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Abstract

Retraining is the primary mechanism by which
AI models can update their internal parameters in
response to evolving environments, yet it is also
one of the most costly operations. This raises a
fundamental question: how often must a model
be retrained to achieve optimal performance over
time? We address this problem in the framework
of online learning, beginning with the classical
but foundational case of i.i.d. realizable data. We
show that retraining at every step is unnecessary:
in most cases, only O(log T ) updates suffice to
achieve near-optimal risk, where T is the num-
ber of steps. Furthermore, when the learning
curve decays as 1/tα with α < 1, as few as
O(log log T ) updates are enough. We design al-
gorithms that achieve these guarantees, including
adaptive methods that remain optimal when α
is unknown, and extend our analysis to nonsta-
tionary settings with distribution shifts. We also
establish sharp impossibility results, proving that
no universal algorithm exists without prior knowl-
edge of the learning curve. Together, these results
provide the first precise characterization of opti-
mal retraining frequency, bridging foundational
theory with practical strategies for scalable AI.

1. Introduction
Current AI systems have achieved remarkable success
across a wide range of applications, enabled by training
on large volumes of data that yield strong statistical concen-
tration and effective representations. As these models are
deployed over extended periods, they inevitably encounter
a continual stream of new data. Incorporating such data can
improve predictive accuracy, but doing so typically requires
retraining, which updates the model’s internal parameters.
Retraining, however, is among the most costly operations in
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modern AI—whether in terms of computational resources
or stability. This raises a fundamental question: as data
accumulate, how often should retraining occur to maintain
optimal predictive performance?

We address this problem through the lens of online learn-
ing (Shalev-Shwartz & Ben-David, 2014), a setting in which
data arrive sequentially over rounds t = 1, 2, . . . , T and the
learner must make predictions in each round while updating
its hypothesis based on feedback. Formally, online learning
can be phrased as a game between a learner and nature. At
each round t, the learner selects a predictor ĥt based on
past data; upon receiving a new instance Xt, it outputs a
prediction Ŷt := ĥt(Xt). Nature then reveals the true label
Yt, and the learner incurs a loss ℓ(Ŷt, Yt) for some prede-
fined loss function ℓ. The performance of the learner over
T rounds is measured by its cumulative risk

RiskT ({(Xt, Yt)}Tt=1) =

T∑
t=1

ℓ
(
ĥt(Xt), Yt

)
.

While natural, this paradigm implicitly assumes that re-
training (i.e., updating ĥt) at every step t is essential for
maintaining optimal performance. A fundamental question
that has remained largely unexplored is whether this as-
sumption is truly necessary: can comparable accuracy be
achieved with dramatically fewer updates? In this work, we
show that the answer is affirmative, by providing the first
precise characterization of the trade-off between retraining
frequency and predictive risk. Our results reveal that ex-
ponentially fewer updates are sufficient in many regimes,
and we design algorithms that achieve these guarantees with
sharp theoretical bounds.

More precisely, we assume access to an oracleO that, given
any dataset {(Xi, Yi)}mi=1, returns a predictor ĥ ∈ H from
a hypothesis class H. Retraining corresponds to invoking
the oracle. We allow at most S such retraining steps (i.e.,
oracle calls), which occur at chosen time points: 0 = τ0 <
τ1 < · · · < τS < T. At each update time τs, the oracle
produces a predictor ĥs based on the data observed so far.
This predictor is then deployed throughout the s-th epoch,
i.e., ∀t ∈ [τs, τs+1) we predict Ŷt = ĥs(Xt).

Given a retraining budget S, our goal is to design the update
schedule τ1, . . . , τS so as to minimize the cumulative risk
RiskS,T in a specified learning environment (see Section 2
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for definition). We also focus on the minimal budget S for
which RiskS,T asymptotically matches the risk RiskT,T that
would be attained if retraining were performed at every step
(i.e., S = T ). Our primary focus in this paper is on the
frequency of retraining, while we treat the (computational)
cost of each retrain as a single oracle call. We emphasize
that our framework is not constrained to any specific oracle;
rather, our main theorems provide general characterizations
of when to optimally invoke a given oracle based on its
predictive performance. Moreover, retraining frequency
captures not only computational cost but also instability,
catastrophic forgetting, and user adaptation overheads that
arise from continuous model deployment.

Our Contributions. We start with the classical i.i.d. re-
alizable setting, which already captures the fundamental
trade-off between the retraining budget and the predictive
risk. In this case, the data {(Xt, Yt)}Tt=1 are assumed to be
drawn i.i.d. from an unknown distribution µ. Our analysis
relies on the concept of learning curve L̄(t) (see Eq. (4) for
a precise definition), defined as:

L̄(t) := EDt
E(X,Y )∼µ

[
ℓ
(
ĥDt

(X), Y
)]
,

where Dt := {(Xi, Yi)}ti=1
i.i.d.∼ µ, ĥDt

:= O(Dt) for some
oracle O (e.g., an ERM rule), and (X,Y ) denotes a fresh
sample from the same distribution µ.

Our first main result, Theorem 3.1, establishes that only
log T updates suffice to achieve a risk within a constant fac-
tor of the optimal full-update risk, provided that the learn-
ing curve L̄(t) is non-increasing, regardless of its exact
shape. The proof is reminiscent of the classical “doubling
trick,” however, our result is more general that applies to any
non-increasing learning curve, without assuming a specific
functional form.

We then establish the precise optimal risk when additional
properties of the learning curve are satisfied. We show
in Theorem 3.3 that if L̄(t) = Õ(1/t), e.g., when H ⊂
{0, 1}X has finite VC-dimension and the oracle O is ERM,
the optimal updates are scheduled at τi = T i/(S+1) for
1 ≤ i ≤ S, leading to the expected risk E[RiskS,T ] ≤
Õ((S + 1) · T

1
S+1 ). For instance, when S = 1, this yields

an update at τ1 =
√
T with cumulative risk of order

√
T .

When the learning curve follows power law L̄(t) = Θ̃(t−α)
for some α < 1, Theorem 3.3 provides an update schedule

that yields E[RiskS,T ] ≤ Õ(T
1−α

1−αS+1 ). Perhaps surpris-
ingly, this implies that only S = O(log log T ) updates are
sufficient to achieve the optimal full-update risk. We fur-
ther design an update rule (Algorithm 1) that leverages the
empirical losses incurred by the predictors, and attains the
optimal risk (Theorem 3.6) even when α is unknown.

Beyond the i.i.d. setting, our results also extend to nonsta-

tionary data distributions, including both piecewise-i.i.d.
shifts and gradual drift. For the piecewise-i.i.d. regime,
we propose an efficient update procedure (Algorithm 2)
that achieves near-optimal risk under distribution shifts, as
shown in Theorem 3.8. For gradual drift, we establish cor-
responding guarantees (Theorem 3.9) under bounded total-
variation change. Finally, we show in Theorem 3.12 that,
without any prior information about the learning environ-
ment, no universal algorithm can achieve competitive opti-
mality (even up to polylogarithmic factors) relative to the
case where the environment is known. Finally, we provide
empirical validation on real-world datasets and models in
Appendix A.

τ0 τ1 τ2 . . . τS−1
t

R
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k

Figure 1. Learning curve L̄(t) (red) approximated by a step func-
tion (gray) induced by update rule, with the approximation error
shown as shaded areas.

Technique Overview. Before delving into the technical
details, we illustrate our main ideas in Figure 1. The full-
update risk RiskT,T can be interpreted as the area under
the learning curve L̄(t), while the restricted-update risk
RiskS,T corresponds to the area under a step function de-
fined by updates at times τ1, . . . , τS . As the number of
updates grows, the approximation error—the shaded re-
gion in the figure—becomes asymptotically negligible com-
pared to the total risk. The central question is: how many
updates are actually necessary? Theorem 3.1 shows that
log T updates suffice under the mild assumption that L̄(t)
is non-increasing. With stronger structural assumptions
on L̄(t), even sharper guarantees follow, as established in
Theorems 3.3–3.8.

Related Work. Online learning has been extensively stud-
ied in the literature, where updates are assumed at every
time step (Rakhlin & Sridharan, 2015; Shalev-Shwartz &
Ben-David, 2014; Foster et al., 2018; Wu et al., 2022; 2026).
In contrast, literature that explicitly investigates the cost of
retraining in online learning is scarce. Notable exceptions
are (Devulapalli & Hanneke, 2024; Devulapalli et al., 2025),
which consider a continuous-time online model that queries
samples only at selected time steps and updates the model
at those query times. However, their work does not treat the
update schedule as a design objective and relies exclusively
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on the queried (sampled) adversarial examples, which can
be overly pessimistic for practical scenarios. Recent efforts
propose decision rules for triggering retraining based on
uncertainty or cost considerations (Regol et al., 2025; Zan-
otti, 2025). These results provide useful heuristics and case
studies, but they do not characterize the minimal update
budget needed to match the predictive performance of con-
tinuous retraining. Other related areas include continual
and incremental learning (He et al., 2020), as well as learn-
ing under nonstationarity and dynamic regret (Block et al.,
2022; Haghtalab et al., 2020; Hazan & Seshadhri, 2009; Wu
et al., 2023; Fahrbach et al., 2023). Although these efforts
study adaptation under distributional shift, their objectives
differ from ours, which focus on the statistical limits of
retraining under a fixed update budget. Finally, empirical
studies of scaling laws suggest that learning curves often
follow power-law behavior (Kaplan et al., 2020; Hestness
et al., 2017; Hoffmann et al., 2022), which motivates the
modeling assumptions adopted in this work.

2. Problem Formulation
Let X be the context space, Y the label space, andH ⊂ YX

a hypothesis class. A training oracle (or learning rule) is
a function O : (X × Y)∗ → H, which takes as input a
sequence of context-label pairs and returns a predictor inH.
We consider the following online learning scenario with a
limited update (or retraining) budget of S:

Protocol 1 Selective Update Online Learning Protocol

Select initial predictor ĥ0 ∈ H and set update index s = 0
for t = 1, . . . , T do

Use predictor ĥs to make a prediction on Xt

Observe true label Yt
Use update rule Φ with {(Xi, Yi)}ti=1 and predictor ĥs
to determine whether to update
if Φ triggers an update and s < S then

Select data subset Ds+1 ⊂ {(Xi, Yi)}ti=1 and up-
date predictor ĥs+1 = O(Ds+1)
Set s← s+ 1

end if
end for

We denote τ1, . . . , τS as the update time steps, and define
s(t) := max{s ∈ {1, . . . , S} : τs ≤ t} as the index of the
most recent update at or before time t ∈ {1, · · · , T}. Our
goal is to design an update rule Φ that, given access to a
retraining oracle O and a fixed update budget S, minimizes
the total cumulative risk incurred by the learner over a time
horizon of T prediction rounds. Specifically, the empirical
cumulative risk (or total loss) incurred by a given update
rule Φ (which at time t can take value 1, if update happens

at this time and 0 otherwise) is defined as:

RiskS,T (Φ, {(Xt, Yt)}Tt=1) :=

T∑
t=1

ℓ
(
ĥs(t)(Xt), Yt

)
(1)

=

S∑
s=0

τs+1∑
t=τs+1

ℓ(ĥs(Xt), Yt),

where ℓ : Y × Y → R≥0 is a loss function and we assume
τ0 = 0 and τS+1 = T .

In many practical settings, retraining a model is significantly
more expensive than evaluating it on new data. Therefore,
it is desirable to limit the number of retraining events while
allowing the learner to freely test the current predictor on
incoming examples. This motivates a class of update rules
that rely solely on observable predictive performance.

Risk-driven update. An update rule Φ is said to be risk-
driven if, at any time step t, it only treats the current pre-
dictor ĥs(t) as a black box and bases its update decision
solely on the observed losses {ℓ(ĥs(t)(Xi), Yi)}ti=1 over
the available data. That is, Φ must determine whether to
update exclusively based on the predictive performance of
the current predictor on the historical data.

