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Abstract

Retraining is the primary mechanism by which
Al models can update their internal parameters in
response to evolving environments, yet it is also
one of the most costly operations. This raises a
fundamental question: how often must a model
be retrained to achieve optimal performance over
time? We address this problem in the framework
of online learning, beginning with the classical
but foundational case of i.i.d. realizable data. We
show that retraining at every step is unnecessary:
in most cases, only O(log T") updates suffice to
achieve near-optimal risk, where 7" is the num-
ber of steps. Furthermore, when the learning
curve decays as 1/t® with a < 1, as few as
O(loglog T') updates are enough. We design al-
gorithms that achieve these guarantees, including
adaptive methods that remain optimal when «
is unknown, and extend our analysis to nonsta-
tionary settings with distribution shifts. We also
establish sharp impossibility results, proving that
no universal algorithm exists without prior knowl-
edge of the learning curve. Together, these results
provide the first precise characterization of opti-
mal retraining frequency, bridging foundational
theory with practical strategies for scalable Al

1. Introduction

Current Al systems have achieved remarkable success
across a wide range of applications, enabled by training
on large volumes of data that yield strong statistical concen-
tration and effective representations. As these models are
deployed over extended periods, they inevitably encounter
a continual stream of new data. Incorporating such data can
improve predictive accuracy, but doing so typically requires
retraining, which updates the model’s internal parameters.
Retraining, however, is among the most costly operations in
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modern Al—whether in terms of computational resources
or stability. This raises a fundamental question: as data
accumulate, how often should retraining occur to maintain
optimal predictive performance?

We address this problem through the lens of online learn-
ing (Shalev-Shwartz & Ben-David, 2014), a setting in which
data arrive sequentially over rounds ¢ = 1,2, ..., 7 and the
learner must make predictions in each round while updating
its hypothesis based on feedback. Formally, online learning
can be phrased as a game between a learner and nature. At
each round ¢, the learner selects a predictor h, based on
past data; upon recelvmg a new instance Xy, it outputs a
prediction Y, = ht(X +). Nature then reveals the true label
Y;, and the learner incurs a loss ¢ (YQ, Y;) for some prede-
fined loss function ¢. The performance of the learner over
T rounds is measured by its cumulative risk

Ze (he(X1), Y2).
t=1

While natural, this paradigm implicitly assumes that re-
training (i.e., updating hy) at every step ¢ is essential for
maintaining optimal performance. A fundamental question
that has remained largely unexplored is whether this as-
sumption is truly necessary: can comparable accuracy be
achieved with dramatically fewer updates? In this work, we
show that the answer is affirmative, by providing the first
precise characterization of the trade-off between retraining
frequency and predictive risk. Our results reveal that ex-
ponentially fewer updates are sufficient in many regimes,
and we design algorithms that achieve these guarantees with
sharp theoretical bounds.

Riskr ({ (X, Y2) }t 1)

More precisely, we assume access to an oracle O that, given
any dataset {(X;, Y;)}™,, returns a predictor i € H from
a hypothesis class H. Retraining corresponds to invoking
the oracle. We allow at most S such retraining steps (i.e.,
oracle calls), which occur at chosen time points: 0 = 7y <
T < .-+ < 1g < T. At each update time 75, the oracle
produces a predictor h based on the data observed so far.
This predictor is then deployed throughout the s-th epoch,
i.e., Vt € [1s, Ts41) we predict Y, = izs(Xt).

Given a retraining budget S, our goal is to design the update
schedule 71, ..., 7Tg so as to minimize the cumulative risk
Risks 7 in a specified learning environment (see Section 2
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for definition). We also focus on the minimal budget S for
which Riskg 7 asymptotically matches the risk Risky 7 that
would be attained if retraining were performed at every step
(i.e., S = T). Our primary focus in this paper is on the
frequency of retraining, while we treat the (computational)
cost of each retrain as a single oracle call. We emphasize
that our framework is not constrained to any specific oracle;
rather, our main theorems provide general characterizations
of when to optimally invoke a given oracle based on its
predictive performance. Moreover, retraining frequency
captures not only computational cost but also instability,
catastrophic forgetting, and user adaptation overheads that
arise from continuous model deployment.

Our Contributions. We start with the classical i.i.d. re-
alizable setting, which already captures the fundamental
trade-off between the retraining budget and the predictive
risk. In this case, the data {(Xy, Y;)}._, are assumed to be
drawn i.i.d. from an unknown distribution p. Our analysis
relies on the concept of learning curve L(t) (see Eq. (4) for
a precise definition), defined as:

L(t) = Ep, E(x vy [e(imt (X), Y)} ,

where D, := {(X;,Y;) i, T ti, hp, = O(Dy) for some
oracle O (e.g., an ERM rule), and (X,Y") denotes a fresh
sample from the same distribution .

Our first main result, Theorem 3.1, establishes that only
log T updates suffice to achieve a risk within a constant fac-
tor of the optimal full-update risk, provided that the learn-
ing curve L(t) is non-increasing, regardless of its exact
shape. The proof is reminiscent of the classical “doubling
trick,” however, our result is more general that applies to any
non-increasing learning curve, without assuming a specific
functional form.

We then establish the precise optimal risk when additional
properties of the learning curve are satisfied. We show
in Theorem 3.3 that if L(t) = O(1/t), e.g., when H C
{0,1}% has finite VC-dimension and the oracle O is ERM,
the optimal updates are scheduled at 7; = 7%/ (5t for
1 < ¢ < 5, leading to the expected risk E[Riskg 7] <
O((S +1)- T#l). For instance, when S = 1, this yields
an update at m;, = /T with cumulative risk of order v/T.

When the learning curve follows power law L(t) = ©(t~%)
for some o < 1, Theorem 3.3 provides an update schedule
that yields E[Risks 7] < O(Tlflaisa“) Perhaps surpris-
ingly, this implies that only S = O(loglog T') updates are
sufficient to achieve the optimal full-update risk. We fur-
ther design an update rule (Algorithm 1) that leverages the
empirical losses incurred by the predictors, and attains the
optimal risk (Theorem 3.6) even when « is unknown.

Beyond the i.i.d. setting, our results also extend to nonsta-

tionary data distributions, including both piecewise-i.i.d.
shifts and gradual drift. For the piecewise-i.i.d. regime,
we propose an efficient update procedure (Algorithm 2)
that achieves near-optimal risk under distribution shifts, as
shown in Theorem 3.8. For gradual drift, we establish cor-
responding guarantees (Theorem 3.9) under bounded total-
variation change. Finally, we show in Theorem 3.12 that,
without any prior information about the learning environ-
ment, no universal algorithm can achieve competitive opti-
mality (even up to polylogarithmic factors) relative to the
case where the environment is known. Finally, we provide
empirical validation on real-world datasets and models in
Appendix A.

Risk
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Figure 1. Learning curve L(t) (red) approximated by a step func-
tion (gray) induced by update rule, with the approximation error
shown as shaded areas.

Technique Overview. Before delving into the technical
details, we illustrate our main ideas in Figure 1. The full-
update risk Risk7 7 can be interpreted as the area under
the learning curve L(t), while the restricted-update risk
Riskg 7 corresponds to the area under a step function de-
fined by updates at times 7,...,7s. As the number of
updates grows, the approximation error—the shaded re-
gion in the figure—becomes asymptotically negligible com-
pared to the total risk. The central question is: how many
updates are actually necessary? Theorem 3.1 shows that
log T updates suffice under the mild assumption that L(t)
is non-increasing. With stronger structural assumptions
on L(t), even sharper guarantees follow, as established in
Theorems 3.3-3.8.

Related Work. Online learning has been extensively stud-
ied in the literature, where updates are assumed at every
time step (Rakhlin & Sridharan, 2015; Shalev-Shwartz &
Ben-David, 2014; Foster et al., 2018; Wu et al., 2022; 2026).
In contrast, literature that explicitly investigates the cost of
retraining in online learning is scarce. Notable exceptions
are (Devulapalli & Hanneke, 2024; Devulapalli et al., 2025),
which consider a continuous-time online model that queries
samples only at selected time steps and updates the model
at those query times. However, their work does not treat the
update schedule as a design objective and relies exclusively
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on the queried (sampled) adversarial examples, which can
be overly pessimistic for practical scenarios. Recent efforts
propose decision rules for triggering retraining based on
uncertainty or cost considerations (Regol et al., 2025; Zan-
otti, 2025). These results provide useful heuristics and case
studies, but they do not characterize the minimal update
budget needed to match the predictive performance of con-
tinuous retraining. Other related areas include continual
and incremental learning (He et al., 2020), as well as learn-
ing under nonstationarity and dynamic regret (Block et al.,
2022; Haghtalab et al., 2020; Hazan & Seshadhri, 2009; Wu
et al., 2023; Fahrbach et al., 2023). Although these efforts
study adaptation under distributional shift, their objectives
differ from ours, which focus on the statistical limits of
retraining under a fixed update budget. Finally, empirical
studies of scaling laws suggest that learning curves often
follow power-law behavior (Kaplan et al., 2020; Hestness
et al., 2017; Hoffmann et al., 2022), which motivates the
modeling assumptions adopted in this work.

2. Problem Formulation

Let X be the context space, ) the label space, and H C y¥
a hypothesis class. A training oracle (or learning rule) is
a function O : (X x Y)* — H, which takes as input a
sequence of context-label pairs and returns a predictor in .
We consider the following online learning scenario with a
limited update (or retraining) budget of .S:

Protocol 1 Selective Update Online Learning Protocol

Select initial predictor ho € H and set update index s = 0
fort=1,...,T do
Use predictor h to make a prediction on X,
Observe true label Y;
Use update rule ® with {(X;,Y;)}!_, and predictor /
to determine whether to update
if ® triggers an update and s < S then
Select data subset Ds;1 C {(X;,Y;)},_; and up-
date predictor hs 1 = O(Dyp1)
Sets <+ s+1
end if
end for

We denote 71, ..., Tg as the update time steps, and define
s(t) == max{s € {1,...,S5} : 7, < t} as the index of the
most recent update at or before time ¢ € {1,--- ,T}. Our
goal is to design an update rule ® that, given access to a
retraining oracle O and a fixed update budget .S, minimizes
the total cumulative risk incurred by the learner over a time
horizon of T' prediction rounds. Specifically, the empirical
cumulative risk (or total loss) incurred by a given update
rule ® (which at time ¢ can take value 1, if update happens

at this time and 0 otherwise) is defined as:

T
Risks,7(®, {(X:,Y:)} 1) Z

hay(Xe),Ye) (D)

Ts+1

S
=3 > Uh(X0),Yy),

s=0t=71s+1

where £ : ) x Y — R is a loss function and we assume
To=0and 7541 =T.

