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Abstract

Constrained sequences are strings satisfying certain additional structural restrictions
(e.g., some patterns are forbidden). They find applications in communication, digital
recording, and biology. In this paper, we restrict our attention to the so-called (d, k)
constrained binary sequences in which any run of zeros must be of length at least d
and at most k, where 0 < d < k. In many applications one needs to know the number
of occurrences of a given pattern w in such sequences, for which we coin the term
constrained pattern matching. For a given word w, we first estimate the mean and
the variance of the number of occurrences of w in a (d, k) sequence generated by a
memoryless source. Then we present the central limit theorem and large deviations
results. As a by-product, we enumerate asymptotically the number of (d, k) sequences
with exactly r occurrences of w, and compute Shannon entropy of (d, k) sequences with
a given number of occurrences of w. We also apply our results to detect under- and over-
represented patterns in neuronal data (spike trains), which satisfy structural constraints
that match the framework of (d, k) binary sequences. Throughout this paper we use
techniques of analytic algorithmics such as combinatorial calculus, generating functions,
and complex asymptotics.

Categories and Subject Descriptors:

F.2.2. [Analysis of Algorithms and Problem Complexity|: Nonnumerical Algorithms
and Problems — Computations on discrete structures;

G.2.1 [Discrete Mathematics|: Combinatorics — Generating functions; counting problems

General Terms: Algorithms

Additional Terms: Pattern matching, constrained sequences, languages, autocorrelation
polynomials, neuronal spike trains, complex asymptotics
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1 Introduction

The main idea of constrained pattern matching is to search for special structures (patterns)
in a constrained sequence. In digital communication systems such as magnetic and optical
recording, the main purpose of constrained pattern matching is to improve the performance
by matching system characteristics to those of the channel. In biology constrained sequences
are in abundance (e.g., spike trains of neuronal data). In this paper, we restrict our goal to
study and understand some aspects of pattern matching in constrained sequences. Although
our methods work for a large class of constrained systems, we further restrict our analysis
to the so-called (d, k) sequences in which runs of zeros cannot be smaller than d nor bigger
than k, where 0 < d < k. Such sequences have proved to be very useful for digital recording
and biology. In digital recording, they have been widely used in hard disk drives and digital
optical discs such as CD, DVD, and Blu-ray. In biology, for example, the spike trains of
neuronal data, recorded from different neurons in the brain of an animal, seem to satisfy
structural constraints that exactly match the framework of (d, k) binary sequences. Indeed,
refractoriness requires that a neuron cannot fire two spikes in too short a time; this precisely
translates into the constraint that the induced binary spike train needs to contain at least
a certain number of zeros (corresponding to no activity) between each two consecutive ones
(corresponding to firing times).

In these applications, one often requires that some given words do not occur or occur
only a few times in a (d, k) sequence. Therefore, we study here the following problem:
given a word w or a set of words W, how many times it occurs in a (d, k) sequence. For
such a problem we coin the term constrained pattern matching as an extension of standard
pattern matching [14, 20, 22]. We study this problem in a probabilistic framework, that
is, we assume that a sequence is generated by a (biased) memoryless source and derive
the (conditional) distribution of the number of occurrences of w in a (d, k) sequence. We
need the conditional distribution since naturally only a small fraction of binary sequences
satisfies the (d, k) constraints.

In the (standard) pattern matching problem, one asks for pattern occurrences in a binary
string also known as text without any additional restrictions on the text. In a probabilistic
framework, one determines the distribution of the number of pattern occurrences. The
first analysis of such pattern matching goes back at least to Feller, and enormous progress
in this area has been reported since then [2, 8, 14, 17, 22, 23]. For instance, Guibas and
Odlyzko [8] (cf. also [10, 20]) revealed the fundamental role played by autocorrelation
languages and their associated polynomials in the analysis of pattern matching. Régnier
and Szpankowski [19, 20] established that the number of occurrences of a given pattern
is asymptotically normal under a diversity of probabilistic models that include Markov
chains. Nicodéme, Salvy, and Flajolet [17] showed generally that the number of places in
a random text at which a ‘motif’ (i.e., a general regular expression pattern) terminates
is asymptotically normally distributed. Bender and Kochman [2] studied occurrences of a
generalized pattern using (in a nutshell) the de Bruijn graph representation that allowed
the authors to establish the central limit theorem, but without explicit mean and variance.
Recent surveys on pattern matching can be found in Lothaire [14] (Chaps. 6 and 7). To
the best of our knowledge, none of these works deal with pattern matching in constrained
sequences such as (d, k) sequences.



In the information theory community, (d,k) sequences were analyzed since Shannon
with some recent contributions [4, 13, 15, 24]. Pattern matching in constrained sequences
can in principle be analyzed by various versions of the de Bruijn graph [2, 7] or automaton
approach [2, 17]. This is an elegant and general approach but it sometimes leads to compli-
cated analyses and is computationally extensive. In our constrained pattern matching, for
example, one must build a de Bruijn graph over all strings of length equal to the longest
string in the set W. The (d, k) constraints are built into the graph as forbidden strings (i.e.,
runs of zeros of length smaller than d or larger than k), which result in forbidden edges of
the graph. Based on this method, one represents the number of pattern occurrences as a
product of a matrix representation of the underlying de Bruijn graph and hence its largest
eigenvalue (cf. [2, 7]). In general, this matrix is of a large dimension and such a solution is
not easily interpretable in terms of the original patterns.

In this paper, we take the view of combinatorics on words. We first construct languages
representing (d, k) sequences containing exactly r occurrences of a given pattern w or a set
of patterns W. Using generating functions and complex asymptotics, we present simple
and precise asymptotics for the mean and variance of the number of pattern occurrences.
In particular, we estimate the probability that a randomly generated sequence is a (d, k)
sequence. We also compute the asymptotic formulas for the probability that there are r
occurrences of w in a (d, k) sequence generated by a binary memoryless source. We present
the asymptotics for different ranges of r including central limit and large deviation regimes.
Furthermore, we enumerate (d, k) sequences that contain exactly r occurrences of w and
compute Shannon entropy when the binary source is unbiased. To put the theory into
practice, we show how these theoretical results can be applied to analyze neuronal spike
data.

The paper is organized as follows. In Section 2, after introducing some preliminary
notions and definitions we present our main analytical and experimental results. Most
proofs are delayed till Section 3 where we use analytic tools such as generating functions,
singularity analysis, and the saddle point method to establish our main results.

