > 1, see Section )

We now start with the full details. In what follows we will
use the notation f(w,z) = Ef(w,X,z). For the case d = 1

we have
?(w7 Z) = Ef(w7X, Z)
1 [ [ e—izs/(14+e™)  gizz/(1+e™=Y)
=_ d 30
2/_1< 1+ e—ow 1+ eow z, (30)

hence ES.(XT) is given by

ES.(XT)

/ / leth, 2 V2L <~|XT,w>]

e W 2 _2iewz dw dz

Oy L [

. e EW 2 iewz dw dZ
2 o0 o0 I
w
TJ-oJ—c
T oo oo _ .
= 27/ / f(w,z)TﬁlB(z,w)efsuﬁfﬁewz dwdz
T J—ooJ—c0

2e > > _ T 2_9;
—/ / flw,z)" e = 722 du dz,
T J—ooJ—c0

=T -Jy+ 2 Jq,

rr
H f(wa Xta Z) p(xsw)p(_xsw)x§‘|

T
Hf(w,Xt,z)] emEw—2iEwz gy,
t=1

(€29)
where B(z,w) abbreviates

B(z,w) =E [f(w, X, z) p(Xw)p(—Xw) X?]

and (a) follows by (16).
We start with three technical lemmas regarding f(w, z) with
proofs presented in Appendix [C|

Lemma 3. Set

B(w) = E [p(zw)p(—zw)z?]

1/t x?
e e LG

Then we uniformly have B(w) = © (min(1, |w|~%)) and for
c1 > 0

flw,z) =1-0 (*min(1, |w|™?)) (for |2| < max(1,ci|wl))
22—
=1- EB(w) + O(2* min(1, |w|™*))

— e*%ZQE(UJ)(l + O(zs min(1, |w‘74))
+ O(z* min(1, |w|~%))).
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Lemma 4. For |w| < 1 we uniformly have |f(z,w)| <
min (1, %) and for |lw| > 1 we have

_ [w]
|f(z,w)|] < min (1, G Coe ) )

+
1/|'w2;‘ |’LUZ|

Lemma 5. Suppose that ¢y > 0 is a given constant. Then
there exists co > 0 such that

uniformly for |z| > ¢ |w|.

Granted these lemmas, we now prove our main result for
ES.(XT) in the case d = 1 which we formulate next.

Proposition 1. Suppose that d = 1 and that X is uniformly

distributed on [—1,1]. Then
ES.(XT)
TL/2 oo _
_ E B(w)1/26—8w2—262u;2/(TB(w)) dw + O (log T)
—00

provided that £ > T~/2, where B(w) is given in .
Note that

/oo E(w)1/2675w27252w2/(T§(w)) dw

/ Blw

:/ B(w )/ dw+0( 1/4+T’1/10) (33)

Yo dw+ 0 (T7/10)

as long as ¢ — 0 such that ¢ > T~'/2. Thus, the integral in
Proposition [I] can be replaced by the integral

/ E(w)l/Qe_Ew2 dw.

The rest of this subsection is devoted to the proof of

the Proyosﬁmn [[l We recall from (3I) the representation
T-Jo+ 2¢ - J;, where

1 _ _ o
Jl _ f(w,z)Te ew? —2iewz dw dZ,
21 Jp2

and
Jo = i/ B(z,w)?(w,z)T_le_EMQ_QiEwZ dwdz.
21 Jg2

The main challenge in the computation of the integral(s) Jy and
Jy are the parts that correspond to large w. We only discuss
the integral J; in detail. For any constant C'3 > 0, we consider
the following cases:

A: The case |w| < Cs. If |w| < C3 then we have the uniform
bound |f(z,w)| < C/|z| by Lemma We first look at the case,
where |z| < 2C. Here we certainly have 2‘the uniform repre-
sentation (see Lemma [3) f(z,w) = e~ =25 (14 0(2%))
and by continuity |f(z,w)| < e~%" for some constant
¢y > 0. If |z| > 2C then we have the trivial estimate
|f(z,w)] < C/|z| <1/2 (see LemmaEI) Consequently,

L= —/ / f(w, 2) Temew’=2iewz gy, 4

BT (14 0(T2))

/<T /3

e W 2 _2iewz dz dw

1 (¢

S / O( —c1Tz ) —ew? dZd’LU
27 T-1/3<|z|<2C

_|_ -

(C/|z —ew® 4> dw
o /| Ol

/ 7252w2/(T§(w))€7sw2 dw
Cs /27T B(w

+O( - ) +0 (e*“lTl/B) +0(2° 1)

1/2 —ew? dw—l—O( )

F

B: The case Cjs |lw| < nT where n = n(T) — 0.

Furthermore we divide the integral over z into several parts.
The first part is the interval |z| < z; = |w|?/2T~1/2y=1/6,

where we use Lemma [3]

Tz w)T = o~ TB(w) 5 +O0(T|5* /w* ) +O(T|2* /u))

— 2
= TBw (1 + O(T)2% Jw?|) + O(T\z4/w6|)) .
By using the substitution v = z1/TB(w) = © (2T"/?w=3/%)
we have (with v; = 211/ TB(w) = ©(n~1/6))
/ e—TE(w)%—Qiewz dz — V21 6—252w2/(T§(w))
lzl<z1 TB(w)
|w|3/27]1/6 /8
+0 <T1/2 e "

for some ¢ > 0. Similarly we obtain

o, 1/2
/ e TBWISF 7|23 Jwt|dz = O ol , and
21 <= T

_ 3/2
~TB(w)5 71,4 /151 d :O(|w| )
(& zZJw z .
/|z|§21 ‘ / | T3/2

Summing up we find

1 _ ,
I, = 7/ / f(w’Z)Tefs’w27225wz dw d=
27 Jjz1<z Jes<pwi<nT

1 — 2.2 /(G 2
_ Blw 71/26725 w /(TB(w))efew dw
V2rT w)
—3/4

—5/4
9] —5/4T3/2 —en?T? € )
+ (6 e + T + TR

|w|>Cs

Next suppose that z; = |w|?/2T~12p=1/6 < |2] < ¢1|w],
where ¢; sufficiently small which ensures that (see Lemma [3)

2 3 4
E(w)% > ('Z| + 'Z|)

w|* w]®

Recall that B(w) = ©(|w|~3) for |w| > 1. Hence, there exists
a constant ¢ > 0 such that |f(z,w)| < e=¢="/*[" uniformly
for z; < |z| < ¢1|w|. This implies that the corresponding
integral is upper bounded by

122
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1

— 2 o
. / f(w, Z)T(i ew” —2icwz dw dz
27 )z <lz1<er ] JCa<lwl<nT

_.—1/3
0 nt/6e—en / W e gy
T2 Cs<|w|<nT

-0 771/66_07771/3
- S5/4T1/2 :
Next suppose that ¢;|w| < |z| < czel®! for an arbitrary

constant c3 > 0. Here we have the upper bound |f(z,w)| <
1 — co/jw| < e~/I*l (see Lemma [5) and provided that

> T~1/2 we have
/ Flw,2)"
Cs3<|w|<nT

1
27 Jeyw|<|z|<csel !
2 .
. e EW —2iewz dw dz
S / o—caT/Juwl+[wl—ew® g,
Cs<|w|<nT
-0 / e—(l—cz)ﬁ—6w2 dw
Cs<|w|<eaVT

+ O / e 5 du
coVT<|w|<nT

—0 (571/267(1702)\/7 + e—gch)

—0(eYT) =0 <;) .

Finally if |z| > c3el®l, where c3 is chosen sufficiently large,
we have (for some constant C' < C3)

I3

- . 1 el 1
zyw) < Cmax | —, — | < =
o= )<

If czel®! < |z] < €2*l/|w|, then the first term 1/4/|wz|
dominates, and we find
1

Iy=—
24 o

/ w,2)"
czelvl <|z|<e?lwl J|w| J O3 <|w|<nT

e W 2iewz dw dz

o(3)

Similarly we have for |z| > 2/l /|w|, where the second term
dominates

1

270 Jiz)z ezl |

of3)

Summing up we have provided that € > T~

— 2 .
125 / f(w, Z)Tefew —2iewz dw dz
1<|w|<nT

1/2

1 Blw) V2emew' 2w /(TBw) g

I, =
V21T Jjw|>Cs

—3/4 —5/4
+0 (5 + i+

w

77l/fiefcn_l/3
25/2T1/2

T T2

+ 55/4T3/265772T2> '

C: The case |w| > nT. I |z| < e21*! /jw|, then |f(z,w)| < 1
and obtain for £ > T—1/2

1 [ - ;
7/ / f(w, Z)Tefewzfmswz dw dz
27 J—o0 Jjw|znT

=0 (7).