This paper focuses primarily on designing risk-driven up-
date rules that achieve optimal cumulative risk. To proceed,
we assume that the data is generated by an unknown random
process belonging to a known class P. We refer to the tuple
(P,H,O) as a learning environment.

For any given learning environment, we first define the
expected risk, for µ ∈ P, as follows:

RiskS,T (Φ,µ) := E{(Xt,Yt)}T
t=1∼µ

[
Risk(Φ, {(Xt, Yt)}Tt=1)

]
,

(2)
Our goal is to characterize the following minimax risk:

RiskS,T (P) := inf
Φ

sup
µ∈P

E
[
Risk(Φ, {(Xt, Yt)}Tt=1)

]
, (3)

where the infimum is taken over all risk-driven update
rules Φ that satisfy the update budget constraint S, and
the expectation is over the randomness of the data sequence
{(Xt, Yt)}Tt=1 ∼ µ as well as any internal randomness of
Φ and the retraining oracle O.

Realizable i.i.d. Learning Environment. In this setting,
the data points {(Xt, Yt)}Tt=1 are drawn independently and
identically from an unknown distribution µ over X × Y .
We assume there exists an unknown hypothesis h ∈ H
such that h(X) = Y for (X,Y ) ∼ µ almost surely (i.e.,
µ is realizable w.r.t. H). The hypothesis class H is ar-
bitrary, and the oracle O is assumed to return an em-
pirical risk minimizer (ERM) over a given dataset. Let
Dt := {(Xi, Yi)}ti=1

i.i.d.∼ µ, and define ĥt = O(Dt). We
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define the learning curve L(t) and the expected learning
curve L̄(t) as follows

L(t) = E(X,Y )∼µ[ℓ(ĥt(X), Y )] (4)

and
L̄(t) := EDt

E(X,Y )∼µ

[
ℓ(ĥt(X), Y )

]
. (5)

where (X,Y ) is a fresh sample independent of Dt. It
is known that for a hypothesis class H with finite VC-
dimension and for the 0-1 loss, the learning curve satisfies,
for any µ ∈ P

L̄(t) ≤ O
(
VC(H)t−1 log t

)
= Õ

(
t−1
)
, (6)

where Õ hides poly-logarithmic factors in t. It is also
known that the learning curve behaves like L(t) =

O
(

VC(H) log t+log(1/δ)
t

)
with probability at least 1 −

δ (Shalev-Shwartz & Ben-David, 2014).

In the case of real-valued hypothesis classes, when the
loss function is Lipschitz (e.g., absolute loss) and the fat-
shattering dimension scales as γ−p for some p > 0 (for ex-
ample, forH = {hw(x) := ⟨w,x⟩ : ∥w∥p ≤ 1, ∥x∥ p

p−1
≤

1}), it can be shown (see (Attias et al., 2023, Theorem 2)
and the discussion that follows) that, for any µ ∈ P,

L̄(t) ≤ Õ
(
t−

1
p+1

)
. (7)

We refer to learning curves of the form L̄(t) = Õ(t−α)
with α < 1 as exhibiting power-law scaling, a phenomenon
that is also observed empirically in many practical settings
(Kaplan et al., 2020; Hestness et al., 2017; Hoffmann et al.,
2022). A concrete example where the learning curve prov-
ably follows a power law is provided in Appendix B.

Beyond i.i.d. processes, we also consider more general non-
stationary data-generating processes, including:

Piecewise-Stationary Environment. The data are gen-
erated independently according to a sequence of (un-
known)distributions {µt}Tt=1, where µt remains fixed within
each contiguous segment but may change between segments.
Here, the class P consists of all such piecewise-stationary
processes with at most K changes.

Gradual Distribution Drift. The data are generated in-
dependently according to {µt}Tt=1 with bounded stepwise
variation: ∥µt − µt−1∥TV ≤ γ for t ∈ {2, . . . , T}. Here, P
consists of all such processes with drift rate at most γ. We
assume that γ is unknown to the learner and satisfies γ ≤ 1.

3. Main Results
In this section, we present our main theoretical and algo-
rithmic results, focusing primarily on the i.i.d. setting, with

extensions to the piecewise-stationary case in Section 3.2.1.
Empirical validation is provided in Appendix A. Through-
out, we assume that the loss function ℓ(·, ·) is bounded.

3.1. Fixed-Design Schedule

In this section, we present several update rules that rely
solely on the shape of the learning curve, without using the
predictive performance of the resulting predictors.

We begin with a general result showing that only log T
updates are sufficient to be competitively optimal when the
learning curve L̄(t) is non-increasing. The main idea is
illustrated in Figure 1. Recall that RiskT,T corresponds
to the area under the learning curve L̄(t), while the risk
RiskS,T of the update schedule at τ1, · · · , τS can be viewed
as the area under the step function. We start with our first
positive result.

Theorem 3.1. Consider any realizable learning environ-
ment (P,H,O). If the update times are chosen as τi = 2i−1

for i ∈ {1, . . . , log T}, then, with S = log T , we have

RiskS,T (P) ≤ 2RiskT,T (P), (8)

provided that the learning curve L̄(t) is non-increasing in t.

Proof. Let M := ⌊log2 T ⌋, with τ0 = 0, τi = 2i−1 for
1 ≤ i ≤ M , and τM+1 = T . Fix any µ ∈ P and set at :=
L̄(t). Since L̄(t) is non-increasing, the optimal strategy
with S = T is to update every time, so

inf
Φ

RiskT,T (Φ,µ) =

T−1∑
t=0

at

and

RiskM,T (Φdyad,µ) =

M∑
i=0

(τi+1 − τi) aτi ,

where Φdyad denotes the update rule at the τi’s. For i ≥ 1,
monotonicity gives

2

τi−1∑
t=τi−1

at ≥ 2(τi−τi−1) aτi = 2i−1aτi = (τi+1−τi)aτi ,

and for i = 0 we have a0 ≤ 2
∑0

t=0 at. Summing over
i = 0, . . . ,M yields RiskM,T (Φdyad,µ) ≤ 2

∑T−1
t=0 at =

2 infΦ RiskT,T (Φ,µ). Taking the supremum over µ ∈ P
and applying the minimax inequality completes the proof.

Remark 3.2. The update rule in Theorem 3.1 resembles
the classical “doubling trick” from the online learning lit-
erature, which was used to obtain time-independent regret
guarantees. However, the level of generality presented here

4



Optimal Retraining for Online Models

is, to our knowledge, novel. In particular, Theorem 3.1 is
conceptually significant: the update rule requires no knowl-
edge of the exact curve, yet with only exponentially fewer
updates, it achieves risk that is competitively optimal w.r.t.
the full-update benchmark.

We would like to point out that Theorem 3.1 can be general-
ized by replacing the non-increasing property of L(t) with
a weaker condition, such as requiring non-increasing upper
and lower bounds on L(t) that are of the same order (i.e.,
allowing fluctuations by a constant factor).

While Theorem 3.1 establishes a universal updating rule
with only log T updates, it leaves open the more challenging
regime where the update budget is substantially smaller
provided we have some extra knowledge about the learning
curve. Quite surprisingly, when the learning curve follows
a power law L̄(t) ≤ 1/tα with α < 1, the structure of
the optimal scheduling becomes fundamentally different, as
shown in the theorem below.

Theorem 3.3. (i) Consider any realizable i.i.d. learning
environment with L̄(t) ≤ O(1/tα) for all µ ∈ P and some
α < 1. Then, for any update budget S ≥ 0, RiskS,T (P) ≤
O
(
(S + 1)T

1−α

1−αS+1

)
. In particular, with S = log log T

log(1/α)

updates we obtain RiskS,T (P) ≤ O((S + 1)T 1−α).

(ii) If α = 1 (e.g., for fine VC class with an ERM oracle),
then for the update times are chosen as τi = T i/(S+1) for
i = 1, . . . , S, we have

RiskS,T (P) ≤ O
(
(S + 1)T 1/(S+1)

)
, S ≥ 0.

In particular, for S = log T , this recovers the update rule
from Theorem 3.1.

Proof. We only prove part (i) since part (ii) follows the same
steps. Let Φ update at τi := Tui with ui := 1−αi

1−αS+1 for
i = 1, . . . , S + 1, and set τ0 = 0. Since L̄(t) ≤ O(t−α),
we have for all µµµ ∈ P:

RiskS,T (Φ,µµµ) =

S+1∑
i=1

(τi−τi−1) L̄(τi−1) ≤ O

(
S+1∑
i=1

τi
ταi−1

)
.

Note that τi/ταi−1 = T ui−αui−1 = T
(1−α)−(αi−ααi−1)

1−αS+1 =

T
1−α

1−αS+1 , we have:

RiskS,T (Φ,µµµ) ≤ Õ
(
(S + 1)T

1−α
1−αS+1

)
.

Taking S = log log T
log(1/α) , we have 1 − αS+1 ≥ 1 − 1/ log T .

Therefore, T
1

1−αS+1 ≤ T
log T

log T−1 ≤ 2·T for T ≥ 4. This im-
plies riskO((S+1)T

1−α

1−αS+1 ) ≤ O((S+1)21−α ·T 1−α) =
O((S + 1)T 1−α).

Remark 3.4. In fact, for S = log log T
log(1/α) , we can even elimi-

nate the prefactor (S+1) by using the following two–phase

schedule with τi = 2−i T
1−αi

1−α⌊S/2⌋+1 for i = 1, . . . , ⌊S/2⌋
and τi = T

2S+1−i otherwise. This results in RiskS,T (P) ≤
O(T 1−α) with S = O(log log T ).

For learning curves with L̄(t) = Θ(1/tα), the optimal full-
update risk is of order Ω(T 1−α). Theorem 3.3 shows that
with only S = O(log log T ) updates, the proposed schedule
matches this full-update risk—with doubly-exponentially
fewer updates!

Moreover, both Theorem 3.3 and Theorem 3.3 remain near
optimal (up to polylogarithmic factors in the risk) even
when the learning curve fluctuates within a polylogarithmic
factor, i.e., when L̄(t) = Θ̃(1/t) and L̄(t) = Θ̃(1/tα),
respectively. In fact, for L(t) = Θ̃(1/tα) with α < 1,
Theorem 3.3 with S = O(log log T ) remains competitively
(near) optimal w.r.t. optimal full-update risk. This is also
confirmed by experimental results as shown in Figure 2 and
fully discussed in Appendix A.

Unfortunately, the doubly-exponential improvement in the
update budget does not extend to the case where the fluctua-
tions are of polynomial size, as shown below. The proof is
deferred to Appendix C.

Theorem 3.5. There exists a non-increasing convex func-
tion L̄(t) satisfying Ω̃(t−α1) ≤ L̄(t) ≤ Õ(t−α2) for some
constants 0 < α1 < α2 < 1, such that for any realizable
i.i.d. learning environment with learning curve L̄(t) we
have

RiskS,T (P) ≥ TΩ(1/S) · RiskT,T (P).

In particular, for S ≤ o( log T
log log T ), the competitive ratio

must be super-polylogarithmic.

3.2. Risk-Driven Update Schedule

We have established several optimal update schedules that
rely only on the shape of the learning curve. In practice,
however, the learning curve is rarely known in advance, and
the learning environment may deviate substantially from the
i.i.d. assumption. In this section, we leverage our theoretical
schedules as primitives, which can be composed and adapted
to design update rules for more realistic settings, thereby
bridging the gap between idealized theory and practical
applicability.