In many practical settings, retraining a model is significantly
more expensive than evaluating it on new data. Therefore,
it is desirable to limit the number of retraining events while
allowing the learner to freely test the current predictor on
incoming examples. This motivates a class of update rules
that rely solely on observable predictive performance.

Risk-driven update. An update rule  is said to be risk-
driven if, at any time step ¢, it only treats the current pre-
dictor fALS(t) as a black box and bases its update decision
solely on the observed losses {{(hy()(X:),Y:)}i_, over
the available data. That is, & must determine whether to
update exclusively based on the predictive performance of
the current predictor on the historical data.

This paper focuses primarily on designing risk-driven up-
date rules that achieve optimal cumulative risk. To proceed,
we assume that the data is generated by an unknown random
process belonging to a known class P. We refer to the tuple
(P, H, O) as a learning environment.

For any given learning environment, we first define the
expected risk, for p € P, as follows:

Risks,7(®, 1) = B((x, vi))7, ~p [Risk(®, {( X4, Y1) }1)] s
@
Our goal is to characterize the following minimax risk:

Risks 7 (P) := 1nf sup E [Risk(®, (X, V) V. 3

;LEP

where the infimum is taken over all risk-driven update
rules ® that satisty the update budget constraint S, and
the expectation is over the randomness of the data sequence
{(X4,Y)YE | ~ p as well as any internal randomness of
® and the retraining oracle O.

Realizable i.i;.d. Learning Environment. In this setting,
the data points { (X, Y;)}/_, are drawn independently and
identically from an unknown distribution p over X x ).
We assume there exists an unknown hypothesis h € H
such that h(X) = Y for (X,Y) ~ p almost surely (i.e.,
w is realizable w.r.t. #). The hypothesis class H is ar-
bitrary, and the oracle O is assumed to return an em-
pirical risk minimizer (ERM) over a given dataset. Let

D, = {(X;, Vi), i1 d 11, and define hy = O(D;). We
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define the learning curve L(t) and the expected learning
curve L(t) as follows

L(t) = E(x,y)~ull(7e(X),Y)] )

and - R
L(t) = Ep,E(x.y)~p [é(ht(X), Y)} . )

where (X,Y) is a fresh sample independent of D;. It
is known that for a hypothesis class H with finite VC-
dimension and for the 0-1 loss, the learning curve satisfies,
forany u € P

L(t) <O (VC(H)t  ogt) =0 (t7Y),  (6)

where O hides poly-logarithmic factors in . It is also

known that the learning curve behaves like L(t) =

0 VC(H) log t+log(1/6)
t

) with probability at least 1 —
6 (Shalev-Shwartz & Ben-David, 2014).

In the case of real-valued hypothesis classes, when the
loss function is Lipschitz (e.g., absolute loss) and the fat-
shattering dimension scales as y~? for some p > 0 (for ex-
ample, for H = {hw(x) := (W, x) : [|w], <1, ||x||p%1 <
1}), it can be shown (see (Attias et al., 2023, Theorem 2)
and the discussion that follows) that, for any p € P,

Hﬂgé@ﬁﬁ) @)

We refer to learning curves of the form L(t) = O(t~%)
with o < 1 as exhibiting power-law scaling, a phenomenon
that is also observed empirically in many practical settings
(Kaplan et al., 2020; Hestness et al., 2017; Hoffmann et al.,
2022). A concrete example where the learning curve prov-
ably follows a power law is provided in Appendix B.

Beyond i.i.d. processes, we also consider more general non-
stationary data-generating processes, including:

Piecewise-Stationary Environment. The data are gen-
erated independently according to a sequence of (un-
known)distributions {; }7_,, where y1; remains fixed within
each contiguous segment but may change between segments.
Here, the class P consists of all such piecewise-stationary
processes with at most K changes.

Gradual Distribution Drift. The data are generated in-
dependently according to {y; }7-; with bounded stepwise
variation: ||y — pir—1||rv < v fort € {2,...,T}. Here, P
consists of all such processes with drift rate at most y. We
assume that ~y is unknown to the learner and satisfies v < 1.

3. Main Results

In this section, we present our main theoretical and algo-
rithmic results, focusing primarily on the i.i.d. setting, with

extensions to the piecewise-stationary case in Section 3.2.1.
Empirical validation is provided in Appendix A. Through-
out, we assume that the loss function ¢(-, -) is bounded.

3.1. Fixed-Design Schedule

In this section, we present several update rules that rely
solely on the shape of the learning curve, without using the
predictive performance of the resulting predictors.

We begin with a general result showing that only log T
updates are sufficient to be competitively optimal when the
learning curve L(t) is non-increasing. The main idea is
illustrated in Figure 1. Recall that Risky 7 corresponds
to the area under the learning curve L(t), while the risk
Riskg 7 of the update schedule at 71, - - - , 75 can be viewed
as the area under the step function. We start with our first
positive result.

Theorem 3.1. Consider any realizable learning environ-
ment (P, H, O). If the update times are chosen as T; = 21
forie{1,...,1ogT}, then, with S = log T, we have

Risks,7(P) < 2Risky 7 (P), ®)

provided that the learning curve L(t) is non-increasing in t.

Proof. Let M := |log, T'|, with 79 = 0, 7, = 2°~! for
1<i< M,and 1ps41 =T. Fixany pp € P and set a; :=
L(t). Since L(t) is non-increasing, the optimal strategy
with S = T is to update every time, so

T-1
inf Riskr. (@, p2) = > a
t=0

and

M

Riskaz,7(Pdyad, 1) = Z(Ti+1 —T) Grys
i=0

where ®4,,q denotes the update rule at the 7;’s. For¢ > 1,
monotonicity gives

2 > > 2ni-Tio1)an, =27 "ar, = (Ti1—7i)an,

and for ¢ = 0 we have ag < 2 Z?:O a;. Summing over
i=0,..., M yields Riskns 7(®ayad, ) < 23, o ar =

2 infg Risky 7(®, p). Taking the suprernTlm over u € P
and applying the minimax inequality completes the proof.

O

Remark 3.2. The update rule in Theorem 3.1 resembles
the classical “doubling trick” from the online learning lit-
erature, which was used to obtain time-independent regret
guarantees. However, the level of generality presented here
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is, to our knowledge, novel. In particular, Theorem 3.1 is
conceptually significant: the update rule requires no knowl-
edge of the exact curve, yet with only exponentially fewer
updates, it achieves risk that is competitively optimal w.r.t.
the full-update benchmark.

We would like to point out that Theorem 3.1 can be general-
ized by replacing the non-increasing property of L(t) with
a weaker condition, such as requiring non-increasing upper
and lower bounds on L(¢) that are of the same order (i.e.,
allowing fluctuations by a constant factor).

While Theorem 3.1 establishes a universal updating rule
with only log T" updates, it leaves open the more challenging
regime where the update budget is substantially smaller
provided we have some extra knowledge about the learning
curve. Quite surprisingly, when the learning curve follows
a power law L(t) < 1/t® with a < 1, the structure of
the optimal scheduling becomes fundamentally different, as
shown in the theorem below.

Theorem 3.3. (i) Consider any realizable i.i.d. learning
environment with L(t) < O(1/t%) for all i € P and some
a < 1. Then, for any update budget S > 0, Riskg 7(P) <

O((S +1)T 15;5(}“) . In particular, with S = llgg(lfl/%g)

updates we obtain Risks 7(P) < O((S + 1)T1~).

(i) If « = 1 (e.g., for fine VC class with an ERM oracle),
then for the update times are chosen as 7; = T/ StV for
i=1,...,5, we have

Risks,7(P) < O((S+ 1TV g >0.
In particular, for S = log T, this recovers the update rule
from Theorem 3.1.

Proof. We only prove part (i) since part (ii) follows the same

steps. Let ® update at 7; := T with u; 1= (2=% for
i=1,...,8+1,and set 7y = 0. Since L(t) < O(t~%),

we have for all p € P:

S+1 - S+1 .
Risks,r(®, 1) = Y (ri—7i-1) L(7i-1) < 0(2 mi
i=1 i1 i1
Note that Ti/TiOil — Twi—Qui—1 — T T o571 _

Tl—la_sn“ , we have:
~ _l-a
Risks.7(®, p) < O((S+1)T1*a5“>.

Taking S = %, we have 1 — o5t1 > 1~ 1/logT.

Therefore, Tlfals+1 < TlolgogTil < 2-T forT > 4. This im-

plies risk O((S+1)TT==57T) < O((S+1)21~. T~
O((S + 1)),

o

)

Remark 3.4. Tn fact, for § = {2528,

nate the prefactor (S + 1) by using the following two—phase
) 1—at

schedule with 7, = 27" T 1-«l5/21%1 fori =1,...,]S5/2]

and 7; = 25% otherwise. This results in Riskg r(P) <

O(T'=) with S = O(loglog T)).

we can even elimi-

For learning curves with L(t) = ©(1/t®), the optimal full-
update risk is of order (T ~%). Theorem 3.3 shows that
with only S = O(log log T") updates, the proposed schedule
matches this full-update risk—with doubly-exponentially
fewer updates!

