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Abstract

Variational quantum algorithms (VQAs) rely on gradient-based optimization over
parameterized circuits whose loss landscape lives on a manifold of quantum states.
Quantum natural gradient (QNG) accounts for this geometry through the quan-
tum Fisher information matrix (QFIM). However, estimating the full QFIM is
prohibitively expensive within practical quantum circuit shot budgets. Existing
tractable approximations either discard inter-block couplings, as in block-diagonal
QNG, or replace the QFIM with a measurement-induced classical Fisher surrogate,
as in random natural gradient (RNG). We propose a locality-aware surrogate that
targets the QFIM through its covariance representation in terms of propagated
generators, retaining a structured subset of informative cross-parameter couplings
while remaining practical to estimate under finite-shot budgets. Our construc-
tion combines three ingredients: weight-k Pauli truncation to control estimation
variance, support-overlap masking to exploit sparsity, and single-dataset classical-
shadow estimation that reuses the same shadow dataset across all retained metric
entries. Truncation level k provides a bias–variance tradeoff: larger k captures
more of the propagated-generator structure but increases estimation cost, making it
a budget-constrained design choice. Circuit parameters whose truncated generators
remain nonzero form an active set receiving surrogate-QNG updates, while the
rest follow standard gradient descent. We provide finite-shot concentration bounds
for the shadow-estimated surrogate and convergence guarantees to a stationary
neighborhood under standard smoothness assumptions. Experiments on variational
quantum eigensolver (VQE) instances with local ansätze for Heisenberg and Ising
spin chains show improved convergence per cumulative shot relative to SGD,
Adam, block-diagonal QNG, and RNG baselines under finite-shot budgets, on
circuits with up to 16 qubits.

1 Introduction

Variational quantum algorithms (VQAs) optimize a parameterized quantum circuit U(
−→
θ ) over

−→
θ ∈ Rp to minimize a cost function C(

−→
θ ) = tr

(
MU(

−→
θ )ρinU

†(
−→
θ )
)

, where M denotes the
Hermitian observable and ρin the input state [20, 6]. The optimizer operates on a classical objective,

40th Conference on Neural Information Processing Systems (NeurIPS 2026).



but the underlying landscape lives on the manifold of quantum states rather than in a Euclidean
parameter space. This mismatch can lead to poor conditioning: equal-sized parameter steps may
induce very different changes in the quantum state, slowing convergence and degrading scaling of
gradient-based methods.

Quantum natural gradient (QNG) [25] mitigates this mismatch by replacing the Euclidean gradient
step with

−→
θ t+1 =

−→
θ t − ηF (

−→
θ t)−1∇C(

−→
θ t), where F (

−→
θ ) is the quantum Fisher information

matrix (QFIM), the metric tensor of the Fubini–Study geometry on pure quantum states [5]. This
update follows the steepest-descent direction on the state manifold and often improves conditioning
and convergence in practice. The challenge lies in estimating matrix F , since standard approaches
require O(p2) metric entries for a circuit with p parameters and substantial shot budgets, which
becomes prohibitive for circuits with large numbers of parameters.

Existing tractable approximations make different trade-offs. Stokes et al. [25] propose a block-
diagonal approximation that partitions parameters into blocks, typically aligned with circuit layers,
reducing the cost toO(pq) for block size q but ignoring inter-block couplings, which can be important
in entangling circuits. Kolotouros and Wallden [16] take a different approach with their Random Nat-
ural Gradient (RNG) method, which preconditions the gradient with the classical Fisher information
matrix (CFIM) induced by randomized measurements, requiring only O(p) state preparations per
iteration. However, for a fixed measurement model, CFIM is a positive semidefinite (PSD) lower
bound on the QFIM and does not generally coincide with it. Consequently, RNG does not generally
follow the Fubini–Study geometry, and its preconditioning quality can vary across states and tasks.

Our approach instead exploits the covariance representation of the QFIM in terms of propagated
generators with Pauli expansions (Section 3.2), which makes it a natural target for classical-shadow es-
timation [13]. We construct a locality-aware surrogate using three components: (i) weight-k truncation
of propagated generators to control variance in the subsequent metric estimation, (ii) support-overlap
masking to exploit sparsity, and (iii) single-dataset classical-shadow estimation that reuses the same
shadow dataset across all retained metric entries, rather than separate per-block or per-pair estimation
routines. Per iteration, the quantum cost of the metric estimate is N single-shot shadow snapshots,
with N controlled by the retained mask structure and truncation level k through Corollary 5.2. In
sparse local regimes, the support-overlap mask retains far fewer than p2 entries. Since a single shadow
dataset estimates all retained entries simultaneously, the method avoids separate estimation of the
dense QFIM. The truncation also determines the active set used by the hybrid update: parameters
whose truncated generators are zero carry no surrogate curvature information and follow standard
gradient descent, while the rest receive surrogate-QNG updates. We target VQA regimes with local
structure, such as local Hamiltonians and local ansätze, where sparse surrogate geometry is most
informative under finite measurement budgets.

Our locality-aware surrogate occupies a distinct point in the QNG design space. Unlike RNG, it targets
the QFIM geometry rather than a measurement-induced CFIM. Unlike block-diagonal QNG, it retains
a structured subset of cross-parameter couplings instead of discarding couplings across a fixed block
partition. Theoretically, we establish finite-shot concentration bounds that decompose the surrogate
error into truncation error, masking error, and finite-shot estimation error (Theorem 5.1), together
with convergence guarantees to a stationary neighborhood under standard smoothness assumptions
(Theorem 5.4). Experimentally, we evaluate the method on VQE instances for Heisenberg and Ising
spin chains with up to 16 qubits, where it achieves improved energy convergence per cumulative shot
relative to SGD, Adam, block-diagonal QNG, and RNG under finite-shot budgets.

The remainder of the paper is organized as follows: Section 2 presents related work and puts our
contributions in the context of these results. Section 3 introduces the circuit model and the covariance
form of the QFIM. Section 4 develops the shadow-estimated locality-aware surrogate and the resulting
optimization algorithm. Section 5 presents our theoretical analysis, and Section 6 reports experimental
results. Discussion and concluding remarks appear in Section 7.

2 Related Work

Beyond block-diagonal approximation [25] and RNG [16] discussed in the introduction, several
other approaches have been proposed to make QNG more tractable. Recent work has extended QNG
to noisy circuits [15] and analyzed measurement costs of metric-aware variational algorithms [26].
Other methods reduce metric-estimation cost by changing the estimation strategy or the surrogate
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itself: Koczor and Benjamin [14] bypass metric estimation through local analytic surrogates of the
loss; Gacon et al. [9] use SPSA for p-independent but high-variance QFIM estimation; and Sohail et
al. [24] study stochastic pairwise-coordinate updates that estimate one 2× 2 block per step. Shi et
al. [23] propose WA-QNG, which replaces the full-state QFIM with a Hamiltonian-weighted sum
of subsystem Hilbert–Schmidt metric tensors for k-local Hamiltonians. This defines a different
locality-weighted geometry rather than a surrogate or sparsification of the QFIM itself. Since our goal
is to approximate the Fubini–Study/QFIM geometry, RNG and block-diagonal QNG are the most
directly aligned baselines, while WA-QNG is better viewed as a complementary locality-exploiting
approach.