In conclusion, we arrive at

I3 =

Ji=L+1+13

1 < _ —1/2 22242 y=3
— B(w Pl e“w? /(T B(w)) dw
V 27TT [oo ( )

+0(T7%)

(34)

provided that ¢ 3> T~'/2 and where n = 7(T) = cs(log T) >
for a sufficiently small positive constant cg.

IV. PROOF OF THEOREM [I[1) FOR GENERAL d

Now we present detailed proof of Theorem [I[i) for general
d. The proof is very long with many complicated estimates
of multi dimensional integrals. We keep most details in this
section for clarity, however, very technical derivaties we delay
till Appendix

We fix d > 1 and consider first the expected value
ES.(XT). By using the representation and by expanding
the determinant we obtain (very similarly as in the case d = 1)

d
ES.(XT) =) T"Jj(e),
§=0
where J;(g), j = 0,...,d, are proper linear combinations of

integrals of the forms similar to Jy and J; (from the case
d = 1) together with proper powers of €. In particular the
dominant term Jy = Jy(¢) is given by

1 7 T—d
= w det(B(z, w
JO (271-)d /]Rd . f( 7Z) € ( (Z, ))
cemelIWIP=2istw,a) 1y g, (35)
where

B(z,w) = E[f(w,X, w)p((x, w))p(—(x,w))X @ X].

For the sake of brevity we will only consider the term Jo (the
other terms are similar). First, however, in Appendix |D| we
derive several upper bounds on f(w,z). Granted this, we focus
now on estimating Jo.

We prove the following main technical result of this section.

Proposition 2. We have

T ]- == £ oY —
Jo ~ (2T)d/2/ \Jdet (B(w))e—sIWIP= 2w B0 "w oy
™ R4

provided that € > T~'/2, where B(w) is given by ~

We recall that

B(Z7W) = f(W,X,Z)p(<X,W>)p(—<X, w))x ® x dx

Ba
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and we note that B(0,w) = B(w). Moreover B(0,w) is a e elwlP—2is(w.z) 1o 4y
positive matrix and all entries of B(z,w) satisfy
— o =0 / / e Izl e=<IwI® Gy g
‘B(Z,W)i7j| S B(W)iﬂ', 1 S 1,7 S d. T— 1/3<||z\|<C lw|l<1
Furthermore, it is an easy exercise to show (by expanding the (e_clTl/S)
determinant and estimating all parts absolutely) that (see also
Lemma [2)

for some constant ¢; > 0. Finally by Lemma [13] for ||z]| > C

- —d—2
det (B(z, w)) < min (1, [|w]| ) we have \f(z w)| < Cylog(|z||)/||z|| < % and consequently

Furthermore by Taylor expansion (and similar computations)

we have 27r) /z|>c /w||<1det (z,w))f(w,2z)" ¢

det (B(z,w)) = det (B(w)) - (1 + O (||z||* min(1, [|w|~"))) ce—elwl?=2is(w.2) oo g
_ - 2. —d-3
= det (B(w)) + O ([l min(1, [ ). (6) o[ (@ 1og<||z||>> "
As in the case d = 1 we partition the 2d-dimensional integral llz||>C 2]
into several parts. C’ logr\ T4
A: The case ||w|| < 1. First suppose that ||z|| < T-'/3. By O( 1708 ) d7~>
Lemma [[] we have "
=0(T71).
80 = a7 v g 0B T2 T2T> o
= — e
H (2m)d lzl|<T-1/3 J|w| <1 Summing up we have
. e—ellwl?—2ie(w,z) _
¢ dw dz I = / / det(B(z,w)) f(w,z)T ¢
- / det(B(w)) R
2m) Jjwy<1 e—clwl®=2ietw.2) g 1y
—(T—d)1z"B(w)z 1 3 2 -
¢ +O(T|[2]*) + O([z]) - i/ \Jdet(B
/||z|<T1/3 ( ) o2rT)d/2 w|\<1 € ( (W))
6—5|\W||2_2i€<w,z> dw dz e*€||WH2 222 T B(w) 1w dw + O (T,ﬁ)
1 / — _ 2
2m)?* Jjwi<1 (B(w)) B: The case 1 < ||w]| < nT.
. , We again assume that 7 = 1(T) = cg(logT)~3 — 0 for a
—(T—d) 12" B(w)z—2ie(w,2z) —cTt/3 g n n 6
( /]R L€ : ) dz +0(e™" ) | dw sufficiently small positive constant cg. We start with the case
_ ) |2l < z1 = ||wl|[*>T~1/2p=1/5. By Lemma [11] and by
/ det(B(w))e =™l we have (by distinguishing between the cases |¢| < 1/||w]||
+ o0 | 7lvist B and 1/||lw|||¢| <, where ¢ denote the angle between z and
/ e~ (T=D32" BW)2 |23 dz dw w)
Rd

det (B(w))e—cwI? / det(B(w, 2))f(w,z)T~de=2i@wW) g
Iwii<1 ol <21

I _ 5} —(T—d) 22" B(w)z—2ic(z,w)
/ e~ (M= 3 B 4112 47, d det(B(w))/|z|<zle 2 dz
d =

1 n —e||lw 2—£w77 w) lw —d— — _
= (277T)d/2 / - det(B(W))e ellw||*—=2&w" B(w) dw +0 (HW” d 3/| - HZ||2f(W7Z)T ddz)
[w z||<z1

_eTl/3 _ap _dt2 a2 B
wO( T T B (7)o

1 \/7 2 22 TR —1 -
= o md/2 det(B(w e_E”W” —2-w" B(w) w
(27T) d/2/ wi<1 (B(w)) W +O( 2HWH 7_16_677 1/3)

ro(r %) +0 (T4 wl441).

for some constant ¢ > 0. We consider, for example, the following error term:
Next we consider the case T~'/3 < ||z|| < C, where C B
is chosen in a way that C'/logC > 2C}, where C} is the Hw||’d’3/ HzHQf(w,z)T’d dz
constant from the inequality (A-T6): lzll <21
1 = [lw| "3 |z]*f(w,2)" ~* dz

Iy = —— d i —d
27 (2r)d /T—1/3g||z|sc/|w|g1 Bz, w)f(w,2)" Izl <=1, lpl<1/lIwl]
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Hwl [ PR s
2l <z1, 1/ wll<|el<n Recall that e—<n~ "% — e—ccg /108 T _ p—ces® yhere we
HWH_d_3 /1/”W| /OC can choose cg arbitrarily small.
=0 In the next step we consider the case c1||w| < |z]| <
-2y d o= Tr?/Iwl? g g, ¢, ||w]| log? ||w||. Here we have the upper bound |f(z, w)| <
1 — ¢4/(||lw]|log® |w]|) and, thus, we find
i [ !
1/lwl Jo I3 = —d/ /
=2y L= Tr2e Wl g g @Cm)? Ji<wli<nt Jerwli <zl <e; 1wl 1082 1wl
- T e
-0 (T*§*1||w||7§+1) -det(B(z, w)) f(w,z)T~de=eIWIm=2iezw) gy g
|[wl| 4 2elwll®
where we use the polar coordinates with ||z| = r. o | hiiwizar

This implies
1 ; L e
Iy = 7/ / det(B(z,w))f(w,z)T 4 cillwl<llzl|<ef [wll log? [[wll
SlwllsnT Jlzl| <z

o= Tea/ (w108 IWll) gy v

(2m)d _
s el [ g w2
e W dw dz =0 | Ji<|wl<nT
o / B o= Tea/(Iwll1og? [w)—<lwl o
o (27T)d/2 %
( ™ ) ’ <25HWH<"7T -0 (/ (log7,‘)2(17,51—36—C4T/(rlogr)—er2 d’l‘) .
eI 2w B(w) W) gy !
o e 4tse—en'/? o e~ %3 We split the integral at o = (T'/)'/3 so that
+ T~ rdiz + T(d+2)/2 T (T26)1/3 . -
= and ery = (T%)"/".
= W det(B(w)) 1o log? 1 log?(T /)
™
wl? I H>1 Since € > T''/2 we obtain the upper bound
—E||W

Zw" B(w) 'w) dw

- e T

8_%+%6_C"1/3 JRE Iys =0 (e—c (T2s)1/3) =0 (e—c Tl/z)

rolE2 VoS,
T/2 T(d+2)/2 for some constants ¢, ¢"" > 0.