Moreover, both Theorem 3.3 and Theorem 3.3 remain near
optimal (up to polylogarithmic factors in the risk) even
when the learning curve fluctuates within a polylogarithmic
factor, i.e., when L(t) = ©(1/t) and L(t) = O(1/t%),
respectively. In fact, for L(t) = O(1/t*) with @ < 1,
Theorem 3.3 with S = O(log log T') remains competitively
(near) optimal w.r.t. optimal full-update risk. This is also
confirmed by experimental results as shown in Figure 2 and
fully discussed in Appendix A.

Unfortunately, the doubly-exponential improvement in the
update budget does not extend to the case where the fluctua-
tions are of polynomial size, as shown below. The proof is
deferred to Appendix C.

Theorem 3.5. There exists a non-increasing convex func-
tion L(t) satisfying Q(t=°) < L(t) < O(t=°2) for some
constants 0 < oy < aa < 1, such that for any realizable
i.i.d. learning environment with learning curve L(t) we
have

Riskg.7(P) > T%1/9) . Risky 1 (P).

In particular, for S < o(lolgol%

must be super-polylogarithmic.

), the competitive ratio

3.2. Risk-Driven Update Schedule

We have established several optimal update schedules that
rely only on the shape of the learning curve. In practice,
however, the learning curve is rarely known in advance, and

- the learning environment may deviate substantially from the

i.i.d. assumption. In this section, we leverage our theoretical
schedules as primitives, which can be composed and adapted
to design update rules for more realistic settings, thereby
bridging the gap between idealized theory and practical
applicability.

We begin with the case where the (realized) learning curve
L(t) follows a power law with high probability, but with an
unknown exponent « (e.g., hypothesis classes with finite fat-
shattering dimension under ERM retraining). Specifically,
we assume that L(t) = é(t%) holds simultaneously for
all ¢ with probability at least 1 — %, for some (unknown)
a>0.
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Figure 2. Comparison of full updates and the ®-schedule (Theorem 3.3 with & = 0.5) on MNIST, plotted on a log—log scale. With only
S = ©(log log T') updates, the risk remains within a constant factor (~ 3 — 4) of the full-update baseline. See Appendix A for details of

the experimental setup.

Algorithm 1 Adaptive schedule for unknown a < 1

Input: Time horizon 7.

Output: Update rule & = (®[1],..., [T]).

sge e A loglogT & __ loglogT A __
Inlt}allze. Letd = 1 — ﬁ)g% : S = 105(1/%)’ 8 =
11:53, i =0,7, =1, 7,11 = TP, and randomly pick
]Alo e H.
fort=1,...,Tdo )

Compute ﬁ(t) = Zjripr Uy (X5).Y5)

t—T; :
Set @[] = 0.

ift = Ti+1 then
Compute (vpax = max {a 2L Cllﬁ}

if =70 > 9100 T then
Set & = apax, S = %gg(lf/gg), and 8 = 1=4&
end if
Set®[t] =1andi <+ i+ 1.
Set hr, = A({(X;, Y;)}T2y).
Set T;11 = max {2*in‘TB, 273}.
end if
end for

Without knowledge of the exponent «, the update schedule
proposed in Theorem 3.3 no longer applies. To address this,
we introduce Algorithm 1, which monitors the empirical
loss L(t) (defined in Algorithm 1) to guide updates. The
algorithm begins with an initial estimate & and keeps it
fixed as long as the empirical learning curve L(t) behaves
typically, as guaranteed by Lemma D.1 below. When L(t)
deviates from this typical behavior, & is updated according
to line 8 of Algorithm 1.

Our next main result shows that Algorithm 1 is competitively
optimal, agnostic to c. Note that, while the fluctuations of
L(t) are logarithmic in the theorem and in Algorithm 1, the

algorithm and its proof can be easily extended to handle
polylogarithmic fluctuations.

Theorem 3.6. Assume there exist constants C7 > Cy >
0, and an unknown exponent o € [Q(%), 1-
O(lolgol%TT)] such that the realjzed learning curve L(t) of
the oracle satisfies Cot=* < L(t) < C; logt-t—%. Then

Algorithm 1 makes at most S = O ( log log T) updates and

Tog(1/cx)
attains cumulative risk Riskg 7(P) < O(Tlfa).

Sketch of Proof. At a high level, Algorithm 1 estimates the
true exponent a from the empirical loss L(t), and then
uses the current estimate & to set the update schedule sim-
ilar to that in Remark 3.4. Let 7;,,...,7;, be the times
when the if condition in line 8 of Algorithm 1 is trig-
gered, i.e., when & is updated. We show that, with prob-
ability at least 1 — %, for all t > Ti; andallj=1,...,J,

R log log Ti]._1+10g(3C1/Cg)

a > o > &-— . Thus & never

log 7i. -1
underestimates «, and the gap shrinks as Ti; grows. We then
show that the upper estimate yields a risk bound O(T"~%)
by our schedule design, while the lower bracket on « en-
sures that the number of updates satisfies S = O( llgg(lf %@T) ).
See Appendix D for the complete proof.

3.2.1. SHIFTING DISTRIBUTIONS

We now turn to nonstationary environments, where the data
distribution may change over time. We consider two types
of distribution shift: (i) a piecewise i.i.d. shift, and (ii) a
gradual distribution drift with bounded total variation.

The piece-wise i.i.d. environments. We assume that there
are K unknown change points 1 < k1 < --- < kg < T,
with kg = 1 and kg1 = T + 1. Within each segment
t € [Ki—1, ki) the samples {(X3, Y;)} are i.i.d. from some
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(unknown) distribution (¥, while the distributions may
differ across segments.

For simplicity, we focus on binary classification with a hy-
pothesis class H C {0, 1} of finite VC dimension and an
ERM oracle. We further assume segment-wise realizability:
for all i < K, there exists h} € H such that b} (X;) = Y}
almost surely for all ¢ € [k;_1, K;).

We begin with the simpler benchmark setting in which the
change points are known to the scheduler.

Proposition 3.7. Assume the change points k1, . . ., ki are
known. Allocate m := |S/(K + 1)| updates per segment
and apply the schedule from Theorem 3.3 within each seg-
ment, we have

. . T \ /&
RISkS,T(P) S 0] (S+K) <I(—~—1) .

Algorithm 2 Adaptive schedule for piecewise-stationary
environment

1: Input: Time horizon T’

2: Initialize: Letj =0,71=1, 179 = 0, ;4 =

(K+ )LKHJ“ d = 0, and randomly pick hg € H;

3: /* j is the number of updates since the last distribution
change detected by the if condition 6. 7;,_; and 7; are
the last and next time for model update, respectively.
d is used to guarantee that 7; cannot be changed once

given. x/
4: fort=1,...,Tdo .
5:  Compute CL(t) = ZEZTFH_l U(hr,_,(Xy),Y:) and
C(t) _ C/yz(t) _ Co logT(thi 1) :
. () L]
6 if ey 5 > 2InT and d = 0 then
—1+ 5
(i) [T
E=a
7: Letm—tn—t-i-(KH) K1 ,d =1, and
7=0;
8: elseift =17;,i< S,and j < {KHJ then
9: Update model h, = O({X;, Vil and letj =
j+lLi=i4+117=1t+ (Tﬂ) LK“J“,and
d=0;
10:  end if
11: end for

Sketch of Proof. Within segment k of length ng, Theo-

rem 3.3 (using data only in that segment) gives a per-

1/(m+1)
k

segment risk of order (m + 1) n log nj. Summing

over segments,

K+1 K+1
Z (m+1) n,lc/(mﬂ) logng < (m+1) logT Z n,lc/(mﬂ).
k=1 k=1

Since  — x'/("+1) is concave, Jensen’s inequality yields

K+1 K+1

Y g/t (K+1)(K+1 > nk)

k=1 k=1
1/(m+1)
— T
- (K+1)(K +1> .

Combining and using (K+1)(m+1) < S+K+1 =
O(S+K) gives the stated bound. O

1/(m+1)

IN

The more challenging regime is when the change points
are unknown: the scheduler must choose both the update
times and which samples to pass to the retraining oracle.
Algorithm 2 addresses this issue by monitoring the empirical
losses to detect shifts. In Theorem 3.8 we show that, with
high probability, it achieves the same risk (up to polylog
factors) as the known—change-point benchmark. The proof
is deferred to Appendix E.

Theorem 3.8. Let P be piecewise-stationary i.i.d. processes
with K change points (unknown to the learner). Assume bi-
nary classification with a finite-VC class H C {0,1}* and
an ERM oracle, i.e., the realized learning curve L(t) satis-
fies L(t) < f‘) lTogT (see (6)), where t, Ty € [Ki—1, K;) for
some i. Then, with probability at least 1 — %, Algorithm 2

using at most S updates achieves

_ . T \ /&
RISkS,T(P) S 0] (S+K) (I(—i'—]_) .

Sketch of Proof. At a high level, Algorithm 2 tracks the
cumulative empirical loss ﬁ(t) since the last update. The
threshold in line 6 is chosen so that, if no distributional
change has occurred since the last update, then with high
probability the condition is not triggered. Thus, when it is
triggered, a change has (w.h.p.) occurred and we refresh
the monitor for <. The values of & effectively partition
the horizon into at most K +1 segments, with the update
schedule within each segment the same as in the i.i.d. case
(using data only from the last change detected). It is still
possible that a distribution change occurs but is not detected
before the next scheduled update; this does not affect the
final bound because the threshold is applied directly to the
empirical loss and hence self-bounds the loss accrued in
that epoch (an “optimistic” case). See Appendix E for the
complete proof. O

The algorithm and analysis for piecewise stationary envi-
ronment naturally extends to the more practical scenarios
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with gradual or continuous distribution shifts. This can
be achieved by interpreting the learning curve as a slowly
varying function over time and allowing the risk-driven
mechanism to adaptively trigger updates as the model’s
performance degrades.