Classical shadows [13] and the broader randomized-measurement toolbox [8] enable simultaneous
estimation of many observables from a single dataset, the property that makes our single-dataset
surrogate estimation tractable. Randomized measurements have also been used for scalar QFI
estimation [21, 27]; we instead estimate the full QFIM matrix structure on the masked support.

Rudolph et al. [22] provide a Pauli propagation framework, and Angrisani et al. [1] analyze truncated
propagation in random circuits. Our setting differs in that parameters are optimization-driven and
propagated operators are used to construct a metric surrogate rather than simulate observables. The
masking step is also related to masked covariance estimation [7] and banded covariance regulariza-
tion [3]. For finite-depth local circuits, support-overlap masks remain sparse due to bounded gate
lightcones, a locality property related to but distinct from Lieb–Robinson bounds [17].

3 Background and Setup

3.1 Circuit model and propagated generators

We consider an L-layer variational circuit, U(
−→
θ ) = UL(θL) · · ·U1(θ1), where each layer operator is

given by:

Uj(θj) =

{
exp {iθjGj} , bj = 1,

Vj , bj = 0.

Here,
−→
b = (b1, . . . , bL) ∈ {0, 1}L is a fixed binary mask indicating trainable layers, Gj ∈

{I,X, Y, Z}⊗n are Pauli-string generators for trainable gates, and Vj are fixed unitaries. For pure
input ρin = |ψin⟩ ⟨ψin|, define:

|ψ⟩ = |ψ(
−→
θ )⟩ = U(

−→
θ ) |ψin⟩ , ρ = ρ(

−→
θ ) = |ψ⟩ ⟨ψ| .

For a trainable index j, we write:

U(
−→
θ ) = U>jUjU<j , U>j = UL · · ·Uj+1, U<j = Uj−1 · · ·U1.

Then
∂

∂θj
|ψ⟩ = iG̃j |ψ⟩ , G̃j = U>jGjU

†
>j , (1)

where G̃j is the propagated generator. Although Gj is a single Pauli string, G̃j is generally a
Hermitian operator admitting a Pauli expansion [22]. The derivation is deferred to Appendix A.1.

3.2 QFIM as covariance

For pure-state circuits, the QFIM is the pullback of the Fubini–Study metric [5] and admits [25, 18]

Fjl = 4ℜ
[〈

∂ψ

∂θj

∣∣∣∣ ∂ψ∂θl
〉
−
〈
∂ψ

∂θj

∣∣∣∣ψ〉〈ψ∣∣∣∣ ∂ψ∂θl
〉]

. (2)

Using Equation (1), the QFIM can be written directly in terms of propagated-generator covariance.
Lemma 3.1 (QFIM via propagated-generator covariance). For a pure-state variational circuit with
single-parameter gates, the QFIM entries satisfy:

Fjl = 4ℜ
(

Covρ(G̃j , G̃l)
)
,

where Covρ(A,B) = ⟨AB⟩ρ − ⟨A⟩ρ⟨B⟩ρ and ⟨O⟩ρ = tr (ρO).
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Proof. Substituting Equation (1) into Equation (2) gives the result. Full details are deferred to
Appendix A.2.

This covariance form makes the QFIM a natural target for classical-shadow estimation [13].

4 Locality-Aware Surrogate and Shadow Estimation

Building on Lemma 3.1, we construct a tractable surrogate and estimator. Direct estimation of all
p2 QFIM entries faces two obstacles: (i) under local-Pauli shadows, variance grows exponentially
with Pauli weight, and (ii) pairwise estimation is expensive at scale. We address both via truncation
followed by masking. Figure 1 gives an overview of the resulting pipeline. The quantities shown in
the diagram are defined in the following subsections.

Full QFIM
F

p× p, dense

Truncated

F
(k)
AtAt

|At| × |At|, dense

Masked

F
(Ω)
AtAt

|At| × |At|, sparse

Estimated

F̂
(Ω)
AtAt

single shadow dataset

Preconditioner

Mt = F̂
(Ω)
AtAt

+ λI

Active block, At

∆t
At

= −ηqngM
−1
t ĝtAt

Inactive block, It

∆t
It

= −ηsgdĝ
t
It

G̃
(k)
j = 0

truncate mask shadows +λI

Hybrid update

Figure 1: Sparse shadow-based QNG pipeline. Truncation determines the active parameters, support-
overlap masking selects the retained metric entries, and shadow estimation constructs the active-block
preconditioner. Parameters with zero truncated generators receive an SGD update.

4.1 Truncation and masking

Truncation. Since G̃j generally expands into a sum of Pauli strings of increasing weight, estimating
its covariance directly can be costly. Weight-k truncation addresses this by projecting onto a low-
weight subspace: for any Hermitian A =

∑
P cPP , where wt(P ) = |{i : Pi ̸= I}| denotes the Pauli

weight of the Pauli string P ,

Tk(A) =
∑

wt(P )≤k

cPP, (3)

giving G̃(k)
j = Tk(G̃j). This is a standard approximation in the Pauli propagation literature [22].

Since each Pauli term appearing in 1
2

{
G̃

(k)
j , G̃

(k)
l

}
has weight at most 2k, truncation reduces worst-

case shadow variance from exponential in n to exponential in k, at the cost of a controlled truncation
bias discussed in Section 5.

Masking. Truncation can reduce the effective dimensionality, because some truncated generators
may become zero and those parameters carry no surrogate curvature information. However, the
block over the remaining parameters can still be dense, so pairwise estimation is still quadratic in the
remaining active dimension. Truncation also determines the qubit support of each G̃(k)

j , which we
use to define a sparsity pattern. We retain only pairs whose truncated generators have overlapping
support:

Ωk =
{
(j, l) : supp(G̃

(k)
j ) ∩ supp(G̃

(k)
l ) ̸= ∅

}
∪ {(j, j) : j ∈ [p]} , (4)

setting all other entries to zero. For local circuits with nearest-neighbor structure, this mask is typically
sparse, and parameters whose generators act on disjoint regions of the circuit are often expected
to contribute less to each other’s curvature, so discarding them is well-motivated. This follows
the general principle of masked covariance estimation [7], and Ωk is deterministic given (

−→
θ , k),
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independent of shadow sampling. We emphasize that support masking encodes a computational prior
rather than a physical claim. The off-mask covariances may carry genuine curvature information that
is discarded by design. The masking diagnostics in Table 2 confirm that, conditional on truncation,
the mask retains above 97.6% of the Frobenius energy of F (k) across all k, providing empirical
support for this prior.

4.2 Surrogate metric

With truncated generators in hand, we define the surrogate metric. Since each Gj is a Pauli, Tk
preserves Hermiticity (Lemma C.1), so G̃(k)

j is Hermitian for all j. This lets us rewrite covariances
using the anticommutator {A,B} = AB + BA via ℜ⟨AB⟩ρ = 1

2 ⟨{A,B}⟩ρ for Hermitian A,B
(Appendix C.1), which is the form amenable to shadow estimation.

Definition 4.1 (Truncated covariance metric). Let ρ = ρ(
−→
θ ). Define F (k) ∈ Rp×p by

F
(k)
jl = 4ℜ

(
⟨G̃(k)

j G̃
(k)
l ⟩ρ − ⟨G̃(k)

j ⟩ρ⟨G̃(k)
l ⟩ρ

)
= 4

(
1
2 ⟨
{
G̃

(k)
j , G̃

(k)
l

}
⟩ρ − ⟨G̃(k)

j ⟩ρ⟨G̃(k)
l ⟩ρ

)
, ⟨O⟩ρ = tr (ρO) . (5)

The anticommutator form on the second line is important. 1
2

{
G̃

(k)
j , G̃

(k)
l

}
and G̃(k)

j , G̃(k)
l are all

Hermitian Pauli-weight operators, so their expectations are directly estimable from shadow data. The
resulting matrix, F (k) is indeed a valid surrogate metric.