We begin with the case where the (realized) learning curve
L(t) follows a power law with high probability, but with an
unknown exponent α (e.g., hypothesis classes with finite fat-
shattering dimension under ERM retraining). Specifically,
we assume that L(t) = Θ̃

(
1
tα

)
holds simultaneously for

all t with probability at least 1 − 1
T , for some (unknown)

α > 0.
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(a) Cumulative risk vs. T (log–log ). (b) Competitive ration vs. T (log–log).

Figure 2. Comparison of full updates and the Φ-schedule (Theorem 3.3 with α = 0.5) on MNIST, plotted on a log–log scale. With only
S = Θ(log log T ) updates, the risk remains within a constant factor (∼ 3− 4) of the full-update baseline. See Appendix A for details of
the experimental setup.

Algorithm 1 Adaptive schedule for unknown α < 1

Input: Time horizon T .
Output: Update rule Φ = (Φ[1], . . . ,Φ[T ]).
Initialize: Let α̂ = 1 − log log T

log T , Ŝ = log log T
log(1/α̂) , β̂ =

1−α̂

1−α̂Ŝ
, i = 0, τi = 1, τi+1 = T β̂ , and randomly pick

ĥ0 ∈ H.
for t = 1, . . . , T do

Compute L̂(t) =
∑t

j=τi+1 ℓ(ĥτi
(Xj),Yj)

t−τi
.

Set Φ[t] = 0.
if t = τi+1 then

Compute αmax = max
{
α : 2L̂(t)

3 ≤ C1 log τi
τα
i

}
.

if (t−τi)L̂(t)
14 ≥ 2 log T then

Set α̂ = αmax, Ŝ = log log T
log(1/α̂) , and β̂ = 1−α̂

1−α̂Ŝ
.

end if
Set Φ[t] = 1 and i← i+ 1.
Set ĥτi = A

(
{(Xj , Yj)}τij=1

)
.

Set τi+1 = max
{
2−iτ α̂i T

β̂ , 2τi

}
.

end if
end for

Without knowledge of the exponent α, the update schedule
proposed in Theorem 3.3 no longer applies. To address this,
we introduce Algorithm 1, which monitors the empirical
loss L̂(t) (defined in Algorithm 1) to guide updates. The
algorithm begins with an initial estimate α̂ and keeps it
fixed as long as the empirical learning curve L̂(t) behaves
typically, as guaranteed by Lemma D.1 below. When L̂(t)
deviates from this typical behavior, α̂ is updated according
to line 8 of Algorithm 1.

Our next main result shows that Algorithm 1 is competitively
optimal, agnostic to α. Note that, while the fluctuations of
L(t) are logarithmic in the theorem and in Algorithm 1, the

algorithm and its proof can be easily extended to handle
polylogarithmic fluctuations.

Theorem 3.6. Assume there exist constants C1 ≥ C2 >
0, and an unknown exponent α ∈ [Ω( log log log T

log log T ), 1 −
O( log log T

log T )] such that the realized learning curve L(t) of
the oracle satisfies C2 t

−α ≤ L̄(t) ≤ C1 log t ·t−α. Then

Algorithm 1 makes at most S = O
(

log log T
log(1/α)

)
updates and

attains cumulative risk RiskS,T (P) ≤ Õ
(
T 1−α

)
.

Sketch of Proof. At a high level, Algorithm 1 estimates the
true exponent α from the empirical loss L̂(t), and then
uses the current estimate α̂ to set the update schedule sim-
ilar to that in Remark 3.4. Let τi1 , . . . , τiJ be the times
when the if condition in line 8 of Algorithm 1 is trig-
gered, i.e., when α̂ is updated. We show that, with prob-
ability at least 1 − 1

T , for all t ≥ τij and all j = 1, . . . , J ,

α̂ ≥ α ≥ α̂ − log log τij−1+log(3C1/C2)

log τij−1
. Thus α̂ never

underestimates α, and the gap shrinks as τij grows. We then
show that the upper estimate yields a risk bound Õ(T 1−α)
by our schedule design, while the lower bracket on α en-
sures that the number of updates satisfies S = O

(
log log T
log(1/α)

)
.

See Appendix D for the complete proof.

3.2.1. SHIFTING DISTRIBUTIONS

We now turn to nonstationary environments, where the data
distribution may change over time. We consider two types
of distribution shift: (i) a piecewise i.i.d. shift, and (ii) a
gradual distribution drift with bounded total variation.

The piece-wise i.i.d. environments. We assume that there
are K unknown change points 1 < κ1 < · · · < κK ≤ T ,
with κ0 = 1 and κK+1 = T + 1. Within each segment
t ∈ [κi−1, κi) the samples {(Xt, Yt)} are i.i.d. from some
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(unknown) distribution µ(i), while the distributions may
differ across segments.

For simplicity, we focus on binary classification with a hy-
pothesis classH ⊆ {0, 1}X of finite VC dimension and an
ERM oracle. We further assume segment-wise realizability:
for all i ≤ K, there exists h⋆i ∈ H such that h⋆i (Xt) = Yt
almost surely for all t ∈ [κi−1, κi).

We begin with the simpler benchmark setting in which the
change points are known to the scheduler.

Proposition 3.7. Assume the change points κ1, . . . , κK are
known. Allocate m := ⌊S/(K + 1)⌋ updates per segment
and apply the schedule from Theorem 3.3 within each seg-
ment, we have

RiskS,T (P) ≤ Õ

(
(S +K)

(
T

K + 1

) 1
⌊S/(K+1)⌋+1

)
.

Algorithm 2 Adaptive schedule for piecewise-stationary
environment

1: Input: Time horizon T
2: Initialize: Let j = 0, i = 1, τ0 = 0, τ1 =(

T
K+1

) 1

⌊ S
K+1⌋+1 , d = 0, and randomly pick ĥ0 ∈ H;

3: /∗ j is the number of updates since the last distribution
change detected by the if condition 6. τi−1 and τi are
the last and next time for model update, respectively.
d is used to guarantee that τi cannot be changed once
given. ∗/

4: for t = 1, . . . , T do
5: Compute ĈL(t) =

∑t
i=τi−1+1 ℓ(ĥτi−1(Xt), Yt) and

ϵ(t) = ĈL(t)− C0 log T (t−τi−1)

( T
K+1 )

j

⌊ S
K+1⌋+1

;

6: if ϵ2(t)
2C0 log T (t−τi−1)

( T
K+1 )

j

⌊ S
K+1⌋+1

+
2ϵ(t)

3

≥ 2 lnT and d = 0 then

7: Let κ̂ = t,τi = t+
(

T
K+1

) 1

⌊ S
K+1⌋+1 , d = 1, and

j = 0;
8: else if t = τi, i < S, and j <

⌊
S

K+1

⌋
then

9: Update model ĥt = O({Xi, Yi}t−1
i=κ̂) and let j =

j + 1, i = i + 1, τi = t +
(

T
K+1

) j+1

⌊ S
K+1⌋+1 , and

d = 0;
10: end if
11: end for

Sketch of Proof. Within segment k of length nk, Theo-
rem 3.3 (using data only in that segment) gives a per-
segment risk of order (m+ 1)n

1/(m+1)
k log nk. Summing

over segments,

K+1∑
k=1

(m+1)n
1/(m+1)
k log nk ≤ (m+1) log T

K+1∑
k=1

n
1/(m+1)
k .

Since x 7→ x1/(m+1) is concave, Jensen’s inequality yields

K+1∑
k=1

n
1/(m+1)
k ≤ (K+1)

(
1

K+1

K+1∑
k=1

nk

)1/(m+1)

= (K+1)
(

T
K+1

)1/(m+1)

.

Combining and using (K+1)(m+1) ≤ S+K+1 =
O(S+K) gives the stated bound.

The more challenging regime is when the change points
are unknown: the scheduler must choose both the update
times and which samples to pass to the retraining oracle.
Algorithm 2 addresses this issue by monitoring the empirical
losses to detect shifts. In Theorem 3.8 we show that, with
high probability, it achieves the same risk (up to polylog
factors) as the known–change-point benchmark. The proof
is deferred to Appendix E.

Theorem 3.8. Let P be piecewise-stationary i.i.d. processes
with K change points (unknown to the learner). Assume bi-
nary classification with a finite-VC classH ⊆ {0, 1}X and
an ERM oracle, i.e., the realized learning curve L(t) satis-
fies L̄(t) ≤ C0 log T

t−τi−1
(see (6)), where t, τs(t) ∈ [κi−1, κi) for

some i. Then, with probability at least 1− 1
T , Algorithm 2

using at most S updates achieves

RiskS,T (P) ≤ Õ

(
(S +K)

(
T

K + 1

) 1
⌊S/(K+1)⌋+1

)
.

Sketch of Proof. At a high level, Algorithm 2 tracks the
cumulative empirical loss ĈL(t) since the last update. The
threshold in line 6 is chosen so that, if no distributional
change has occurred since the last update, then with high
probability the condition is not triggered. Thus, when it is
triggered, a change has (w.h.p.) occurred and we refresh
the monitor for κ̂. The values of κ̂ effectively partition
the horizon into at most K+1 segments, with the update
schedule within each segment the same as in the i.i.d. case
(using data only from the last change detected). It is still
possible that a distribution change occurs but is not detected
before the next scheduled update; this does not affect the
final bound because the threshold is applied directly to the
empirical loss and hence self-bounds the loss accrued in
that epoch (an “optimistic” case). See Appendix E for the
complete proof.

The algorithm and analysis for piecewise stationary envi-
ronment naturally extends to the more practical scenarios
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with gradual or continuous distribution shifts. This can
be achieved by interpreting the learning curve as a slowly
varying function over time and allowing the risk-driven
mechanism to adaptively trigger updates as the model’s
performance degrades.

Gradual distribution drift environments. We now con-
sider the gradual distribution shift setting, where the data
Xt follow a distribution µt such that the total variation dis-
tance between µt and µt−1 is bounded by a parameter γ,
i.e., ∥µt − µt−1∥TV ≤ γ for t ∈ {2, . . . , T}. Assume
that γ is unknown to the learner and satisfies γ ≤ 1. It
was shown in (Bartlett, 1992) that for finite VC dimension
hypothesis class H and 0 − 1 loss, the optimal total risk
when updating at every time step t is between O(Tγ

1
2 ) and

O(Tγ
1
3 ). While closing the gap between the upper and

lower bounds on the optimal risk when updating at every
time step is still open, the following theorem shows that the
adaptive Algorithm 2 achieves the upper bound with at most
O(Tγ

1
3 log T ) model updates.

Theorem 3.9. Consider a learning environment where
the data distributions µt, t ∈ {1, . . . , T} satisfy |µt+1 −
µt|TV ≤ γ, where γ is unknown and at most 1. The hy-
pothesis class H has finite VC-dimension and the loss is
0 − 1 valued. Then with probability at least 1 − 1

T , Algo-
rithm 2 achieves risk RiskS,T (P) = Õ(Tγ

1
3 ) with at most

S = Õ(Tγ
1
3 ) updates.

Proof. We use the following results from (Bartlett, 1992).

Lemma 3.10. (Bartlett, 1992) In the gradual distribution
shift environment described in Theorem 3.9, let the VC-
dimension ofH be d. Then, we have for 0 < γ < 4

(d+1)2 ,

E{Xi,Yi}t−1
i=1

E(X,Y )∼µt

[
ℓ(ĥt(X), Y )

]
≤


4(d+1)

t log 8e

(d2γ)
1
3
+ 2(d2γ)

1
3 if d+ 2 ≤ t < 2( dγ )

1
3

19(d
2

γ )
1
3 log 16e

(d2γ)
1
3

if t ≥ 2( dγ )
1
3

,

According to Lemma 3.10, we have, for t < 2( dγ )
1
3

E{Xi,Yi}t−1
i=1

E(X,Y )∼µt

[
ℓ(ĥt(X), Y )

]
≤ 8(d+ 1) log T

t
.