Gradual distribution drift environments. We now con-
sider the gradual distribution shift setting, where the data
X; follow a distribution p; such that the total variation dis-
tance between p; and p;—1 is bounded by a parameter 7,
ie., ||t — pe—1llTv < vy fort € {2,...,T}. Assume
that v is unknown to the learner and satisfies v < 1. It
was shown in (Bartlett, 1992) that for finite VC dimension
hypothesis class H and 0 — 1 loss, the optimal total risk
when updating at every time step ¢ is between O(TW%) and
O(Tfy%). While closing the gap between the upper and
lower bounds on the optimal risk when updating at every
time step is still open, the following theorem shows that the
adaptive Algorithm 2 achieves the upper bound with at most
O(T~3 log T') model updates.

Theorem 3.9. Consider a learning environment where
the data distributions uy, t € {1,...,T} satisfy |pe41 —
we|lTv < 7y, where v is unknown and at most 1. The hy-
pothesis class H has finite VC-dimension and the loss is
0 — 1 valued. Then with probability at least 1 — %, Algo-
rithm 2 achieves risk Riskg v (P) = O(T~3) with at most
S = O(T’y%) updates.

Proof. We use the following results from (Bartlett, 1992).

Lemma 3.10. (Bartlett, 1992) In the gradual distribution
shift environment described in Theorem 3.9, let the VC-
dimension of H be d. Then, we have for 0 < v < ﬁ,

Byt Booy) v [ﬁ(ﬁt(X ); Y)}
4(%“) log 87% +2(d*)F  ifd+2<t< 2(%)%

., (@s )
19(%£)s log —16e ift >2(4)s

(d2y)5

<

According to Lemma 3.10, we have, for t < 2(%)%

- 8(d+1)logT
]E{Xi,}/i}:;llE(X7Y)N/Lt [é(ht(X),Y)} < f

©
Lemma 3.11. (Bartlett, 1992) Let P, and P5 be two dis-

tributions on X such that |Py — Py|rv < ~. Then for a
function g : X — [0, 1], we have |Ep, (f) — Ep,(f)| < 7.

Combining (9) and Lemma 3.11, we have

8(d+1)logT

E{X“yi}:;tll E(X,Y)Nut2 V(ht(X)aY)} S r_ tl

bl

forany t; <t <ty <ty +2(%)%. That is, the predictive er-

rors in a consecutive segment of length < 2(1)% “behaves”
as i.i.d. environments. Applying Theorem 3.8 by letting
i ,
Co=8(d+1), K =5(3)3 — 1,k = 75 fori € [K],
and S = K logT, we conclude that Algorithm 2 achieves

risk O(T~#) with at most O(T log Ty ) updates. O

3.2.2. A NO FREE LUNCH THEOREM

In the next main result, we present a no—free—lunch—type
negative theorem: in the absence of any prior information
about the learning environment, no risk-driven (empirical-
loss—based) universal update rule (with given update times)
can achieve competitively optimal risk to the known envi-
ronment setting for given nuber of model updates. The long
and tedious proof is deferred to Appendix F.

Theorem 3.12. There exists a distribution class P and two
hypothesis classes H1 and Ha such that any update rule
D with S = 2 that lacks knowledge of the hypothesis class
(while being allowed knowledge of P) incurs T*V) times
the optimal expected risk in at least one of the environments
(P, H1,0™1) or (P, Ha, O*2), where O and OM2 de-
note ERM oracles for H1 and H.o.

4. Conclusion

In this paper, we introduced a general framework for ana-
lyzing the optimal scheduling of retraining in online mod-
els. Our results provide the first precise characterizations
of when and how often retraining is needed: we designed
schedule rules tailored to the shape of the learning curve,
proved they achieve fundamental performance limits, and
extended them to more realistic regimes by leveraging em-
pirical losses to guide updates. Together, these results move
beyond heuristic criteria and establish a principled theory of
retraining frequency. For clarity of exposition, we adopted
several simplifying assumptions. For instance, we treated
the retraining budget as a single oracle call, independent
of the size of the training set. In practice, the computa-
tional cost of retraining often depends on the volume of
data processed. A natural future direction is to investi-
gate optimal update schedules under joint constraints on
update frequency and data cost (e.g., in Algorithm 2 we
Jjointly design the update schedule and the dataset). Another
promising extension is to adapt our framework to broader
learning environments, such as the smoothed adversarial
processes (Haghtalab et al., 2020), where nonstationarity is
more structured yet still adversarial in spirit. Finally, our
impossibility result highlights a fundamental tension: with-
out minimal prior knowledge of the learning environment,
no universal update rule can guarantee competitive optimal-
ity. This motivates future work on identifying the weakest
assumptions under which efficient, risk-driven update rules
remain feasible.
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Impact Statements

This paper presents work whose goal is to advance the field
of machine learning. There are many potential societal
consequences of our work, none of which we feel must be
specifically highlighted here.

References

Idan Attias, Steve Hanneke, Alkis Kalavasis, Amin Karbasi,
and Grigoris Velegkas. Optimal learners for realizable
regression: Pac learning and online learning. Advances
in Neural Information Processing Systems, 36:44707—
44739, 2023.

Peter L Bartlett. Learning with a slowly changing distri-
bution. In Proceedings of the fifth annual workshop on
Computational learning theory, pp. 243-252, 1992.

Adam Block, Yuval Dagan, Noah Golowich, and Alexander
Rakhlin. Smoothed online learning is as easy as statistical
learning. arXiv preprint arXiv:2202.04690, 2022.

Pramith Devulapalli and Steve Hanneke. Learning from
snapshots of discrete and continuous data streams. arXiv
preprint arXiv:2412.06079, 2024.

Pramith Devulapalli, Changlong Wu, Anantgh Grama, and
Wojciech Szpankowski. Agnostic continuous-time online
learning. NeurlPS, 2025.

Matthew Fahrbach, Adel Javanmard, Vahab Mirrokni, and
Pratik Worah. Learning rate schedules in the presence
of distribution shift. In International Conference on Ma-
chine Learning, pp. 9523-9546. PMLR, 2023.

Dylan J Foster, Satyen Kale, Haipeng Luo, Mehryar Mohri,
and Karthik Sridharan. Logistic regression: The im-
portance of being improper. In COLT - Conference on
Learning Theory, 2018.

Nika Haghtalab, Tim Roughgarden, and Abhishek Shetty.
Smoothed analysis of online and differentially private
learning. Advances in Neural Information Processing
Systems, 33:9203-9215, 2020.

Elad Hazan and Comandur Seshadhri. Efficient learning
algorithms for changing environments. In Proceedings
of the 26th annual international conference on machine
learning, pp. 393-400, 2009.

Xudong He et al. Incremental learning in online
scenario. In Proceedings of the IEEE/CVF Confer-
ence on Computer Vision and Pattern Recognition
(CVPR), 2020. URL https://openaccess.
thecvf.com/content_CVPR_2020/papers/
He_Incremental_Learning_in_Online_
Scenario_CVPR_2020_paper.pdf.

Joel Hestness, Sharan Narang, Newsha Ardalani, Gre-
gory Diamos, Heewoo Jun, Hassan Kianinejad,
Md Mostofa Ali Patwary, Yang Yang, and Yanqi Zhou.
Deep learning scaling is predictable. Empirically. arXiv,
1712(2), 2017.

Jordan Hoffmann, Sebastian Borgeaud, Arthur Mensch,
Elena Buchatskaya, Trevor Cai, Eliza Rutherford, Diego
de Las Casas, Lisa Anne Hendricks, Johannes Welbl,
Aidan Clark, et al. Training compute-optimal large lan-
guage models. arXiv preprint arXiv:2203.15556, 2022.

Jared Kaplan, Sam McCandlish, Tom Henighan, Tom B
Brown, Benjamin Chess, Rewon Child, Scott Gray,
Alec Radford, Jeffrey Wu, and Dario Amodei. Scal-
ing laws for neural language models. arXiv preprint
arXiv:2001.08361, 2020.

Alexander Rakhlin and Karthik Sridharan. Sequential prob-
ability assignment with binary alphabets and large classes
of experts. arXiv preprint arXiv:1501.07340, 2015.

Florence Regol, Leo Schwinn, Kyle Sprague, Mark Coates,
and Thomas Markovich. When to retrain a machine learn-
ing model. ICLR 2025 (OpenReview), 2025. Submitted
to ICLR 2025; arXiv preprint arXiv:2505.14903 (May
2025).

Shai Shalev-Shwartz and Shai Ben-David. Understanding
machine learning: From theory to algorithms. Cambridge
university press, 2014.

Changlong Wu, Mohsen Heidari, Ananth Grama, and Woj-
ciech Szpankowski. Precise regret bounds for log-loss via
a truncated bayesian algorithm. In Advances in Neural
Information Processing Systems, volume 35, pp. 26903—
26914, 2022.

Changlong Wu, Ananth Grama, and Wojciech Szpankowski.
Online learning in dynamically changing environments.
In Conference on Learning Theory, pp. 325-358. PMLR
195, 2023.

Changlong Wu, Ananth Grama, and Wojciech Szpankowski.
Online universal learning from information-theoretic per-
spective. Foundation and Trends in Communication and
Information Theory, 2026. URL https://www.cs.
purdue.edu/homes/spa/papers/fnt25.pdf.

Marco Zanotti. On the retraining frequency of global fore-
casting models. arXiv preprint arXiv:2505.00356, 2025.


https://openaccess.thecvf.com/content_CVPR_2020/papers/He_Incremental_Learning_in_Online_Scenario_CVPR_2020_paper.pdf
https://openaccess.thecvf.com/content_CVPR_2020/papers/He_Incremental_Learning_in_Online_Scenario_CVPR_2020_paper.pdf
https://openaccess.thecvf.com/content_CVPR_2020/papers/He_Incremental_Learning_in_Online_Scenario_CVPR_2020_paper.pdf
https://openaccess.thecvf.com/content_CVPR_2020/papers/He_Incremental_Learning_in_Online_Scenario_CVPR_2020_paper.pdf
https://www.cs.purdue.edu/homes/spa/papers/fnt25.pdf
https://www.cs.purdue.edu/homes/spa/papers/fnt25.pdf

Optimal Retraining for Online Models

A. Empirical Validation

Data and models. We primarily report results on MNIST, streamed in a single random order (uniform shuffle of the train
split, fixed across horizons). The predictor is a two-layer MLP with 256 hidden units and ReLU activations, followed by a
linear 10-way classification head. Inputs are normalized using the standard mean/variance.

