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Abstract

We develop a framework using Hilbert spaces as a proxy to analyze PAC learning problems with
structural properties. We consider a joint Hilbert space incorporating the relation between the true label
and the predictor under a joint distribution D. We demonstrate that agnostic PAC learning with 0-1
loss is equivalent to an optimization in the Hilbert space domain. With our model, we revisit the PAC
learning problem using methods based on least-squares such as Lo polynomial regression and Linial’s
low-degree algorithm. We study learning with respect to several hypothesis classes such as half-spaces
and polynomial-approximated classes (i.e., functions approximated by a fixed-degree polynomial). We
prove that (under some distributional assumptions) such methods obtain generalization error up to 2P,
with P,,; being the optimal error of the class. Hence, we show the tightest bound on generalization error

when P, < 0.2.

I. INTRODUCTION

We study binary classification using polynomial regression from the agnostic PAC learning perspective
[1], [2]. In this problem, multiple training instances are generated IID according to an underlying
distribution D on the feature-label sets X' x {—1,1}. In addition, we are given a hypothesis class with
respect to which the learning process takes place. If P,y is the minimum error attained using the given
class, then the objective of the learning algorithm is to output, with high probability, a classifier whose
generalization error is not greater than P, + €.

To gain computational efficiency or analytical tractability, many conventional learning methods such
as support-vector machine (SVM) rely on intermediate loss functions other than the natural 0 — 1 loss.

Square loss is an example that is a basis for Lo-polynomial regression or another variant of SVM known



as LS-SVM [3]. The well-known “low-degree” algorithm [4] is also known to be in this category of
algorithms [5]. Such methods have been analyzed for many PAC learning problems. Under the realizability
assumption where P,,; = 0, the £o-polynomial regression and the low-degree algorithm are PAC learners
for a variety of hypothesis classes [6]-[8]. Under the agnostic setting where P,, > 0, the current
results are not that promising. The best known results for £o-polynomial regression (and the low-degree
algorithm under the uniform distribution) are 8P,,; and i + Popt(1—Pgpe) for classes such as half-spaces
or polynomial-approximated classes [2], [5].

In this paper, we develop a framework using Hilbert spaces as a proxy to analyze such problems. We
consider a joint Hilbert space incorporating the relation between the true label and the predictor under
the joint distribution D. This is unlike conventional analysis using Hilbert spaces that focus only on the
predictors with marginal Dy on the features. As a byproduct, we improve the above mentioned bounds
and show that the generalization error of Lo-polynomial regression and the low-degree algorithm is less
than 2P,,;. This bound the improves upon the previous bounds when P,,; < 0.2. We show that methods

based on square loss are suitable for learning classes with appropriate geometrical properties.

A. Our approach

We develop our framework by constructing two Hilbert spaces one with respect to the true underlying
distribution D and the other with respect to the empirical one. The first one is L2(D), that is all real-
valued functions f on X x ) such that E[f(X,Y)?] < oo. The second one is L£o(D) with D being
the empirical distribution of the training set. With this formulation, the true label Y and the training
labels are understood as a member of these spaces. With this formulation, the generalization error of any
classifier ¢ equals 1Y — CH% p- Similarly, when the distance is calculated in the second Hilbert space, we
obtain a characterization of the empirical error. Hence, minimizing the generalization (or empirical) error
is equivalent to minimizing the distance between Y and the classifier ¢ in the first (or second) Hilbert
space. We argue that the mentioned hypothesis classes have appropriate structures using that allows us to
drive lower bounds on its minimum error P,,;. For instance, given &, the polynomial-approximated class
is characterized by the subspace of L2(D) spanned by polynomials of degree up to k. With this structure,
finding P, is equivalent to finding the minimum distance of Y to the subspace spanned by polynomials
of degree up to k. As for the learning algorithms, we argue the low-degree algorithm and £s-polynomial
regression have suitable structures using which we drive our upper bounds on their generalization errors.
For instance, in the case of L2 polynomial regression, the error of any classifier of the form sign[p(z)—¥6],
with 6 chosen appropriately, is bounded from above by 3||Y" — p||3. Hence, minimizing the squares-loss

as in Lo-regression yields an error less than 2P ;.