2 Main Results

To simplify our presentation, we first derive all results for restricted (d, k) sequences unless

stated otherwise. A restricted (d, k) sequence is a (d, k) sequence that starts with 0 and ends

with 1. We will relax this assumption later. We aim at finding the probability distribution

of the number of occurrences of a given pattern w in a (d, k) sequence generated by a binary

memoryless source. Here w is also a (d, k) sequence, and pattern overlapping is allowed.
Let us start with language representations. Define

Agr=10...0,---,0...0}
d k
as a set of runs of zeros of length between d and k. The extended alphabet is then [15]
Bar = Aqr - {1} = {0.;.01,---,0.1;.01}.

Observe that restricted (d, k) sequences are built over By i, and we count pattern occurrences
also over Byyj. For example, w = 01 does not occur in a (1,4) sequence 0010001 since



it contains only two symbols over Bgj, namely 001 and 0001. We shall also relax this
assumption later.

As in the classical pattern matching, a special set (language) plays an important role.
We define it next. Let w = wy ... wy,, € {0,1}" with w; = 0 and w,, = 1. Over By we
have w = (31 ... By, where 3; € By and Zﬁl |B;| = m. Let S denote the autocorrelation
set of w over By, that is,

/

S={B: Bi=p"_), 1<t<m

where 3/ = §;--- 8 and 3/ = e if i > j.
Asin [3, 11, 20], we introduce four languages, ’]}(d’k), RE) 14(dF) and MK as follows:

(1) Tr(d’k) as the set of all (d, k) sequences containing exactly r occurrences of wj

(ii) R(4*) as the set of all (d, k) sequences containing only one occurrence of w, located
at the right end;

(iii) U@*) defined as
U k) — {u: w-ue ’Z'l(d’k)},

that is, a word u € U(®5) if ¢ is a (d, k) sequence and w - u has exactly one occurrence
of w at the left end of w - u;

(iv) M@F) defined as
MER) = Ly weve 7'2(d’k) and w occurs at the right end of w - v},

that is, any word in {w} - M(&K) hag exactly two occurrences of w, one at the left end
and the other at the right end.

To simplify our notation, we drop the upper index (d, k) unless it is necessary. It is easy
to see that for r > 1 [20, 22]

T, = R-M~1.u, (1)
To-{w} = R-S. (2)

In order to find relationships between the languages R, M, and U, we extend the approach
from [20] to yield

M = B {w}+S, (3)
U-B = M+U—{e}, (4)
{w}- M = B-R—(R—{w}), (5)

where B* is the set of all restricted (d, k) sequences, that is,
B*={c}+B+B*+B>+ ...

Similarly, M* = Y22, M?, where M° = {e}. For example, (3) indicates that any word in
language M* is either in S (if the length of the word from M* is smaller than that of w)
or it must end with w.



At this point we need to set up the probabilistic framework. Throughout, we assume
that a binary sequence is generated by a memoryless source with p being the probability of
emitting a ‘0’ and ¢ = 1 — p. Among others, we compute the probability that a randomly
generated sequence is a (d, k) sequence. We actually derive the conditional probability
distribution of the number of occurrences of w in a (d, k) sequence.

We start by defining for a language L its probability generating function L(z) as

L(z) = Z P(u)z",

uel

where P(u) is the probability of a word w and |u| is the length of u over the binary alphabet.
In particular, the autocorrelation polynomial S(z) is the probability generating function for
the autocorrelation language S. In general, we write [2"|L(z) for the coefficient of L(z) at
z".

The language relationships (3)—(5) are translated into probability generating functions:

1 1

1= M) = 1 B02) 2" P(w) + S(2), (6)
M(z)—1
U(Z) - B(Z) -1 ) (7)
R(z) = 2"P(w)-U(z), (8)
where P(w) is the probability of w, and
B(Z) _ pdqzd+1 —|—pd+1qzd+2 I +pquk+1
(2p)" = (zp)"""
2q T ) 9)
In particular, from (1),(2) and above, one finds
_ S(2)
1) = 5o (10)
~ 2™P(w)(D(2) + B(z) —1)""!
T,() = o , (1)
where
D(z) = S(2)(1 — B(z)) + 2" P(w). (12)

Let O,, be a random variable representing the number of occurrences of w in a (regular)
binary sequence of length n. Then, the generating function T,(z) for (d,k) sequences is
defined as

Tp(z) =Y P(On =71,Dy)2",

n>0

where D, is the event that a randomly generated binary sequence of length n is a (d, k)
sequence. Let us also define the bivariate generating function 7'(z,u) as

T(z,u) = ZTr(z)u’" = Z ZP(On =r,Dy)z"u'".

r>0 r>0n>0

5



;From (1) and (2), we find

u

T(z,u) = R(z)m

U(z) + Tp(). (13)

Observe that T'(z,u) is not a bivariate probability generating function since [z"]T(z,1) #
1. But we can easily make it a conditional probability generating function. First, define

P(D,,) = [2"|T(z,1)

as the probability that a randomly generated sequence of length n is a (d, k) sequence. We
also introduce a short-hand notation O, (D,,) for the conditional number of occurrences of
w in a (d, k) sequence. More formally,

P(O,(Dy) =71)=P(O, =1|Dy).
Therefore, the probability generating function of O, (D,,) is

E[u0(Pw)] = [z"]:i&

Thus, the expected value of O, (D,,) is

. [2"|Tu(2,1)
E[On(Dn)] - W? (14)
where T),(z, 1) is the derivative of T'(z,u) at v = 1, and
[ Tuu(2,1)
E[0y(Dn)(0n(Dn) —1)] = (1) (15)

is the second factorial moment, where 7T),,(z,1) is the second derivative with respect to u
at u=1.

2.1 Analytical Results

Our main analytical results are summarized in the following two theorems. In Theorem 1
we present asymptotics for P(D,) and the first two moments of O, (D,). The proof is
presented in Section 3.1.

Theorem 1 Let p := p(p) be the unique positive real root of B(z) = 1 where B(z) is defined
in (9), and let X\ = 1/p. Then the probability of generating a (d, k) sequence is asymptotically

1

P(Dn):m

A" Ow™) (16)

for some w < A. Furthermore,

(n—m+1)P(w)

E[On(Dn)] = B’(p)

AT L 0(1),




and the variance becomes

Var[O,,(D,)] = (n — m+ 1)P(w) [%A‘zmﬂ

P(w)B"(p) —2m+1 25(p) — 1 —m+1
73’(;})3 A + 73,@) A ] +0(1) (17)

for large n.