Proposition 4.2 (Variance identity). For any v ∈ Rp, let G̃(k)(v) =
∑p

j=1 vjG̃
(k)
j . Then

v⊤F (k)v = 4varρ
(
G̃(k)(v)

)
≥ 0.

Hence, F (k) ⪰ 0.

The proof is given in Appendix C.2. Applying the support mask entrywise gives the locality-aware
surrogate

F
(Ω)
jl =

{
F

(k)
jl , (j, l) ∈ Ωk,

0, otherwise.
(6)

Note that entrywise masking does not preserve positive semidefiniteness; regularization in Section 4.3
addresses this. When k = n and the mask is dense, F (Ω) recovers the full QFIM covariance form. In
the practical regime of finite k and local circuits, F (Ω) is a sparse, lower-variance approximation that
retains useful curvature structure. Since each entry involves expectations of bounded-weight Pauli
operators on ρ(

−→
θ ), the surrogate is directly estimable from classical shadow data [13].

4.3 Shadow estimation of the locality-aware surrogate

We now describe how to estimate F (Ω) from a single shadow dataset. We adopt local Pauli
measurements, where each qubit is independently measured in a uniformly random Pauli basis.
From N snapshots Dt = {(Us, bs)}Ns=1 collected at the current iterate

−→
θ t, the shadow operators

ρ̂s = U†
s (
⊗n

i=1(3 |bs,i⟩ ⟨bs,i| − I))Us satisfy EDt

[
1
N

∑N
s=1 tr (Oρ̂s)

]
= tr

(
Oρ(

−→
θ t)
)

for any

observable O [13]. Setting Xs(O) = tr (Oρ̂s), each entry of F (Ω) requires two quantities: the anti-
commutator expectation 1

2 ⟨
{
G̃

(k)
j,t , G̃

(k)
l,t

}
⟩ρ and the product of means ⟨G̃(k)

j,t ⟩ρ⟨G̃
(k)
l,t ⟩ρ. We estimate

these from the same dataset using:

µ̄sym(j, l) =
1

N

N∑
s=1

Xs

(
1
2

{
G̃

(k)
j,t , G̃

(k)
l,t

})
,

µ̄prod(j, l) =
1

N(N − 1)

N∑
s,r=1
s̸=r

Xs

(
G̃

(k)
j,t

)
Xr

(
G̃

(k)
l,t

)
. (7)
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where µ̄prod is the cross-fit U-statistic estimator for the product of means. It is unbiased because
distinct shadow snapshots are independent and each shadow feature is unbiased [13]. The masked
estimator is then given by:

F̂
(Ω)
jl =

{
4
(
µ̄sym(j, l)− µ̄prod(j, l)

)
, (j, l) ∈ Ωk,t,

0, otherwise,
(8)

and satisfies EDt

[
F̂ (Ω)(

−→
θ t) |

−→
θ t
]
= F (Ω)(

−→
θ t) (using Lemma C.2). The key practical advantage

is that a single dataset Dt of N snapshots suffices to estimate all on-mask entries simultaneously,
without dedicated circuits per pair. Details, including the O(N2) → O(N) reduction for µ̄prod, are
presented in Appendix C.3.

Active and inactive parameters. We define the active and inactive parameters as At ={
j : G̃

(k)
j,t ̸= 0

}
and It = [p] \ At. Parameters in It have no curvature information in F (Ω) and are

updated by standard gradient descent, while parameters in At receive surrogate-QNG updates on the
restricted block

ΩAt

k,t = Ωk,t ∩ (At ×At), F̂
(Ω)
AtAt

=
(
F̂

(Ω)
jl

)
j,l∈At

.

Since At and Ωk,t are deterministic given (
−→
θ t, k), restricting to j, l ∈ At preserves unbiasedness

entrywise (Lemma C.3).

Although F (k) ⪰ 0 by Proposition 4.2, entrywise masking and finite-sample shadow noise can
introduce small negative eigenvalues in F̂ (Ω)

AtAt
in practice. We therefore regularize with a ridge term,

defining the preconditioner as

Mt = F̂
(Ω)
AtAt

+ λI, λ > 0.

By the eigenvalue shift identity, choosing λ > −λmin(F̂
(Ω)
AtAt

) ensures Mt ≻ 0. Beyond ensuring
invertibility, the ridge term smoothly interpolates back to gradient descent in flat regions where the
surrogate carries little reliable curvature information. Algorithm 1 summarizes the full procedure.

Algorithm 1 Locality-Aware Shadow-Hybrid QNG

Require: Circuit U(
−→
θ ), Cost C, truncation level k, ridge λ, stepsizes (ηqng, ηsgd)

1: Initialize
−→
θ 0

2: for t = 0, . . . , T − 1 do
3: Estimate the finite-shot gradient ĝt, an estimator of the true gradient gt = ∇C(

−→
θ t) via

parameter-shift.

4: Build propagated generators
{
G̃j,t

}p

j=1
and truncate G̃(k)

j,t = Tk(G̃j,t)

5: Define active/inactive sets At =
{
j : G̃

(k)
j,t ̸= 0

}
, It = [p] \ At

6: Build support mask Ωk,t by Equation (4), and restrict ΩAt

k,t = Ωk,t ∩ (At ×At)

7: Collect N shadow snapshots {ρ̂s}Ns=1 at
−→
θ t

8: Estimate F̂ (Ω)
AtAt

via Equations (7) and (8)

9: Set preconditioner Mt = F̂
(Ω)
AtAt

+ λI

10: Update:
−→
θ t+1

At
=

−→
θ t

At
− ηqngM

−1
t ĝtAt

,
−→
θ t+1

It
=

−→
θ t

It
− ηsgdĝ

t
It

11: end for

5 Approximation and Convergence Guarantees

We condition on
−→
θ t throughout, so At and ΩAt

k,t are deterministic functions of (
−→
θ t, k). Algorithm 1

applies surrogate-QNG updates only to active parameters At, while inactive parameters It are updated
by standard gradient descent with no metric approximation. The analysis below therefore focuses
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only on the active block, as the inactive update introduces no additional approximation error beyond
finite-shot gradient noise. The construction of the preconditioner can be visualized as follows (see
Figure 1 for a schematic overview).

F
truncation−−−−−→ F

(k)
AtAt

masking−−−−→ F
(Ω)
AtAt

shadow estimation−−−−−−−−−→ F̂
(Ω)
AtAt

ridge−−→Mt. (9)

5.1 Approximation error decomposition

Each step in Equation (9) introduces an error relative to the true QFIM. On the active block, define
the truncation and masking approximation errors as:

Etrunc,t = ∥FAtAt − F
(k)
AtAt

∥op, Emask,t = ∥F (k)
AtAt

− F
(Ω)
AtAt

∥op.