B. Summary of the Results

In this work, we first present a more general version of the low-degree algorithm incorporating non-
uniform but product probability distributions. We refer to this generalization as Fourier algorithm. With
our framework, we study learning with respect to three well-known hypothesis classes. The first class
is half-spaces consisting of all the Boolean-valued functions of the form c¢(x) = sig;n[z;l:1 wjxj — 0.
The second class is called polynomial-approximated functions. Given a positive integer k and € > 0, it
consists of Boolean-valued functions that are approximated by a degree k£ polynomial with square error up
to €2. The thirst class is a generalization of the second. We use our framework to analyze learning these
hypothesis classes using Lo-polynomial regression and the Fourier algorithm. Below, is the summary of
our results:

1) The L2 polynomial regression with degree k outputs a hypothesis g whose generalization error has

the following properties:

« For learning polynomial-approximated classes, it is less than 2P,,; + 3¢ (Theorem 1).
« For learning half-spaces, when the marginal Dy is uniform over the unit ball in RY, it is less than
2Popt + 3¢ (Theorem 3).
« For learning generalized concentrated classes , under any distribution, it is less than 2P,,; + €
(Theorem 4).
2) If the marginal Dy is a product probability distribution on {—1,1}%, then with probability (1 — §),
the Fourier algorithm outputs a hypothesis such that its generalization error is less than 2P,,; + 2¢ for

learning polynomial-approximated classes.

C. Related Works

The low-degree algorithm is introduced by [4] with PAC learning guarantees under the uniform
distribution over {—1,1}¢. This algorithm which is based on the Fourier expansion on the Boolean
cube has been used for in various problems [6], [8], [9]. The L5 polynomial regression along with its £
counterpart is introduced by [5] for learning with respect to polynomial-approximated classes, k-juntas,
and half-spaces. Learning with respect to such classes has been studied extensively in the literature [5],
[10]-[12]. Among such classes, learning with respect to half-spaces is the most challenging. In the case
of proper agnostic PAC learning, where the algorithm’s predictor must be a half-space, it is an NP-
hard problem [13], [14]. Even without the proper restriction, the problem is NP-hard. That said, under
distributional assumptions, polynomial time algorithms are introduced [5], [15], [16]. Among them are

the improper learning algorithms based on regression methods such as £ or Lo polynomial regression



[4], [5]. In particular, [5] proved that £; polynomial regression learns a range of hypothesis classes such

as half-spaces (under distributional assumptions) and polynomial-approximated classes

II. PRELIMINARIES

Notation: The input set is denoted by X’ which is a subset of R¢ for some positive integer d. The output
set is denoted by ) which is a subset of R. In binary classification ) = {—1,1}. For shorthand, the
random vectors in R? are denoted by X = (Xj, Xo, ..., Xy). Further, for any ordered subset J = {ji,
J2,"*»jm}» by X7 denote the random vector (Xj,, Xj,,- -+, X;,.). Similarly, by 27 denote the vector
(xj,,xj,, -+, xj, ). For a pair of functions f, g on X, the notation f = g means that f(z) = g(z) for all

x € X. Lastly, for any natural number ¢, the set {1,2,---,¢} is denoted by [/].

A. A Hilbert Space Representation

We first develop a Hilbert Space formulation for the binary classification problem. Let D be a joint
probability distribution on the input-output set X’ x ). In this paper, it is assumed that the marginal Dy
of any joint distribution D on & x ) has finite moments. Consider a Hilbert space of all real-valued
functions f : X x )+ R which are £5(D), that is Ep[f(X,Y)?] < co. The inner product between two

members f, g is defined as
{f.9) £ Ep[f(X,Y)g(X,Y)].

Given any integer p > 0 and distribution D, the p-norm of a function f is defined as

1fllp.p 2 (Eplf(X,Y)])"P.

Given any training sample S = {(x;,4;) : i = 1,2,...,n}, let D denote its empirical distribution, that
is a uniform distribution on S and zero outside of it. Associated with this distribution, we consider the
Hilbert space Lo(D) with the inner product and norms defined based on the empirical distribution D.
We use this formulation to study the binary classification problem where ) = {—1,1}. Therefore, the

generalization error of any predictor ¢ : X — {—1, 1} can be written in terms of the inner products as

1 1 1
Pp{y # e(X)} = 5 = ~(V.0op = £V -~ cl3p, ()
2 2 4 ’
where, with slight abuse of notation, Y is understood as the mapping (x,y) — y and c is understood as
a mapping on X x ) which depends only on X. Similarly, the empirical error of ¢ is equal to
11
2 2

. 1
Py #e(X)} = 5 = 5% 05 = 7Y =2 .

The goal now is to derive bounds on the minimum generalization error when learning with respect to

various hypothesis classes. In Section III we describe Lo-polynomial regression and the Fourier algorithm,



in Section IV we study polynomial-approximated classes, and finally in Section V we discuss half-spaces,

and more general hypothesis classes that have structural properties.