The next theorem presents the asymptotic formulas of P(O,,(D,,) = r) for three different
ranges of r, including central limit and large deviations regimes. The results are derived in
Sections 3.2-3.4 by using analytical tools.

Theorem 2 Let 7 := 7(p,w) be the smallest positive real root of D(z) = 0 where D(z) is
defined in (12), and p := p(p) < T be the the unique positive real oot of B(z) = 1. Then,
for large n, the followings hold:

(i) Forr=0O(1) with r > 1,

PONDy) = 1) ~ P@BEA-BE)™ (n —m+ > (o)

D/(T)T—HTT_m r T

(ii) [Central limit theorem] For r = E[O,(D,)] + z+/ Var|O,(D,,)] with z = O(1),

Var|O,(D,,)]

4N(0,1)

where N(0,1) is the standard normal distribution.

(iii) [Large deviations| For r = (1 + §)E[O,(D,,)] with § > 0, let a be a real constant such
that na = (14 6)E[O,(D,,)], and let

ha(z) = alog M(z) — log z.

We denote by z, the unique real root of the equation h!,(z) = 0 such that z, € (0, p). Then,

.e—nl(a)
P(On(Dy) =na) = 2 ¢~ [1 +240 <i2>}
2mn n n
and Ia)
c - e ™M@ 1
P(On(Dy) > = 1+0|( -
(On(Dn) 2 na) V2mn(l — M(z,)) [ <n>}
where I(a) = —log p — ha(z4), which is positive, and
_ pB'(p)g(za)
0 =—"
Ta
with g(z) = % and 72 = h!(24). The constant cy is explicitly computed in (32).
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Figure 1: X versus p.

Remark 1. In Figure 1 we plot A = 1/p versus p for various (d, k) sequences. Observe that
the probability P(D,,) =< A" is asymptotically maximized for some p # 0.5 (biased source)
which may be used to design a better run-length coding as in [1].

Remark 2. When the binary source is unbiased (p = q = %), we can count the num-
ber, N, (r), of (d, k) sequences of length n that contain w exactly r times, by computing
[2"|T-(2z). In fact, N, (r) = 2"P(O,, = r,D,,) and one finds asymptotics of N, (r) from part
(i) of Theorem 2. In particular, Shannon entropy is

where 7 = 7(1/2,w) is defined in Theorem 2 for p = 1/2.

Remark 3. We considered only restricted (d, k) sequences. A small modification can extend
this analysis to all (d, k) sequences. Let 7% be the set of all (d, k) sequences containing
exactly r occurrences of w. Then

T = {e,1} - T, - ({e} + Aar),

and one can easily derive generating functions and asymptotic expressions from the above.

Remark 4. We counted the occurrences of the pattern w over the alphabet B; ;. We can
extend this analysis to count the occurrences over a binary alphabet (e.g., w = 01 occurs
twice in a (1,4) sequence, 0010001). Again, let w = w; ... wy, € {0,1}™ with w; = 0 and
wp, = 1, and w be represented over By, that is, w = (1 ... 8,y where 3; € By . Then the
autocorrelation set Sy over the binary alphabet is defined as

So={wf, : wi=wl_,,}, 1<<m.
Using the languages 7,., R, M, and U defined above, we find
T, = R-M~t.Uy,
To-Z2-{w} = R-S,
M = B Z-{w}+ S,
U-B = M+U—{e},
ZAw}- M = B-R—(R-Z- {w}),



where Z = {¢,0,00, - - - ,Ok+1_|51|}, and 0* denotes a run of zeros of length k. Applying the
same techniques as above we can derive the generating functions and asymptotic results.

Remark 5. We can also extend our results to a set of patterns W = {wq,ws,...,wx}
such that w; (1 <4 < K) is not a substring of another pattern w; (1 < j < K,i # j)
over alphabet By . Let us introduce some new languages. In particular, for any given two
strings v and v, let

Suw={vpty ue =0} 1<k <min{lu], [v]}

be the correlation set. Now we define a correlation set over B for patterns in W. Let
w; = B4, ... B, and w; = B}, ... 0B;,,. Then §;;, the correlation set for w; and w; over By,
is defined as _
{5§Z1 : ﬂ;: w1 =B5t 1< £ < min{s,m}.
For 1 <i,j < K, we introduce new languages as follows (again, we drop the upper
index (d, k)):

(i) R; as the set of all (d, k) sequences (over Bgj) containing only one occurrence of w;,
located at the right end;

(ii) U; is defined as {u : w;-u € T1}, that is, a word u € U; if u is a (d, k) sequence and
w; - u has exactly one occurrence of w; at the left end of w; - u;

(iii) ./\/IZ} defined as, for r > 1,
M = {v: w;-v € T41 and w; occurs at the right end of w; - v},

that is, any word in {w;} - Mz[z] is a (d, k) sequence and has one occurrence of w; at
the left end, one occurrence of w; at the right end, and » — 1 occurrences from W

elsewhere. We write M,;; = ME]

We can see that 7,.(r > 1) and 7, are represented as follows:

7, = Y ®rR-MITy, (18)
1<i,j<K
To-{w;} = Rj+ Y Ri- {e}) (19)
1<i<K

for 1 < j < K. The languages M,;, U;, and R; satisfy following relationships [19] for
1<4,j<K.

YoM = B {wh+ Sy {e), (20)
E>1
U-B = Z Mij +U; — {e}, (21)
1<G<K
B-Rj—(Rj —{w}) = > {wi} My (22)
1<i<K



As before, the language relationships (20)—(22) are translated into generating functions [19]:

T-ME)™ = 8()+ T W)

B(2)
UE) = t—pm@-Me)- T
B = g a-M).

where M(z) and S(z) are K x K matrices such that M;;(z) and S;;(z) are the (i, j)-elements
in M(z) and S(z), respectively. Furthermore, I is the K x K identity matrix, and W(z),
]_3:(2), ﬁ(z), and T are column vectors of length K such that

t

W(z) = ("1 P(wy), - 2K P(wg)), R(z) = (Ri(2),-, R(2))",
U(z) = (Uy(2),--,Uk(2))!, and T = (1,---,1)%.