These are deterministic conditional on
−→
θ t, depending on the circuit structure and the design choices

(k,Ωk,t), but not on the shadow dataset. With F̂ (Ω)
AtAt

estimated from shadows, letEshot,t = ∥F̂ (Ω)
AtAt

−
F

(Ω)
AtAt

∥op denote the finite-shot estimation error. Triangle inequality gives:

∥F̂ (Ω)
AtAt

− FAtAt∥op ≤ Etrunc,t + Emask,t + Eshot,t. (10)

The finite-shot analysis below controls Eshot,t. The remaining two terms are deterministic biases
arising from the surrogate construction. The truncation error reflects how much of each propagated
generator is discarded. It is controlled by the largest residual norm after weight-k projection, vanishing
once k exceeds the maximum Pauli weight in the propagated generator; for local nearest-neighbor
circuits, this is bounded by the circuit lightcone. The masking error is governed by the magnitude
of the off-mask covariances discarded by the support-overlap criterion. These terms are bounded as
follows (details in Appendix D):

Etrunc,t ≤ 4|At|τmax(2 + τmax), Emask,t ≤ 4doff
Ω,t max

(j,l)/∈Ω
At
k,t

j ̸=l,j,l∈At

∣∣∣Covρ
(
G̃

(k)
j , G̃

(k)
l

)∣∣∣ , (11)

where τmax = maxj∈At ∥G̃j − G̃
(k)
j ∥op and doff

Ω,t is the maximum number of off-mask entries per
row. Both bounds are worst-case. In particular, the masking diagnostics in Table 2 indicate that the
practical loss from support masking is modest in the regimes we study.

5.2 Finite-shot estimation

We now bound the estimation errorEshot,t. Conditioned on
−→
θ t, the estimators µ̄sym(j, l) and µ̄prod(j, l)

defined in Equation (8) are respectively a sample mean and a degree-2 cross-fit U-statistic, both
unbiased for their population counterparts. Their per-snapshot variances V sym

jl and V prod
jl are N -

independent. Full definitions and the variance decomposition are provided in Appendix E. To state
the concentration bound compactly, define

V⋆ = max
(j,l)∈Ω

At
k,t

max
{
V sym
jl , V prod

jl

}
, B⋆ = max

{
Bsym, B

2
A

}
, (12)

where Bsym, BA bound the shadow features
∣∣∣Xs(

1
2

{
G̃

(k)
j,t , G̃

(k)
l,t

}
)
∣∣∣ and

∣∣∣Xs(G̃
(k)
j,t )
∣∣∣ respectively. Let

dΩ,t = maxj∈At

∑
l∈At

1
{
(j, l) ∈ ΩAt

k,t

}
denote the maximum on-mask row degree.

Theorem 5.1 (Operator-norm concentration). AssumeN ≥ 2. Conditioned on
−→
θ t, for any δ ∈ (0, 1),

with probability at least 1− δ,

∥∥∥F̂ (Ω)
AtAt

− F
(Ω)
AtAt

∥∥∥
op

≤ dΩ,t

C1

√
V⋆ log(4|ΩAt

k,t|/δ)
N

+ C2

B⋆ log(4|ΩAt

k,t|/δ)
N

 , (13)

where C1 = 4(
√
2 +

√
3), C2 = 64/3.
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Proof. Applying entrywise concentration to µ̄sym and µ̄prod, combining via a union bound over ΩAt

k,t,
then converting entrywise control to operator norm using mask sparsity (dΩ,t) gives the desired result.
Full details are in Appendix E.6.

Corollary 5.2 (Per-iteration sample complexity). To ensure ∥F̂ (Ω)
AtAt

−F (Ω)
AtAt

∥op ≤ ε with probability
at least 1− δ, it suffices that

N = O

V⋆d2Ω,t log
(
|ΩAt

k,t|/δ
)

ε2
+
B⋆dΩ,t log

(
|ΩAt

k,t|/δ
)

ε

 . (14)

Explicit constants and the variance-dominated simplification are presented in Appendix E.7.

The k-dependence enters through V⋆ and B⋆: fixed k avoids exponential scaling with system size,
while larger k trades more measurements for richer curvature information.

5.3 Preconditioning and convergence

For each iteration t, letMt = F̂
(Ω)
AtAt

+λI with λ > 0. Denote the true gradient by gt = ∇C(
−→
θ t) and

its finite-shot parameter-shift estimate by ĝt = gt + ξt, with E
[
ξt |

−→
θ t
]
= 0 and E

[
∥ξt∥22 |

−→
θ t
]
≤

σ2
g . Since gradients and metrics are estimated from disjoint shot batches, ξt ⊥Mt |

−→
θ t. The hybrid

updates on the active and inactive blocks are given by:

∆t
At

= −ηqngM
−1
t ĝtAt

, ∆t
It

= −ηsgdĝ
t
It
.

For the preconditioner to remain stable throughout training, we require the estimation error to stay
uniformly bounded. Define the good event ET =

⋂T−1
t=0

{
∥F̂ (Ω)

AtAt
− F

(Ω)
AtAt

∥op ≤ ε
}

. Applying
Corollary 5.2 at each iteration with failure probability δ/T and taking a union bound gives Pr(ET ) ≥
1− δ, provided N satisfies the uniform sample condition in Appendix F.1. On ET , Weyl’s inequality
provides a sufficient route to verifying bounds of the form mI ⪯Mt ⪯ ΛmaxI for all t, with m > 0
and Λmax <∞. See Appendix F.2 for complete expressions.
Theorem 5.3 (Expected one-step descent). Assume C is β-smooth. Fix iteration t, and suppose
mI ⪯Mt ⪯ ΛmaxI . If ηqng ≤ m/β and ηsgd ≤ 1/β, then

E
[
C(

−→
θ t+1) |

−→
θ t,Mt

]
≤ C(

−→
θ t)−

ηqng

2
gt⊤At

M−1
t gtAt

−
ηsgd

2
∥gtIt

∥22 +Σ,

where Σ = β
2

(
η2qngσ

2
g/m

2 + η2sgdσ
2
g

)
.

Theorem 5.4 (Convergence to a stationary neighborhood assuming uniform spectral bounds). Assume
additionally that C is bounded below by Cinf and that mI ⪯Mt ⪯ ΛmaxI , ∀t = 0, . . . , T −1. Then

min
t=0,...,T−1

E
[
∥gt∥22

]
≤ 2(C(

−→
θ 0)− Cinf)

Tηmin
+

2Σ

ηmin
, ηmin = min

{
ηqng

Λmax
, ηsgd

}
.

Both proofs follow standard smooth nonconvex stochastic optimization arguments; see, e.g., Ghadimi
and Lan [10] and Bottou et al. [4]. Full details are given in Appendix F. The concentration result
together with the union bound above provides a pathwise sufficient route to the uniform spectral
bounds along a trajectory. Theorem 5.4 is conditional on this uniform spectral control and guarantees
convergence to a stationary neighborhood whose size depends on Σ, rather than global optimality.
This analysis uses the ridge-only preconditioner. In experiments, we apply positive semidefinite
projection as a numerical stabilizer, which only tightens the lower spectral bound and ensures
Mt ⪰ λI (Appendix F.5).