III. PAC LEARNING WITH L9-POLYNOMIAL REGRESSION

We employ a PAC learning algorithm using £o-polynomial regression. Given a training set, the objective
of the polynomial regression is to minimize the empirical square loss over all polynomials of degree up
to k. This process can be implemented by stochastic gradient descent or by solving a linear system of
equations. We describe how this polynomial regression can be used for PAC learning. Let p be the output
of the polynomial regression. The idea is to shift the polynomial p by a threshold 6 and take its sign.

This process is demonstrated as Algorithm 1.

Algorithm 1 PAC Learning with L£o-Polynomial Regression

Input: Degree parameter k, and training samples {(x(7),y(i)),i € [n]}.

1: Find a polynomial p of degree up to k£ that minimizes
1 . A 2
3 () — p(x() .
i

2: Find 6 € [—1, 1] such that the empirical error of sign[p(x) — ] is minimized.

3: return § = sign[p — 0].

A. Fourier-Based Learning Algorithm

We present another variant of £y polynomial regression, known as the low-degree (Fourier) algorithm
[4]. Although this algorithm is more efficient than the polynomial regression, it requires binary input set
X = {—1,1}% The low-degree algorithm was originally designed for uniform distribution on the Boolean
cube. In this paper, we present a more general version of it for incorporating non-uniform but product
probability distributions on {—1,1}% [17]. In this approach, the objective is to find an estimate of the p*
polynomial that minimizes the square loss ||Y" —p*|[2,p under the true distribution. This method is based
on the Fourier expansion on the Boolean cube [18] and is summarized in the following.

Under product probability distribution on {—1,1}%, any bounded real-valued functions can be written

as

fx) = > fs vs(x),
scld]



where fs’s are the Fourier coefficients and calculated as fs 2 (f,s) for every subset S < [d]. Further,
the parity s is a monomial defined as
Ti—
vslo) = [=57
JES J
with p; and o; being the mean and standard deviation of the X, respectively. As the distribution is
unknown, these quantities are estimated in the algorithm.
As a result, we can write the Fourier decomposition of the optimal polynomial p*. For that, we have

the following statement:

Fact 1. Let D be a probability distribution with the marginal Dy that is a product probability distribution
on {—1, 1}d. Then, the optimal polynomial p* admits the following Fourier decomposition
pr= ). (YVws) vs.
Scldl|S|<k
With that decomposition, the idea behind the Fourier algorithm is to compute an empirical estimate

of (Y, 1s). This is demonstrated as Algorithm 2.

Algorithm 2 Fourier-Based Learning
Input: Training samples {(x(i),y(7)),i € [n]}.

1: Compute the empirical mean fi; and standard deviation 6; of each feature.

Tji—Hj

2: For every S < [d] with |S| < k, construct the empirical parity as Vs(x) =] jes 5

3: Compute the empirical Fourier coefficients ag, for every S with at most k£ elements, as

4: Construct and return the function f[y as

My(x) 2 Y ass(x).

S:|S|<k

In the following lemma which is proved in Appendix A, we derive bounds for estimating the optimal

polynomial p*.

Lemma 1. Let D be a probability distribution with the marginal Dy that is a product probability

distribution on {—1,1}%. Given § € (0, 1), with probability at least (1—§), the following inequality holds

~ dkck 4dk
* Tyl < 1 , 2
Ip* — Ty 2 O(\/<k_1>!n og <k—1>!5> )

where ¢, & maxsg[ngKkHi/)SHgo and n is the number of samples.




IV. POLYNOMIALLY APPROXIMATED CLASS

In this section, we study agnostic PAC learning with respect to concept classes whose members are
approximated by fixed-degree polynomials. We adopt the Hilbert space representation in Section II-A to

analyze PAC learning using Algorithm 1 and 2. We start with the following formulation:

Definition 1. Given ¢ € [0,1], £ € N and any probability distribution Dx on X, a concept class C of
functions ¢ : X — {—1,1} is (e, k)-approximated if
. 2 2
sup inf E|(¢(X) — p(X < €%,
up inf B[ (e(X) - p(X)’]

where Py, is the set of all polynomials of degree up to k.
We consider agnostic PAC learning with respect to C and under the 0 — 1 loss function. The minimum
generalization error and empirical error of C are, respectively, defined as
Popt £ min Pp{Y # ¢(X)},
ceC
ISOpt a minﬁ”ﬁ{Y # c(X)}.
ceC
We use the Hilbert space representation in Section II-A and provide a lower bound on P;.
Lemma 2. The minimum generalization error attainable by any (e, k) concept class C is bounded from
below as

Popt = ‘1,D — €,

]' *
- §Hp

N

where p* = argmin cp Ep|(Y — p(X))2]

Proof. From (1) the 0 — 1 loss of any function ¢ € C can be written as P{Y # c(X)} =1-Lyo.