Next suppose that c’leHlog2 [w| < ||z|| < cze*l™Il for

Note that the integral is of order .
an arbitrary constant c3 > 0. Here we have the upper bound

g=d/4t1/2 |f(z,w)| <1—ca/|w| < e /Il and consequently
Td/2 1
A o By Sy
that is certainly asymptotically leagl/lgg 1101/52>> 11;6 172, 2 (2m)d 1< |lw]|<nT J e, ||w| log? |w||<||z|| <csetlwl
Next suppose that z; = [[w|*“T/“p=1/% < |zl 7 T—d —c|\w|?—2iz (z,w)
, where ¢, sufficiently small. Here we know that (for a - det(B(z, w)) f(w, 2) € dw dz
suitable constant ¢ > 0) -0 / HWH7d7267c2T/HwH+4deH,Euw”z dw
|7(z,w)| < e—cUlzl/IIwl®+lz]* 2 /|lwl) <lwl<nT
—d—-2 _—(1-c —ellw||?
uniformly for 27 < ||z]| < c¢i|/w||. This implies that the / lw|[ =42 (el VT el gy
corresponding integral is upper bounded by =0 Slwli<eavT
! +f w2/ gy
=y | / det(B(z, ) . S
@M Siciwii<nt Jai<llal<erlwl

_ —(1—e2)VT *(62/2)5T)
. ?(W, Z)T*d675\|w”272i5<z,w> dw dz =0 (6 2 +e H

/ w4 2eew / provided that e > T—1/2,
I R s lElsalwl Finally if [|z|| > c3e*I™ll, where c; is chosen sufficiently
o—e(T=d)(|lzlI?/[w*+]121202/IIwl) gy gw | 1278€, We have

4D 6een™ / . ) < e dog(iw, log(lzl e 1

A% ) = ~ .

=0 T2 1<||w||<nT [wl| [z] 2

. e’EH""”2 dw In particular we assume that CN'/\/@ < % Thus we find
—(d—1)/6 ,—cn~ /3
_ n € —d/4+1 1 _
=0 s = | et (B, w)) T (w,2)"~
e 2m)¢ Ji<jwi<nr Szl > csetiw
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eI RE=0 ) i If ||lz|| > e*I™ll we again use the upper bound and
C‘T*d/ ||W||*HW obtain
-0 <|lwli<nT [[wl|(T=d)/2 Iyo = i / / . det(B(z,w)) f(w,z)"~?
[|w||>nT z|| >edllw
/ ”Z”i(Tid)/QdZ dw *E”WH ‘ng (w z>‘
llz]|>czetlwl : dw dz
éT*d/ [[w|~d=2m(T=d)/2 CT/ w42 (T =) /2 (Tl —< 1w
+0 L<fwii<nT ' _0 |w| =0T
Og(”Z”)) dZ dw / ”z”f(de)/Q dz dw
petzeoett [0 el zetwl
T
éT_d/ [[wi| =42~ 2T dwl S w42~ (T=)/2(T=d)wl
Lo 1< Wl <nT — 0| T Jiwpoyr
d—(T—d)/2)d||w
/ 2]~ 2dz dw = (T=a) /2wl oy
lzl|csetw .
cr e 3(;, -0 ¢ / (Ba-T)r | _ (e*%Tz) .
0 T/2 / r2 8= (log r) T4 T r>nT
= Tcy 1
e 2AT—d)r+4r 4. Consequently,
s ) -
Y L= det(B T-d
CT / PE—3-(T— 9 (log (cze™)) T4 3= 50 /Rd /”w|>nT et(B(z,w))f(w,z)
+O | Tey 2 i VlI= )
e~ =2e(0) iy = 0 (7).

6—2(T—d)r+4r dr

L0 < cT /oo =8 (T—d) o~ (T—d)r-+ar dr) D: The whole range.
1

Tc3T/ 2 Summing up we arrive at
1 ~ 2 252 T (w)—1
=0 =—]- —EHWH wB(w) 'w)
(TQT) Jo = 27rT Tomaz /Rd\/det dw
;
Summing up we have +0 ( )
Td/2+1
7 T—d
J2 = (27)d / / det(B(z, w)) f(w,2) provided that £ > T~1/2 and where we have set
R J1<||wl|<nT
eelIwl=2is(w.2) 1o gy, n=n(T) = cs(logT)*
= J21 + Jog + Jog + Joa + Jos for a sufficiently small positive constant cg. This completes
B(w)~! the proof.
\/det(B TB(w)"w
\/ 27T /w|>1
] c—4-1 V. OTHER LOSSES
75 w
dw +0O Td/2+1 Finally, let us briefly discuss some other losses for which

our methodology may still apply. For example, in [28]] it was
studied the case where p({w,x)) = (w,x)? and the weight
w as well as the feature x are unitary vectors on the unit
circle. Here, p((w,x)) = cos(f — 0o — x;)* and ¢((w,x)) =
C: The case |wl|| > nT. If ||| < ¢*I™| then we use the trivial 1 — p({(w,x)) = sin(f — 6g — 2,)* where @ is the argument
bound |f(z,w)| < 1 and obtain for & > T—1/2 of w, z an element of x, and ¢ the unknown polarization.
We still have the expression via Fourier transform:

provided that ¢ > T~'/2 and the constant cg is chosen
sufficiently small.

1 _
det(B(z, w w,Z T—d 1 2n »
for = 27T) /W|>77T/ [|<etllwl (Bl W) ) S(XT) = Z%/O %/T(@)de/Re_wyT(e)zdz
,lIT

2
€7€HWI| —2ie(w,z) dw dz

d—2_ad]jw]—e]wl? and the Hessian is strongly dependent of y”. In fact,
=0 / wl| T2 IWI=EIWIE dw
iz PXUED SR WS S E—
_0 (/ o5 dr) <0 sin(6 — g — ;) oot cos(0 — g — x¢)

>nT and

= (577Te z(nT) ) 0 (e_" T) . L (0) =2 Z tan(f — 0o — x;) + 2 Z cot(6 — g — x).

y:>0 y:<0
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The terms may be regrouped leading to

27
S(xT) = % /O /}R 048, 2) exp(Lr (6, z))dOdz

for

~ I 2
br (0,2) = Z pe(W, 2) + qt(w, 2)

t
pe(w, 2) qt(w, 2)
’ 5T = 2
cos(6 —bg —x)”  sin(0 — 0o — xy)

and
T(aa Z) = Z 10g(pt(W, Z) + Qt(w7 Z))
with
p(w,z) = p((w|x))exp(—itan(d — g — z)z),
a(w,z) = q((w]xy))exp(—icot(d —bg — z,)z).

Observe that £//.(6, z) and L (0, z) are both O(T), so that we
can apply the saddle point method. Notice that in this case
there is no need for a normalized regret because x and w are
unitary vectors.

VI. CONCLUSION

In this paper we studied the regularized regret under logarith-
mic loss for the logistic function with unbounded d-dimensional
weights, via a new complexity named regularized Shtarkov sum.
Our main results provide the first precise characterization of
the regularized Shtarkov sum and consequently the regularized
regret with unbounded weights up to second order asymptotics.
Furthermore, we also show how the leading asymptotics of
the standard regret can be inferred from the regularized regret.
Notably, unlike the d/2logT regret growth known only for
bounded weights, our result implied that the regularized regret
grows as (1/2+a/4)dlog T when the regularization parameter
is of order ©(T~*) for « < 1/2. This provides the first
known fine-grained characterization of the minimax regret
with an unbounded weight norm. We accomplish this using
tools from analytic combinatorics, such as multidimensional
Fourier, saddle point method, and Mellin transform, which we
believe is of independent interests.

There are several directions for future work. First, we need
an extension to non-logistic functions. Next, we may relax our
assumption on £ when it goes to zero. A bigger challenge is to
extend our Fourier approach to obtain second order asymptotics
of the regular regret with a hard truncation on the weight norm
(unlike our e-regularized constraints).
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APPENDIX A
EXISTENCE OF THE INVERSE FOURIER TRANSFORM

In this Appendix we prove the existence of the Fourier and
its inverse.

Lemma 6. For every fixed y*, x*, ¢ > 0 and for all non-

negative integers ki, ..., kq we have
A"
Lh ryr(a) = O (efrlgl\auﬁf”a“k1+...+kd) )
dal --6a§d Y
. (A-1)
Furthermore, hyrixr(z) = [gahyrixr(a)e”"®? da of
hyrxr () exists and satisfies
hyrier (2) = O (|2 -zl ™) (A-2)

for all non-negative integers ki,..., kq.
inverse Fourier transform is given by

1 7 i(a,z
W/Rd h,yT‘xT(Z)€< ’ >dz

We start the proof of Lemma [6] with the following result.

Consequently the

hyT‘xT (a) =

Lemma 7. The determinant of the matrix matrix
V2L (y7|xT, w) satisfies
det (V2L (y"|x",w)) > (26)4.

Proof. By we have for every vector v

ZP Xt, W

+25Hv||2
> 2¢||v||%.

(V2L. )p(—(xe, W) (x4, v)*

(" x", w)v,v)

In particular if v is an eigenvector of V2L_(y”|x?, w) with
eigenvalue )\ then

Avi* = 2¢v|.