6 Experiments

6.1 Setup

We evaluate our proposed Locality-Aware Shadow-Hybrid QNG on VQE instances for the ground-
state energy of the 1D Heisenberg chain H =

∑n−2
i=0 (XiXi+1 + YiYi+1 + ZiZi+1) with open
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Figure 2: Convergence on 1D Heisenberg chains over 8 matched random seeds. Top row: 12-qubit,
depth-6. Bottom row: 16-qubit, depth-8. Columns show energy vs. iteration, energy vs. cumulative
shots, and shots to reach a preset benchmark target (−17.0 for the top row, −22.0 for the bottom row).
Shaded bands in the iteration and cumulative shot panels show pointwise 95% confidence intervals
over seeds. The shots-to-target panels report mean ± SD over successful seeds only: fractions above
bars indicate the number of seeds reaching the target. Targets are fixed benchmarking thresholds
shared across methods and seeds, not true ground-state energies. Energies at fixed shot budgets are
reported in Figure 3 (Appendix G.1).

boundary conditions. In all experiments, the cost observable is M = H . We use a hardware-efficient
ansatz with nearest-neighbor CNOT entanglement, where each layer consists of trainable single-qubit
rotations followed by linear entanglement (Figure 8); we denote by depth d the number of repeated
HEA layers. Shadow-Hybrid uses weight-k truncation with k = 4, selected as a fixed operating point
from a pilot sweep over k ∈ {2, 3, 4} on the 12-qubit instance (Appendix G.5), reflecting the tradeoff
between curvature fidelity and estimation noise. We use a PSD-projected ridge preconditioner with
λ = 0.1 on the active block. We compare against SGD, Adam, BlockDiag-QNG [25], and RNG [16].
We also include a direct comparison with the locality-aware WA-QNG baseline in Appendix G.3. All
methods share the same finite-shot energy and gradient estimation pipeline (parameter-shift). The
metric-based methods incur additional shots only for preconditioner estimation. Results on the Ising
Hamiltonian and additional ablations are in Appendix G. Shot budgets, including shadow snapshots
for surrogate estimation, and further implementation details are summarized in Appendix H.

6.2 Results

At 12 qubits (top row of Figure 2), Shadow-Hybrid reaches lower mean energy at matched cumulative
shot budgets than all baselines (Figure 2b), while remaining competitive per iteration (Figure 2a). The
shots-to-target panel gives a complementary summary of target attainment. Because shots-to-target
averages are conditioned on successful runs, we report success counts alongside them. Shadow-
Hybrid attains the preset benchmark target in 7 of 8 seeds, matching RNG; Adam succeeds in 5 of 8
seeds, BlockDiag-QNG in 4 of 8, and SGD in 1 of 8. Among the methods with the same success rate,
Shadow-Hybrid requires the lowest average cumulative shot cost.

The same trend persists at 16 qubits (bottom row of Figure 2). Shadow-Hybrid again gives the
strongest cumulative-shot performance (Figure 2e) and is the only method to reach the target in all 8
seeds. RNG succeeds in 7 of 8 seeds, Adam and BlockDiag-QNG each succeed in 3 of 8, and SGD
succeeds in 1 of 8. Thus, the larger instance preserves the main conclusion from the 12-qubit case:
Shadow-Hybrid combines strong target-attainment reliability with shot-efficient convergence.

Ablations. We report ablations and diagnostics for the 12-qubit Heisenberg instance in Ap-
pendix G.5. A sweep over truncation levels k shows the expected bias–variance tradeoff (Figure 7a):
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smaller k converges faster early but plateaus sooner, while larger k reaches lower final energies
with wider variance bands. As same-ridge controls, we compare against Ridge-SGD and Hybrid-
Ridge-SGD, which replace the surrogate by Mt = λI globally or on the active set, respectively
(Figures 7b and 7c). Both ridge variants oscillate and stall, whereas Shadow-Hybrid continues to
converge, indicating that neither stepsize scaling alone nor the active/inactive split alone reproduce
the observed behavior. Spectral diagnostics further confirm that the surrogate carries non-trivial
curvature: its dominant eigenvalue exceeds the ridge floor by ∼ 25×, and the preconditioned update
direction differs substantially from the ridge-only direction (cosine similarity ∼ 0.61); see Table 3.

7 Discussion

We have presented a locality-aware surrogate for quantum natural gradient that combines weight-k
truncation, support-overlap masking, and classical-shadow estimation into a single-dataset, shadow-
based preconditioner. The method is accompanied by finite-shot concentration bounds and con-
vergence to a stationary neighborhood under standard assumptions. Integrating these components
yields a preconditioner that captures meaningful curvature structure while remaining numerically
stable and practical under finite-shot budgets. This is reflected in our spectral diagnostics, where the
dominant eigenvalue substantially exceeds the ridge floor and the preconditioned update direction
differs markedly from the ridge-only baseline. Empirically, the resulting optimizer achieves improved
convergence relative to strong baselines, with the clearest gains when additional curvature information
justifies its estimation overhead.

Several directions remain open. The truncation level k is fixed in this work; adaptive selection of k
is a natural extension suggested by the crossover behavior in Figure 7a. The worst-case truncation
bounds (Section 5.1) also appear loose in practice. Our experiments focus on local ansätze with
nearest-neighbor entanglement. Extending the method to longer-range or all-to-all connectivity,
where propagated generators spread to high weight more rapidly, would test the limits of the locality
prior and may require larger k or alternative sparsity structures. Finally, because the covariance-based
surrogate remains well-defined for mixed states, extending the framework to noisy circuits is a natural
next step, along with corresponding finite-shot concentration bounds.
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A Background

A.1 Derivation of Equation (1)

For each trainable index j, write

U(
−→
θ ) = U>jUjU<j , U>j = UL · · ·Uj+1, U<j = Uj−1 · · ·U1.

Then
∂

∂θj
|ψ⟩ = U>j

(
∂

∂θj
(exp {iθjGj})

)
U<j |ψin⟩

= iU>jGjUjU<j |ψin⟩

= iU>jGjU
†
>jU>jUjU<j |ψin⟩

[
U†
>jU>j = I

]
= iU>jGjU

†
>jU(

−→
θ ) |ψin⟩

= iU>jGjU
†
>j |ψ⟩

= iG̃j |ψ⟩ .

A.2 Proof of Lemma 3.1

Using Equation (1), ∣∣∣∣ ∂ψ∂θj
〉

= iG̃j |ψ⟩ ,
〈
∂ψ

∂θj

∣∣∣∣ = −i ⟨ψ| G̃j .

Hence 〈
∂ψ

∂θj

∣∣∣∣ ∂ψ∂θl
〉

= ⟨ψ| G̃jG̃l |ψ⟩ = ⟨G̃jG̃l⟩ρ,〈
∂ψ

∂θj

∣∣∣∣ψ〉 = −i ⟨ψ| G̃j |ψ⟩ = −i⟨G̃j⟩ρ,〈
ψ

∣∣∣∣ ∂ψ∂θl
〉

= i ⟨ψ| G̃l |ψ⟩ = i⟨G̃l⟩ρ,

where ⟨O⟩ρ = tr (ρO). Therefore, from Equation (2),

Fjl = 4ℜ
(
⟨G̃jG̃l⟩ρ − ⟨G̃j⟩ρ⟨G̃l⟩ρ

)
= 4ℜ

(
Covρ(G̃j , G̃l)

)
.

B Propagated generator calculus

To compute G̃j = U>jGjU
†
>j , we push Gj through the gates after j using local conjugation rules.

B.1 Generic Rules

Let P be any Pauli string (possibly multi-qubit), so P † = P and P 2 = I. Define two linear maps on
operators:

AdP (A) = PAP † = PAP, adP (A) = [P,A] = PA−AP

AdP is an involution as:

Ad2P (A) = P (PAP )P = (PP )A(PP ) = A.