(9)

Lemma 3.11. (Bartlett, 1992) Let P1 and P2 be two dis-
tributions on X such that |P1 − P2|TV ≤ γ. Then for a
function g : X → [0, 1], we have |EP1

(f)− EP2
(f)| ≤ γ.

Combining (9) and Lemma 3.11, we have

E{Xi,Yi}t−1
i=t1

E(X,Y )∼µt2

[
ℓ(ĥt(X), Y )

]
≤ 8(d+ 1) log T

t− t1

for any t1 < t ≤ t2 < t1+2( dγ )
1
3 . That is, the predictive er-

rors in a consecutive segment of length ≤ 2( dγ )
1
3 “behaves”

as i.i.d. environments. Applying Theorem 3.8 by letting
C0 = 8(d + 1), K = T

2 (
γ
d )

1
3 − 1, κi = iT

K+1 for i ∈ [K],
and S = K log T , we conclude that Algorithm 2 achieves
risk O(Tγ

1
3 ) with at most O(T log Tγ

1
3 ) updates.

3.2.2. A NO FREE LUNCH THEOREM

In the next main result, we present a no–free–lunch–type
negative theorem: in the absence of any prior information
about the learning environment, no risk-driven (empirical-
loss–based) universal update rule (with given update times)
can achieve competitively optimal risk to the known envi-
ronment setting for given nuber of model updates. The long
and tedious proof is deferred to Appendix F.

Theorem 3.12. There exists a distribution class P and two
hypothesis classes H1 and H2 such that any update rule
Φ with S = 2 that lacks knowledge of the hypothesis class
(while being allowed knowledge of P) incurs TΩ(1) times
the optimal expected risk in at least one of the environments
(P,H1,OH1) or (P,H2,OH2), where OH1 and OH2 de-
note ERM oracles forH1 andH2.

4. Conclusion
In this paper, we introduced a general framework for ana-
lyzing the optimal scheduling of retraining in online mod-
els. Our results provide the first precise characterizations
of when and how often retraining is needed: we designed
schedule rules tailored to the shape of the learning curve,
proved they achieve fundamental performance limits, and
extended them to more realistic regimes by leveraging em-
pirical losses to guide updates. Together, these results move
beyond heuristic criteria and establish a principled theory of
retraining frequency. For clarity of exposition, we adopted
several simplifying assumptions. For instance, we treated
the retraining budget as a single oracle call, independent
of the size of the training set. In practice, the computa-
tional cost of retraining often depends on the volume of
data processed. A natural future direction is to investi-
gate optimal update schedules under joint constraints on
update frequency and data cost (e.g., in Algorithm 2 we
jointly design the update schedule and the dataset). Another
promising extension is to adapt our framework to broader
learning environments, such as the smoothed adversarial
processes (Haghtalab et al., 2020), where nonstationarity is
more structured yet still adversarial in spirit. Finally, our
impossibility result highlights a fundamental tension: with-
out minimal prior knowledge of the learning environment,
no universal update rule can guarantee competitive optimal-
ity. This motivates future work on identifying the weakest
assumptions under which efficient, risk-driven update rules
remain feasible.
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Impact Statements
This paper presents work whose goal is to advance the field
of machine learning. There are many potential societal
consequences of our work, none of which we feel must be
specifically highlighted here.
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A. Empirical Validation
Data and models. We primarily report results on MNIST, streamed in a single random order (uniform shuffle of the train
split, fixed across horizons). The predictor is a two-layer MLP with 256 hidden units and ReLU activations, followed by a
linear 10-way classification head. Inputs are normalized using the standard mean/variance.

(a) Cumulative risk vs. T (linear scale). (b) Cumulative risk vs. T (log–log).

(c) Competitive ratio vs. T (linear scale). (d) Competitive ratio vs. T (log–log).

Figure 3. Full update vs. Φ-schedule on MNIST (α = 0.5). (a–b) Cumulative 0–1 risk under each policy. The Φ-schedule, despite
performing only S(T ) = Θ(log log T ) updates, remains within a constant-factor of the full-update baseline. (c–d) Competitive ratio. The
ratio grows slowly with T (reaching ∼ 3–4× at T = 104), consistent with the predicted power-law learning-curve model.

Evaluation protocol. We follow the standard online prediction paradigm. At each round t, the learner receives an input
Xt, produces a prediction Ŷt before update, and incurs instantaneous 0–1 loss 111[Ŷt ̸= Yt]. The example (Xt, Yt) is then
added to the training buffer, after which the learner may update its model depending on the chosen schedule. Thus every
example is first tested and only subsequently used for training.

We compare two update schedules:

• Full update. At every round t, after prediction, the model performs a single stochastic gradient step (AdamW, learning
rate 5 × 10−4, weight decay 10−2) on a mini-batch of size 256 sampled from the prefix buffer {(Xi, Yi)}i≤t. This
baseline consumes O(T ) updates.

• Φ-schedule. The model is updated only at the following checkpoints (as in Theorem 3.3)

τi = ⌊Tui⌋, ui =
1− α i

1− αS(T )+1
, i = 1, . . . , S(T ) + 1,

where S(T ) = ⌊ log log T
log(1/α)⌋. Unless stated otherwise we use α = 0.5 (can be tuned), so

S(T ) = Θ(log log T ).
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At each checkpoint t ∈ {τi} the model is retrained for two epochs over the entire prefix buffer {(Xi, Yi)}i≤t (batch
size 256). Between checkpoints no updates are performed.

We run the evaluation protocol independently for horizons T ∈ [102, 104] in increments of 100, using the same shuffled data
stream prefix for comparability. All experiments were run on an HPC system with two NVIDIA H200 GPUs.

Metrics. Our primary metric is the cumulative risk

CumRisk(T ) =

T∑
t=1

111[Ŷt ̸= Yt],

measured on pre-updated model predictions. We also report the competitive ratio

CumRiskΦ(T )/CumRiskfull(T ).

Findings. From Figure 3 we see that with only Θ(log log T ) retrainings, Φ attains cumulative risk within a bounded factor
(around 3 ∼ 4× for T = 104) of full update, demonstrating substantial savings in update cost.

Fairness of comparison. Both rules are evaluated under the same “predict before update” protocol: every example
contributes to the risk before it can influence the model. The distinction is in latency: the full-update learner incorporates
each new sample immediately (after its prediction), while the Φ-schedule may defer incorporation until the next checkpoint,
at which point the entire prefix is used. This exactly captures the intended frequency–accuracy trade-off.

B. Lower Bound on Power Law Learning Curve
In the next example, we construct a hypothesis classH based on the Haar measure whose learning curve exhibits a power-law
lower bound that, up to a log T factor, matches the upper bound implied by ((7)). We do this for every rational positive
α = p

q ≤ 1, p, q ∈ Z+. For any irrational α, one can find a rational α′ such that |α− α′| ≤ 1
log T and use the hypothesis

class constructed for α′. Since 1
2 ≥

tα
′

tα ≤ 2, the bound implied by ((7)) for α′ works for α.

Example 1. Let Il,j = ( j−1
2ql

, j
2ql

], l ∈ Z+, j ∈ {1, . . . , 2ql} be 2ql intervals that uniformly split (0, 1]. In addition,

let gl,j(x) =
∑2q−1

i=2q−1 1(x ∈ Il+1,2qj−i) −
∑2q−1−1

i=0 1(x ∈ Il+1,2qj−i) for l ∈ Z+ and j ∈ {1, . . . , 2ql}. Define the
hypothesis class

H =

h(x) =
∞∑
l=1

2ql∑
j=1

clσl,jgl,j(x) : σl,j ∈ {−1, 1}

 (10)

where cl = 1

2
pl
2

, l ∈ Z+. Let X1, . . . , XT ∼ U(0, 1) be i.i.d. random variables uniformly distributed over (0, 1). Let ℓ be

the square loss. For the ground truth function h ∈ H, let

O({Xi, h(Xi)}ti=1) = arg min
ĥ∈H:ĥ(Xi)=h(Xi),i∈{1,...,T}

sup
h∈H

EX∼U(0,1)[(h(X)− ĥ(X))2]

return the ERM that minimizes the worst-case risk. If there are multiple such ERMs, O({Xi, h(Xi)}ti=1) returns the
minimum (σl,j : l ∈ Z+, j ∈ {1, . . . , 2ql}) in lexicographic order.

Lemma B.1. For the hypothesis classH, data distribution Xi ∼ U(0, 1), and oracle O given in Example 1, there exists α
and a ground truth function f ∈ H such that L̄(t) ≤ O(t−α) with probability at least 1− t−2.

We start with the following result.

Proposition B.2. Let Il,jl,i , l ∈ Z+, i ∈ {1, . . . , t} be the collection of intervals that contain Xi. There is a unique set of
σ̂
l−1,⌈

jl,i
2q ⌉
∈ {−1, 1} such that

∑∞
l=1 clσ̂l,⌈ jl+1,i

2q ⌉
g
l,⌈

jl+1,i
2q ⌉

(x) = h(Xi). Moreover, we have

O({Xi, h(Xi)}ti=1)
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=

t∑
i=1

∞∑
l=1

(
1((l, j) ∈Wt))clσ̂l,⌈ jl+1,i

2q ⌉
g
l,⌈

jl+1,i
2q ⌉

− 1((l, j) /∈Wt))clgl,⌈ jl+1,i
2q ⌉

)
(11)

and

EX∼U(0,1)[(h(X)−O({Xi, h(Xi)}ti=1))
2]

=

∞∑
l=1

2ql∑
j=1

1(Il,j ∩ {Xi}ti=1 = ∅ and Il−1,⌈ j
2q ⌉ ∩ {Xi}ti=1 ̸= ∅)

(
∑∞

u=l clσl,j + 1)2

2ql

=

∞∑
l=1

2ql∑
j=1

1(Il,j ∩ {Xi}ti=1 = ∅) c
2
l

2ql
(σl,j + 1)2, (12)

where Wt = {(l, ⌈ jl+1,i

2q ⌉) : l ∈ Z+, i ∈ {1, . . . , t}}.

Proof. Let

O({Xi, h(Xi)}ti=1) =

∞∑
l=1

2ql∑
j=1

clσ̂l,jgl,j(x).

and

h(x) =

∞∑
l=1

2ql∑
j=1

clσl,jgl,j(x). (13)

We first show that σ̂
l,⌈

jl+1,i
2q ⌉

= σ
l,⌈

jl+1,i
2q ⌉

, l ∈ Z+, i ∈ {1, . . . , t}. Note that gl′,j′(Xi) = 0 for (l′, j′) /∈ {(l, ⌈ jl+1,i

2q ⌉) :

l ∈ Z+} since ∪2
q−1

i=0 Il′+1,2qj′−i does not contain Xi. Hence, we have

h(Xi) =

∞∑
l=1

σ
l,⌈

jl+1,i
2q ⌉

g
l,⌈

jl+1,i
2q ⌉

(x)cl.

On the other hand, the choice of values of σ
l,⌈

jl+1,i
2q ⌉

, l ∈ Z+ is unique since otherwise, we have

∞∑
l=1

(σ
l,⌈

jl+1,i
2q ⌉

− σ
l,⌈

jl+1,i
2q ⌉

)g
l,⌈

jl+1,i
2q ⌉

(x)cl =

∞∑
l=1

alC

(
1

2

) pl
2

= 0,

where al = (σ
l,⌈

jl+1,i
2q ⌉

− σ
l,⌈

jl+1,i
2q ⌉

)g
l,⌈

jl+1,i
2q ⌉

(x) ∈ {−2, 0, 2}. Then 1√
2

is a root of a polynomial of coefficients in

{−2, 0, 2} and thus a polynomial of coefficients in {−1, 0, 1}, which is impossible since
∑d

j=1 aj
(
1
2

)j
=

∑⌊ d−1
2

⌋
j=0 a2j+1

1

2j√
2

+∑⌊ d
2 ⌋

j=0 a2j
1
2j and 2i >

∑i−1
v=0 2

v for any i ∈ Z+.