Since V2L, (yT|x”,w) is real symmetric, its determinant is
just the product of all its eigenvalues. This completes the proof
of the lemma. O

Proof of Lemma @ We start with the proof of (A-T). By (I8)
the case k1 = --- = kg = 0 is alrea%y covered Next let us
consider the first derivatives of e Ix"w)

Vexp (~Ly" X", Gyl e ()
= —exp (—Ly"x" GT‘x%(a)))
VL X", G e (@)VG ().
Clearly we have
exp (~L(y" [x", G r () < 1.

Since
T
VL X", w) = = p(—yi(xi, W) ye x; = O(1)
t=1

uniformly for all w € R? we also have

VL X", Gt (@) = O(1).
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Finally

VG (@) = (VLG Ch (@)

All entries of the matrix V2L(yT|x?,w) are uniformly
bounded as well as the reciprocal of its determinant (see
Lemma [7). This proves that

VG (a) = 0(1)
and hence
Vexp (~Ley" x", Gyl r (@)

= exp (G @)I?)
Vexp (—L" X", Gyl ()

—exp (—ellGyd o @I~ LT IXT, Gt e (@)
226Gt (Q)VE 7o (a)

-0 (e*ﬁl\aHzHaH)

as proposed.
In a similar way we can compute higher derivatives. For all

non-negative integers ki, ...kqs we find
oh ke T, T ~—1
5 & (LTI Gl (@) = O

The computations follow the same lines as above. It remains
to note that
oF1t-ka

k1 kd
day* - --Oay

exp (—EHGE‘XT’E(a))HZ)

Cofe el
and to apply the product rule. This completes the proof of

In a second step we prove (A-2). Since

T‘XT / h Tle —i(az) da
— (iz1) %1 - (izg) " Fa uh rier (a)
' ! e dat - dalt Y x
e (@2 da,

It follows that the integral

/ ?lyTle (Z)€i<a’z> dz
R4

exists. Since all involved functions are continuously differen-
tiable this integral equals (up to the factor (27)~%) the original
function hyr 7 (a). O

APPENDIX B
EIGENVALUES OF B(w)

We recall the notation B, for a d-dimensional unit ball. The
d-dimensional volume vy of By is given by

/2

“TT(E )

We also note that Sy denotes the corresponding sphere that
has ((d — 1)-dimensional) surface measure s; = dvg =

2m/2 )T (g)

Lemma 8. (i) Suppose that d > 2 and let u = w/||w|| and
set q(z) = p(x)p(—x) = p(x)(1 — p(x)). Then we have the
following expression

B(w)=9¢(w)(Iz—u®u) + A(w)u®u

where 14 is the identity operator on R (thus I; —u® u is
the identity operator on the hyperplane orthogonal to u) with

Aw) = 222 [ cos(o)2 sinfo) g(cos@)wlhdo at

Va Jo

1 ™

. d+2
FE) sin(0)“" " q(cos(8)||w]|)db

P(w) = (A-5)

are the eigenvalues of B(w) with multiplicity 1 and d — 1.
(ii) The eigenvalue A\(w) is asympotically

vd_1ﬂ'2

AMw) = 302

whereas the eigenvalue ¢(w) is asympotically

Iwl = (1+O(lIwlI=*))

1 -2
o(w) = @x 2wl (1+O(Iwl[I=*)) -
Consequently
detB(w) = A(w)¢? 1 (w)

Ul T w2 (14 O(w] )
vg 3(d+2)4-1 '
Note that Lemma [§] is consistent with the case d = 1. Here
we have, as w — oo.

7T2

B(w) = /0 q(wz)x? dx ~ R

Proof. We start with part (i). Let 6 be the angle between x and
u = w/||wl||. We have the decomposition x = cos(6)u + b
with b € sin 08,1 (u) where B;_1(u) is the unit hypersphere
orthogonal to u. Since x’s have a spherical symmetry in its
distribution, so it is the case for the b’s in sin 8,41 (u) for
any given angle 6. Thus

B(w)

1 s
*/ q(]|w|| cos 8) sin 6 df
Va Jo

/ (b + cosfu) ® (b + cos fu)db
sin QBd 1( )

i/ q(]|w|| cos 8) sin 8 d
Vd Jo
/ (b @b + (cos0)*u ® u)db
sin 0B84 1(11)
1 s
w1 [ gl eosoysimoao
Vd Jo

/ cosf(b®@u+u®b)db. (A-6)
sin 0Bg_1(u)
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Again due to the spherical symmetry of b we also have

Jain 0B, () P = 0 leading to

B(w) = Uid/o q(||w]| cos 8) sin 8 df

/ (b® b + (cos #)*u ® udb
sin 0B4—1 (u)

1 ™
—/ q(||w|| cos 8)(sin 6)%d6
Vd 0
/ ((sin#)*b @ b + (cos §)*u @ u)db.
Bg—1(u)

The (sin@)9~! factor and the factor (sin#)? arise from the

change of integration domain from sin 084_;(u) to Bs—1(u).

It is an easy exercise to show that

Vg Vq
b®bdb=—-I,;_ = I, - .
/sd_1<u) N oW =gl e
(A7)
Furthermore we obviously have
/ u®udb =v5_1u®u (A-8)
Bg—1(u)

which completes the proof of part (i) of the lemma.

Now we move to part (i) of Lemma [8] Both A\(w) and
¢(w) are functions of w = ||w||. We write A(w) = A(||w]|)
and ¢(w) = ¢(||w]|). To capture the asymptotics of these
functions we apply the Mellin transform which is an effective
tool of analytic combinatorics for complex asymptotics. The
reader is refereed to [24] and [25] for detailed discussions.

The Mellin transforms A\*(s) and ¢*(s) of A(w) and ¢(w)
are defined, respectively, as

v = [ T Awt e, ¢*(s) = / " pwywtdw.

Observe now that

2vd71 7T/2
Mw) = " /O q(cos(B)w) cos?(0) sin?(#)db
204 !
= =1 1/ y? (1 — )2 q(yw)dy
Ud 0

via the change of variable y = cos(f). Thus we find

X 2041 [' o (d—1)/2,2 [ s—1
A*(s) = ; (1-y7) v | q(yw)w*™ dy dw

Vd
204 * ! — —5
==y (8)/ (1 =y D2y sdy
Vd 0
QU _ * *
= = (8)B (3 - 9)
Vd
where
¢"(s) =T(s)¢(s = 1)(1 —2707Y)
is the Mellin transform of ¢(x) = p(z)(1 — p(x)) and

is the Mellin transform of the function (1 — y?)(¢=1)/2 defined
over [0, 1]. Note that T'(s) is the Euler gamma function and
¢(s) is the Riemann zeta function. Hence,

2

(+5=)

A (s) = 22p(s)¢(s — 1)(1 — 2—(5—2>)m,
U4

—

Note that ¢*(s) and 8 (s) are analytic for Re(s) > 0. Both
functions can be meromorphically continued. The function
g*(s) has poles on the non-positive integers and the function
B3 (s) has poles on the non-positive even integers. Thus, the
dominating singularity of \*(s) is a simple pole at s = 3

(coming from I" (355)) with residue

204
res(A\",s =3) = — V-1

¢(2).

Vd

This implies that

Aw) = 22w (1 4+ 0(w ™)
’Ud,17'r2 _ _9
= M1+ 0w ™)

as w — 0o, since s = 5 is the next pole of A*(s).
We can make a similar analysis for ¢*(s) and we arrive at

2
T d+21

where 35 (s) is the Mellin transform of the function

¢"(s) “(8)B2(1 = s),

(1 o y2)(d+1)/2.

Hence,
| e D ()T (43
o} (S)—mr(s)C(s—l)(1—2 ( 2>)w-

Here the dominating singularity is a simple pole at s = 1 with
residue

-1
res(¢*,s=1) = 112
(Note that ((0) = —1.) The next pole is s = 3. Thus, we have
Bw) = o (1 0w ™))
(d+2)w
This completes the proof of the lemma. O
APPENDIX C

PROOF OF LEMMA [3H3]
We start with the proof of Lemma [3]

Proof of Lemma |3| We use the representation (30) that we can

rewrite to
. 1 e—ixz/(l-&-ezw) eiwz/(l—ke*’“") J
f(wv Z) - A 1 + e—TW + 1 + eTw z-

By differentiation we directly obtain

_ 1 1 1 1
f(w,0) /0 (1+emw + 1+6Iw> dx /0 dx ,
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e—ixz/(l-&-exw)

—ix
oF HTiem Tyem
ai(w’z) - /O etwz/(1+e™"") iz dz,
+ =
1+ertw 14e 2w

1
a(w,()) :/0 0dx =0,

efixz/(1+emw) —ix 2
ﬁ(wwz) - /O eizz/(1+e ™) i 2 dz,
* (=)
1+ e 14 e 7w
1 —iT
82? /1 142w 1+ ezw
—(w,0) = dx,
9 2( ) 0 1 i 2
T4 e \T4eww
_ _/1 x?
o (T+emme)(1+emw)
1 1
. d
<1+€—J;w+1+ea:w) x
1 SC2
=— dz
o T o)l + o)
= _P(w)a
efia:z/(1+exw) —ix 3
o3 1 1 —zw (1 xw>
ﬁ(w,z)z/ te e dz.
0

N eizz/(l—&-e’zw) i 3
1+ erw 14 e 2w
Clearly we have

B(w) =0 (/01 g2e~ vl d:c)

Similarly it follows that

83? ! —|zw : —
@(w,z) =0 </0 e dx) = O (min(1, |w|™))..
Thus, it immediately follows that

2

z
2

f(z,w)=1-"-B(w)+ O (z3 min(1, |w|_4))

and by expanding f(z,w) = €'°8/(*%) we obtain the third
representation for f(z,w) (where we use z% min(1, |w|=%) as
the order of 22B(w)?).