Let p € Py, be such that ||c — p||2,p < e. Then, by adding and subtracting p, we obtain that
Y.0p =, p) +<Y, (c=p))
<Yp)+ Yzl —pll2 < Yop) +e, (3)

where the first inequality follows from Cauchy—Schwarz inequality and the second inequality follows
because ||Y||]2 = 1. Note that Py, the set of all polynomials on X with degree upto k, is a (finite
dimensional) subspace inside the Hilbert space Lo(D). Therefore, it has an orthonormal basis denoted

by {Uy, ¥y, ..., ¥,,}, where m is less than O(d¥). As a result, the polynomial p can be written as
p =270 {p, V;)¥;. Hence,

<Kp> = 2@7 \Ijj> <Y7 \I/j> = <Hy,p>,
j=1



where Iy = 2;"21<Y, U)W, is the projection of Y onto this subspace. Consequently, from the above

equality and (3), we obtain that
Y00 <ly,p)+e={ly,c) + Ay, (p—c¢)) + ¢
<y, ) + [y |l2]lp — cll2 + ¢
< Oy fly + [y fl2llp —cll2 + €
< ||y ||1 + 2e,

where the second inequality follows from Cauchy—Schwarz inequality, the third one holds as |c(x)| = 1
and the last inequality follows from Bessel’s inequality, implying ||IIy||2 < 1, and the assumption that

lp — ¢||2 < e. Next, we proceed with the following fact about the projection.
Fact 2. 11y the projection of Y onto Py is the polynomial minimizing ]E[(Y — p(X))g] over all p € Py.
The proof is complete by the following fact implying that I1y = p*. O

We show in Section III-A that the lower-bound in Lemma 2 helps to prove our results for the low-degree

algorithm.

A. PAC Learning Bounds
Next, we analyze Algorithm 1 and 2 for this class and prove the first main result of the paper.

Theorem 1. Given ¢ > 0 and k € N, the degree k Lo polynomial regression agnostically PAC learns

any (e, k)-approximated concept class with expected error up to

2 dk+1 en
2Popt + 3¢ + \/ - log JRET

where d is the number of input variables and n is the sample size.

Proof. To derive an upper bound on the empirical error of §, we first consider a weaker version of the
algorithm. The idea is to select § randomly instead of optimizing it as in the algorithm. For that, we

establish the following lemma.

Lemma 3. Suppose 6 is a random variable with the probability density function fyg(t) = 1 — |t

, for
€ [—1,1]. Then, the following bound holds for any polynomial p

o [B{Y # signlp(X) — 01} | < IV ~ I,



Proof. Note that y # sign(p(x) — 0), if 6 is between y and p(x). Hence, the expected empirical error of

sign[p(X) — 0] with respect to the random 6 equals to
Ey [ED{Y # sign[p(X) — e]}]
1 .
= ZEe[ﬂ{yi # sign(p(xi) — 0)}]

%ZP{H € [p(x:), v:] U [yi,p(xz‘)]} : S

P;

Next, we show that P; < 1(y; — p(x;))? for all (x;,y;)’s. Suppose y; = 1. If p(x;) > 1, then P; = 0 as

6 < 1. If p(x;) € [0,1], then
1

P = B{f ¢ [p(x).1]} = f (1—t)dt

p(x;)

If p(x;) € [—1,0], then

p(x;
1 0
=5+ Jp(Xi)(l + t)dt
— % — p(xi) — %(P(Xz‘))2
< S+ Ip()I) = 5 (i — plx)

Lastly, if p(x;) < —1, then ; = 1 because # > —1. In this case also P; < 3(y; — p(x;))%. The case for

y; = —1 follows by symmetricity. Hence, we obtain the following inequality
Eo[B{Y % 9(X)}] < L5 L pixn)?
0 g S i 9 Yi —P\Xi)) -
The proof is complete by noting that the right-hand side equals to %HY - PH; b O

Consequently, from the lemma and due the fact that # in the algorithm is selected to minimize the
empirical error, we obtain that

~

R 1 .
P{Y # 90} <5V =5l . )

where p is the output of L£a-polynomial regression and § = sign[p — 6], as in Algorithm 1. Let ¢* be the

predictor with minimum generalization error in the (e, k)-approximated concept class. Let p be a degree



k polynomial such that ||c* — p||2 < e. Since p minimizes the empirical 2-norm, then the right-hand side
of (5) satisfies
1 2