Full vs. ® on real MNIST (a=0.5) Full vs. ® on real MNIST (a=0.5) — log-log
—— Full update (online SGD, every step) —— Full update (online SGD, every step)
2500 1 = ®-schedule (real data) | — ®-schedule (real data)
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—
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(c) Competitive ratio vs. 7" (linear scale). (d) Competitive ratio vs. T" (log—log).

Figure 3. Full update vs. ®-schedule on MNIST (o = 0.5). (a-b) Cumulative 0-1 risk under each policy. The ®-schedule, despite
performing only S(7T") = ©(loglog T') updates, remains within a constant-factor of the full-update baseline. (c-d) Competitive ratio. The
ratio grows slowly with T" (reaching ~ 3-4x at T' = 10*), consistent with the predicted power-law learning-curve model.

Evaluation protocol. We follow the standard online prediction paradigm. At each round ¢, the learner receives an input
X, produces a prediction Y, before update, and incurs instantaneous 0—1 loss I[Yt # Y}]. The example (X, Y;) is then
added to the training buffer, after which the learner may update its model depending on the chosen schedule. Thus every
example is first tested and only subsequently used for training.

‘We compare two update schedules:

 Full update. At every round ¢, after prediction, the model performs a single stochastic gradient step (AdamW, learning
rate 5 x 107%, weight decay 10~2) on a mini-batch of size 256 sampled from the prefix buffer {(X;,Y;)}i<;. This
baseline consumes O(7T') updates.

¢ ®-schedule. The model is updated only at the following checkpoints (as in Theorem 3.3)

. 1—at .
T, = |_TWJa Ui:m7 Z:l,’S(T)+1,

where S(T') = Lllgg(lf /gaT)j Unless stated otherwise we use o = 0.5 (can be tuned), so

S(T) = ©(loglog T).

10
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At each checkpoint t € {7;} the model is retrained for two epochs over the entire prefix buffer {(X;, Y;)}i<; (batch
size 256). Between checkpoints no updates are performed.

We run the evaluation protocol independently for horizons 7" € [102, 10%] in increments of 100, using the same shuffled data
stream prefix for comparability. All experiments were run on an HPC system with two NVIDIA H200 GPUs.

Metrics. Our primary metric is the cumulative risk

T
CumRisk(T) = Z 1[Y; # Vi,

t=1

measured on pre-updated model predictions. We also report the competitive ratio

CumRisk<p (T)/CumRiskqu (T) .

Findings. From Figure 3 we see that with only ©(log log T') retrainings, ¢ attains cumulative risk within a bounded factor
(around 3 ~ 4x for T = 10%) of full update, demonstrating substantial savings in update cost.

Fairness of comparison. Both rules are evaluated under the same “predict before update” protocol: every example
contributes to the risk before it can influence the model. The distinction is in latency: the full-update learner incorporates
each new sample immediately (after its prediction), while the ®-schedule may defer incorporation until the next checkpoint,
at which point the entire prefix is used. This exactly captures the intended frequency—accuracy trade-off.

B. Lower Bound on Power Law Learning Curve

In the next example, we construct a hypothesis class H based on the Haar measure whose learning curve exhibits a power-law
lower bound that, up to a log T" factor, matches the upper bound implied by ((7)). We do this for every rational positive

a = %’ < 1,p,q € Z. For any irrational «, one can find a rational o’ such that |o — o/| < = and use the hypothesis
t“'

logT
7o < 2, the bound implied by ((7)) for o' works for a.
Example 1. Let I ; = (L1 L)1 € Zy, j € {1,...,29} be 27 intervals that uniformly split (0,1]. In addition,

2al > 240
-1
let glJ’(ﬂJ) = Z?i;ql—l ]].(.23 S Il+1,2‘1j—i) — Z?io -1 ]l(x S Il+172qj_,‘) forl € Z+ andj S {1, .. .,qu}. Define the
hypothesis class

class constructed for . Since % >

oo 29!
M= h@) =YY aog;@) o, c{-1,1} (10)
I=1 j=1
where ¢; = 1,1 € Z,. Let X1, ..., Xp ~ U(0,1) be i.i.d. random variables uniformly distributed over (0, 1). Let £ be
2%
the square loss. For the ground truth function h € H, let

O({Xi, h(Xi)}izy) =arg  min sup Ex v(o,1)[(A(X) — h(X))?]
heM:h(X;)=h(X;),i€{1,....T} heH

return the ERM that minimizes the worst-case risk. If there are multiple such ERMs, O({X;, h(X;)},_,) returns the
minimum (04 ; : | € Z4,j € {1,...,29}) in lexicographic order.

Lemma B.1. For the hypothesis class H, data distribution X; ~ U (0,1), and oracle O given in Example 1, there exists o
and a ground truth function f € H such that L(t) < O(t~%) with probability at least 1 — t 2.

We start with the following result.

Proposition B.2. Let I} ;, ., 1 € Z,i € {1,...,t} be the collection of intervals that contain X;. There is a unique set of
&l e € {—1,1} such that 32, cl&l P, fle’l’iW(x) = h(X;). Moreover, we have
—L 5 Y T | —2a—

O({Xi, h(Xi)}izy)

11
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t [ee}
:ZZ ( l J € Wt))cla'l [Jl+1 7]91 [JH—l i1 ]l((l,j) ¢ Wt))clgl)[jz;ql,iw) (11

i=1 [=1

and

Ex~uon[(M(X) = O({X:, M(X:)}i21))?]

oo 24
oy +1
ZZ (I N{Xi}iz 1 =0and I, Lr%]m{Xi}E:l#w)(zu I ;qllj )2

q L

iz 1L, N {X}_, =0) 2(01;-1-1) (12)

where Wy = {(l, f]““D leZy,ie{l,...,t}}.

Proof. Let
oo 24
O({Xi, h(X =D abig;(x)
=1 j=1
and
oo 29
= ZchJl,jglJ(x). (13)
=1 j=1

We first show that & jHM],l € Zy,i € {1,...,t}. Note that gy ;»(X;) = 0 for (I',5") ¢ {(, [J’“ ) -
29

J i- — 0
LI Ll
. q__ .
l € Z,} since U?zo 1Il/+1,2qj/,i does not contain X;. Hence, we have

(o)
Xi) = ;Uz,(—"‘;;*i1gz,(—“;§*i1(”C)Cl

On the other hand, the choice of values of o, SRR l € Z is unique since otherwise, we have
s 24

pl
o e 1\ 2
D (0, piigag = 0 i) sy (@) = ;alc (2) =0

=1

where a; = (o o, [’”“’W)gl P (x) € {—2,0,2}. Then % is a root of a polynomial of coefficients in
i el M B

l’|—J'l+1,7:-| -
24 J N ZL%J asji1 1
. . . . .. . . j=0 J i
{—2 0,2} and thus a polynomial of coefficients in {—1, 0, 1}, which is impossible since > _, a; (3) == N A
ZJ OCLQ] L and 2/ > Y01 2 forany i € Z.
Then, since fo a5 (x)gr o (x)dx = 0 for (1, 5) # (I',7') and fo 91,5 (@) gij(w)dx = 57,1 € Z, we have
Ex~vo)[(h(X) — O X, h(X:)}i1))?]
oo 29 2 2
=3 5 (100) € W) gk, - 05+ 1(03) € Wil gk - a1
=1 j=1
0o 24 2
Z Z ((1,5) ¢ Wt>>2ql (615 — 015)% (14)
Note that O({X;, h(X;)}_1)(X:) = h(X;), i € {1,...,t} for all choices of 6, ; € {—1,1}, (I,5) ¢ W;. Every choice
has the same minimum worst-case expected loss since o7 ; can flip the sign of 6; ;. Therefore, the oracle chooses 6; ; = —1
for (1, j) ¢ Wy, and we have (11). Note that (I, j) € W; only when [; ; N {X7,..., X;} # (. Combining (11) and (14), we
have (12). O

12
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Corollary B.3. For the hypothesis class H, data distribution X; ~ U (0, 1), and oracle O given in Example 1, there exists a
ground truth function f € H such that

with probability at least 1 — =

Proof. Choose f asin (13) suchthato; ; = 1forl € Zy,j € {1,..., 241}, Then according to (12), we have

_ =4 1\
L) =) 5 \1— 5
=1
Int—Inlnt

Tn 29 1 t [es} 4 1 t
< 2pl< 2ql> + 2pl<12ql> (15)

= Int—Inlnt
=1 =it 4

) Int—Inlnt «
(7)+41n t_ logt

In 29
< m o S O( o ). (16)
O
C. Proof of Theorem 3.5
. 1—a S+41—i
Proof. Leta; = ag + % fori € {0,..., S+ 1} LetTh ; = TT=48 T T fori € {1,...,5+1} andletTl o=1
Let (T5 ;, 7“) i € {0,...,S}, be the intersection of the tangent line of the curve f;(x) = — at point (77 ;, Tﬁ —%) and
2 i 1,1
the curve f;11(z) = ﬁ such that T ; > T4 ;, i.e., we have
O 1 1
Ta +1 (T2 i Tl,i) —+ Tlaj; = 7]”20‘1‘*1 . (17)
From (17) we have that 2% T ; > T3 ;. Therefore,
1oy 1+

Ty 41 = O(TTFHO= = )

Y

T17,>T2z

Q;

fori € {0,...,5} and S = o(logT)). Let

= t—Ty,)+ -t Ty,<t<T,, forsomeie 0,...,5},
L(t) = T”l( L) + o TS SR { } (18)
! Ty ; <t <T,;+ forsomeic {0,...,S}.