;From (18)—(19) and above, one finds

TO(Z) =

)

RB'(2)-8)- T
Wt(z)- 1
T,(2) = W'(2) (D(2) + (B(z) - )Ty - D) ) T,

where D(z) = T - W' (2) + (1 — B(2))S(2).
Using this and following the footsteps of our previous analysis, as presented in the next
section, one easily shows that for large n

K
B0,(D,)] = Y- " ‘w};‘/?p;)]g(w")xlwi“ +0(1),
1=1

and
Var[O,,(D,)] = na+ O(1),

where p := p(p) is the unique positive real root of B(z) = 1, A = 1/p, and « is an
explicitly computable constant. Furthermore, technically more challenging analysis allows
us to conclude that O,,(D,,) satisfies the central limit theorem.

2.2 Experimental Results

We now apply our theoretical results to statistical inference of some biological data. As a
potential application of our main results, we use part (iii) of Theorem 2 to detect under-
and over-represented structures in neuronal data (spike trains), and to obtain justifiably
accurate statistical inferences about their biological properties and functions. We shall first
argue that neuronal data are best represented by constrained sequences. Indeed, current
technology allows for the simultaneous recording of the spike trains from one hundred (or
more) different neurons in the brain of a live animal. Such experiments have produced
enormous amounts of extremely valuable data, and one of the core research areas of activity
in neuroscience is devoted to developing accurate and precise statistical tools to quantify

10
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Figure 2: Number of occurrences of w within a window of size 500; here [i] stands for the pattern 0---01

with 7 — 1 zeros.

and describe the amount and representation of the information that is contained in this
data [18]. Because of the very nature of the biological mechanisms that produce them,
spike train data satisfy structural constraints that match the framework of (d, k) binary
sequences, as discussed above.

For experiments, we use single-electrode data from cortical neurons under random cur-
rent injection. The details can be found in [12, 25]. This spike timing data can be trans-
formed into a (d, k) sequence by setting the time resolution and dividing time into bins of
the same size. Each time bin is represented by a bit 0 or 1. If there is a spike in a certain
time bin, it is represented by a bit 1; otherwise it is represented by a bit 0. A fundamental
question is how one classifies an occurrence of a pattern as significant. Here, the conno-
tation of “significant” is used for observed data that is interesting, surprising, suspicious,
or—perhaps most importantly—meaningful. We classify a pattern as significant if it is un-
likely to occur fortuitously, that is, in a randomly generated instance of the problem. Thus,
we compare experimental data to the reference model, which in our case is the probabilistic
model developed in this paper.

Having this in mind, and using our large deviations results, we derive a threshold, Oy,
above which pattern occurrences will be classified as statistically significant. The threshold
is defined as the minimum Oy, such that

P(On(Dr) > Ow,) < oup,

where oy, is a given probability threshold. From part (iii) of Theorem 2 we easily conclude

11



that for ayy, in the range of the large deviations domain, the threshold is Oy, = nay,, where
ay, ~ I~ (log(1/aup) /n)

and I~!(-) is the inverse function of I(a) defined in the theorem.

To set up our reference model, we need to fix the parameters d, k, and p. First we can
find d and k by observing the binary sequence (e.g., by finding the minimum and maximum
length of runs of zeros in the sequence). Then we can find p by solving the following
simultaneous equations with variables p and p:

B(p) =1 and 1 _
’ YT B )
Note that B(z) has a variable p in each of its coefficients. The second equation follows from
the fact that pB’(p) captures the average length of symbols of By in a (d, k) sequence,
and thus its reciprocal represents ¢g. In other words, we estimate p indirectly through the
estimation of d and k. One might be tempted to estimate p by just counting the total
number of 0’s and dividing it by the length of the sequence. But this could lead to a poor
estimate if a large portion of (d, k) sequence set is not typical.

In our experiment, we set the size of bin to 3 ms and obtained a (d, k) = (1,6) sequence
of length 2193 with p = 0.752686. Figure 2 shows the number of occurrences for various
patterns w within a window of size 500; here we use a short-hand notation [¢] for a pattern
u 1. The three horizontal lines represent thresholds for oy, = 1076, 1077, and 1078,
relsplectively. As expected, the thresholds vary with the structure of w. If the number
of occurrences exceeds the threshold at some position, we claim the pattern occurrence is
statistically significant in that window. This observation can be used as a starting point for
interpretation of neural signals although there is still a huge gap between patterns of spike
trains and their meaning in a real nervous system. In passing we observe that one would
have obtained quite different threshold values, if constraints were ignored.

3 Analysis

In this section, we prove Theorems 1 and 2 of previous section. In Section 3.1, we asymp-
totically derive P(D,,) and the first two moments of O,(D,). In Sections 3.2-3.4, us-
ing our expression (13) for the bivariate generating function we estimate asymptotically
P(O,(D,,) = r) for various ranges of r.

3.1 Moments

We first obtain asymptotic formulas for the mean and the variance of O, (D,,). From (6)-
(13), we find
1 2™ P(w)

T(z,1) = 1—73(@7 Tu(z,1) = m’

and
22" P(w)M (z) _ 22" P(w)D(z)  22"P(w)

Tuu(27 1) = U(Z)(l _ B(Z))3 (1 _ B(Z))3 (1 — B(Z))2 '

12



By Cauchy’s coefficient formula and Cauchy’s residue theorem [22] we immediately obtain

1 1

P(Dn) = ["]T(2,1) = [2"]1— B(z)  B'p)

AL O(w™),

where p is the unique positive real root of B(z) = 1, A = 1/p, and w < A. In Lemma 2
of Appendix A we prove that there always exists a unique positive real root of B(z) = 1,
which is greater than 1, and its modulus is the smallest among all complex roots.

To find moments, we proceed as follows.

n _ 2™ P(w
R T
— ;E;“L <(n—m+ DA+ B,éﬁ;) AL O™,
he L) (1 m ot )Pw)
2" Tu(z,1)  (n—m W) | 1
E[O,(D,)] = T B0 A +O(1).
Similarly,
(2" Tyu(2,1)

Var([O,,(Dy)] = + E[0n(Dn)] - E[On(Dn)]2-

["1T(2,1)
After some algebra, we establish the formula on the variance in (17).