Finally, if |z] < max(1, ¢;|w|) (for some sufficiently small
constant c¢; > 0) it follows that

2’B(w) > 23 min(1, |w|™).
Thus we also get
f(w,z) =1—-0 (z*min(1, |w|~?)).
O

For the proof of Lemma [4] we need to further properties
(that can be found in [29]),

Lemma 9. Let 31, 5 be real numbers with 1 < 2. Assume
that h is continuously differentiable on [81, 2] and has a
monotone nonvanishing derivative. Then for each continuous
function g we have

B2 ,
/ g(z)e"®@ dg

1

max(s, s, 9] + V4’ (9)
mingg, s, |7/

<2 » (A9)

where VB’i (g) denotes the total variation of g on [f1, Ba).

Lemma 10. Ler 31, 8 be real numbers with 31 < 5. Assume
that h is twice continuously differentiable on [, B2] such that
the second derivative is non-zero. Then for each continuous
function g we have

B2 . maxs, g, |9l + V22 (g
/ g(x)eﬁh(m) dr| <8 [B ,B2] ‘ | [i’: ( ) (A-10)
1 mingg, g, v |h”|
The proof of Lemma [ runs as follows.
Proof of Lemma [ We consider the function
h(z) = % = zzp(aw)
that satisfies
W (z) 14 e 4+ zwe™™v 1+e ™™ +ue™™
T) =2z =z
(1 + efa:w)2 (1 +efu)2
and
—zw 1— e 2w
h// — ) we 2 —zTw i
('T) z < (1 + efzw)Z +wze (1 + efzrw)3
zue " 2(1+e ™) +u(l—e ™)

x (14 ew)3 ’

where u abbreviates © = xw. Note that

1 1
flz,w) = / p(—zw)e™ ™ dz + / p(zw)e™ =) dz.
0 0

First we consider the case w > 0 (so that u = zw > 0).
Here we certainly have

2|

W (@) = 5 (A-11)

and that h”(x) has the same sign as z. Hence, by a direct
application of Lemma [9] we obtain

1
/ p(—zw)e™™ da
0

Note that the function p(—zw) is monotone and bounded by
1.

Next observe that there is ug < —1 such that 14+e~ % +ue™".
Furthermore we also have that

8

(A-12)
||

20+e ™) +u(l—e ™) >2—e1>0

for u < 0. Thus, if 0 <w <1and 0 < x <1 we have

W () >

= Utep (A-13)
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and consequently we get

1
/ plaw)e =) dx

0
fer-of2)

Trivially we have |f(z,w)| < 1. The case —1 < w < 0 can be
handled in completely the same way. Thus, we have completed
the case |w| < 1.

If |w| > 1 we have to be more careful. First we again have
(A-TT)) which implies (A-12).

However, for the second integral we have to distinguish
between three ranges. If 0 < 2 < 1/w then we get again

(A=T3) and, thus,

1/w ,
/ p(xw)ezh(_m) de| <
0

Secondly we consider the interval 1/w < z < (Jug| + )/w
(for some k > 0) then h/(—x) is very close to 0 (and actually
equal to 0 for z = |ug|/w). So instead of Lemma [9] we apply

Lemma [T0] and obtain
1
=0
V2wl

/(|u0+'€)/w p(xw)eih
@) =6 () =6(u

2(1+e)?

<
2]

which implies

2(1 +e)?
||

(=2) g

1/w

since

in this range.
Finally if (Jug| + £)/w < 2 < 1 we again apply Lemma [9]
In this range we have

W @)] > clel =

(for a proper constant ¢ > 0) which gives

1 ) e
/ plazw)e = dz| = O () .
(Juo|+#) /w 2wl

This completes the proof of the lemma since the case w < —1
can be handled in completely the same way. O

Finally we give a proof of Lemma [3]

Proof of Lemma [5] We consider first the case |z| > ¢}|w],
where ¢} will be chosen sufficiently large. As in the proof of

Lemma [3] it follows (if w > 0)
! , 1
/ p(—zw)e™ @ dz| = O ()
0 2]

and

1
/ plaw)e =) dx

1/w (Juol+m)/w 1 _
/ / / p(zw)e =) dx
1 (Juol+m)/w

|Uo|+77

1 1
<1- +0 — .
w <|Z| 1/|zw|>

Thus, if |z| > ¢jw for a sufficiently large constant ¢} we have

1
/ (p(—xw)eih(z) +p(xw)eih(7z)) dx
0

Next we consider the interval cqw < |z] < cjw. With
¢ = z/w we have

C
<1-22
w

fz,w) = /1< (—zw)e” iwzp(vw) + p(zw)e izzp(= zw)) dx

S

By continuity it follows that uniformly for ¢; < ¢ < ¢}

1
< / p(—v)dv — ¢y
0

for some constant ¢ > 0. Hence

_z(:vp(v) _'_p(v)eicvp(—v)) dv.

1
/ p(—v)e P gy
0

Few) < o [ o)+ o)) do— 2 =12
) =/ p p w W’
as proposed. (The case w < 0 is completely similar.) O

APPENDIX D
UPPER BOUNDS FOR f(w,z)

We need analogous for Lemmas for d > 1. Actually
the situation is slightly more difficult.

Lemma 11. We have uniformly for z € R¢ for some T > 0
ez Jor lwll <1,

) \II‘ ‘Il\ for ||w] > 1

z"B(w)z >
) { (Jcos ¢ + Wl sin ¢])?

for proper constants c1,co > 0, where ¢ denotes the angle
between w and z, that is cosp = (w,z)/(||w]| ||z]|). Further-

more
_ 1
log f(w,z) = _§ZTB(W)Z
N O(||z]|* + [|=]|*) o Jor|wl<,
O(l\‘lvzvl‘\l Tl ”|:v1‘r|w|) for lwl > 1.

In particular if ||z| < c||w|| for a sufficiently small constant
¢ >0 and if ||w| > 1 we uniformly have

Iz[1*  |lz*|sin 0|

Re (log F(w.2)) < c( n )

lwi? [w

for a proper constant C' > 0.

Proof. The case ||w| < 1 is easy to handle. We just use
Taylor expansion and the property that (for proper constants
c3,cq4 > 0)
2" B(w)z = E [p((X, w))p(—(X, w))(X, 2)?]
> c3E [(X, z)?]
> ezl
In the case ||w|| > 1 we have to be more careful. Let wy =

w/||w| and w; = W/||W||, where W = z— (z, w)/||w|? w is
orthogonal to w. We now represent X as X = £1Wo+2Z2W1+X3,
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where x3 is orthogonal to w and z. With the help of this
notation we have

(x,2) = x1<|zv’VWQ> + || W
We also note that
— <Z|;NW> =zl cosp and B =|w| =|z||sing|.
and that

2" B(w)z = E [p((X, w))p(— (X, w))(X, 2)?]
E [p(z1]|lw])p(=a1[[wll)(Az1 + Bxa)?]

is a positive definite quadratic form in A, B. Thus, we get the
lower bound

2" B(w)z > cs A’E [p(a1||w])p(—a1 [ w)=7]
+ B2E [p(a1 | w)p(—1||wl|)23]

A2 B2
Z C6 1o + —

[wi®  [lwl
> o 22 in o))
> ey (cos el + [wlllsinol)

(for proper constants cs, c5, c; > 0) as proposed.
The second part of the lemma follows by applying first

Taylor expansion for f(w,z) and then by taking the logarithm.

However, the computations are more involved. For the third
derivative we obtain

03 f(w,z)
02;02,02¢
X Xp Xep((X, w))p(— (X, w))
e <p(—<X7w>>2e—i<><vz>p<—<xfw>> )
- p({X, W>)2ei<X¢z>p(<X,w>)

which gives

P f(w,0z)
063
P((X, w))p(— (X, w))
=ik p(— (X, w))Ze (X 02p(~(X.w))
| < 7p(<X,W>)26i<x’92)p((x’w>) <X,Z>3

If ||w]||sing| < 1 it is easy (by using the methods from
above) to obtain an upper bound for this integral of the form

O(llz[P/wl*).