SIY =5

1 2
> < SIY =913 5. (6)

2,D =
We proceed by taking the expected error of the empirical error with respect to the random training

samples. From (5) and (6) we obtain the following inequalities

) ) 1 1
B[B{y # 900 }| < SE[IV =12 5] = 51V — 5" 1B

(@1 . . % 2
< S(IY = llen + 5" = ¢*ll20)
1 " 2
<5(IV = llon +¢)
®1
< 3 (HY — C*H%’D + 4e + 62>
(c) 5
< 2Popt‘ + 56’ @)

where (a) holds from Minkowski’s inequality for 2-norm, (b) holds as ||[Y" — c*||2 p < 2, and (c) holds
because of the second equality in (1) and that P,,; = P{Y" # ¢*(X)}.

Next, we connect the empirical error of § to its generalization error. Note that the Vapnik—Chervonenkis
(VC) dimension of all functions of the form sign|[p| for some polynomial of degree upto k does not exceed
d**+1. Therefore, from VC theory ( See Corollary 3.19 in [19]) for any §, with probability at least (1 —¢),

the following inequality holds

B{Y # 300} < BY #3500} + 420 10g

log
2n

=

+

®)

Set § = exp{—%neQ}. Therefore, the proof is complete by taking the expectation and combining it with

the last bound in (7). ]

PAC bounds for the Fourier algorithm: Next, we employ a low-degree (Fourier) algorithm (Algorithm

2) for PAC learning with respect to the polynomially approximated hypothesis class.

Theorem 2. Let D be a joint probability distribution with marginal Dx that is a product probability
distribution on {—1,1}%. Then, for any § € [0,1], with probability at least 1 — 6, the Fourier-based

algorithm agnostically PAC learns any (€, k)-approximated concept class with generalization error up to

dkey, 4dk
2Popt+2e+0(\/(k_1)!n log (k—l)!é)’ )

10



A
where cj, = maXSg[d]7‘S|<kHw$||gO'

Proof. We prove the theorem by characterizing the effect of 2-norm estimation on the error probability.

Let

p* = argmin||Y — p|3 p.

PEPk

From the second equality in (1), the generalization error of ¢ in Algorithm 2 satisfies
. 1 .
P{Y #9(X)} = 2V =gl p
1 * * ~ 2
< (1Y =p*l20 + Ip* = gll2.0)
1 .
<5 (I =p"13.0 +lIp* = 3l3n). (10)

where the inequality follows from Minkowski’s inequality for 2-norm. Observe that (10) is an upper
bound on the generalization error in terms of 2-norm quantities. Since p* minimizes the square loss, the

first term in (10) equals

Y —p*

50 =1-p"[I3.

We proceed by bounding the second term in (10). From Minkowski’s inequality for 2-norm and by adding

and subtracting IIy as in Algorithm 2, we have that
lp* = 9113 < llp* — Iy |3 + |1y — 313
+2|[p* — Ty |2 Ty — g]]2- (11)

The first term in (11) is bounded from Lemma 1. As a result, ||p* — [Ty |2 = ¢/, where

dkck 4dk
!/
n = O(\/(k: “1yin %8 (= 1)!5)’

with probability at least (1—0). As for the second term in (11), we use the identity |h—sign[h]| = |1—|h||

for any function h. Therefore, as §j = sign[IIy], we obtain that
10y = 33 = E [ (1 = 1Ty (X)))?]
= 1+ [Ty |5 — 2(|Ty |1 (12)

Next, we show that the third term in (11) is less than 4¢/,. It suffices to show that ||y — §||2 < 2. For

that, we use the equality in (12). By removing the last term in (12) and taking the square root we have

Iy — gll2 < /1 + LIy [13.

11



From the Minkowski’s inequality we have that
My ll2 < [lp*]l2 + lp* — Ty |2
<[Pz + e <1+

Hence, we get the desired bound ||TTy — g2 < 4/1 + (1 + ¢,)2 < 2, assuming that ¢/, < 1/3. Combining

the bounds for each term in (11), we get
lp* = 3lI3 < e + 1+ [Ty |3 = 2/[Thy [l + 4e],
<1+ ||y [l3 — 2| Ty |1 + 5¢,.

We plug this inequality in (10). After rearranging the terms by adding and subtracting ||p*||1, we obtain

the following inequality
. 1
P{Y # 50} < 5(2=2p" 1 +5¢,
+2([lp* | = 1Ty 1) + (T |13 - ||p*||§))
< 2Popt +2e + 56;“

where the last inequality follows from Lemma 2 and the following argument for bounding the last two
terms in the first inequality:

For the 1-norm difference, the Minkowski’s inequality for 1-norm gives
™l — 1Ty [l < [lp* = Ty 1 < [lp* = Ly [l = €,

where the last inequality follows from the Jensen’s inequality implying that ||-||; < [|-]|2.