Then, since
∫ 1

0
gl,j(x)gl′,j′(x)dx = 0 for (l, j) ̸= (l′, j′) and

∫ 1

0
gl,j(x)gl,j(x)dx = 1

2ql
, l ∈ Z+, we have

EX∼U(0,1)[(h(X)−O({Xi, h(Xi)}ti=1))
2]

=

∞∑
l=1

2ql∑
j=1

(
1((l, j) ∈Wt))

c2l
2ql

(σ̂l,j − σl,j)2 + 1((l, j) /∈Wt))
c2l
2ql

(σ̂l,j − σl,j)2
)

=

∞∑
l=1

2ql∑
j=1

1((l, j) /∈Wt))
c2l
2ql

(σ̂l,j − σl,j)2, (14)

Note that O({Xi, h(Xi)}ti=1)(Xi) = h(Xi), i ∈ {1, . . . , t} for all choices of σ̂l,j ∈ {−1, 1}, (l, j) /∈ Wt. Every choice
has the same minimum worst-case expected loss since σl,j can flip the sign of σ̂l,j . Therefore, the oracle chooses σ̂l,j = −1
for (l, j) /∈Wt, and we have (11). Note that (l, j) ∈Wt only when Il,j ∩ {X1, . . . , Xt} ≠ ∅. Combining (11) and (14), we
have (12).

12
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Corollary B.3. For the hypothesis classH, data distribution Xi ∼ U(0, 1), and oracle O given in Example 1, there exists a
ground truth function f ∈ H such that

L̄(t) ≤ O(
1

tα
)

with probability at least 1− 1
t2 .

Proof. Choose f as in (13) such that σl,j = 1 for l ∈ Z+, j ∈ {1, . . . , 2ql}. Then according to (12), we have

L̄(t) =

∞∑
l=1

4

2pl

(
1− 1

2ql

)t

≤

ln t−ln ln t
ln 2q∑
l=1

4

2pl

(
1− 1

2ql

)t

+

∞∑
l= ln t−ln ln t

ln 2q +1

4

2pl

(
1− 1

2ql

)t

(15)

≤
2( ln t−ln ln t

ln 2q )

tα
+

4 lnα t

tα
≤ O(

log t

tα
). (16)

C. Proof of Theorem 3.5

Proof. Let α̃i = α1 +
i(α2−α1)

S+1 for i ∈ {0, . . . , S + 1}. Let T1,i = T
1−α2
1−α̃i

−S+1−i
log T for i ∈ {1, . . . , S + 1} and let T1,0 = 1.

Let (T2,i, 1

T
α̃i+1
2,i

), i ∈ {0, . . . , S}, be the intersection of the tangent line of the curve fi(x) = 1
xα̃i

at point (T1,i, 1

T
α̃i
1,i

) and

the curve fi+1(x) =
1

xα̃i+1
such that T2,i > T1,i, i.e., we have

−α̃i

T α̃i+1
1,i

(T2,i − T1,i) +
1

T α̃i
1,i

=
1

T
α̃i+1

2,i

. (17)

From (17) we have that 1+α̃i

α̃i
T1,i > T2,i. Therefore,

T1,i+1 = O(T
1−α2

(S+1)(1−α̃i)(1−α̃i+1)T1,i) ≥
1 + α̃i

α̃i
T1,i > T2,i

for i ∈ {0, . . . , S} and S = o(log T ). Let

L(t) =


−α̃i

T
α̃i+1

1,i

(t− T1,i) + 1

T
α̃i
1,i

T1,i ≤ t ≤ T2,i for some i ∈ {0, . . . , S},
1

tα̃i+1
T2,i ≤ t ≤ T1,i+1 for some i ∈ {0, . . . , S}.

(18)

Then, we have

inf
Φ

RiskT,T (Φ,µ) =

T−1∑
t=0

L(t) ≤
T2,0∑
t=1

1

tα̃0
+

S−1∑
i=0

T2,i+1∑
t=T2,i+1

1

tα̃i+1
+

T∑
t=TS,2+1

1

tα̃S+1

=

S+1∑
i=0

O(T 1−α̃i
2,i )

=

S+1∑
i=0

O(T 1−α̃i
1,i )

=O(T 1−α2).

Since there are at most S model updates, there exists some i ∈ {0, . . . , S} such that there is no model update in the time
interval T1,i and T1,i+1. Therefore,

RiskS,T (P) ≥
T1,i+1 − T1,i

T α̃i
≥ T

(1−α2)(1−α̃i−α̃i(1−α̃i+1))

(1−α̃i)(1−α̃i+1)
+

(S+1)(1−α̃i)

log T = T 1−α2+O( 1
S )+O( S

log T ).

Hence when S = o(log T ), we have RiskT,T (P) = o(RiskS,T (P)).

13
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D. Proof of Theorem 3.6
We start with the following well known large deviation result.

Lemma D.1. For a realizable i.i.d. learning environment, let L̂(t) defined in Algorithm 1. For any C > 0, we have

Pr(|L̂(t)− L(t)| > C · L(t)) ≤ exp

(
−
C2(t− τs(t))L(t)

2 + 2C
3

)
, (19)

where τs(t) is the time of the most recent model update up to time t.

Proof. (of Theorem 3.6) Let τi1 , . . . , τiJ be the time when the if condition in line 8 of Algorithm 1 is satisfied after
the τi model update and when α̂ is upgraded. We first show that with probability at least 1 − 1

T , we have α̂ ≥ α ≥

α̂ −
log log τij−1+log(

3C1
C2

)

log τij−1
for t ≥ τij , j ∈ {1, . . . , J}. By our assumption we have L̄(t) ≤ C1 log τs(t)

τα
s(t)

and L̄(t) ≥ C2

τα
s(t)

for some positive constant C1 and C2. To this end, with high probability we have
L̄(τij−1)

2 ≤ L̂(τij ) ≤
3L̄(τij−1)

2 . Let
L∗
i = 28 log T

τi−τi−1
, i ∈ {1, . . . , S} be the minimum value of L̂(t) so that the if condition in line 8 in Algorithm 1 is satisfied.

Then according to Lemma D.1, for L̄(τij−1) ≤
2L∗

ij

3 we have (setting C = L∗
ij
/(L̄(τij−1 − 1) in Lemma D.1)

Pr(L̂(τij ) ≥ L∗
ij ) ≤ exp

−
(

L∗
ij

L̄(τij−1)
− 1)2(τij − τij−1)

L∗
ij

L∗
ij

L̄(τij−1)

2 +
2(

L∗
ij

L̄(τij−1)
−1)

3


(a)

≤ exp

(
−
(τij − τij−1)L

∗
ij

14

)
≤ 1

T 2
,

where (a) follows since the function x2

(1+x)(2+ 2
3x )

increases with x for x ≥ 1
2 . Similarly, for L̄(τij−1) ≥

2L∗
ij

3 , we have

Pr(|L̂(τij )− L̄(τij−1)| ≥
L̄(τij−1)

2
) ≤ 1

T 2
. (20)

Let Mj , j ∈ {1, . . . , J} be the event when 2L̂(t)
3 ≤ L̄(τij−1) ≤ 2L̂(τij ) for j ∈ {1, . . . , J}. Then from (20) we have

Pr(∩Jj=1Mj) ≥ 1− 1

T
.

We then show that α̂ ≥ α ≥ α̂ −
log log τij−1+log(

3C1
C2

)

log τij−1
at time τij , j ∈ {1, . . . , J}, when ∩Jj=1Mj occurs. The definition

of αmax in line 7 in Algorithm 1 and the fact that
2L̂(τij )

3 ≤ L̄(τij−1) ≤
C1 log τij−1

τα
ij−1

imply that αmax ≥ α. Moreover,

2L̂(τij ) ≥ L̄(τij−1) ≥ C2

τα
ij−1

and
2L̂(τij )

3 ≤ L̄(τij−1) ≤
C1 log τij−1

τα
ij−1

imply that

αmax − α ≤
log(3C1 log τij−1)− log(2L̂(τij−1))

log τij−1
−

log(C2)− log(2L̂(τij−1))

log τij−1

=
log log τij−1 + log( 3C1

C2
)

log τij−1
(21)

for j ∈ {1, . . . , J}. Let Ej , j ∈ {1, . . . , J}, be the event where α ≤ α̂ ≤ α+
log log τij−1+log(

3C1
C2

)

log τij−1
at time t = τij . Then

we have Pr(∩Jj=1Ej) ≥ 1− 1
T since Pr(∩Jj=1Mj) ≥ 1− 1

T .

14
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We then show that the total risk achieved by Algorithm 1 is at most Õ(T 1−α). Let τ1 < . . . < τS ≤ T be the model update
time specified in Algorithm 1. We show that E[ τi+1 log τi

τα
i
| ∩Jj=1 Ej ] ≤ Õ(T

1−α

2i ). Note that

E[
τi+1 log τi

ταi
| ∩Jj=1 Ej ] ≤ log T

(
E
[
τi+1

ταi
| ∩Jj=1 Ej

])
≤ log T

(
E

[
max{τ

α̂
i T

β̂

2iταi
,
2τi
ταi
}

])
(a)

≤ log T

(
T α̂−α+β̂

2i
+ 2τ1−α

i

)

= log T

T 1−α+
α̂ŝ(1−α̂)

1−α̂ŝ

2i
+ 2τ1−α

i


≤ log T

(
T 1−α+α̂ŝ

2i
+ 2τ1−α

i

)
,

where (a) follows since α̂ ≥ α and τi ≤ T . Therefore, we have

RiskS,T =

S+1∑
i=1

(
E[(τi − τi−1)L̂(τi)| ∩Jj=1 Ej ]Pr(∩Jj=1Ej) + E[(τi − τi−1)L̂(τi)|(∩Jj=1Ej)

c]Pr((∩Jj=1Ej)
c)
)

≤T
T

+

S+1∑
i=1

(
E[(τi − τi−1)L̂(τi)| ∩Jj=1 Ej ]Pr(∩Jj=1Ej)

)
=1 +

S+1∑
i=1

(
E[(τi − τi−1)L̄(τi−1)| ∩Jj=1 Ej ]Pr(∩Jj=1Ej)

)
(a)

≤1 +

S+1∑
i=1

log T

(
T 1−α+α̂ŝ

2i−1
+ 2τ1−α

i−1

)

≤1 + 4T 1−α log T + 2T 1−α
S+1∑
i=1

1

2(i−1)(1−α)

=Õ(T 1−α),

where τS+1 = T and (a) follows from the facts that τS ≤ T and τi
τS

=
∏S

j=i+1
τj

τj−1
≤ 1

2S−i .