So, AdP has eigenvalues ±1 and is diagonalizable. The projectors onto the ± eigenspaces are:

Π+ =
1

2
(I + AdP ), Π− =

1

2
(I − AdP ),

Π2
± = Π±, Π+Π− = 0, Π+ +Π− = I.
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Applying this for any operator A yields the commuting / anticommuting decomposition:

A∥ = Π+(A) =
1

2
(A+ AdP (A)), A⊥ = Π−(A) =

1

2
(A− AdP (A)).

By construction we get: [
P,A∥

]
= 0 ⇐⇒ PA∥P = A∥

{P,A⊥} = 0 ⇐⇒ PA⊥P = −A⊥.

Lemma B.1 (Hadamard lemma ([11])). For any operators X,A, the adjoint action satisfies

exp {X}A exp {−X} =

∞∑
n=0

1

n!
adnX(A) = exp {adX} (A), adX(A) = [X,A].

Using Lemma B.1 for our unitary U(θ) = exp {iθP} we get,

U(θ)AU(θ)† =

∞∑
n=0

(iθ)n

n!
adnP (A)

= exp {iθadP } (A)
= exp {iθadP } (A∥ +A⊥)

= exp {iθadP } (A∥) + exp {iθadP } (A⊥) [using the linearity of adP ]. (15)

Since
[
P,A∥

]
= 0, we have adP (A∥) = 0 and hence all higher commutators are zero. So:

exp {iθadP } (A∥) = A∥. (16)

For A⊥ with {P,A⊥} = 0,
adP (A⊥) = [P,A⊥] = PA⊥ −A⊥P = PA⊥ − (−PA⊥) = 2PA⊥. (17)

ad2P (A⊥) = adP (2PA⊥) = 2 (PPA⊥ − PA⊥P ) = 2 (A⊥ − (−A⊥)) = 4A⊥. (18)
By induction we have,

ad2m
P (A⊥) = 4mA⊥, ad2m+1

P (A⊥) = 2 · 4mPA⊥, (m = 0, 1, 2, . . . ). (19)
Using Equation (16)–Equation (19) on Equation (15),

U(θ)AU(θ)† = exp {iθadP } (A∥) + exp {iθadP } (A⊥)

= A∥ +

∞∑
m=0

(iθ)2m

(2m)!
4mA⊥ +

∞∑
m=0

(iθ)2m+1

(2m+ 1)!
2 · 4mPA⊥

= A∥ +

[ ∞∑
m=0

(−1)m
(2θ)2m

(2m)!

]
A⊥ + i

[ ∞∑
m=0

(−1)m
(2θ)2m+1

(2m+ 1)!

]
PA⊥

= A∥ + cos(2θ)A⊥ + i sin(2θ)PA⊥.

Pauli specialization: If Q is a Pauli string, then either [P,Q] = 0 (Q = Q∥) or {P,Q} = 0 (
Q = Q⊥). Hence

UQU† =

{
Q, [P,Q] = 0,

Q cos(2θ) + sin(2θ)Q′, {P,Q} = 0.

Here Q′ = iPQ is Hermitian in the anticommuting case.

B.2 Pauli evolution through Rotation and CNOT gate

Single-qubit rotations

When RP (ϕ) = exp
{
±iϕ2P

}
, then 2θ 7→ ϕ and

RP (ϕ)QRP (ϕ)
† =

{
Q, [P,Q] = 0,

Q cosϕ± i sinϕPQ, {P,Q} = 0.

In the Table 1 below, X,Y, Z are Pauli operators on the indicated qubit, and ϕ is the rotation angle.
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Gate X Y Z

Rx(ϕ)(exp {iϕX/2}) X Y cosϕ− Z sinϕ Z cosϕ+ Y sinϕ

Ry(ϕ)(exp {iϕY/2}) X cosϕ+ Z sinϕ Y Z cosϕ−X sinϕ

Rz(ϕ)(exp {iϕZ/2}) X cosϕ− Y sinϕ Y cosϕ+X sinϕ Z

Table 1: Flip the sign in the exponent → flip the sign in all sinϕ terms of the push rules.

CNOTc→t (control c, target t)

On control c On target t

Xc 7→ XcXt Xt 7→ Xt

Yc 7→ YcXt Yt 7→ ZcYt
Zc 7→ Zc Zt 7→ ZcZt

B.3 Example: 3 Qubits, 3 Rotations, 2 CNOTs

This section provides an example illustrating how propagated generators are computed step by step
via the conjugation rules of Appendix B.2. The example demonstrates how a single-Pauli generator
expands into a multiterm operator after propagation through rotation and entangling gates, which is
the mechanism that motivates weight-k truncation in Section 4.1.

Circuit. On qubits (q0, q1, q2), left-to-right:

U1 = R(0)
y (θ1),

U2 = CNOT0→1,

U3 = R(1)
x (θ2),

U4 = CNOT1→2,

U5 = R(2)
z (θ3).

Let ρin = |000⟩ ⟨000| and choose M = Z2. Generators: H1 = 1
2Y0, H2 = 1

2X1, H3 = 1
2Z2.

Propagated generators.

H̃3 = H3 =
1

2
Z2,

H̃2 =
1

2
(X1X2 cos θ3 −X1Y2 sin θ3) , (through CNOT1→2 and R(2)

z )

H̃1 =
1

2
(Y0X1X2 cos θ3 − Y0X1Y2 sin θ3) , (through CNOT0→1, R(1)

x , CNOT1→2, R(2)
z )

C Surrogate Proofs and Estimation Details

C.1 Hermiticity of truncated generators and anticommutator identity

Lemma C.1 (Anticommutator identity for Hermitian operators). Let A,B be Hermitian operators.
Then

ℜ⟨AB⟩ρ = 1
2 ⟨{A,B}⟩ρ.

Moreover, if A is Hermitian and Tk is a linear truncation in the Pauli basis that preserves real
coefficients, then Tk(A) is also Hermitian.

Proof. For the first claim, AB = 1
2 {A,B} + 1

2 [A,B]. Since A,B are Hermitian, {A,B} is
Hermitian and [A,B] is skew-Hermitian, so ⟨{A,B}⟩ρ is real and ⟨[A,B]⟩ρ is imaginary. Taking
the real part yields the identity. For the second claim, Tk retains only real-coefficient Pauli terms, so
Tk(A) is a real linear combination of Hermitian Pauli operators and Tk(A)† = Tk(A).
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C.2 Proof of Proposition 4.2

Proof. Let v ∈ Rp and define

G̃(k)(v) =

p∑
j=1

vjG̃
(k)
j .

Using Equation (5) and bilinearity,

v⊤F (k)v = 4ℜ

〈∑
j,l

vjvlG̃
(k)
j G̃

(k)
l

〉
ρ

−

〈∑
j

vjG̃
(k)
j

〉2

ρ


= 4

(〈(
G̃(k)(v)

)2〉
ρ
−
〈
G̃(k)(v)

〉2
ρ

)
= 4varρ

(
G̃(k)(v)

)
.

Since each G̃(k)
j is Hermitian and vj ∈ R, G̃(k)(v) is Hermitian. The variance of a Hermitian operator

is nonnegative, hence

v⊤F (k)v ≥ 0 ∀v ∈ Rp,

so F (k) ⪰ 0.

C.3 Shadow estimation: unbiasedness and efficient computation

Lemma C.2 (Unbiasedness of shadow covariance). Let A,B be fixed Hermitian observables inde-
pendent of D. Then

ED

[
ĈovD(A,B)

]
= Covρ(A,B).