+¥it1
Then, we have

T2.0 S—1 T2it1 T

T-1
1
1nf RISkT T (I) N Z L Z tao ta1+1 Z t&s+1
t=0 t=1 1=0 t=T5 ;+1 t=Ts,2+1
S+1 :
=>_O(T3;™)
i=0
S+1
-3 o)
:O(T1 a2),
Since there are at most .S model updates, there exists some ¢ € {0, ..., S} such that there is no model update in the time
interval T ; and Ty ;4. Therefore,
. (1—ap)(1-G;—&;(1=G;11)) | (S+1)(1=5;)
RISkST(P) 11, l+7115(i T, ST 2(1_&”(1 O +10) +10ng Tl_a2+0(é)+0(%).
Hence when S = o(log T'), we have Riskr 7(P) = o(Riskg 7 (P)). O
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D. Proof of Theorem 3.6

We start with the following well known large deviation result.

Lemma D.1. For a realizable i.1.d. learning environment, let It(t) defined in Algorithm 1. For any C > 0, we have

C?(t — Ty L(t
(2:%/9 <>>, (19)

PrIL(t) — L(#H)] > C - L(#) < exp (
where T,y Is the time of the most recent model update up to fime t.

Proof. (of Theorem 3.6) Let 7;,,...,7;, be the time when the if condition in line 8 of Algorithm 1 is satisfied after
the 7; model update and when & is upgraded We first show that with probability at least 1 — =+, we have & > o >
loglog 7i,—1+lo 301 T -
a — oelosmy1tlos(ay) oy > 7,,j € {1,...,J}. By our assumption we have L(t) < % and L(t) > -2
s(t)

log Tij—1 (t)

for some positive constant C; and Cs. To this end, with high probability we have L~ < IA/(TZ-].) < M Let
L} = fgjig T ie{1,...,5} be the minimum value of L(¢) so that the if condition in line 8 in Algorithm 1 is satisfied.

- 2L}, -
Then according to Lemma D.1, for L(7;, —1) < —~ we have (setting C' = L; /(L(7i;—1 — 1) in Lemma D.1)

L: L
(7, — Vs =)
~ Ly —1)
Pr(L(ri,) > L;,) <exp | — = —
2( E(T,LL,j, ) -1
2+ — 4
(a) (Tij — Tij—l)L}k. 1
< o7 9 Y «
= &P ( 14 =T
. . 22 i
where (a) follows since the function e+ D) increases with x for z > 1 5. Similarly, for L( ~1) > —3*, we have
> 7 L(7i,~1) 1
Pr(|L(7;;) — L(7i;,-1)| > T) < ok (20)

Let M;, j € {1,...,J} be the event when 2ﬁ3t) < L(7;-1) < Qﬁ(nj) forj € {1,...,J}. Then from (20) we have

1
Pr(N/_ M;) >1— 7
A o 4 _ loglogTi;1tlos(El) . 7 .
We then show that & > o > & — Tog s, 3 attime 7, j € {1,...,J}, when Nj—1M; occurs. The definition
i CilogTi.—1 .
of Qmqz in line 7 in Algorithm 1 and the fact that (T ) < L( 1) < % imply that a4 > . Moreover,
. - L = Cilog 7
2L(r;,) > L(7;,—1) > =52~ and (T 1) < L(1i,-1) < L imply that
7',3-—1

_log(3C1log i, 1) — log(2L(ri,-1))  log(Cs) — log(2L(7;,-1))
log 7;; -1 log 7,1
3C1)

Umar — a

1og log 7;;, 1 + log( an

log 7;; -1

attime ¢ = 7;;. Then

log lo: Tij— lo
forje{l,...,J}. Let E;, j € {1,...,J}, be the event where « < & < o + glog ;-1 +log()

— logn —1
1 ’
we have Pr(N7_, E;) > 1 — 7 since Pr(N/_, M;) > 1 — .

14
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We then show that the total risk achieved by Algorithm 1 is at most O~(T1*a). Let p < ... < 7g < T be the model update
ﬂ“ilog” ﬂ‘] E;] < O(T;:a ). Note that

time specified in Algorithm 1. We show that E[

3 1 1 K3
E[T“T&| N/_, Bj] <logT (IE [T“m EJD

3 ’L

a8 or,
<logT | E L —
og < max{ 2ira 7o }])
(a) Té—a+p
<logT < 5 + 27—1,1—04)
1—a+ a®(1—a&)
T 3
=logT ( o + o7t
TlfaerS Cu
<logT < 5 + 27—i1 ) ,
where (a) follows since & > « and 7; < T'. Therefore, we have
S+1
Risks,r = Y (E[(rs — 7o1)L(7:)| My EIPr(N]_y Ey) + E[(rs — 7o) L(7) (N1 B IPr((M_1 7))
i=1
7 St
<7+ 2 (Eln = mim) L) 0o BjlPr(n) E))
i=1
5+1 )
=1+ (El(ri — mi—1) L(riz1)| 0=y BjIPe(N]_, Ey))
i=1
(@) T1-ota _
<1+ZIOgT TJ’_ZT}_{J
i=1
S+1 1
l-« -«
<1+4T"*log T + 2T ; TcmyE
~or-n)
where 751 =T and (a) follows from the facts that 7 < T"and - = Hf 177 S =

Finally, we show that S < O(lrllnl—nf) with probability at least 1 — % — ﬁ. More specifically, we show that 711 > T
following the rule 7g,; = max{2~° Tg‘TB ,27s }. Let jo = min g 112 j. We show that with probability at
e >M+ - e 12
2loglog T 112
least 5, i, = Toggof + G-ayJ + 2. Note that
- C
L(T2log logT 112 ) > 2

log +c2(1 ”)]Jrl T210glogT

T AR
02T2loglogT

log l

toptaitl

T2log log T
g1 T crtoay I+l

log 1 112
1704)(1Jr1 g )+ a= a) ) log log T

(
(CL)
S CZQ

T2loglog T 112
e O

15
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log 11 112
022(1 a)(1+21In 22—+ = a) ) loglog T

>
T2loglog T 112 .
W*myﬂ
1121log T
_T2loglogT 112 .
Tles I Toma-wI L
>2L§10glogT 112 .
W+Cz(17Q)J+1
where (a) follows since 71 > log T and 7; > 2¢~ 17y fori € {1,...,S}. Then according to (20), we have
Pr E T og 28 < Liiogiogr
2loglosT | Ty Lo | = ljgi"ng%JH
log (T=a)
og lo C’
~ %J’, o 2 +1 1
SPT L o1 1og% S o 5 S ﬁ
2loglog T 2
log L a2

lo
and the if condition happens at i, = 2 l‘ljfghlgT + = C"’) + 2 with probability at least 1 — . Therefore, with probability

loglog T
atleast 1 — 7y — =, N7_, E; occurs and we have i;, = 21(fogg1°§T + (1g 22) + 2. Note that 7; > 2 "= fori > loilgioé:r.
Combining with (21), we have
loglog 7i; + log(*&! 3¢, )
amaw Sa +
log Tjo
log log T 3C
() log FEE= +log()
<a+ loglog T (22)
log é

log z+log (35
for i > i, where (a) holds since the function %g() decreases with  when x > eand log T > £.Inthe followmg,

we show that atyqe < 3afort > 7; and ¢ > i, by considering the cases when « >1 sand o < 3 separately When « >
leta =1— CosloaT for ] < ' < 5718T _ We have log 2 < 159 < 2(1-a) _ 2CloglogT

log 2loglog T — aln2 — In2 = In2logT ° Then accordlng to (22)’ we
have
log (ln22lggT)
Qmaz SO+ In2log T
2C
. 2CloglogT 2C log(25)  2Cloglog T
logT In2 In2logT

<3a.

Similarly, when o < %, let @« = W, where 1 < C < &%. We have lolgc,')lgiong =

loglog T :
TogTogTog T—log CTog TogTog T Then according to (22),

@

loglog T 3C,
1Og (log log log T'—log C' log log log T) + IOg( Csy )

loglog T’
log log log T'—log C'log log log T’

Qmaz <O+

<3a,

16
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for sufficiently large T'. Let 77, ..., Tlos10: + De the update time defined in Remark 3.4 where « is replaced by 3a.. Then

log ﬁ

1—&

.. ;A 3 ;A __1 . ~
from Theorem 3.3 we have 71,1, + = % In addition, note that 7,1 = 2*’Tf‘Tﬂ = 2”TZ»QT1 sT decreases with &.

log ﬁ
Combining with (22), we have 74, > 7/ fori e {1,...,S —i;, }. Thus, we have
> 7 _T

Tijo + ng losiaT = T]T()ggh;iaT = 5 .

As a result, with probability at least 1 — & — =, with at most
. loglogT loglogT
§ < ijy + ot = O(=5)
log 5~ log —

number of updates, 751 is at least T'. O

E. Proof of Theorem 3.8

Proof. Note that whether changing distribution p; at time ¢ can be adversarially determined with the knowledge of
{rs :s€{1,..., 8}, 7s <t}, where 75, s € {1,...,S}, are the model update time determined by the update rule ®.
Hence, for S < K, the distribution change time can be selected such that x; = 7, + 1. Then, the total loss is (7). In the
following, it is assumed that S > K + 1.