Finally, we show that S ≤ O( ln lnT
ln 1

α

) with probability at least 1 − 1
T −

1
T 2 . More specifically, we show that τS+1 ≥ T

following the rule τS+1 = max{2−Sτ α̂S T
β̂ , 2τS}. Let j0 = min

j:ij≥ 2 log log T

log 1
α

+
log 112

C2
(1−α)

+2
j. We show that with probability at

least 1
T 2 , ij0 = 2 log log T

log 1
α

+ 112
C2(1−α)j + 2. Note that

L̄(τ 2 log log T

log 1
α

+ 112
C2(1−α)

j+1) ≥
C2

τα2 log log T

log 1
α

+ 112
C2(1−α)

j+1

=

C2τ
1−α
2 log log T

log 1
α

+ 112
C2(1−α)

j+1

τ 2 log log T

log 1
α

+ 112
C2(1−α)

j+1

(a)

≥ C22
(1−α)(1+ 2

log( 1
α

)
+

log 112
C2

(1−α)
) log log T

τ 2 log log T

log 1
α

+ 112
C2(1−α)

j+1

15
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≥C22
(1−α)(1+2 ln 2 a

1−a+
log 112

C2
(1−α)

) log log T

τ 2 log log T

log 1
α

+ 112
C2(1−α)

j+1

≥ 112 log T

τ 2 log log T

log 1
α

+ 112
C2(1−α)

j+1

≥2L∗
2 log log T

log 1
α

+ 112
C2(1−α)

j+1

where (a) follows since τ1 ≥ log T and τi ≥ 2i−1τ1 for i ∈ {1, . . . , S}. Then according to (20), we have

Pr

L̂
τ

2 log log T

log 1
α

+
log 28

C2
(1−α)

+2

 ≤ L∗
2 log log T

log 1
α

+ 112
C2(1−α)

j+1



≤Pr

L̂
τ

2 log log T

log 1
α

+
log 28

C2
(1−α)

+2

 ≤
L̄

τ
2 log log T

log 1
α

+
log 28

C2
(1−α)

+1


2

 ≤
1

T 2

and the if condition happens at ij0 = 2 log log T
log 1

α

+
log 28

C2

(1−α) + 2 with probability at least 1− 1
T 2 . Therefore, with probability

at least 1− 1
T 2 − 1

T , ∩Jj=1Ej occurs and we have ij0 = 2 log log T
log 1

α

+
log 28

C2

(1−α) + 2. Note that τi ≥ 2
log log T

log 1
α for i ≥ log log T

log 1
α

.
Combining with (21), we have

αmax ≤α+
log log τij0 + log( 3C1

C2
)

log τj0

(a)

≤α+
log log log T

log 1
α

+ log( 3C1

C2
)

log log T
log 1

α

(22)

for i ≥ ij0 , where (a) holds since the function
log x+log(

3C1
C2

)

x decreases with x when x ≥ e and log T ≥ e
α . In the following,

we show that αmax ≤ 3α for t ≥ τi and i ≥ ij0 , by considering the cases when α ≥ 1
2 and α < 1

2 separately. When α ≥ 1
2 ,

let α = 1− C log log T
log T for 1 ≤ C ≤ log T

2 log log T . We have log 1
α ≤

1−α
α ln 2 ≤

2(1−α)
ln 2 = 2C log log T

ln 2 log T . Then according to (22), we
have

αmax ≤α+
log
(

ln 2 log T
2C

)
ln 2 log T

2C

=1− 2C log log T

log T
−

2C log( 2C
ln 2 )

ln 2
+

2C log log T

ln 2 log T

≤3α.

Similarly, when α < 1
2 , let α = C log log log T

log log T , where 1 ≤ C ≤ log log T
2 log log log T . We have log log T

log 1
α

=
log log T

log log log T−logC log log log T . Then according to (22),

αmax ≤α+
log
(

log log T
log log log T−logC log log log T

)
+ log( 3C1

C2
)

log log T
log log log T−logC log log log T

≤3α,
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for sufficiently large T . Let τ ′1, . . . , τ
′
log log T

log 1
3α

be the update time defined in Remark 3.4 where α is replaced by 3α. Then

from Theorem 3.3 we have τ ′log log T

log 1
3α

= T
2 . In addition, note that τi+1 = 2−iτ α̂i T

β̂ = 2−iτ α̂i T
1−α̂

1− 1
log T decreases with α̂.

Combining with (22), we have τi+ij0
≥ τ ′i for i ∈ {1, . . . , S − ij0}. Thus, we have

τij0+
log log T

log 1
3α

≥ τ ′log log T

log 1
3α

=
T

2
.

As a result, with probability at least 1− 1
T −

1
T 2 , with at most

S ≤ ij0 +
log log T

log 1
3α

= O(
log log T

log 1
α

)

number of updates, τS+1 is at least T .

E. Proof of Theorem 3.8
Proof. Note that whether changing distribution µt at time t can be adversarially determined with the knowledge of
{τs : s ∈ {1, . . . , S}, τs ≤ t}, where τs, s ∈ {1, . . . , S}, are the model update time determined by the update rule Φ.
Hence, for S ≤ K, the distribution change time can be selected such that κi = τs + 1. Then, the total loss is Ω(T ). In the
following, it is assumed that S ≥ K + 1.

We show that Algorithm 2 achieves risk at most RiskS,T (P) = O(S
(

T
K+1

) 1

⌊ S
K+1⌋+1 ). Let κ̂1 < . . . < κ̂k be the time when

the if condition in line 6 in Algorithm 2 is satisfied and let κ̂0 = 0. LetEℓ be the event where there exists a distribution change
at time κ ∈ {κ̂ℓ−1 + 1, . . . , κ̂ℓ}. We first show that Pr(∩kℓ=1Eℓ) ≥ 1 − 1

T . Note that |{i : κ̂k−1 < τi ≤ κ̂k}| = jk ≥ 1
where jk is the value of j when t = κ̂k. Since Ec

ℓ implies that µt is constant for κ̂ℓ−1 < t ≤ κ̂ℓ, according to the condition
L̄(t) ≤ C0 log T

t−τi−1
we have

EDτs(t)
E(X,Y )∼µt

[
ℓ(ĥs(t)(X), Y )

]
≤ C0 log T

τs(t) − κm(t) + 1

≤ C0 log T

τs(t) − κ̂k + 1

≤ C0 log T(
T

K+1

) jk

⌊ S
K+1⌋

for τs(t) ≤ t ≤ κ̂ℓ, when Ec
ℓ , ℓ ∈ {1, . . . , k} occur. According to Bernstein inequallity (similar to Lemma D.1), we have

Pr(Ec
ℓ ) ≤ exp(−

ϵ2(κ̂ℓ)
2C0 log T (κ̂ℓ−τi−1)

( T
K+1 )

j

⌊ S
K+1⌋+1

+ 2ϵ(κ̂ℓ)
3

) ≤ 1

T 2
.

Therefore,

Pr(∩kℓ=1Eℓ) ≥(1−
k∑

ℓ=1

Pr(Ec
ℓ | ∩Tt=1 Mt))

≥(1− 1

T
)

(23)

Let Φ1 be the update rule given in Algorithm 2. Then,

RiskS,T (Φ1,µ) =Pr(∩kℓ=1Eℓ)E{(Xt,Yt)}T
t=1∼µ

[
Risk(Φ, {(Xt, Yt)}Tt=1)| ∩kℓ=1 Eℓ

]
17
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+ Pr(∩kℓ=1Eℓ)E{(Xt,Yt)}T
t=1∼µ

[
Risk(Φ, {(Xt, Yt)}Tt=1)| ∩kℓ=1 Eℓ

]
≤E{(Xt,Yt)}T

t=1∼µ

[
Risk(Φ, {(Xt, Yt)}Tt=1)| ∩kℓ=1 Eℓ

]
+ 2. (24)

In the following, we provide an upper bound on the expectation E{(Xt,Yt)}T
t=1∼µ

[
Risk(Φ, {(Xt, Yt)}Tt=1)| ∩kℓ=1 Eℓ

]
condi-

tioned on the event ∩kℓ=1Eℓ, i.e., there exist at least one distribution change between time κ̂ℓ−1 and κ̂ℓ for ℓ ∈ {1, . . . , k}.
The condition ∩kℓ=1Eℓ implies that k ≤ K. Note that from the if condition in line 8 in Algorithm 2, there are at most

⌊
S

K+1

⌋
model updates between κ̂ℓ−1 and κ̂ℓ, ℓ ∈ {1, . . . , k+1}, where κ̂k+1 = T . Therefore, there are at most

⌊
S

K+1

⌋
(K+1) ≤ S

model updates in total. Denote

τℓ,1, . . . , τℓ,jℓ = {τi : i ∈ {1, . . . , S}, κ̂ℓ−1 < τi ≤ κ̂ℓ}

as the collection of model update times between κ̂ℓ−1 and κ̂ℓ, ℓ ∈ {1, . . . , k + 1}, where κ̂k+1 = T . Then, since the if
condition in line 6 is not satisfied at time t ∈ {τℓ,1, . . . , τℓ,jk , τℓ,jk+1 − 1} by definition, we have

ϵ2(t)
2C0 log T (t−τℓ,j−1)

( T
K+1 )

j

⌊ S
K+1⌋+1

+ 2ϵ(t)
3

< 2 lnT

for t = τℓ,j , j ∈ {1, . . . , jℓ}, and for t = τℓ,jℓ − 1, ℓ ∈ {1, . . . , k + 1}, where τℓ,0 = κ̂ℓ−1 and τℓ,jk+1 = κ̂ℓ. This implies
that

ϵ(τℓ,j) ≤
4 lnT

3
+

√√√√√16C0 log T lnT (τℓ,j − τℓ,j−1)(
T

K+1

) j

⌊ S
K+1⌋+1

+ 1 (25)

and that

ĈL(τℓ,j) ≤
C0 log T (τℓ,j − τℓ,j−1)(

T
K+1

) j

⌊ S
K+1⌋+1

+
4 lnT

3
+

√√√√√16C0 log T lnT (τℓ,j − τℓ,j−1)(
T

K+1

) j

⌊ S
K+1⌋+1

+ 1.

Therefore,

E{(Xt,Yt)}Tt=1∼µ

[
Risk(Φ, {(Xt, Yt)}Tt=1)| ∩k

ℓ=1 Eℓ

]
=

k+1∑
ℓ=1

jℓ+1∑
j=1

ĈL(τℓ,j)

≤
k+1∑
ℓ=1

jℓ+1∑
j=1

(1(j ≤
⌊

S

K + 1

⌋
) + 1(j =

⌊
S

K + 1

⌋
))

·

C0 log T (τℓ,j − τℓ,j−1)(
T

K+1

) j

⌊ S
K+1⌋+1

+
4 lnT

3
+

√√√√√16C0 log T lnT (τℓ,j − τℓ,j−1)(
T

K+1

) j

⌊ S
K+1⌋+1

+ 1


=O(S lnT

(
T

K + 1

) j

⌊ S
K+1⌋+1

) +
C0 log T (

∑k+1
ℓ=1

∑jℓ+1
j=1 1(j =

⌊
S

K+1

⌋
)(τℓ,j − τℓ,j−1)

(
T

K+1

) ⌊ S
K+1⌋

⌊ S
K+1⌋+1

+

jℓ+1∑
j=1

1(j =

⌊
S

K + 1

⌋
)

√√√√√16C0 log T lnT (τℓ,j − τℓ,j−1)(
T

K+1

) j

⌊ S
K+1⌋+1

≤O(S lnT

(
T

K + 1

) 1

⌊ S
K+1⌋+1

) +

jℓ+1∑
j=1

1(j =

⌊
S

K + 1

⌋
)

√√√√√16C0 log T lnT (τℓ,j − τℓ,j−1)(
T

K+1

) j

⌊ S
K+1⌋+1
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≤O(S lnT

(
T

K + 1

) 1

⌊ S
K+1⌋+1

) +

√√√√√√√16C0 log T lnT (K + 1)

∑k+1
ℓ=1

∑jℓ+1
j=1 1(j =

⌊
S

K+1

⌋
)(τℓ,j − τℓ,j−1)

(
T

K+1

) ⌊ S
K+1⌋

⌊ S
K+1⌋+1

≤O(S lnT

(
T

K + 1

) 1

⌊ S
K+1⌋+1

) (26)

which completes the proof of the upper bound for RiskS,T (P).

Next, we deal with a lower bound showing that RiskS,T (P) = Ω(S lnT
(

T
K+1

) 1

⌊ S
K+1⌋+1 ) for

EDs(t)
E(X,Y )∼µt

[
ℓ(ĥs(t)(X), Y )

]
≥ O

(
1

s(t)− κi + 1

)
.