Proof. Since A,B are fixed and independent of D, the unbiasedness of the shadow mean gives
ED

[
⟨̂AB⟩D

]
= ⟨AB⟩, and the cross-fit estimator satisfies ED

[
̂⟨A⟩⟨B⟩D

]
= ⟨A⟩⟨B⟩. Subtracting

yields the claim.

Lemma C.3 (Unbiasedness on the active block). If At and Ωk,t are deterministic given (
−→
θ t, k) and

independent of the shadow randomness, then

EDt

[
F̂

(Ω)
AtAt

|
−→
θ t
]
= F

(Ω)
AtAt

(
−→
θ t).

Proof. Since At and Ωk,t are fixed given
−→
θ t, Lemma C.2 gives conditional unbiasedness for each

on-mask entry. Restricting to j, l ∈ At preserves this entrywise.

C.3.1 Efficient computation of µ̄prod.

Computing µ̄prod naively costs O(N2) per pair, but noting

N∑
s,r=1
s̸=r

xs(j)xr(l) =

(
N∑
s=1

xs(j)

)(
N∑
s=1

xs(l)

)
−

N∑
s=1

xs(j)xs(l), (20)

where xs(j) = Xs(G̃
(k)
j,t ), the three accumulators

∑
s xs(j),

∑
s xs(l), and

∑
s xs(j)xs(l) can be

computed in a single pass over the data, reducing cost to O(N).
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D Approximation Error Analysis

Lemma D.1 (Covariance Cauchy–Schwarz). For Hermitian X,Y and any state ρ,

|Covρ(X,Y )| ≤
√

varρ (X) varρ (Y ) ≤ ∥X∥op∥Y ∥op.

Proof.

Covρ(X,Y ) = ⟨(X − ⟨X⟩ρI) (Y − ⟨Y ⟩ρI)⟩ρ .

Applying Cauchy–Schwarz to the centered operators gives

|Covρ(X,Y )| ≤
√〈

(X − ⟨X⟩ρI)2
〉
ρ

√〈
(Y − ⟨Y ⟩ρI)2

〉
ρ

=
√

varρ (X) varρ (Y ).

Also,

varρ (X) = ⟨X2⟩ρ − ⟨X⟩2ρ ≤ ⟨X2⟩ρ ≤ ∥X∥2op,

and similarly for Y . Hence

|Covρ(X,Y )| ≤ ∥X∥op∥Y ∥op.

D.1 Proof of truncation bound in Equation (11)

For j, l ∈ At, let

Rj = G̃j − G̃
(k)
j , Rl = G̃l − G̃

(k)
l .

Here Rj and Rl are the operators formed by Pauli terms discarded by weight-k truncation. Since
each propagated generator G̃u is Hermitian and Tk preserves Hermiticity by Lemma C.1, both G̃(k)

u

and Ru are Hermitian for u ∈ {j, l}.

Using bilinearity of covariance,

Covρ(G̃j , G̃l)− Covρ(G̃
(k)
j , G̃

(k)
l ) = Covρ(G̃j , G̃l − G̃

(k)
l ) + Covρ(G̃j − G̃

(k)
j , G̃

(k)
l )

= Covρ(G̃j , Rl) + Covρ(Rj , G̃
(k)
l ).

Since Fjl = 4ℜ[Covρ(G̃j , G̃l)] and F (k)
jl = 4ℜ[Covρ(G̃

(k)
j , G̃

(k)
l )],

|Fjl − F
(k)
jl | ≤ 4

(
|Covρ(G̃j , Rl)|+ |Covρ(Rj , G̃

(k)
l )|

)
.

Using Lemma D.1, ∥G̃j∥op = 1 (unitary conjugate of a Pauli), and

∥Rj∥op, ∥Rl∥op ≤ τmax, ∥G̃(k)
l ∥op ≤ ∥G̃l∥op + ∥G̃l − G̃

(k)
l ∥op ≤ 1 + τmax,

we obtain, ∣∣∣Covρ(G̃j , Rl)
∣∣∣ ≤ ∥G̃j∥op∥Rl∥op ≤ τmax,∣∣∣Covρ(Rj , G̃

(k)
l )
∣∣∣ ≤ ∥Rj∥op∥G̃(k)

l ∥op ≤ τmax(1 + τmax).

Therefore,

|Fjl − F
(k)
jl | ≤ 4τmax(2 + τmax). (21)
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By applying Equation (21) entrywise on the active block we get,

∥FAtAt
− F

(k)
AtAt

∥∞ = max
j∈At

∑
l∈At

∣∣∣Fjl − F
(k)
jl

∣∣∣
≤ |At|4τmax(2 + τmax).

Since FAtAt
− F

(k)
AtAt

is symmetric,

∥FAtAt
− F

(k)
AtAt

∥op ≤ ∥FAtAt
− F

(k)
AtAt

∥∞.
So,

Etrunc,t = ∥FAtAt
− F

(k)
AtAt

∥op ≤ 4|At|τmax(2 + τmax).

We note that this is a conservative worst-case bound, obtained by entrywise covariance control
followed by a row-sum norm estimate, and it may therefore be loose when many parameters are
active.

D.2 Proof of masking bound in Equation (11)

Define doff
Ω,t = maxj∈At

∑
l∈At

1
{
(j, l) /∈ ΩAt

k,t, j ̸= l
}

, the maximum number of off-mask entries
in any row. By construction of the mask, for j, l ∈ At,

F
(k)
jl − F

(Ω)
jl = 0 if (j, l) ∈ ΩAt

k,t,

and in particular on the diagonal. For off-mask pairs (j, l) /∈ ΩAt

k,t with j ̸= l, we have F (Ω)
jl = 0 by

definition, so ∣∣∣F (k)
jl − F

(Ω)
jl

∣∣∣ = ∣∣∣F (k)
jl

∣∣∣
= 4

∣∣∣ℜ [Covρ

(
G̃

(k)
j , G̃

(k)
l

)]∣∣∣
≤ 4

∣∣∣Covρ
(
G̃

(k)
j , G̃

(k)
l

)∣∣∣ .
Applying the off-mask entry bound row-wise over At,

∥F (k)
AtAt

− F
(Ω)
AtAt

∥∞ = max
j∈At

∑
l∈At

∣∣∣F (k)
jl − F

(Ω)
jl

∣∣∣
≤ 4doff

Ω,t max
(j,l)/∈Ω

At
k,t

j ̸=l,j,l∈At

∣∣∣Covρ

(
G̃

(k)
j , G̃

(k)
l

)∣∣∣ .
Since F (k)

AtAt
− F

(Ω)
AtAt

is symmetric,

∥F (k)
AtAt

− F
(Ω)
AtAt

∥op ≤ ∥F (k)
AtAt

− F
(Ω)
AtAt

∥∞.
Hence,

Emask,t = ∥F (k)
AtAt

− F
(Ω)
AtAt

∥op

≤ 4doff
Ω,t max

(j,l)/∈Ω
At
k,t

j ̸=l,j,l∈At

∣∣∣Covρ

(
G̃

(k)
j , G̃

(k)
l

)∣∣∣ ,
with the fact that this maximum is 0 when the index set is empty.