For the difference of square of 2-norms, we apply the Minkowski’s inequality for 2-norm and obtain
Ty (13 < [Ip*[13 + [lp* = Ty [13 + 2[p*[|2]lp* — Ty |2
< Ip*[13 + 3€7,-
where the last inequality holds as [[p*||2 < 1. O

We end this section by presenting a simplified result of Theorem 2.

Corollary 1. If the expected value of each X; satisfies || < 1— % then the generalization error of the
Fourier algorithm is upper bounded by

k
2Popt + 2€ + O(\/\/Ei?i)(klogekd + log 21‘{%))

12



Proof. From the definition of ¢, we can write
cr = max max |ihs(x)]* < max
S:|S|<k xe{—1,1}¢ S:\S|§kje o
1
max T
sisi<k g 1= |yl

where the first inequality is from the definition of vs. The laste quality holds as o2

_ 2
7 = 1—pj. Therefore,

under the assumption that || <1 — %, the following inequality holds

¢ < max k< kP
S:|S|<k *
JES
Hence,
c kkk
k < _ 2(k+1) log, k—log, k!
(k—1)! = k!

From Stirling approximation log, k! = klog, k — klog, e + O(log, k). Hence,

ﬁ < 2kloga e O(loga k) — ok 4 O (k).

Using the above inequality and Theorem 2 in the main text, we obtain the corollary.

V. LEARNING OTHER HYPOTHESIS CLASSES

In this section, we extend our results to two other type of concept classes. The first one is called

half-spaces and the other one is a generalized version of the concentrated hypothesis classes.

A. Half-spaces

In this section, we consider learning another class of functions called half-spaces. More precisely, a

half-space a Boolean-valued function of the form

d
c(x) = sign[ap + Z ajz;)], VxeR?
j=1

where a; € R. We start with a lower-bound on the optimal classification error of the class.

Lemma 4. Let D be any joint probability distribution on R? x {—1,1} with marginal Dx that is the
uniform distribution on S or jointly Gaussian on R%. Then, for any € > 0, the minimum generalization
error of learning with respect to half-spaces satisfy the following lower bound

1 1
Popt = 5 - §HPZH17DX -6

where p¥ is a polynomial of degree up to O(e%) minimizing ||Y — p||2,p among all such polynomials.

13



The proof of the lemma follows from Lemma 2 and [5]’s result (Theorem 6) on the sign function.

This result is stated as

Lemma 5 ([5]). Let X be a random variable with uniform distribution on S*=1 or jointly Gaussian on R,

Then, for any € > 0, there exists a polynomial p of degree O(e%) such that E[(p(X) — sign(X))2] < e

This lemma makes a connection between half-spaces and the polynomial-approximated class. That

said, in the following theorems we show our results for PAC learning using Algorithm 1.

Theorem 3. Let D be any joint probability distribution on R? x {—1,1}, with marginal Dx that is
uniform on the unit sphere or jointly Gaussian. Then, Lo-polynomial regression PAC learns half-spaces

with expected generalization error up to

4Ot n
2P 1 .
opt+3€+\/ n Ong(i)

B. Generalized approximated class

Lastly, we finish this paper by extending our results to a more general hypothesis class. Fix a set of
functions e;(x), e2(x), ..., e (x) and let 7 be a Hilbert space spanned by a these functions. Let C be a

class of functions each of which approximated by elements of H with square error up to e, that is,
inf [[c — hlj2,p <,
heH

for any ¢ € C. As a special case, suppose e;’s are all the functions of the form e(x) =[] jeld] m?j where

«;’s are non-negative integers adding up to k. Then C is a (k, €)-approximated class as in Section IV.

Theorem 4. Suppose A is any algorithm that given n training instances finds a function heH so

that the empirical loss ||Y — h|, j, is minimized. Then, the predictor sign[h] learns C with expected

generalization error up to

VC(C) n
2Popt + 3€ + O<\/ - log VC(C))’

where VC(C) is the VC dimension of C.

ACKNOWLEDGEMENT

This work was supported in part by NSF Center on Science of Information Grants CCF-0939370 and
NSF Grants CCF-1524312, CCF-2006440, CCF-2007238, and Google Research Award.