Let κi = iT
K+1 for i ∈ {1, . . . ,K} and let τk,j , k ∈ {1, . . . ,K + 1}, j ∈ {1, . . . , jk}, be the model update time between

κk−1 and κk for any given update rule ϕ, where κ0 = 1 and κK+1 = T . Then

RiskS,T (P) ≥E
[
Risk(Φ, {(Xt, Yt)}Tt=1)

]
≥

K+1∑
k=1

jk+1∑
j=1

(τk,j − κk−1)− (τk,j−1 − κk−1)

τk,j−1 − κk−1

=

K+1∑
k=1

jk+1∑
j=1

τk,j − κk−1

τk,j−1 − κk−1
−

K+1∑
k=1

jk+1∑
j=1

1

≥
K+1∑
k=1

jk+1∑
j=1

τk,j − κk−1

τk,j−1 − κk−1
− S −K

≥
K+1∑
k=1

(jk + 1)

(
T

K + 1

)jk+1

.

Note that for any jk1
− jk2

≥ 2, we have

(jk1
+ 1)

(
T

K + 1

)jk1
+1

+ (jk2
+ 1)

(
T

K + 1

)jk2
+1

≥ (jk1
)

(
T

K + 1

)jk1

+ (jk2
+ 2)

(
T

K + 1

)jk2
+2

when T
K+1 ≥ 2. Hence,

∑K+1
k=1 (jk + 1)

(
T

K+1

)jk+1

is minimized when maxk1,k2∈{1,...,K+1} jk1 − jk2 = 1. Therefore,

RiskS,T (P) ≥ (K + 1−m)(

⌊
S

K + 1

⌋
+ 1)

(
T

K + 1

) 1

⌊ S
K+1⌋+1

+m(

⌊
S

K + 1

⌋
+ 2)

(
T

K + 1

) 1

⌊ S
K+1⌋+2

for any S =
⌊

S
K+1

⌋
(K + 1) +m. Then, for any S =

⌊
S

K+1

⌋
(K + 1) +m for some m ≤ K+1

2 , we have

RiskS,T (P) ≥
S

2

(
T

K + 1

) 1

⌊ S
K+1⌋+1

= O(S

(
T

K + 1

) 1

⌊ S
K+1⌋+1

).

For any S =
⌊

S
K+1

⌋
(K + 1) +m for some m ≥ K+1

2 , we have

RiskS,T (P) ≥RiskS+K+1
2 ,T (P)

≥
S + K+1

2

2

(
T

K + 1

) 1

⌊ S
K+1⌋+1

=Ω

(
S

(
T

K + 1

) 1

⌊ S
K+1⌋+1

)

for S ≥ K + 1. Hence, RiskS,T = Ω(S
(

T
K+1

) 1

⌊ S
K+1⌋+1 ) for any S ≥ K + 1.
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F. Proof of Theorem 3.12
Proof. We construct two hypothesis classes such that under the same piecewise stationary data distribution and the oracle
rule, the historical loss sequences under these two hypothesis classes and their respective choices of the ground truth function
are hard to distinguish. On the other hand, the loss vectors under these two hypothesis classes follow the same behavior of
loss vectors under realizable i.i.d. environment and piecewise stationary environment, respectively, and have expected risks
far from each other. Then we use Le Cam’s two point lemma to show that the existence of a universal risk-driven update
algorithm U results in a contradiction.

To construct the first hypothesis classH1 based on Example 1 when α = 1
3 , consider a partition of the indices (l, j) of 8l

intervals Il,j , j ∈ {1, . . . , 8l}, for each l ∈ Z+ into a set Pl = {Sl,1, . . . , Sl,2l+2l} of 2l + 2l disjoint sets of intervals such
that

|Sl,v| =


1 v = 1

2v−2 2 ≤ v ≤ 2l + 1

4l 2l + 2 ≤ v ≤ 2l + 2l

, and

2l+2l⋃
v=1

Sl,v = {(l, 1), . . . , (l, 8l)} (27)

Denote by S = (Pl : l ∈ Z+) the collection of partitions Pl for all l and denote σ = (σl,j : l ∈ Z+, j ∈ {1, . . . , 8l}).
Consider the hypothesis subclass

Hσ,S =


∞∑
l=1

2l+2l∑
v=1

θl,v,σ,SGl,v,σ,S(x) : θl,v,σ,S ∈ {−1, 1}


where

Gl,v,σ,S(x) =

8l∑
j=1

1((l, j) ∈ Sl,v)clσl,jgl,j(x)

and cl = 1

2
l
2

for l ∈ Z+ and v ∈ {1, . . . , 2l + 2l}. Define the hypothesis class

H1 = {h(x,σ,S) : h(x,σ,S) ∈ Hσ,S for fixed σ,S},

where x ∈ (0, 1), and σ and S take values over all possible choices of σl,j and partition Sl, respectively. Let the loss
function be square loss and the oracle OH1 be the same1 as in Example 1. More specifically, the oracle OH1 selects
ĥH1(x,σ,S) ∈ H1 with the minimum (θl,v,σ,S : l ∈ Z+, v ∈ {1, . . . , 2l + 2l}) in lexicographic order such that the
worst-case risk is minimized for every σ and S.

The second hypothesis class is simply the hypothesis classH in Example 1 with dummy parameters σ and S

H2 =

h(x,σ,S) : h(x,σ,S) =
∞∑
l=1

8l∑
j=1

clθl,jgl,j(x), θl,j ∈ {−1, 1}for any σ,S

 .

Similarly, the loss is square loss and the oracle OH2 returns ĥH2(x,σ,S) ∈ H2 with the minimum (θl,v,σ,S : l ∈ Z+, v ∈
{1, . . . , 2l + 2l}) in lexicographic order such that the worst-case risk is minimized for every σ and S.

Consider the following piecewise stationary distribution with K = 1 distribution change. The initial distribution is given by
Xt = (Ut,σ0,S0) ∼ µ0 = (U(0, 1),σ0,S0), where σ0 is all 1’s vector and S0 = {Pl,0 : l ∈ Z+} is any partition such
that Pl,0 = {Sl,1,0, . . . , Sl,2l+2l,0} satisfies (27).

Consider running a universal algorithm U on H2 with update budget S = 2 with initial data distribution µ0 and ground
truth function hH2 . Upon time t = τ1 when U decides to update the model, the data distribution changes to µ1 defined in

1Note that the assumption on OH1 and OH2 can be removed by adding an extra vector σ2 in the function input in H1 and H2,
respectively.
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the following way. Let ĥH2
τ1 (x) =

∑∞
l=1

∑8l

j=1 clθ̂l,jgl,j(x) ∈ H2 be the output of the oracle OH2({Xt, h
H2(Xt)}τ1t=1). In

addition, let hH2(x,σ,S) =
∑∞

l=1

∑8l

j=1 clθl,jgl,j(x). Denote the vector θ̂ = (θl,j : l ∈ Z+, j ∈ {1, . . . , 8l}). For each
l ∈ Z+ and i ∈ {0, . . . , S}, let Vl = {(l, j) : θl,j ̸= θ̂l,j , j ∈ {1, . . . , 8l}} be the set of indices where there is a mismatch
between θl,j , l ∈ Z+, j ∈ {1, . . . , 8l}, for h and θ̂l,j,i for ĥH2

τ1 .

Let |Vl| mod 4l =
∑dl

u=1 2
bl,u , |Vl| < 8l, be the binary representation of the remainder of |Vl| divided by 4l such that

bl,1 < . . . < bl,dl
. For |Vl| mod 4l = 0 and |Vl| < 8l, let dl = 0 and for |Vl| = 8l, let dl = 2l + 1 and

bl,u =

{
0 when u = 1

u− 2 when 2 ≤ u ≤ 2l + 1.

Construct the partition S1 = (Pl,1 : l ∈ Z+) such that Pl,1 = {Sl,1,1, . . . , Sl,2l+2l,1} satisfies (27) for l ∈ Z+. Moreover,
{Sl,bl,i,u+2,1 : u ∈ {1, . . . , dl}} ∪ {Sl,v,1 : v ∈ {2l + 2, . . . , 2l + ⌊ |Vl|

4l
⌋+ 1} is a partition of Vl, i.e., Pl,1\({Sl,bl,u+2,1 :

u ∈ {1, . . . , dl}} ∪ {Sl,v,1 : u ∈ {2l + 2, . . . , 2l + ⌊ |Vl|
4l
⌋+ 1}) is a partition of {(l, j) : j ∈ {1, . . . , 8l}}\Vl, for l ∈ Z+.

The distribution µ2 is given by Xt = (Ut,σ1,S1) ∼ µ = (U(0, 1),σ1,S1), where σ1 = −θ̂ flips every entry in θ̂.
Therefore, the data Xt follows µ1 for 1 ≤ t ≤ τ1 and µ2 for τ1 < t ≤ T .

Choose a ground truth function hH2 ∈ H2 such that the corresponding θ1,j = 1 for j ∈ {1, . . . , 8}. Then, choose a ground
truth function hH1 ∈ H1 such that

hH2(Xt) = hH1(Xt) (28)

for t ∈ {1, . . . , }. Note that this can be achieved by selecting

θl,v,−θ̂,S1
=

{
1 when v ∈ {bl,u + 2 : u ∈ {1, . . . , dl} ∪ {2l + 2, . . . , 2l + ⌊ |Vl|

4l
⌋+ 1}

−1 when v ∈ {1, . . . , 2l + 2l}\({bl,u + 2 : u ∈ {1, . . . , dl} ∪ {2l + 2, . . . , 2l + ⌊ |Vl|
4l

⌋+ 1})

for l ∈ Z+. This follows from the definition of Gl,v,σ̂,S , the fact that θl,j = −θ̂l,j for (l, j) ∈ Vl, and the fact that
{Sl,bl,u+2,1 : u ∈ {1, . . . , dl}} ∪ {Sl,v,1 : v ∈ {2l + 2, . . . , 2l + ⌊ |Vl|

4l
⌋+ 1} is a partition of Vl.

Next, we show that

ĥH1
τi (Xt) = ĥH2

τi (Xt) (29)

for τi < t ≤ τi+1, i ∈ {0, 1}, where τ0 = 0 and τ2 is the time of the second model update decided by U . For τ0 < t ≤ τ1,
ĥH1 and ĥH2 are initial functions returned by OH1 and OH2 , respectively, where the parameters θl,v,σ,S = −1 inH1 and
θl,j = −1 inH2. Since the parameter σ0 is all one vector for τ0 < t ≤ τ1, we have

ĥH1
τi (Xt) = ĥH2

τi (Xt) = −
∞∑
l=1

8l∑
j=1

clgl,j(x).

We then show that (29) holds for τ1 < t ≤ τ2. Note that hH2 has corresponding θ1,j = 1 ̸= θ̂1,j for all j ∈ {1, . . . , 8}. As
shown in the proof of Proposition B.2, θ̂1,j can be corrected whenever there exists Ut ∈ I1,j for some t ≤ τ1. Hence, the
updated function Ĥ2τ1 at time t = τ1 has a different set of θ compared to the initial all −1 vector. This implies that the
updated function ĥH1

τ1 does not update the initial parameters θl,v,−θ̂,S1
= −1 for l ∈ Z+ and v ∈ {1, . . . , 2l + 2l. Hence,

we have

ĥH1
τ1 (x,−θ̂,S1) =−

∞∑
l=1

2l+2l∑
v=1

Gl,v,−θ̂,S(x) =

∞∑
l=1

8l∑
j=1

clθl,jgl,j(x) = ĥH2
τ1 (x,−θ̂,S1),

and thus (29) for τ1 < t ≤ τ2.