3.2 Distribution for r = O(1)

We prove here part (i) of Theorem 2, that is, we estimate P(O,,(D,,) = r) for r = O(1). By
Cauchy’s coefficient formula and Cauchy’s residue theorem,

P(w)(D(2) + B(z) = 1)

POn=1,D,) = ["|T:(2)=["""] D(z)r—i-l
r—+1 . n—m-+j
_ Ve n—m+j—1 l n
— ;( 1)Jj< b ><T> +O(t")

P(w)(B(r) - 1)

D,(T)r—l—l :
By Lemma 3 of Appendix B, we know that there exists at least one positive real root of
D(z) = 0, which is greater than p.

where 7 < t~! is the smallest positive real root of D(z) = 0, and a, 1 =

Finally, we find

P(Ou(Dy) =7) = W
P(w)B'(p)(1 = B(r)"" <" —mt ) o
D/(T)T’—i-l , e

as desired for Theorem 2(i).
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3.3 Distribution for r = E[O,(D,,)] + =/ Var[O,,(D,)]
We now establish the Central Limit Theorem, that is, part (ii) of Theorem 2. We estimate
P(O,(Dy,) =) for r = E[Oy(Dy,)] + x+/ Var|[O,(D,,)] with x = O(1). Define

[2"T (2, u)

T (u) = E[uon(Dn)] = [2"]T(z,1)’

(23)

and
wn = E[O0,(D,)], on =/ Var[O,,(D,)].

By Goncharov’s theorem [22], it suffices to prove the following

lim e VHn/onT, (Vo) = e’/
n—oo
for all v = it’ where —oo <t/ < co. But we prove more generally for all complex v.
Let p(u) be the smallest real root of 1 —uM (z) = 0. We can easily find out that the pole
of Ty(z) is always greater than p(u). Then, by Cauchy’s coefficient formula and Cauchy’s
residue theorem, from (13) we get

[2"]T(2,u) = c(w) A" (u) + O(W" (u)), (24)
c(u) = R(p(u)U(p(u))
M'(p(u)) "

and A(u) = 1/p(u) where |w(u)| < A(u). Thus, by (23),
P(Dp) T (1) = c(u)A™ (u) + O(w" (u)) (25)

since P(D,,) = [2"|T(z,1).
Let u=e' and t = v/o,. Since t — 0 and u — 1 as n — oo, using Taylor series around
t =0 we get
A1)+ XN (1)
2
Now let us find X' (1) and \’(1). From (14) and (24), we observe that

Aeh) = A1) + N (1)t + 2+ 0(t?). (26)

,un[zn]T(Z? 1) = [Zn]Tu(Z7 1), (27)
and
G = )]
= (n+ De(V)A (DN (1) + (DA TH(1) + O(nw™(1)). (28)

By (24),(27), and (28), we obtain
pa (c(DATH(1) + O(W™(1))) = (n + De(DAM (N (1) + ¢ (DA™FH(L) + O(nw"(1)).
Thus, we get Q)
/ _ Hn d(1 n
N(1) =—=A1) - m/\(l) + O (n€"(1)) (29)

14



where £(u) = w(u)/A(u). We note that [¢(u)| < 1. Similarly,
(2" T (2, 1) = n(n + (DAL (DN?(1) + 2(n + 1) (DA (1N (1)
+(n + De(HA(DN'(1) + ()ATH(1) + O(nPw™(1)).
Again, from (15) and (24), we observe that
(on + 1y — ) 21T (2,1) = [2"| T2, 1),

and from (29), after some algebra, we finally arrive at

N (1) = (ﬁ:jn + o :ﬁﬁ) A1) +0 <%> . (30)

Using (25),(26),(29), and (30) we get

P(Dp)Tn(e") = c(wX™(u) + O(w"(u)
= c(wA""(u) - (1+0(€"(w))

= c(u) [A(1)+A( <

) (i

wo(5)

( >>t2+0t3] (14 0(£(w)))

n+1
& )t? L0+ 0 W)

<
(

—

In the last equality we use the fact that ¢ = O 7) Therefore,
n

—tun

n+1
el PD )Tl = (e ) " P(D,)T(e!)

" Mg n+1
=(1- -2 ¢+ n t2+0t3>
< n+1 = 2n+1)> )

n Hn 1 0'721 M?l i n
c(uW)A"(1) <1 t o t+3 (n gt o 1)2> t2 + O(t3)> (14 0(£"(w)))

= c(u)A\"T1(1) <1 + 07721752 + O(t3)>n+1 (14 0(£"(w)))
2(n+1) ’

and

—Vun/JnP Dn Tn v/on
nh—>nolo e_yun/onTn(ey/on) - nh—>nolo - P((Dn)) (e )

02 ) 5 n+1
= hm <1 + mt + O(t )>

n—oo

VQ ) n+1
= nh—{%o<1+2(n+1)+0(t )> .

15



We find upper and lower bounds as follows:

hm<y+ﬂﬁi_+ow0M4::1mem<m+1m<r+71ij+ow0>

n—00 n -+ 1) n—00 n-+1

< 3
< nh_)ngoexp<n—|-1 (2(11—!—1 —I—Ot)>>
= lim exp <V— +0 <i>>

n— oo 2 n

7)
th+ii—Hmwwlzth+—ﬁjyﬂ
) |

2
= ex
P2
Therefore,
2
lim e_”“”/"”Tn(e”/U”) = exp <V—> ,
n—oo 2

as desired to establish Theorem 2(ii).

3.4 Distribution for r = (14 0)E[O,(D,,)]

Finally we establish the large deviations results in part (iii) of Theorem 2, that is, we
compute P(O,(D,) =r) for r = (1+ §)E[O,(D,,)] for some § > 0. Let a be a real constant
such that na = (1 4 0)E[O,(D,,)], and we compute P(O,(D,) = na) asymptotically when
na is an integer. Clearly,

2" T )

P(On(Dn) = na) = [u"|To(u) = = Zmr =5

(31)

By (13),

W T (z,u) = [u™] (To(z)+uR(z)U(z)Z(uM(z))i)

1=0

Hence, Cauchy’s coefficient formula leads to [ 22]

P(w 1
n na na—l
T = 5 e,

where the integration is done along any contour around zero in the convergence circle.
In order to derive large deviation results, we need to apply the saddle point method [22].

Therefore, we define the function h,(2) of complex variable z as

ha(z) = alog M(z) — log =

16



such that

[2"|[u") T (z,u) = ﬁ%e"h“(z)g(z)dz
where Plu) -
M) = pemie)

In the lemma below, we characterize some properties of h,(z) that are needed to estimate
the integral. The proof can be found in Appendix C.

Lemma 1 (i) There exists a unique real root z, of the equation hl(z) = 0 that satisfies
0 < 24 < p for some constant a described in Appendiz C.