However, if ||w|||siny| > 1 we have to be more careful.

By using the parametrization from above and the integral
representation of the remainder term in Taylor’s theorem it
turns out that the error term is essentially bounded above by
the integral

=) / 1 [ pariiyot-aaiwi)

z%—}-m%gl
. ¢iflzlp(z: [[w]) (@1 cos pta> sin )

- (sin)323(1 — 0)% dxy dxy db.

The integral with respect to z2 can be upper bounded by

(T
1+ 0z|lp(zllwl)|sineg| /-
Furthermore we have (uniformly for A > 0)

L | 1 log(l+ A)
T (1-02di=0(— ¢ BT
/01+A0( ) O<A2+ A >

By simple computations this leads to an upper bound for I of
the form 9 o 1o
o <||z|| [sin g )

as proposed.

Note that the lower bound for 1z"B(w)z and the upper
bound for the error term are of the same order, namely
||lz||?| sin ¢|?/||w||. Finally a slightly more careful analysis
shows that the constant in the lower bound for 3z B(w)z is
bigger than the constant of the upper bound of the error term.

Thus, we finally find
3 2
Re (log Fw.2)) < ~C ( i)

for a proper constant C' > 0. O

We recall that X is uniformly distributed on the unit ball
Ba. The idea is to parametrise the unit ball with the help of
spherical coordinates

x1 = tcos(gy)
Xo = tsin(¢q) cos(d2)
x3 = tsin(¢y) sin(gz) cos(¢s)

Xg—1 = tsin(¢py) - - - sin(dg—2) cos(Ppq—1)
g = rsin(py) - - sin(¢dg—2) sin(pg—1),
where 0 <t <1,0<¢; <m(1<j<d—-2), <dg_1 <2,
and the determinant of the Jacobian is given by
d—1

0 ] Gin(ea—i)™

k=2

Note that for £ = 1 we also get a parametrisation of the sphere
Sa.
We start with a simple lemma.

Lemma 12. Suppose that x € Sy, that is |x|| = 1. If
|(x,w)| <1 then

/01 t4= L f(w,tx,z)dt = O <|<X1Z>>

whereas if |(x,w)| > 1 we find

) ) el (ew)|
d-lr(w tx.z)dt = O ’
/0 T f (W, tx, z) dt < |<x,z><x7w>|+|<X»Z><X’W>|>
(A-15)

(A-14)

Proof. The proof follows that same lines as the proof of
Lemma [d] We just use the (auxiliary) function

h(t) = p((tx, w))(tx, z)
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that satisfies In general we distinguish between the cases
—(tx,w) —(tx,w)
W) = (x,z) §fX>‘;V>; ez _Jew) L [xE)] | (xw)
(1+emtBewd) 2| = [lwl [l [[wil
and and obtain
B (t) = (x,z)(x, w)e (W)
(t) = ( 2>(<1+ ><txw>)+ (e 1) 1 1 |z 1 Iwll
2+ x, W) (e a1\ Twl " oo wil | izl

(1 + e—(tx,w))S
as needed 7 Thus, we get (with proper constants C',C" > 0)
A 11 btain the followi bounds fi 1
5 s a) corollary we obtain the following upper bounds for K < / min [ 1, 2]
z,w). a1 T l(x,2)]

[[wll
Lemma 13. [f |w|| < 1 then we have
y 1 lwll
. log |z T M b e\ Tl
|f(z,w)| < min (1,Cl> (A-16) Sa
]| 1
or some constant C1 > 0, whereas if |w|| > 1 we obtain <c” / (1- < )
J ! Flwl = L |x1|\/||w\| ]
_ 1 wll
[7(z, w)| < min (1,02 o8 (=l lIwl)) + e ) . (A7) _ o (losdllzll Iw])
2] [[wl] 2] [[w]]

for some constant Cy > 0.
as proposed.

Proof. We start with the case ||w| < 1. Note that ||w| < 1 Finally we consider the integral K5, where we use the
implies |(x,w)| <1 for all x € Sq. By Lemma inequality

L | | | Ll 1wl
z,w) =0 min (1, ——— | dx |,
1z w) </s (l |<x7z>|) ) W] S w2 Wl T WP Tl

where the integral is considered as an (d — 1)-dimensional and use the property
integral. Due to rotation symmetry we can assume that z is

1
parallel to the first axis. Thus, we have (x,z) = x1]|z| and / (1- x?)% min <1 1 ) 1 )
consequently -1 |z 2| wl| l|z]| lz]] |w]|

Faw) — O </1 1 x%)% in ( = |1|| ”> dxl) This completes the proof of the lemma. O
Z
o Lemma 14. There exist constants ¢y > 0 and co > 0 such
hat
= d.’El ! —

<||Z|| ||ZH //|| z| ) |f(z,w)] <1-— ”fN—z” (A-18)

_ o (Toallsl) 2

2] uniformly for ||z|| = c1[[w|[log® [[w.

as proposed. Proof. We consider first the integral fol t4=1 f(w, tx,z)dt and

Now suppose that |[w|| > 1. Then either (A-14) or (A-15)  assume that |(x,w)| > |ug| + 7. we split up the integral into
holds. But since ||[w| > 1 then (A-14) implies (A-15). Thus three intervals of the form (compare also with the proofs of
we have (A-T5) in all cases. To complete have to consider the [ emma A and [5):

two ((d — 1)-dimensional) integrals
[0, 1/1G¢, w)l;

1
K= [ min (1) ax (1716, w)1, (o] + 1),/ 1%, wl],
/Sd ( |<X’Z><X»W>> (ol + 1)/, w), 1.

d

an ellwll and obtain (for some constant C’ > 0)
Ky :/ min (1,) dx.
o 6 2) . )] L / |
. 7 f(wytx,z)dt| < C'max | 1, —

Note that |(x,w)| < ||w|| if x € S,. ‘ o u ) ’ 1(x, W) (x, 2)]

We start with K7 and suppose first that z and w are parallel. d
Then we are in the same situation as in the previous case and, + 1 <“0 + 77) )
thus, we obtain d |(x, w)]

third interval.

_ <10g(||Z|| llwll) Note that we used a the trivial bound |f(w,tx,z)| < 1 in the
]| f|wl
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We already observed that

/ max<1,1> O(1g<nnnwn>>
Sa [(x, w) (x,2)] =[] Tw]

Furthermore we have (for proper constants C’, C"" > 0)

/ |, w) |~ dx
Sa,| (x,W)|>|uo|+n

1
o | (
(luol+n)/llwll
i 1

d—3
zilw]) (1 —2})"= day

[wil”
This directly leads to

_d | dalog(Jz] )
wl

f(z,w)| <1

[} [w
for proper constants d;,ds > 0. Clearly if
Izl > e1|wl/log? | w]|

for a properly chosen constant ¢; > 0 we obtain (A-T8) for
some constant co > 0. O]

Lemma 15. Suppose that c3 > 0 is a given constant. Then
there exists ¢4 > 0 such that

f(z,w)| <1- ”674” (A-19)

uniformly for ||z|| > c3||w||. In particular it follows that

[f(z,w)| <1 - ————5—

(I[wll1og? [lw])

uniformly for cs|w| < |lz]| < e1|[wl|log? | w].

Proof. The idea is to show that for some constant ¢ > (0 we
have

/ p((x, W>)e_ip(_<x’w>)<x’z> dx < (1-— c)/ p((x, w)) dx
v y (A-20)
uniformly for all z with ||z|| > ¢3||w]|, and where

U={x=(x1,...,2q) € Sq: |z1] < 1/||z|, |z2| < 1/2}

is a subset of S; of measure > ¢’/||z|| (for a proper constant

¢ > 0). Clearly (A-20) implies (5-19‘.

We set wy = ﬁw and represent z and x in the form
zZ = 21Wqo + Z2 and X = 21W( + T22Z2 o + X3, where zg is
orthogonal to wy, wa o = mwQ, and x3 is orthogonal to

w and zj . With the help of these representations we have

(x,w)=2x1 ||lw|| and (x,2z) =121 + x2| 22]|.

Furthermore we denote by U(z1) (for |z1| << 1/||z||) and
U(x1,x2) (for |z1] << 1/||2]| and 22 < 1/2) the sets

U(w1) = {(w2,x3) : |wa| < 1/2, [[(21, 72, %3)|| <1} e R
and

Uz, z2) = {x3: ||(x1,22,%x3)|| <1} € R?72,
It is easy to show that

VOld_l(U(I'l)) — Cl and VOld_Q(U(Scl,IIZQ)) — C2

20
as x1 — 0 for proper constants C7 > 0,Csy > 0.
We now have
/ pl(x, w)) dx
U
= [ sl Volaor (UGe) da
|21 ] <1/ 2]
1/2
_ / / (@1 [[W])) Volu_a(U (21, 22)) ds day
—1/2
lz1]|<1/]|2]| /

and

R:= / p((x,w))e_ip(_<x’w>)<x’z> dx
U

1/2
_ / / p(a1 [wl)e= P IwD @z teslizi)
—-1/2
ja11<1/ ]

. VOld,Q(U(I'hZL'Q)) dl’g dl’l.