1
We show that Algorithm 2 achieves risk at most Risks 7(P) = O(S (KL-H> B ). Let &1 < ... < Ry be the time when

the if condition in line 6 in Algorithm 2 is satisfied and let 4y = 0. Let E, be the event where there exists a distribution change
attime k € {fy—1 + 1,...,Re}. We first show that Pr(ﬂ’g:lEg) >1- % Note that [{i : Rp—1 < 7 < fx}| =Jpr > 1
where jj, is the value of j when ¢t = &y. Since Ef implies that yi; is constant for 4,1 < ¢ < Ay, according to the condition
L(t) < ?ﬁ%‘f? we have

~ } < CologT

Ep,  Exy)~p, |hs@(X),Y)

o T Ts(t) ~ Fm(r) T 1
CologT
T Ts(t) — R+ 1

CologT
— Ik

(KLH) =5 ]

for 744y <t < iy, when Ef, £ € {1,...,k} occur. According to Bernstein inequallity (similar to Lemma D.1), we have

(& 1
(Re) )Sﬁ-

Pr(E}) < exp(— 55 log T(e—ri—1) | 2e(e)
J 3
(&) [ =5 ]+

K+1

Therefore,

(23)

Let ®; be the update rule given in Algorithm 2. Then,
Risks,7(®1, 1) =Pr(Mi_1 Bo)E((x, vi))7, ~p [Risk(®, {(X¢, o)}y M=y B

17
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+ Pr(N_ EDE((x, vy 7~ [Risk(®, {(Xi, )} 1) Ny B

<E{(x, v}7 ~n [Risk(®, {(X:, Y1) 10| Mi—y Ee] +2. (24)

In the following, we provide an upper bound on the expectation E¢(x, v,)}7  ~u [Risk(®, {(X¢,Y:)}71)| Nf_; E¢] condi-
tioned on the event N§_, Ey, i.e., there exist at least one distribution change between time &, and &, for £ € {1,...,k}.
The condition N} ;—1 ¢ implies that k& < K. Note that from the if condition in line 8 in Algorithm 2, there are at most { jees J
model updates between y_1 and iy, £ € {1,...,k+1}, where £x1 = T. Therefore, there are at most {KHJ (K+1) < S
model updates in total. Denote

Tedy ey Tog, ={mi i €{1,..., 8}, hem1 <7 < Re}
as the collection of model update times between #y_;1 and &y, £ € {1,...,k + 1}, where 41 = T. Then, since the if
condition in line 6 is not satisfied at time t € {7¢.1,...,7¢ ., T¢,jo+1 — 1} by definition, we have

€*(t)
2Co log T(t—¢,j—1) + 2¢(t) <2lnT
3 3
(&) [ =5+
fort =m,,5€{1,...,4},andfort =71, —1,£ € {1,...,k+ 1}, where 7o = R¢—1 and 7¢ j, 41 = ~¢. This implies
that
4InT 16CologTInT (19 — 74—
6(7'47]) < 3 + 0 g ( Z]] 4,5 1) + 1 (25)
<K+1) | =5+
and that
C/E(Tgyj) S Co log T(T[_yj —jTgyjfl) + 41§T + 16C0 IOngnT(TZ;j — Tz’jfl) + 1.

(K%l) (=5 ]+ (KLH) (x5 ]+

Therefore,
ktlietl
E (X0 v} T p [Risk((l), ((Xe, YY) nbey Ee} =33 ClL(my)
=1 j=1
k41041
S S
< 1< | ——— 1(j=|———
<> >aus [ 1= ))

Co lOgT(Te’j — T[’jfl) + 4InT + 1600 longnT(Tg,j — T[‘jfl)

J 3 J +1
(K%l) [&5]+ (KLH) (=5 ]+
1 Colog T(S 5t SHietta _5_ o
—osmt (L) Il 0% (CE S 16 = | & s =)
K+1 Bres

(KLH)L g
et (= l 16Co log T'In T'(7e, J = Teg- 1)
K+1

+
‘M'

=1 K+1 LKilJH
s, | = 16Co log TInT(7e.; — 70.-1)
< _ 0 0, — Te,j—1
_O(SlnT( +1) § { 1J)

(T)ﬁ
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1 k+1 ]g+1 _ S
[ =3+ Z 1 = LKiHJ)(Tfﬂj —Tej-1)
SO(SlnT(K+1) + )+ [16CologTInT(K + 1) ]
(KL_H) [z ]+
<O(SIT (Ti 1) [ESSEn o6

which completes the proof of the upper bound for Riskg 7 (P).

Next, we deal with a lower bound showing that Risks 7(P) = Q(SInT (KLH) =% ]+ for
. 1
Ep, o Ecy)mm (oo (X),Y)] 20 (S(t)_,m) ~

Let k; = K+1 JK}andletry ;, ke {1,...,K+1},j € {1,...,jx}, be the model update time between
ki—1 and kg for any glven update rule ¢, where kg = 1 and kg1 = 1. Then

Risks,r(P) >E [Risk(®, {(X¢, Y2)}i_,)]

K+1 jk+1

> Z Z Tk,] — Rk— 1 (Tk,jfl - "ﬁkfl)

Tk,j—1 — Rk—1

k=1 j=1

K+1jk+1 K+1j,+1
TkJ _

DI D D DD Db
T — K

k=1 j—1 'FJ—1 k=1 =1 j=1

K+1]k+17_
k —_

>§ § LR T ¢

— K
1]1 —1 k—1

K+1 T Je+1
1 _ .
T (KH)

Note that for any jx, — jk, > 2, we have

T Jky+1 Jky+1 T Jky T Jro+2
] 1 1) > (9 _ i1, )| ——
(Jr, + )(K+1> + (Jr, + (K+1> _(]k1)<K+1> + (Jr, + )<K+1)

Jrt+1
when K—H > 2. Hence, Zk (jr +1) (KH) is minimized when maxy, r,ef1,....K+1} Jk1 — Jk, = 1. Therefore,

for any S = { J(K+1)+m Then, for any S = { > J (K +1) + m for some m < £+L we have

Riskg 7 ( g ( )

For any S = { J (K + 1) +m for some m > 232, we have

Risksr(P) >Riskg , 1 7(P)

>S KéH T I_KilJ+1
=T K+1
1
T \TE
:Q K+1
(s (&) =7
1
for § > K + 1. Hence, Risks.z = Q(S (KLH) =%+ forany § > K + 1. O
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F. Proof of Theorem 3.12

Proof. We construct two hypothesis classes such that under the same piecewise stationary data distribution and the oracle
rule, the historical loss sequences under these two hypothesis classes and their respective choices of the ground truth function
are hard to distinguish. On the other hand, the loss vectors under these two hypothesis classes follow the same behavior of
loss vectors under realizable i.i.d. environment and piecewise stationary environment, respectively, and have expected risks
far from each other. Then we use Le Cam’s two point lemma to show that the existence of a universal risk-driven update
algorithm U/ results in a contradiction.

To construct the first hypothesis class #; based on Example 1 when o = %, consider a partition of the indices (I, j) of 8!

35

intervals I, ;, j € {1,...,8'}, foreachl € Z, intoaset P, = {S1,... St} of 2! + 21 disjoint sets of intervals such
that
1 v=1
[Siv]| =422 2<wv<20+1 , and
4l 20+2<v<2t+2
2421
U Siw=A{01),.... (18"} (27)
v=1

Denote by S = (P, : | € Zy) the collection of partitions P; for all [ and denote o = (04 : | € Z4,j € {1,...,8'}).
Consider the hypothesis subclass

co 2421

Hos = Z Z 01v.0.5G10,08) 0105 €{—1,1}

=1 v=1
where

8'
Glye,s(T Z ((1,5) € Siw)aojg;(z)

and ¢; = 2% forl € Z, andv € {1,...,2" + 2}. Define the hypothesis class
2

Hi={h(z,0,8): h(z,0,5) € Hs s for fixed o, S},

where € (0,1), and o and S take values over all possible choices of o; ; and partition S;, respectively. Let the loss
function be square loss and the oracle O** be the same' as in Example 1. More specifically, the oracle O™ selects
ﬁ”l(az, 0,S) € Hy with the minimum (0; , 0.5 : | € Z4,v € {1,...,2" + 2I}) in lexicographic order such that the
worst-case risk is minimized for every o and S.

The second hypothesis class is simply the hypothesis class # in Example 1 with dummy parameters o and S

oo 8
Ho =< h(z,0,8) : hiz,0,S) Zchel]gU 0,5 € {—1,1}forany o, S
=1 j5=1

Similarly, the loss is square loss and the oracle O™ returns h*2 (z,0,8) € Ho with the minimum (6; , 5.5 : | € Zy,v €
{1,...,2" + 21}) in lexicographic order such that the worst-case risk is minimized for every o and S.

Consider the following piecewise stationary distribution with K = 1 distribution change. The initial distribution is given by
X = (U, 00,80) ~ o = (U(0,1),00,80), where o is all 1’s vector and Sy = {P 0 : | € Z.} is any partition such
that P;o = {Si,1,0,- - -, 51 21421,0} satisfies (27).

Consider running a universal algorithm ¢/ on 2 with update budget S = 2 with initial data distribution o and ground
truth function A2, Upon time ¢ = 7, when U decides to update the model, the data distribution changes to y; defined in

'Note that the assumption on O7* and ©*2 can be removed by adding an extra vector o5 in the function input in #; and Ha,
respectively.
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the following way. Let fﬁ? () =>12, Z?;l 10,591 () € Ha be the output of the oracle O™2 ({ X;, h*>(X,)}7L,). In
addition, let K72 (2,0, 8) = 312, Z?;l 10,591 (x). Denote the vector @ = (6 ; : 1 € Z,j € {1,...,8'}). For each
leZiandi€{0,...,S} etV ={(l,7) : 0, 7 01,7 € {1,...,8"}} be the set of indices where there is a mismatch
between 0, ;, 1 € Zy, j € {1,...,8'}, for hand 6, ;,; for h7t=.

Let |V;| mod 4! = ZZ’:l 2beu V| < 8!, be the binary representation of the remainder of |V;| divided by 4! such that
bip < ...<byg. For|V; mod 4! = 0and |V;| < 8, letd; = 0 and for |V;| = &, letd; = 2] + 1 and

b 0 whenu =1
bu = u—2 when2 <u<2+1.

Construct the partition S; = (Py,1 : | € Z ) such that Py = {Sy1,1,..., 5, 21191} satisfies (27) for | € Z.. Moreover,
(Stbpsuton s u € {1, di}y U{Spun s v e {20+2,..., 20+ | Y] 4 1} is a partition of Vi, i.e., PLi\({Sip, 42,1
we{l,...,di}}U{Sipv1:ue{20+2,...,20+ L‘Z—flj + 1}) is a partition of {({,7) : j € {1,...,8}}\V;, forl € Z.

The distribution 15 is given by X; = (Uy,01,81) ~ p = (U(0,1),01,S1), where oy = —8 flips every entry in 6.
Therefore, the data X; follows pq for 1 <¢ <7 and s form <t <T.