(it) hll(zq) > 0.
(i1i) ha(zq) < —log p.

Let z, be the unique positive real root of the equation h/(z) = 0. We evaluate the
integral on C = {z : |z| = 2.}, and we first split C into Cy and C; where Cy = {z € C :
larg(z)] < 6p} and C; = {z € C : |arg(z)| > Oy} for some 6. That is,

nif, na _ L nhq(z) i nhq(z)
[2"][uT(z,u) = 57 /Coe g(z)dz + 271 Je. e g(z)dz.

Let

1
Iy = — nhq(z) d
=3 | g2

and
1

L = —/ e"a(?) g(2)dz.
Cy

27

We will compute Iy first and we later show that |I;| is exponentially smaller than Ij.

Now we set 0y = n~2/> and compute Iy with the change of variable z = z,e'

9

1 +0o h 6 i0 i0
Iy = — e"a(za) g (2,6) 2,6 df

2w —6o

P +6o

= 2 exp(nhq(zqe™) +i0)g(z,€)db.
2w —6p

To simplify the notation, let us define some variables as follows:

72 = h!(24) (cf. part (i) of Lemma 1),

hY) (za) hY (za)
fo =gz and % = =
Using Taylor series around 6 = 0, we arrive at
. 2,2 2,2
ha(24€?) = ha(ze) — —Ta;a 0% — <6a7'322 + —T“;“) 03

+ <w§z;* + gﬂaTg’zg + %7343) 0'+0(0°) (. hy(za) =0).

17



Similarly,
o J(2)22 + o (2)2
e 5 L7002 1 O(83).

9(24€") = g(2a) + ¢ (20) 2416 —

When |0 < 6y, n0* — 0 (k > 3) as n — oo. Thus,

. ' 2.2

= exp <nha(za) - 7_322 92> (1 + a(f) + ﬂ + a(9)3 4. )

2! 3!

where

7222
a(f) =i0 — <ﬁa7 Zy + 2 )me3+ (%ﬂ' Z, + ﬁaT 2, —|—%7’ Z >n94—|—0(n95)

Therefore we have

P +6o . )
Iy = = exp(nha (24 +i0)g(z,e")db
2w —6o
zge™halza) b0 222 a(9)2 a(9)3 0
= T/—eo exp( 0) 1+ a(f)+ 51 + 3 + - ] g(zqe")db.

With the change of variable 6 = we rewrite

w
Tazay/n’

iw 1Y iwd 3B 7T 1 \w w®

«O =0 = - () S (e 3 ) o (R
iw / ; 1" / 2 3

g (semre) = g(zaHMﬂ_(ff <Za>+9<2a>>W_+O<w )

Ta /N 272 2722, ) n ny/n
and
enha(za) +wo w2 n(w)2 n(w)i’) i
I — R 1 v ( -raza\/ﬁ> d
* = Srrevn o, eXp( 2 > T+ o g e g (e v

1
where w, = 7,240 70.
Each term of odd degree of w in

2 3 iw
<1 +n(w) + 77(;) + 77(;0') + - ) g (zaefazwﬁ)]

contributes nothing to the integral. Thus

nha(za) +wo 2 1
Iy = ¢ exp <_w_> <A+Bw2+0w4+Dw6+O<m>>dw

27 Ta/ N0 2
enha (2za) +o0 w2 N 4 6 1 12
= i [/_OO exp <—7> (A—I—Bw + Cw” 4+ Dw —|—O<F>>dw+0<e 2 )]

18



where

A=g(z), B= _% <g//(za) n 39 (za) N Q(Za)> |

272 2722, 27222
1 Ba 1 584 19
C== (g (2
n <g (%) <Ta + 27'37:@) +9(za) <%L + 2T 020 + 247222 ’

o- A2 ()

2TuZa

and

Using the fact that

/_;OO e_§x2k = 7215(12;{:()]{:) \/%,
we finally obtain
e"h“(za) 1 _raza 1/5
b= P (amsop o (L) vo (<))

n2

_ g(zu)e”hdzﬂ[ 1<3ﬂag/<za)_ 9" (7a) _1553> <1>]
i | gl 2290 T 2 ) TOGR))

It is easy to see that the main contribution to the large deviations comes from Iy. Thus we
only need to show that I; is small.

We compute a bound on |I;], and we show that it is exponentially smaller than Ij.
For this, we need to first consider M (z), the probability generating function of non-empty
language M. Clearly, all coefficients of M(z) are non-negative, and M (z) is aperiodic
by Lemma 4 in Appendix D. By the non-negativity of coefficients and aperiodicity, the
function |M (z,e%)| is uniquely maximum at § = 0. It is also infinitely differentiable at
6 = 0. Consequently, there exists an angle 61 € (0, 7) such that

‘M(zaew)‘ < ‘M(zaewl) for 6 € [01, 7],

and | M (z,e%)| is decreasing for 6 € [0,6;]. Thus, for large n,

‘M(zaew)‘ < ‘M(zaewo) for 0 € [0y, 7]

since fg = n~2/5 < 0. Therefore, for € [fy, 7],

_ (MG [

n - n
Z[l Z[l

enha(zaew) nha(zaeieo)

= |€

)

and this leads to

o || e gtz s < T | ferneteee] as
27 6o 2T 0o
< za-maw(g) /7T enha(zaeieo) do
2w 0o

2

. Za(ﬂ-_HO)'max(g) Tazg 1/5 -1/5
= o -exp | nha(zq) — 5 n +O<n >

= 0O (Io . e_cnl/5>
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where mazx(g) is the maximum of |g(z,e)| for @ € [fp, 7] and c is a positive constant.
Similarly,

1 —bo i . . 5
o / ¢halzae 9)g(zae’9)zae’9d0‘ =0 (Io emen' ) .
7T —T
Thus,
1 i h 10 i0 i0 1 —bo h 10 i0 i0
in| < 5 / e"ha(zae )g(zaez )2q€" d@‘ + 5 ‘/ enha(zae )g(zaez )zq€ d@‘
6o -7

= O(to-e™"),

that is, |I1] is exponentially smaller than Ij.
Putting everything together, we obtain

" [u) T (z,u) = Ip+1 =1 (1 +0 (6_0”1/5»

9(zq)ehalze) { 1 <3ﬁag'<za>  g"(%) - 15%) (Lﬂ
TaV 27N 1+ n \ Ta9(zq) 2729(2a) 9% o n? ‘

Finally, we are ready to compute P(O,(D,) = na). By (16),(31), and the above,

P(O,(D,) = na) = (][] T (2, )

[z"|T(2,1)
_pB’(p)g(za)e_"I(“) 1 (30849 (za) 9" (za) 1532 1
= [ (s - ey w5t ) ro ()| @

where I(a) = —logp — ha(z4), which is positive. This establishes part (iii) of Theorem 2,
where the constant ¢y can be extracted from the above.