14



APPENDIX A

PROOF OF LEMMA 1

a) Mean and variance estimations:: We first take into account the effect of the imperfections in
mean and variance estimation. For tractability of our analysis, we use a fraction of the training samples
just for the mean and variance estimations. As a measure of accuracy of the estimations, we require the
differences |f1; — 15| and |1 — %] to be sufficiently small with probability close to one. This is a deviation
from standard measures of estimations in which the variance of the differences are required to be small.

In the following lemma, we bound the estimation errors in terms of the number of the samples.

Lemma 6. Given €,y € (0, 1) the following inequalities hold with probability at least (1 — &)

2
2 — 5] < eo, -2 <=, (13)
J

Uj (o2

for all j € [d], provided that atleast ny(eg, o) = g log % samples are available.

Proof. Form McDiarmid’s inequality, for each j € [d] we have

) neg
P{|fj — pjl = e} < QGXP{—7}-

Therefore, applying the union bound gives

d 2
P{{J {1y — sl > o} } < 2dexp{-"20}.

7=1
Thus, the right-hand side of the above inequality is less than dg, if n > % log(%—f). As a result we obtain

the inequalities for the estimation of f;’s. Next, we prove the inequalities for the estimation of o;’s.

For any fixed i € (—1,1), define the function h;(z) = }:zz From Taylor’s theorem, there exists

¢ € (—1,1) which is between x and /i such that

w—p)
V-3 -

hﬂ(l’) =1-

As a result,

]l — i |z — Al
hA X)) — = < .
(@) 1] V(I =) - ji2) s v/ (1 — (max{z, 4})?)(1 — 42)

Now by setting « = 1 and that |f1; — p;| < €9, we have

gj €0
T =) 1) <
|(’}] | | H(M) | O'IHIH{O',O'}

Note that, || < |u;| + €o. Therefore,

AJQ» >1— (Juy] +e0)? = O'j2- — 2¢0|pj] — €t = 0]2- — 3ep.
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As a result,

[\)

o €0 €0
0j o5 — 3€0 o;
which completes the proof of the lemma. O

Now we proceed with the proof of the lemma. Let IIy denote the version of Iy under the assumption
that fi; = p1; and 6; = o for all j € [d]. Also, let B be the even that the inequalities in (13) hold. From
Minkowsky’s inequality, by adding and subtracting IIy- we have

Ty =TIy |l < [Ty — Ty || + [Ty — y|l2.

~~ "

\%4 w

Let V and W denote the first and the second term above, respectively. We proceed by the following

lemmas.
Lemma 7. Given any 6 > 0, the inequality ||[IIy — Iy |2 < \/ (lfikf)’fn log (k2_d1k')!6 holds with probability
(1—0).

Proof Recall that Iy is defined as
My (zh) 2 ) fswbs(z?),
S:|S|<k
where the Fourier-estimates fg are defined as fg 2 L5 Y (i)1hs(X (7). In addition, by definition of the
projection function Iy, we have
My(x) = > fsis(x), Vxex?
S:|S|<k
Therefore, from Parseval’s identity, the 2-norm factors as
My =Ty |3 = > |fs—fsl”.

S:|S|<k
In what follows, we show that |fs — fs| < € for all subsets S < [d] with |S| < k. Note that fg is a
function of the training random samples (X (i), Y (i)),i = 1,2,...,n. Observe that E[fs] = fs which
implies that fg is an unbiased estimation of fs. Since the samples are drawn independent and identically

distributed (i.i.d.), we apply McDiarmid’s inequality to bound the probability of the event |fs — fs| > €.
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For that, fix 4 € [d] and suppose (X(i), Y (i)) in the training set is replaced with an i.i.d. copy (X(i),

Y (i)). With this replacement fg is changed to another random variable denoted by fs. Then

s = Jsl = ¥ (s (X)) = ¥ (i)is(X(0)

LIy (s (X @) + ¥ (i)s(X(0)

n

s (X)) + s (X))

2
~[[4s]loo,
n

/N

/N

/A

where [|15]lce = maxy [s(x)|. Let ¢, = maxgscia)s/<kll¥s||%- Then, from McDiarmid’s inequality,

for any €' € (0,1)

IP’{ max ‘fs—fs e’} [ ( >]exp{—7;j:}, (14)

S:|S|<k

where we also used the union bound. For k < d/2, we obtain that

2 () =4

As a result, with probability at least (1 — J), Maxs.|s|<k |fs — f3| < 2‘3’“ log (k 1)'6 Hence, we with

M=

probability at least (1 — )

2d*cy, o 2d*
k—Dn k-1

Ty — Ty [l < (
and the proof is complete by taking the square root of both sides. O