Choose a ground truth function h7*2 € Hs such that the corresponding 61 ; = 1 for j € {1,...,8}. Then, choose a ground
truth function h*! € H; such that

R (Xy) = W (Xy) (28)
fort € {1,...,}. Note that this can be achieved by selecting

o . 1 whenve{but2:rue{l,. . d}U{2+2,... 2+ + Y]+ 1)
bv.=6.51 7 ) 1 whenve{1,...,2l+2z}\({bl,u+2;ue{1,...,dl}u{2z+2 L2l [BH] 41}

for | € Z,. This follows from the definition of G} , & s, the fact that 0, ; = 91 ; for ({,7) € Vi, and the fact that
{Siprreriued{l, .. di}}U{Siv1:ve{20+2,...,20+ Lle + 1} is a partition of V}.

Next, we show that

A (Xy) = B2 (X,) (29)
for 7; <t < 741,14 € {0,1}, where 79 = 0 and 72 is the time of the second model update decided by Y. For 7o < ¢t < 71,
h*1 and h*2 are initial functions returned by O and Oz, respectively, where the parameters 6, , » s = —1 in H; and
61, = —1in H,. Since the parameter o is all one vector for 7o < t < 71, we have
oo 8
W (Xy) = P2 (X)) = =) ) agui(x)
=1 j5=1

We then show that (29) holds for 7; < t < 7. Note that A2 has corresponding b1, =1# éLj forall j € {1,...,8}. As
shown in the proof of Proposition B.2, §; ; can be corrected whenever there exists U; € I; ; for some ¢t < 7. Hence, the
updated function H,,, at time ¢ = 71 has a different set of & compared to the initial all —1 vector. This implies that the

updated function /ﬁfl does not update the initial parameters 0, | _, s, = —Llfor l€Zyandv € {1,...,2] + 2'. Hence,
we have
oo 21421 o 8
hHl(”” -6 ,S1) = Z Z G, v,—0 s chleldgl,y h’rf"’ (z,-6,81),
=1 v=1 =1 j=1

and thus (29) for 1 <t < 7.

Note that (28) and (29) imply that the loss vector £ = (£( X, h(X})) : t < 72) is the same when the algorithm I/ is run
on hypothesis classes #; and H, with oracles O*1 and 0?2, respectively. Thus, by the Le Cam’s two point lemma, any
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hypothesis class estimator ¢ : (0,1)* — {H1, Ho2} that takes the loss vector £™2 (75 can be decided by running I{) as input
and returns the correct hypothesis class 71 or H2 that I/ runs on, has worst-case correct probability at most

min {Pr (¢ (¢3)|U runs on H1) = Hy) ,Pr((¢3)|U runs on Hy) = Ha)}
_ 1 -TV(Pr(£™[U runs on H,), Pr(£™[U runs on Hp)) 1

= 2 2

To derive a contradiction, in the following, we show that I/ results in a estimator 1) with worst case correct probability at
least 2, i.e
3 b

min {Pr (¢ (¢3)|U runs on H1) = Hy), Pr (¢ (€5)|U runs on Hy) = Ho)} > (30)

[SCI )

To this end, we arbitrarily pick a ground truth function h*2 € H, satisfying 6, ; = 1 for j € {1,...,8} and Z?;l 0,; =0,
I>1,ie.,half of the 6; ;’s, j € {1,... 78l} take value in 1 or —1, respectively, for each [ > 1. Then, we pick a ground

truth function ™1 € H; satisfying (28). The following lemma gives bounds on the expectation of the loss £(h(Xy), h(X})),
when U runs on H; and H, respectively. In Appendix G we prove the following lemma.

Lemma F.1. For hypothesis class Ha, square loss, oracle O™2, and data distribution X; ~ o for i < t < 11 and
Xy ~ py for 1 <t < T, where 11 can be determined by running U, we have

1), 0(%%) 1<t <t <T
1

7 H H:
Eix, e (xy, x,, (e (Xea), R Z(th))} = @(;) t Ot et 3D
=t <ty <
and
min {O (IOgé"—l) 7O(t1i‘rl)} T <t1 <ta <T
1
B it (it ey [P (X) 7 (X)) = S 0(),0 <> M=t <ta<T (32)
71 1
O(%) 0<ti <t2<m
o(1) O0=t1 <ta<m

for0§t1<t2§7'10r71<t1<t2§72.

Define the following hypothesis class estimator

. Hy ifrp <T6
1#(52) = . 5
Hy ifro >Ts.

In the following, we show that the correct probability of 1)(¢3) is at least %, when U runs on H; and Ha, respectively. When

U runs on H,, from Lemma F.1 and Theorem 3.8, the optimal algorithm ¢/ achieves at most O(v/T log T') expected loss.
Then since 7; is a stopping time decided by ¢] we have

Zf (Ao (X0), W1 (X0))] = E[m]E[E(h (X1), A7 (X1))]

Then, we have E[r;] < O(v/T log T') and thus by Markov inequality,

On the other hand, when 7; < T%, we have

BL S0 6(h (X0, (X0))] = Blra — {2 (X 1), 1% (X, 1)

t=11+1
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and then, E[ry] < O(T2 5Ty — O(T35 log T). Hence by Markov inequality,

7
T 36
5 log7T 1
Pr(ry > T8|r < TTo) < —8- < -
T'36 6
Therefore,
5 1
Pr(ry > T%) < Pr(ry > T12) + Pr(ry > T |1 < T12) < 3
We next consider the case when I runs on Hy and show that 7, < T'6 with probability at mo % Suppose on the contrary,
75 < T8 with probability at least % Then we have
T
[ Y Rk (X0), 17 (X0))] = BT = ] E[U(ATE (Xru11), A7 (Xry10))]
t=19+1

>Pr(ry < T9)E[T — 1o|ry < TE|E[C(hTE (Xr, 1), W2 (Xry 1)) |12 < TF]
(@T —T%
> r=Te Q 1r
- 3 Tis
:Q(T%)7

where (a) follows from (31). On the other hand, from Lemma F.1 and Theorem 3.32, the optimal algorithm { achieves at
most O(Tl%) expected loss, which is a contradiction. Therefore, the probability that ¢)(£}) makes a wrong estimation is at
most %, which implies (30). This completes the proof. O
G. Proof of Lemma F.1

Proof. By similar arguments as in the proof of Proposition B.2, we have
Ex,, [(h7(X:,) = 072 ({Xy, A7 (X0) 1))
2
{Zl L 5 My XL = O o+ )2 6> 0 &)
t1=0’

for ty > t1, since the value h(X;) for any h € Hs does not depend on (o, S) and the distribution of the loss vector ¢ is
the same as that of the loss vector 7 in Example 1. Note that

1\"
By x oy, MU N XL, = 0)] = (1 a 8l> '
Combining with (33), we have

E 72 (Xe,) = 0P (X5, 72 (X }iLy))?]

{X M2 (Xa) YL, X

_Z 2l ( SZ)tl

Int;—Inlnty

CE 4 1\ > 4 1\"
< 2 oa(-9) e 2 30-9)

=1 j=lmficining 4y
Int;—Inlnt 1
oS ) N S < odleen

“Note that here (P, Hs2, O*2) is not a realizable i.i.d. learning environment. However, the learning curve L(t) in the learning
environment (P, Hz, ©7*2) follows the same behavior as that in an i.i.d. learning environment and thus Theorem 3.3 can be applied.
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and
E Mz (X oM ({X;, K2 (X 2>2—01
{X;,h "2 (X;)};L 71;Xt2[( ( t2) ({ ( ) i= 1)) ] — 1 = ( ;)
et} et}
Therefore, (31) holds. Similarly, we have
Ex,, [(F7 (X1,) — O™ ({ X5, B (X) }iL))?
l
S S MU pes oy XYL, = 01 (0,0, 5, +1)° 0<ti<ty<m
= zl 122 S 11U es, “Ilm{x y, = p)loe gﬁ'cl Orv.01.60 — Olvor.6,)? T <ty <ty <T, (34
t1=0
Since
E 1(U I X; =(1- [Stoal )’
{Xi,hﬂl(Xi)}?:l[ Vagyesinig N Y =0 = &)
we have

E x,, (W71 (X,) = OTH ({5, W70 (X0) L))

i=17""1t2

2421
NS (g Bl VT 1Sl ; :
_Z Tl sl ( lv,o1,51 — l7v>0'1731)

=1 v=1

{Xi,h M1 (X;)};L

oo 2141 ) 2+2l t1 )
|Slvu> 4|Slv1|cl 4|Slvllcl
SHAIE DY
=1 v=1 =1 v=2[+2 8
oo 21+1 t1 t1
4|Slvllcl 4
<> (1- B} +3(1-5) #
=1 v=1 =1
(a) 1 c 1\" 4
< 204+1)(1— L 1-=) =
*;( * )< t1+1) t1+1+;( 21> 2
log t1 t1 t1
1 4 1\" 4
coh+Y (1-5) 5+ X (1-3) &
=1 l=logti+1
® 1 log ¢
<O(=) + O tgl)+0( ), and
1

B e ey, [0 (X1,) — O (X0 B (X))
ty
>(11) 1
- tq tq

for 0 < t; < ty < 71, where (a) and (b) follow from the fact that the function (1 — z)x for x € (0,1)
is maximized at x = Similarly for m; < t; < to < T, we have IE{X AMLXOYL, X, [(hM1(Xy,) —

O™ ({ X3, WM (X)L )))? O(1) for t; = m, B it (xoin, th[(h?-h( ,) — O%({X hﬂl( DML <
O ), and B B (Xis) = O ({X5, WP (X)) FL1 )] 2 O

T
] =

(X k™ (X, x, U ) for t; > 74. Finally, from

to—t1 to— tl
((29)), ((28)), and ((31)) we have that E 5., L [(hH (X1,) — OM ({ X3, h(X) YL ))?] < 80 for ty > 7,
7'1
and By o, (x, L X, [(W"1(Xy,) — O ({ X, h( 2)}1:1)) | > —% for t; = 71 Therefore, we have (32). O
1
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