Appendix
A The Root of B(z) =1

The lemma below shows that a unique positive real root of the equation B(z) = 1 has
the smallest modulus among all complex roots, which is needed to derive the asymptotic
formula for P(D,,) and the moments of O, (D,,) in Section 3.1.

Lemma 2 The equation B(z) = 1 has one positive real root p that is greater than 1. All
other roots p' satisfy |p'| > p.

Proof: By definition, B(z) := p?qzdt! 4 p@H1qzdt2 4 .. + pFgzFtL Let f(2) = 1— B(2).
Then, we observe that f(1) = 1 — B(1) > 0 and len;o f(z) = —oo. We also see that
f'(z) = =B'(z) < 0 for z > 0, that is, f(z) is a decreasing function. Therefore, f(z) = 0
has one real root on (1, 00).

Let p be the real root, and let h(z) =1 and g(z) = —B(z). Now let’s consider a closed
contour C' = {z : |z| = p — €} where € is an arbitrarily small positive constant. At points
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on C we have

lg(2)]

d+1 ’d+2 ’k-i-l

Pl 4+ pT gl 2| - pPglz
d+1 d+2

= plalp— )™ +palp— )P+ +pFalp — )

plap®t 4 ptt gt g gt

1

= [n(2)].

IN

k+1

A

Thus, by Rouché’s theorem [9] f(z) and h(z) have the same number of zeros inside C, that
is, f(z) has no root inside C. Therefore, All other complex roots p’ satisfy |p'| > p.

Suppose that another complex root p’ satisfies |p/| = p, that is, p’ = pe? for some 6.
Then

1] = [B()|
— ’pdqu—‘rlei(d—l-l)e+pd+1qu+2ei(d+2)0_i_'”_'_pkqpk—l-lei(k—i-l)@‘
< pdqu+1’ei(d+l)9’—|—pd+lqu+2’ei(d+2)0’+---+pkqpk+1’ei(k+l)6’
= plgp®tt 4 pttlgpt? .. g phg okt

= 1

But, in the third line, the equality holds only when # = 27 for some integer j. Thus p’
must be a real root, which is p. Therefore, All other roots p satisfy |p’| > p. [

B The Root of D(2) =0

The lemma below shows the existence of the positive real root of the equation D(z) = 0
which is needed in the proof of Theorem 2(i).

Lemma 3 The equation D(z) = 0 has at least one positive real oot T, which is greater
than p.

Proof: For 0 < z < p, we observe that D(z) := S(2)(1 — B(2)) + 2™P(w) > 0. It
follows from the fact that S(z) > 0 and 1 — B(z) > 0 (for 0 < z < p), D(0) = 1, and
D(p) = p™ P(w).

Now let us consider when z > p. Let m’ be the length of the pattern over the extended
alphabet Bgy. Notice that d + 1 < % < k + 1. Firstly, let us assume m’ = 1, that is,
d+1<m <k+ 1. Then, since S(z) = 1 and P(w) = p™ g,

D(z) =1— B(2) +p™ tgz™.

Thus, D(z) — —o0 as z — oo because B(z) has at least two terms, and one term in B(z)

m—1

cancels out p™~"qz™. Therefore, there exists at least one real root on (p, ).
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Now we can assume that m’ > 2, and first consider when % is either d + 1 or k + 1,
that is, the pattern is periodic. If .77 = d + 1, then

D(z) = S(z2)(1 - B(2)) + P(w)z"
= S(2)(1 = plgz") + P(w)z" — S(2)(B(z) — pqz"t)
= (1 + plgzdtt 4+ (pdqzd+1)2 IS ( dqzd+1>m _1> (1 = plg=t+1) + (pdqzd+1>m
—S(2)(B(2) — pqzt)
= 11— 5()(B(2) - pigat).

/

Thus, again D(z) — —oo as z — oo. The same is true when ™ = k + 1. Therefore, there

exists at least one real root.
Next, we consider when d +1 < 77 < k + 1, and we show that D(z,) < 0 for some
positive z,. Let us define two integers, £ and u. Let £ be the largest integer less than 7.

Similarly, let u be the smallest integer larger than .
D(z) < 1-B(z)+z2z"P(w)
= 1 (gt g 4 g m (B(z) — p'~ gz — pt~lgzt)
= (1 - plgf) (1 — prlgay) — ptruT2g b 4 g gm (B(2) — p*~ gzt — p~lgzt).
If m = ¢ + u, then m’ must be 2. Thus,
D(z) < (1-p"lg2")(1—p"gz") — (B(2) — p 1z — p" gz,

and either z, = (pg_lq)_% or z, = (p“_lq)_% makes D(z,) < 0.

m—m' m’ .m (+u—2 2 0+u

If m # £+ wu, then we choose z, as the root of the equation p qvZ"=p q°z

That is,
1
2o = <p€+u—2—m+m q2—m > m—l—u )
Then, /
oy () R
plgzt = pz—1q<p£+u—2—m+m 2 ) _ <2_9>
Similarly,
“ umlfm[(ufé)
p— _ _9__ / _ / m——C—u p m—L—u
pu 1ng :pu 1q<pé+u 2—m+m (]2 m) — <§>
Thus,
D(z) < (1-p"'qz0)(1 —p""'qz) = (B(z) — " 'az5 — " 'a28)
< (1-pTlaz) (- p lez)
q\" p\’
- (-G)0-G))
p q
where z = m_fnm_,g_(z 9 and Y= W. We can see that both numerators in x and

y are positive. Indeed, we consider two cases. First, if . is an integer, then ¢ = % — 1,
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u="2+1 and u—¢=2. Thus,m—¢m' —(u—0)=m'—2>0and um' —m — (u—{) =
m'—2 > 0. Otherwise, if 1% is not an integer, then m—¢m’ > 1, um’ —m > 1, and u—{ = 1.
Thus m —4m' — (u—€) =m—4¢m’—1 >0 and um’ —m — (u—¢) = um’ —m —1 > 0. Both
x and y have the same denominators, and consequently both have the same sign.