First suppose that ||zz] > 1. By assumption we have
lzi|lw]] < ||wl|l/|lz]] < 1/c3 which implies that A =
p(=z1[|wl))[z2|| satisfies

Al = p(=z1[[w) 22|l = "

uniformly for some constant ¢/ > 0. Thus, the following
integral satisfies

1/2 1/2
/ e—in(=arlwlizzlies g :/ o422 gy,
-1/2 —1/2
sin(A4/2)
= A o
472 ’— ’

for some constant ¢ > 0 (provided that |A| > ¢). Consequently
(A-20) follows in this case.

If ||z2|| > 1 we can use a continuity and a compactness
argument. We rewrite the integral R as

1/2
R:ﬁ / / eIl el

lul<1
e ip(ullwll/ =l e /=l +eallz2 Dol o (U (zy, 22)) das day
and recall that 0 < ||w||/|lz|| < 1/ce, —1 < z1/|z]] < 1,

and ||z2|| > 1 vary in a compact set. Thus, we certainly have
uniformly in that range

1
I

1/2
—C
g = Z|| / / p(u HWH/HZ”)VOId—2(U($1,.’132)) da’;2 dl‘l
—-1/2
lul<1

for some constant ¢ > 0, and we are done. O

APPENDIX E
PROOF OF THEOREM [I(11) FOR d = 1

The proof of Theorem [Ifii) runs along similar lines as that
of Theorem [I[i) but it is more technical. We first note that the
second moment E[S. (xT)?] cannot be explicitly represented
as a convergent multi-dimensional integral as it is the case for
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the first moment. We use a regularized version of S.(x) of
the form

T
1 2 ..
Sg(xT) =5 // | I flw,ze, 2) e =Y —2icwz
RIR =1

V2L (|27, w)e % dw dz (A-21)

that is absolutely convergent as a double integral if > 0 and
has the property that

S.(zT) = lim S7(2T).
n—0

Actually we can be more explicit. By slightly extending the
computations of Appendix [A] that is, by using the more precise
relation @ = 2ew + O(T) that holds uniformly in y?, z7
and T, where w = G;Tlle(a) and by using (a + O(T))? >

1a2 4+ O(T?) and 27 = O(eO(T*/9)) it follows that
> hyripr(a) =0 (eféw%owﬂ)
yT

and

2 2
S hyrier(a)’ =0 (T?lesiwzw(ﬂ) .
yT ¢

Consequently we have

E 7 1 E —iaz
hyTlxt(Z) %/ hyT‘mT(a)e
T R T
Y Y
-1 z : 1" —iaz
hyT‘zT(a) €
R oT

2mz2

—O(e2min(1 L O/ )
" e22

T
/ H flw,z, 2) e_awz_Qiszngg(-\xT, w) dw
R

t=1

=0 <55 min <1, 1) eO(T2/5)> .
€22

This upper bound immediately implies
) LO(T? /e)>

|S.(2T) = §7(«")| = O ((”2 +
€ €
and consequently (since S.(z1) = O(27) = eO(T?/e)
) eO(T2/5)> '

(A-22)

In other words,

‘3
W=

vl

‘3
Nl=

|E[S=(z")?] - E[S?(z7)?]| = O <<€’72 n

[SI[)

€
In particular, if we choose
2
e~ CT?/e

n >0

for a sufficiently large constant C' we find
’E[SE(JZT)Q} _ ]E[Sg(xT)QH -0 (672670/]‘2/5)
=0 (Te_clTS/z)

if e > T2,

21

Thus, it suffices to compute E[S7(z7)?]. Since n > 0, we
know that S7(z”) is represented as an absolute convergent
double integral (A-21), by dominated convergence we obtain

E[S?(z")?]
t=1

1
=—— | E
(27‘()2 /4
R 2 T 2 T
VoL (Hz" yw) VL (Fz* , wa)

- eme(witwd)=2is(wizi—waz2) o= 452) Qo duwy dizg dizg
T2 - T
(2m)? Jga

_e—a(wf—&—w%)—%s(wlzl—w222)e—n(zf+zg) dwy dws dz; dzs

T

[T (FCws,we, ) F(we 20, 22))

Flwr,wa, 21, 220) T " B (21, w1) B(22, ws)

T = _
+W/4 flwi,wa, 21, 22) T " Ba(21, 22, wi, wo)
R

- eme(wiHwy)=2is(wizi—waz2) o =n(E422) quiy duy dzy dizg

2eT = L
+2W /4 f(w17w272:1722)T lf(w17zl)B(22’w2)
R

. e*S(wfﬁng)*%s(wlZl*w2z2)67n(zf+'z§) dwy dws dzy dzp
(2¢)?

(2m)? Je
e~ duyy dws dzy dzs

(T*=T) Jo+T Jgy+2T Ty

T —e(wi+w3)—2ie(w 21 —waz2)

—+ flwy,wa, 21, 22) e
4

+ (2¢)%73,
where

?(wl, Wwa, 21, 22) = ]E [f(th, Zl)f(’wg, X, 22)}

1 /1 e—ia:zl/(l-i-e““l)
2/,

eiwzl/(l-i-e*wwl)

2 14 e—7w1
(eiw@/(l-‘rem%)

1+ etw2

)
).

e—iwzz/(l-‘re*ww?)

1+ e—7w2 1 + exw2

and

By (21, 22, w1, w2) =

f(wl,X,Z1)f(w2,X722)

E
- p(Xw1)p(—Xw1)p(Xw2)p(—Xws) X*

For the sake of simplicity we only consider (as in Section [[TI)
the integral

j”] — / ?(wl Wa, 21 ZQ)Tefe(warwg)f%a(wlzl7w2z2)
2 r2 JRe ) ) 9
. efn(zf“g)dwl dwy dz1 dzs.
We will show that
To=J21+0T "N +0((1—-r)Tlogn™") (A-23)

for some 5 > 0 and for some x > 0. By applying the same
kind of calculations to the other parts of the integral we find
in particular for the asmyptotically leading terms

Jo=J21+0(T?)+0((1 —r)Tlogn™)

(and similar properties for jga and j?).
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By setting n = exp(—CT?/¢), see , we thus obtain
E[S!(z")?] = E[S.(«")]*(1+ O(T~7))
and consequently
E[S.(z")?] = E[S.(z")]*(1 + O(T~7)).
which proves (24) of Theorem [T}

(A-24)

_ For the proof of (A-23) we need some information on

f(wy,wa, 21, z2). The first property is a direct extension of
Lemma 3

Lemma 16. We have uniformly for |z1| < max(1, c1|w1|) and
|z2| < max(1,c1|ws|)

?(wla w2, 21, 22) =

—127B(w1)—123B(ws)

e
. (1 + O (2} min(1, [wi|™*)) + O (21 min(1, |wi| %))
+ O (23 min(1, |wa|™*)) + O (23 min(1, |w2|_6))).

The next two lemmas require some more work.

Lemma 17. Suppose that |wi| < Cy and |ws| < Cy (for a
proper constant Cy > 0) and z1 # zo. Then we have (for some
constant C > 0).

‘T(wl,wrz,zl,@)’ < min (1,

C
Ve — za| + |zaffwy —waf )

If |lwi| < C1 and |wsa| < C} then

- C
‘f(wl,w2,zl,22)‘ < min | 1, .
V21| + [zgwa|e= T2l

Finally, if |lw1| < Cy and |wa| < C1, then

‘?(U}],U}Q, 21, 22)‘

< mi 1 ¢
< min )
’ V]z1wi e~ 19l 4 [ zpwg [e=Twel

Lemma 18. Suppose that ¢y > 0 is a given constant. Then
there exists co > 0 such that

= Co

w1, Wa, 21, 22 ‘gl——
uniformly for (wq,ws, 21, z2) with |wi| > Cf,
or lwa| > Cy, |z2] > c1]ws|.

z1| > e1]wn]

Proof. We give only a detailed proof of the first part of
Lemma [I7] The proof of the second and third part of Lemma|T7]
are then quite similar. Finally, the proof of Lemma [T8]is very
close to that of Lemma -

By definition we see that f(wy,ws, 21, 22) consists of four
terms of the form (or of a very similar form)

1/t .
P = 5/ 10(—xu}1)p(—xwg)e’h(””)7
-1
where
Tz T zZ2
h(z) = Tteswm  1teawm zz1p(zwr) — T22p(TW2).