Lemma 8. Conditioned on B, the inequalities ||y —Ily ||« < \(€) hold, almost surely, for all k-element

subsets J < |d], where X is a function satisfying A(eg) = O( (id ;’)“ €o) as g — 0.
Recall that the function Iy is defined as

Myeh 2 Y febs(ad),

S:|S|<k

where the Fourier-estimates fg are defined as

Jo & YV (X

From triangle inequality for oo-norm and the definition of [Ty and ITy we obtain

Iy =Ty llw < Y. Ifs ¥s = fs sl (15)

S:|S|<k
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Again by triangle inequality and by adding and subtracting fsé)\g, we obtain that
Ifs ¥s = fs ¥sllo < |l fs s — fs Wsllo + || fs s = fs tslloo
= |fs = Js| [¥sllco + |fs] los = s]lco-

Next, note that from triangle inequality
. _ 1 ~ ‘ ' ~
|fs — fsl < 52 s (x(1)) — s(x(9))] < [[tos — Ys]loo-
i
Therefore,

Ifs bs — fs ¥sllo < (1dsllo + | Fs]) [¥s — ¥s]lco- (16)

We proceed by bounding each term above. As for the first term we have, that |15 < [|ts]|eo + [|t0s —

¥s]lw- As for the second term, we have
3 1 . .
fs == Y ()es(X(0)) < sl
i
Lastly, the third term is bounded using the following lemma.

Lemma 9. Conditioned on B, the inequality ||1s — 123”00 < 7(eg) holds, almost surely, where ~y is a

function satisfying v(eo) = O(kegy/ck) as eg — 0.

Before proving this lemma, we complete our argument. As a result of this lemma and using the triangle

inequality, we obtain from (16) that

I fs s — fs ¥sllo < 2 ¢sleo + lts — sllo) $s — sl
< (24/ck + (€))7 (€0)-

Lastly, from (15) we get the following bound
k

Iy — 11 < AMeg) &

(2very(eo) +7(eo))-

It is not difficult to check that A(eg) = O( (’Zd_kf’)“! €0) as g — 0. Now it remains to prove Lemma 9 which
is given below:

Proof of Lemma 9: We start with the triangle inequality for co-norm by adding and subtracting bss:

s — sllo < [[tos — bstis|lw + [Ibsts — s |-
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Note that bsis = ]_[je s xj;_“ £, Now, using the triangle inequality on the second term above, we have

bstis — sl = lIbsts £ (D] ] 1M I1 Y Pl

esj<t 9t = O
Im ml (7 — pir)
<) HH H — o
leS j<l 0j r>l Ir
(j — ) 17 (@r — pir)
3 I
min jes 7j r>l T
€ (L4 [a5) 7 U+ |pr))
— > =" 11—
mn yes <l J r>l r
(a) (1+ Iug JA+€) 7 (L4 |pr))
<y [
Tmin jg j<l r>l r
b
(g) b 2 1—[ +|u] (1+¢)
Fmin 25 jesS
(0 k
< ——bs(1+ 0" [s]le,

min
where (a) follows from the inequality (1 + |;]) < (1 + |u;])(1 +€), and (b) follows from (1 + |u;]) <

(1 + |ps[)(1 + €). Lastly, (c) holds as |S| < k and because [¢sllo = []es %

k
—bs(1+ ) |s e (17)

min

[Ys = ¥sllo < |1 = bs]ll¥s]leo +
From the assumption of the lemma and the definition of bs we obtain that
1-(1+e¥l<1-bs<1—(1—e)l.

Since € € (0,1) and |S| < k, then (1 — €)!] > 1 — ke. Also, from the fact that (1 + z) < e* for all

z € R, we obtain
1—ef <1 —bg <ke<e—1. (18)

Lastly, combining (17) and (18) gives the following inequality

ke
L

min

s = ¥slloo < (¥ = Dllwslleo +

The proof is complete by noting that |[1)s|w < 1/Ck- [

From Lemma 8, we know that W is measurable with respect to B. In particular, conditioned on B,

W < A(ep). Therefore, from the above lemmas and using the inequality ||-||2 < |||, We have, with
probability (1 — dg)(1 — J) that

_ 2dk ¢y, 2dk
My — Ty |2 < 1 Aeo)-
Ly = Ty lz \/(k:—l)!n B8 G- M)
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Now set ¢y = u%log %d with g = 6. Then, with ng = O(n), we get with probability (1 — §)? that
Ty — Ily||s = O<\/ (Qdkc’“ log (dek ) Now the proof is complete by changing  to J/2 and noting

k—1)ln —D%

that (1 —6/2)? > 1—4. O
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