Let us assume that both = and y are positive. Then, D(z,) < 0 because

x Yy
1_<g> <0 and 1—<E> >0 if
p q
a\” P\’
1—<—> >0 and 1—<—> <0 if
D q

Similarly, it is also true that D(z,) < 0 when both z and y are negative.

Hence, there always exists a positive z, such that D(z,) < 0, and consequently there
always exists at least one positive real root on (p, z,).

Therefore, there exists at least one positive real root, which is greater than p. |

>1

9

IR

and

< 1.

IR

C Proof of Lemma 1

Here we present the proof of Lemma 1 used for the large deviations results of Section 3.4.

We first describe the conditions on a. It is clear that 0 < a < 1 since the number of
occurrences cannot be greater than n, the length of a text. More precisely, ¢ must satisfy
one of the following conditions:

(i) the pattern is not self-overlapping and a < %
(ii) the pattern is self-overlapping and a < %

where m is the length of the pattern, and r is the length of the shortest nonempty word in
the autocorrelation set S.
Now we show the existence of the real root z,. By the definition of h,(2),
, aM'(z) 1
he(z) = M) 2
—D(2)* + (azB'(2) + 1 — B(2))D(z) + az(1 — B(2))D'(2)
2D(2)(D(z) — 1+ B(2)) )

We notice that the denominator is always positive for 0 < z < p.
Let us define f,(2), a function of a real variable z, as the numerator of h/ (z), that is,

fa(z) = —=D(2)* +(azB'(2) + 1 = B(2))D(2) + az(1 - B(2))D'(2)
= {(1-5(2))8(2) +az8'(2)}(1 - B(2))”
+2"P(w){azB'(z) + (1 — 25(2) + am)(1 — B(z)) — 2" P(w)}.

We find that
fa(p) = p™ P(w) (apB'(p) — p" P(w)) >0 (33)
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since, for large n,

o= (146 BOD g P <1 _0 <l>> " ),

n B'(p) n))” B
Firstly, we consider when the pattern is not self-overlapping, that is, S(z) = 1. Then,
fa(z) = 2" P(w){azB'(2) + (am — 1)(1 — B(z2)) — 2™ P(w)}.

The term of the smallest degree in f,(z) is (am — 1)P(w)z™, and its coefficient is negative
since a < L. Thus, there exists a sufficiently small € > 0 such that f,(e) < 0.

By (33) and above, f,(z) has at least one real root z, between 0 and p. Therefore, there
exists a real root z, of hl,(z) = 0.

Secondly, we consider when the pattern is self-overlapping, that is, S(z) # 1. Then,
there exist non-constant terms in S(z). Let r (0 < r < m) be the smallest degree among
them. That is,

S(z) =14 ¢.2" + (higher order terms),

where ¢, is a positive constant. Then, the term of the smallest degree in f,(z) becomes
(ar—1)c,2", and its coefficient is negative since a < % Similarly to the first case, we get the
same result. Therefore, there exists at least one real root between 0 and p. The uniqueness
comes from this result and part (ii) in the lemma because h/,(z) is continuous on z € [0, p].

Next, we prove part (i) of Lemma 1. Let z, be the real root of h/(z) = 0. Then, by
definition,

, _aM'(z,) 1
ha(2a) = M (zq) Za 0,
and this leads to
M) 1
M(z,)  azq

On the other hand, we can write M (2) = ), piz* with p; > 0 since M (z) is the probability
generating function of language M. Then,

M'(zq) > oi>0 ipizi !
M (z,) Zizo pizt

1 200 ipiz,
Za Zizo pizl

_ Ny pize
Za 30 ijol’)jzé
1
Za

where X is a random variable which has the following distribution function:

PT‘(X:Z'):% for ¢ >0.
ijo Djza
Therefore, in other words, z, is the real value that makes E[X]| = %
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Now let us compute h(z,). We have

"(2)M(z) — aM'(2)*
ey = CMIEME) a1

M(z)? 22
_aM'(x)  (M'(2)\* 1
- MG <M(z>> "z
2
- %E[X(X—l)]—a<%i(]> +é
- % (E[X2] - E[X]2) - %E[X] +%
= 2 vVar[X]

Therefore, h!!(z,) > 0 because definitely the distribution is not concentrated at one value.
This proves part (ii) of Lemma 1.

Finally, we know that hy(p) = —logp and hl(z) > 0 for 2z, < z < p. Therefore
ha(zq) < he(p) = —log p. This completes the proof of Lemma 1.

D Aperiodicity of M(z)

The lemma below shows that the probability generating function of a language M is ape-
riodic, which is useful to derive the large deviations results in Section 3.4.

Lemma 4 M (z) is aperiodic if the length of the pattern w over the extended alphabet Bgy,
1s greater than 1.

Proof: Let By, = {84, 8d+1, -+, 0k} and £ be the length of w over Byy (¢ > 2). We
consider two cases - when some super-symbols of B, do not appear in w and when all
symbols appear in w.

Let us prove the first case. Let 3; be the symbol that does not appear in w. Then,
definitely both 3;640;,w and B;84118;w are in M, and their difference in length is 1.

Now we prove the second case, that is, when all symbols of B, do appear in w. For
this, we consider three sub cases and find two words in M, which differ by 1 in length for
each case:

Case (i) |Bgx| > 3:
Let uy = Bq--BaBafa-- Baw and us = By BqPar1 Ba- - Bgw. Then, w occurs in w - u;
—_—— N——— —_—— ————

4 l l l
only at the left and the right ends because the occurrence of w elsewhere implies that
w = By B4, which contradicts the assumption that all symbols appear in w. Similarly, w
N—_——

¢
occurs in w - ug only at the both ends. Otherwise, w must have only one or two kinds of

symbols, which contradicts the assumption. Thus, both u; and us are in M.

Case (ii) [Bgx| =2 and £ > 3:
Let 3; be the symbol that appears more than once in w. Then, by the similar argument to
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the first case, 3;---3; 8; 3;---B;w and B;---3; B; Bj--- Bj w are in M, and their lengths
—— N — —— N —

differ by 1 becauseé B; and ﬁjéare the only S}fmbols in Bzdvk.
Case (iii) |Bgqx| =2 and £ = 2:
There are only two cases. That is, w = G40 or w = (4. Definitely, for both cases, Gqw
and SBpw are in M.

In summary, in M, there always exist two words whose lengths differ by 1. Therefore
M (z) is aperiodic. ]
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