22

As in the proof of Lemma [3] we make use of Lemmas [9]
and [T0] In particular we need the first and second derivative
of h(x) that we represent in the following way:

h'(x) =
+

(p
(p
(@) = v/
_|_

(zwr)zwy + p(rwy))(z1 — 22)
(zwy)zwy + p(zwr) — p' (zws)zws — p(rws)) 22,
"(zwy)zw? + 2p (2w )w ) (21 — 22)

(p" (zwr)zwi + 2p (zwr)wy — p”’ (zws)zw3

— 2p (zwq)ws) 2o.

It is immediate that h'(x) = O(|z1 — 22| + |w1 — w2||22]) and
h'(z) = O(|z1 — 22| + |w1 — wal|22|). Thus, it remains that
these upper bounds are — more or less — tight.

We suppose (for the sake of simplicity) that x > 0, w; > 0,
and wy > 0. If

Hy(z) = (p'(zw1)zw; + p(rw1))(21 — 22)
and

Hy(z) = (p' (zwy)zwy + p(rwr) — p'(2ws)zws — p(zws)) 22

then then we trivially get the lower bound |h/(z)| > ¢|z1 — 23]
(for some constant ¢ > 0) which proves (by Lemma E[) that

1 1
21 — 22| |21 — 22| + w1 — wa|22]

1
=0 .
V0z = zaf + [wi — wal[z]

as proposed. Here we used the fact that Hq(z) = ©(|z1 — 23])
and Hy(z) = O(x|wy —wa||22|). Actually if Hy(x) and Ha(z)
have different signs and if we have |H;(x)| > 2|Hz(x)| for
all z € [0,1] then it also follows that |1/(z)| > §|H;(z)| =
O(|z1 — 22|). Thus, we get the same upper bound. Finally
suppose that H;(z) and Hy(x) have different signs and that
|H1(z)| > 2|Hz(x)| holds only for 0 < z < x; for some
x1 € (0,1) which means that |21 — 22| < ¢/|wy — wa||za| for
some constant ¢’ > 0. We now consider the second derivative
W'(z) = H{(z) + Hj(x). Here we have H{(z) = O(|]z1 —
zo||w1|) and Hj(x) = O(Jwy — wa|22]). Consequently, if |w; |
is sufficiently small then |H,(x)| > 2|H; ()] for all z € [0, 1]
and we find (by Lemma [T0)

-0 —1
lwi — wa[2|

1
=0 .
\/|2’1 — zo| + |w1 — wal|22]

The other cases can be handled in a very similar way (just
with slightly more care) and completes the proof of the first
part of Lemma [T7] O

We split now the integration over R? x R? in the integral
Ty o into several parts. Actually, with the help of the above
properties (which are all very similar to those that have been
used for evaluating the expected value, see Section [[T) we can
cover all but one region (for the sake of brevity we omit the
easy technical calculations in the first five cases):
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|z1] < max(1,e1|wy|) and |z2] < max(1, ¢ |ws]). In this
case, we apply Lemma [T6] and obtain the leading term by
Gaussian agproximation. We note that the regularization
factor e="7* does not change the leading term. Since n =
e=CT%/e s extremely small, we can use the approximation
e = 1 — O(nz%) and obtain (uniformly for & >

T=1/2):
1 S , 2
T </OOB(w)1/265w dw>
. (1 +0 (T_%) +0 (775_1)> .

Clearly, this leading term matches the square of the leading
term of J.

lwi| > Ch, er|wi| < |21] < el®tlor Jwy| > Cy, er|ws| <
|z2| < elw2l,

Here we use Lemma [I§] and argue as in Section [ITI] This
gives an error term of magnitude O(e‘cf’ﬁ).

|’LU1| S Cl, |Z1| Z elwll or ‘UJ2| Z 01, ‘2’2| Z €|w2\.
Here we use again Lemma [I§] and obtain an error term
of magnitude O(T~2).

|wi] < Cy, |wa] < C4, 21| <1, |22 > 1 (or the other
way round).

Here we use Lemma |17 and obtain (again) an error term
of order O(T~ %)

|w1| S Cl, 1U2| § Cl, Zl| Z ]., Zg| 2 1, and ‘Zl 722|+
|w1 — wal|z1] > Cs (for Cs sufficiently large).

Here we use the first part of Lemma [I7] and get an error
term of order O(T~3%).

|’LU1| < (i, |’LU2| < (4, ‘Zl| >1, |22| > 1, and ‘Zl —Zg|—|—
|U}1 - ’U}2||Z1| § Cg.

In this case we have to argue separately, as mentioned
above. The methods from Section [T} do not apply.

The essential point in the last case is that the corresponding
. . —n .
part in the integral J,, when we set = 0, is not convergent.

So we will need some precise information on f(wy,ws, 21, 22)
in this range and then we use the regularizing factor e~n(zi+23)
to get convergence and proper upper bounds. This will then
complete the proof.

Lemma 19. Suppose that |w,| < Ci,

wa| < C4,

21l > 1,

|zo| > 1, and |z1 — 22| + |w1 — wal|z1| < Cs. Then

?(11)1,’(1)2, 21, 22) =

1
5 + O(Jwi] + |wa| + |21 — 22| + w1 — wa[22])

2
+O< ! ) (A-25)

[

Proof. We split up ?(wl, wa, 21, z2) into four parts:

~l|
-

||
N

|
w

ot ,
5 / p(xwl)p(wa)efzp(fmwl)mzl+zp(7:cw2)122 dJU,
-1

1 /L ) )
5/ p(xwl)p(fxu&)eﬂp(*wm)wzlﬂp(muz)xzz dz,
-1

1
%/ p<_xw1)p(xwz)eip(xwl)le+'L'p(—ww2)xzz dSL',
-1

23

1

= 1 . iy

= — —Twy)p(— b :

Foimy [ pemwp(cougeremn e g
-1

We first study ?1, where we replace p(u) by p(u) = & +r(u).
Note that 7(u) = O(u) for u = O(1). In particular we have

H = —ip(—aw;)w2y + ip(—2ws)r2s

= —%x(zl — z9) —ir(—zwy)xzy + ir(—zws)rzs

= *?E(Zl — 29) —ix(r(—zwy) — r(—zws))ze

—dzr(—zwi)(z1 — 22).

By assumption |z; — 22| + |wy — wal|22| is bounded. Hence,
H is bounded, too. We then obtain

- 1 [ . .
Fi= [ plawplaug)erimmm e g
-1
1 /1 1 1 /1 -
- —dx + = r(zw)p(zws)e™ dx
5] .1 5 (zw1)p(zws)

-1

1 [t .
+ 5/ r(zwe)p(zw, e da
-1

+ % /71p(xw1)p(zw2)(eiH —1)dz

1
= 1 + O(Jw1| + |wa| + |21 — 22| + |w1 — wal|2z2]).
Similarly we find

= 1
fa= 1 + O(Jwr] 4 [wa| + |21 — 22| + w1 — ws|[22]).

The behavior of ?2 and ?3 is different. Since

—ip(—zwy)xz1 — ip(Tws)x2ze
= —i(1 — p(zw1))zz1 — ip(rws)x2e

= —jzz1 + H

we have

— 1 ! )
Fo=1 / p(awn)p(—zws)e— =+ da,
1

and by applying Lemma [9] we obtain

= 1
R=o(d)
= 1
fﬁzo(w)'

Thus (A-23) follows. O

Similarly

It is an immediate consequence of Lemma [T9] (together with
a simple continuity argument) that

‘?(wlvu&vzlvz’?)‘ S 1-x

for some k > 0 provided that |wq| < Cy, |wa| < C4, |z1] > 1,
|za| > 1, and |21 — 22| + |w1 — wa||z1| < C5. For notational
convenience, we denote the subset of (w1, ws, 21, 22) satisfying
these conditions by R. Furthermore we denote by R’ the
set of (wl,w2,zl) with |’LU1| S Cl, U)2| S Cl, Zl‘ Z ].,
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and |wy — wsl|z1] < C5, and by R” the set of (w, z1) with
|w| <2C; and |z1| > 1, and |wz1| < C3. Then we get

= 2, 2y
//// fwy,wa, 21, ZQ)Te_E(w1+w2)_2w(wlzl ~wa2)
R

. €_U(Z%+Z§) dwi dws dz1 dzo

-0 ((1 —r)T ////R e~ dwy dws dzy dzz)
0 ((1 — k)T /// e "7 dwy dws dzl)
-0 ((1 — k)T // ) e~ dw dzl) .

Finally we have

2 o0 2 1
// e "™ dwdz = O (/ e~ "1 min (, 2C’1> dz>
7 1 z

1/2

T
=0 / —dz
1 z
e 1
+0 (/ e dz)
n—1/2 z
1
=0 <log 77) + O(1).
This implies an upper bound of the form
1
@) ((1 — )" log ) .
n

In summary, we prove (A-23) which implies (24) and completes
the proof of Theorem [I]
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