Note that (28) and (29) imply that the loss vector ℓτ2 = (ℓ(Xt, h(Xt)) : t ≤ τ2) is the same when the algorithm U is run
on hypothesis classesH1 andH2 with oracles OH1 and OH2 , respectively. Thus, by the Le Cam’s two point lemma, any
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hypothesis class estimator ψ : (0, 1)∗ → {H1,H2} that takes the loss vector ℓτ2 (τ2 can be decided by running U ) as input
and returns the correct hypothesis classH1 orH2 that U runs on, has worst-case correct probability at most

min {Pr (ψ(ℓτ2)|U runs onH1) = H1) ,Pr (ψ(ℓτ2)|U runs onH2) = H2)}

≤1− 1− TV (Pr(ℓτ2 |U runs onH1),Pr(ℓτ2 |U runs onH2))

2
=

1

2

To derive a contradiction, in the following, we show that U results in a estimator ψ with worst case correct probability at
least 2

3 , i.e.,

min {Pr (ψ(ℓτ2)|U runs onH1) = H1) ,Pr (ψ(ℓτ2)|U runs onH2) = H2)} ≥
2

3
(30)

To this end, we arbitrarily pick a ground truth function hH2 ∈ H2 satisfying θ1,j = 1 for j ∈ {1, . . . , 8} and
∑8l

j=1 θl,j = 0,
l > 1, i.e., half of the θl,j’s, j ∈ {1, . . . , 8l} take value in 1 or −1, respectively, for each l > 1. Then, we pick a ground
truth function hH1 ∈ H1 satisfying (28). The following lemma gives bounds on the expectation of the loss ℓ(ĥ(Xt), h(Xt)),
when U runs onH1 andH2, respectively. In Appendix G we prove the following lemma.

Lemma F.1. For hypothesis class H2, square loss, oracle OH2 , and data distribution Xt ∼ µ0 for τ0 < t ≤ τ1 and
Xt ∼ µ1 for τ1 < t ≤ T , where τ1 can be determined by running U , we have

E{Xi,hH2 (Xi)}
t1
i=1,Xt2

[
ℓ(ĥH2

t1 (Xt2), h
H2(Xt2))

]
=

Ω( 1

t
1
3
1

), O( log t1

t
1
3
1

) 1 ≤ t1 < t2 ≤ T

Θ(1) 0 = t1 < t2 ≤ T
(31)

and

E{Xi,h
H1 (Xi)}

t1
i=1,Xt2

[
ℓ(ĥH1

t1
(Xt2), h

H1(Xt2))
]
=



min

{
O

(
log τ1

τ
1
3
1

)
, O( 1

t1−τ1
)

}
τ1 < t1 < t2 ≤ T

Ω( 1

τ
1
3
1

), O

(
log τ1

τ
1
3
1

)
τ1 = t1 < t2 ≤ T

O( 1
t1
) 0 < t1 < t2 ≤ τ1

Θ(1) 0 = t1 < t2 ≤ τ1

(32)

for 0 ≤ t1 < t2 ≤ τ1 or τ1 < t1 < t2 ≤ τ2.

Define the following hypothesis class estimator

ψ(ℓτ2) =

{
H1 if τ2 ≤ T

5
6

H2 if τ2 > T
5
6 .

In the following, we show that the correct probability of ψ(ℓτ2) is at least 2
3 , when U runs onH1 andH2, respectively. When

U runs onH1, from Lemma F.1 and Theorem 3.8, the optimal algorithm U achieves at most O(
√
T log T ) expected loss.

Then since τ1 is a stopping time decided by ℓτ1 we have

E[
τ1∑
t=1

ℓ(ĥH1
0 (Xt), h

H1(Xt))] = E[τ1]E[ℓ(ĥH1
0 (X1), h

H1(X1))]

Then, we have E[τ1] ≤ O(
√
T log T ) and thus by Markov inequality,

Pr(τ1 > T
7
12 ) ≤ log T

T
1
12

≤ 1

6
.

On the other hand, when τ1 ≤ T
7
12 , we have

E[
τ2∑

t=τ1+1

ℓ(ĥH1
τ1 (Xt), h

H1(Xt))] = E[τ2 − τ1]E[ℓ(ĥH1
τ1 (Xτ1+1), h

H1(Xτ1+1))]
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and then, E[τ2] ≤ O(T
1
2 log T

1

T
7
36

) = O(T
25
36 log T ). Hence by Markov inequality,

Pr(τ2 > T
5
6 |τ1 ≤ T

7
12 ) ≤ log T

T
5
36

≤ 1

6
.

Therefore,

Pr(τ2 > T
5
6 ) ≤ Pr(τ1 > T

7
12 ) + Pr(τ2 > T

5
6 |τ1 ≤ T

7
12 ) ≤ 1

3
.

We next consider the case when U runs onH2 and show that τ2 ≤ T
5
6 with probability at most 1

3 . Suppose on the contrary,
τ2 ≤ T

5
6 with probability at least 1

3 . Then we have

E[
T∑

t=τ2+1

ℓ(ĥH2
τ2 (Xt), h

H2(Xt))] = E[T − τ2]E[ℓ(ĥH2
τ2 (Xτ2+1), h

H2(Xτ2+1))]

≥Pr(τ2 ≤ T
5
6 )E[T − τ2|τ2 ≤ T

5
6 ]E[ℓ(ĥH2

τ2 (Xτ2+1), h
H2(Xτ2+1))|τ2 ≤ T

5
6 ]

(a)

≥ T − T
5
6

3
Ω(

1

T
5
18

)

=Ω(T
13
18 ),

where (a) follows from (31). On the other hand, from Lemma F.1 and Theorem 3.32, the optimal algorithm U achieves at
most O(T

9
13 ) expected loss, which is a contradiction. Therefore, the probability that ψ(ℓτ2) makes a wrong estimation is at

most 1
3 , which implies (30). This completes the proof.

G. Proof of Lemma F.1
Proof. By similar arguments as in the proof of Proposition B.2, we have

EXt2
[(hH2(Xt2)−OH2({Xi, h

H2(Xi)}t1i=1))
2]

=

{∑∞
l=1

∑8l

j=1 1(Il,j ∩ {Xi}t1i=1 = ∅) c
2
l

8l
(σl,j + 1)2 t1 > 0

2 t1 = 0
, (33)

for t2 > t1, since the value h(Xt) for any h ∈ H2 does not depend on (σ,S) and the distribution of the loss vector ℓT is
the same as that of the loss vector ℓT in Example 1. Note that

E{Xi,hH2 (Xi)}
t1
i=1

[1(Il,j ∩ {Xi}t1i=1 = ∅)] =
(
1− 1

8l

)t1

.

Combining with (33), we have

E{Xi,hH2 (Xi)}
t1
i=1,Xt2

[(hH2(Xt2)−OH2({Xi, h
H2(Xi)}t1i=1))

2]

=

∞∑
l=1

4

2l

(
1− 1

8l

)t1

≤

ln t1−ln ln t1
ln 8∑
l=1

4

2l

(
1− 1

8l

)t1

+

∞∑
l=

ln t1−ln ln t1
ln 8 +1

4

2l

(
1− 1

8l

)t1

≤
2( ln t1−ln ln t1

ln 8 )

t1
+

4 ln
1
3 t1

t
1
3
1

≤ O(
log t1

t
1
3
1

),

2Note that here (P,H2,OH2) is not a realizable i.i.d. learning environment. However, the learning curve L(t) in the learning
environment (P,H2,OH2) follows the same behavior as that in an i.i.d. learning environment and thus Theorem 3.3 can be applied.
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and

E{Xi,hH2 (Xi)}
t1
i=1,Xt2

[(hH2(Xt2)−OH2({Xi, h
H2(Xi)}t1i=1))

2] ≥ 2

et
1
3
1

= O(
1

et
1
3
1

)

Therefore, (31) holds. Similarly, we have

EXt2
[(hH1(Xt2)−OH1({Xi, h

H1(Xi)}t1i=1))
2]

=


∑∞

l=1

∑2l+2l
v=1 1(∪(l,j)∈Sl,v,0

Il,j ∩ {Xi}t1i=1 = ∅) |Sl,v,0|c2l
8l

(θl,v,σ0,S0
+ 1)2 0 < t1 < t2 ≤ τ1∑∞

l=1

∑2l+2l
v=1 1(∪(l,j)∈Sl,v,1

Il,j ∩ {Xi}t1i=1 = ∅) |Sl,v,1|c2l
8l

(θl,v,σ1,S1
− θ̂l,v,σ1,S1

)2 τ1 ≤ t1 < t2 ≤ T
2 t1 = 0

, (34)

Since

E{Xi,hH1 (Xi)}
t1
i=1

[1(∪(l,j)∈Sl,v,u
Il,j ∩ {Xi}t1i=1 = ∅)] =

(
1− |Sl,v,u|

8l

)t1

,

we have

E{Xi,hH1 (Xi)}
t1
i=1,Xt2

[(hH1(Xt2)−OH1({Xi, h
H1(Xi)}t1i=1))

2]

=

∞∑
l=1

2l+2l∑
v=1

(
1− |Sl,v,u|

8l

)t1 |Sl,v,1|c2l
8l

(θl,v,σ1,S1
− θ̂l,v,σ1,S1

)2

≤
∞∑
l=1

2l+1∑
v=1

(
1− |Sl,v,u|

8l

)t1 4|Sl,v,1|c2l
8l

+

∞∑
l=1

2l+2l∑
v=2l+2

(
1− |Sl,v,u|

8l

)t1 4|Sl,v,1|c2l
8l

≤
∞∑
l=1

2l+1∑
v=1

(
1− |Sl,v,u|

8l

)t1 4|Sl,v,1|c2l
8l

+

∞∑
l=1

(
1− 1

2l

)t1 4

2l

(a)

≤
∞∑
l=1

(2l + 1)

(
1− 1

t1 + 1

)t1 c2l
t1 + 1

+

∞∑
l=1

(
1− 1

2l

)t1 4

2l

≤O(
1

t1
) +

log t1∑
l=1

(
1− 1

2l

)t1 4

2l
+

∞∑
l=log t1+1

(
1− 1

2l

)t1 4

2l

(b)

≤O(
1

t1
) +O(

log t1
t1

) +O(
1

t1
), and

E{Xi,hH1 (Xi)}
t1
i=1,Xt2

[(hH1(Xt2)−OH1({Xi, h
H1(Xi)}t1i=1))

2]

≥
(
1− 1

t1

)t1 1

t1

for 0 < t1 < t2 ≤ τ1, where (a) and (b) follow from the fact that the function (1 − x)t1x for x ∈ (0, 1)
is maximized at x = 1

t1+1 . Similarly for τ1 ≤ t1 < t2 ≤ T , we have E{Xi,hH1 (Xi)}
t1
i=1,Xt2

[(hH1(Xt2) −
OH1({Xi, h

H1(Xi)}t1i=1))
2] = O(1) for t1 = τ1, E{Xi,hH1 (Xi)}

t1
i=1,Xt2

[(hH1(Xt2) − OH1({Xi, h
H1(Xi)}t1i=1))

2] ≤

O( log(t2−t1)
t2−t1

), and E{Xi,hH1 (Xi)}
t1
i=1,Xt2

[(hH1(Xt2)−OH1({Xi, h
H1(Xi)}t1i=1))

2] ≥ O( 1
t2−t1

) for t1 > τ1. Finally, from

((29)), ((28)), and ((31)) we have that E{Xi,hH1 (Xi)}
t1
i=1,Xt2

[(hH1(Xt2)−OH1({Xi, h(Xi)}t1i=1))
2] ≤ log τ1

τ
1
3
1

for t1 ≥ τ1,

and E{Xi,hH1 (Xi)}
t1
i=1,Xt2

[(hH1(Xt2)−OH1({Xi, h(Xi)}t1i=1))
2] ≥ 1

τ
1
3
1

for t1 = τ1 Therefore, we have (32).
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