E Finite shot Analysis

Throughout this section, we condition on
−→
θ t so that the truncated generators, the mask, and the

active set are all deterministic. The subscript Dt denotes randomness of the shadow dataset and angle
brackets ⟨·⟩ denote quantum expectations under ρ(

−→
θ t).
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E.1 Estimator definitions and variance structure

For each on-mask pair (j, l) ∈ ΩAt

k,t, the two population quantities to be estimated are

µsym
jl =

〈
1
2

{
G̃

(k)
j,t , G̃

(k)
l,t

}〉
,

µprod
jl = ⟨G̃(k)

j,t ⟩⟨G̃
(k)
l,t ⟩.

These quantities are estimated from shadow data by µ̄sym(j, l) and µ̄prod(j, l), as defined in Equa-
tion (7). The equality for the product term uses the cross-fit structure of µ̄prod, which averages a
product kernel over off-diagonal pairs s ̸= r. The off-diagonal restriction is important because
distinct shadow snapshots are independent. Thus, for fixed observables A,B,

E
[
Xs(A)Xr(B) |

−→
θ t
]
= E

[
Xs(A) |

−→
θ t
]
E
[
Xr(B) |

−→
θ t
]
, s ̸= r.

Also, by shadow unbiasedness, for any observable O,

E
[
Xs(O) |

−→
θ t
]
= ⟨O⟩.

Combining the two identities gives

E
[
Xs(A)Xr(B) |

−→
θ t
]
= ⟨A⟩⟨B⟩, s ̸= r.

Taking A = G̃
(k)
j,t and B = G̃

(k)
l,t , averaging over all off-diagonal pairs gives

EDt

[
µ̄prod(j, l) |

−→
θ t
]
= ⟨G̃(k)

j,t ⟩⟨G̃
(k)
l,t ⟩.

Similarly, µ̄sym(j, l) is unbiased by applying shadow unbiasedness to the observable 1
2

{
G̃

(k)
j,t , G̃

(k)
l,t

}
.

Thus,

µsym
jl = EDt

[
µ̄sym(j, l)

∣∣∣−→θ t
]
,

µprod
jl = EDt

[
µ̄prod(j, l)

∣∣∣−→θ t
]
.

The linear estimator µ̄sym(j, l) is a sample mean of N i.i.d. shadow features Xs(
1
2

{
G̃

(k)
j,t , G̃

(k)
l,t

}
),

so its variance scales as 1/N :

varDt

(
µ̄sym(j, l) |

−→
θ t
)
=

1

N
V sym
jl , V sym

jl = varDt

(
Xs

(
1
2

{
G̃

(k)
j,t , G̃

(k)
l,t

})
|
−→
θ t
)
.

The quadratic estimator µ̄prod(j, l) is a degree-2 U-statistic. A degree-2 U-statistic averages a
kernel over all distinct pairs of samples and provides an unbiased estimator of the expectation of that
kernel [12]. Here, the kernel is h(s, r) = Xs(G̃

(k)
j,t )Xr(G̃

(k)
l,t ), averaged over all distinct snapshot

pairs. This structure admits a Hoeffding variance decomposition [13, Supplement C, Lemma 2],
which separates the variance into first-order terms V1,jl, V2,jl and a second-order term V3,jl:

V1,jl =
〈
G̃

(k)
l,t

〉2
varDt

(
Xs(G̃

(k)
j,t )
∣∣∣−→θ t

)
, (22)

V2,jl =
〈
G̃

(k)
j,t

〉2
varDt

(
Xs(G̃

(k)
l,t )
∣∣∣−→θ t

)
, (23)

V3,jl = varDt

(
Xs(G̃

(k)
j,t )Xr(G̃

(k)
l,t )
∣∣∣−→θ t

)
, s ̸= r, (24)

where Xs, Xr are evaluated on independent shadow snapshots. V1,jl and V2,jl capture the variance
from estimating each marginal mean, and V3,jl captures the joint fluctuation of two independent
snapshots. The overall U-statistic variance satisfies

varDt

(
µ̄prod(j, l) |

−→
θ t
)
≤ 2

N

(
V1,jl + V2,jl +

1

N
V3,jl

)
≤ 1

N
V prod
jl , (25)

with
V prod
jl = 2 (V1,jl + V2,jl + V3,jl) .

Hence V prod
jl is N -independent. The worst-case quantities V⋆ and B⋆ defined in Equation (12) are the

maxima of these variances and feature bounds over all on-mask pairs.
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E.2 Bernstein inversion

Let Y1, . . . , YN be i.i.d. mean-zero random variables with var (Ys) ≤ σ2 and |Ys| ≤ b almost surely.
Then

Pr

(∣∣∣∣∣ 1N
N∑
s=1

Ys

∣∣∣∣∣ > u

)
≤ 2 exp

(
− Nu2

2σ2 + 2
3bu

)
. (26)

Now setting, the right-hand side equal to α ∈ (0, 1):

2 exp

(
− Nu2

2σ2 + 2
3bu

)
= α ⇐⇒ Nu2

2σ2 + 2
3bu

= log(2/α)

Hence u must satisfy

Nu2 − 2

3
b log(2/α)u− 2σ2 log(2/α) = 0.

The positive root is

u⋆ =

2
3b log(2/α) +

√
4
9b

2(log(2/α))2 + 8Nσ2 log(2/α)

2N
.

Using
√
x+ y ≤

√
x+

√
y we get,

u⋆ ≤
2
3b log(2/α) +

2
3b log(2/α) +

√
8Nσ2 log(2/α)

2N

=
4
3b log(2/α) + 2

√
2Nσ2 log(2/α)

2N

=

√
2σ2 log(2/α)

N
+

2b log(2/α)

3N
. (27)

Therefore, with probability at least 1− α,∣∣∣∣∣ 1N
N∑
s=1

Ys

∣∣∣∣∣ ≤
√

2σ2 log(2/α)

N
+

2b log(2/α)

3N
. (28)

E.3 Linear Term Concentration Detail

Recall from Equation (12) thatBsym andBA denote uniform bounds on the shadow features, satisfying∣∣∣Xs(
1
2

{
G̃

(k)
j,t , G̃

(k)
l,t

}
)
∣∣∣ ≤ Bsym,

∣∣∣Xs(G̃
(k)
j,t )
∣∣∣ ≤ BA.

Lemma E.1 (Linear-term concentration). For any (j, l) ∈ ΩAt

k,t and δ0 ∈ (0, 1), conditioned on
−→
θ t,

with probability at least 1− δ0/2,∣∣∣µ̄sym(j, l)− µsym
jl

∣∣∣ ≤
√

2V sym
jl log(4/δ0)

N
+

4Bsym log(4/δ0)

3N
. (29)

Proof. Let,

Ys = Xs

(
1
2

{
G̃

(k)
j,t , G̃

(k)
l,t

})
− µsym

jl .

Then Ys are i.i.d., and varDt

(
Ys |

−→
θ t
)
= V sym

jl . By the assumed bound,∣∣∣Xs

(
1
2

{
G̃

(k)
j,t , G̃

(k)
l,t

})∣∣∣ ≤ Bsym,

hence,

|Ys| ≤
∣∣∣Xs

(
1
2

{
G̃

(k)
j,t , G̃

(k)
l,t

})∣∣∣+ ∣∣∣µsym
jl

∣∣∣ ≤ 2Bsym.
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Bernstein’s inequality with range bound 2Bsym gives

Pr
Dt

(∣∣∣∣∣ 1N
N∑
s=1

Ys

∣∣∣∣∣ > u

∣∣∣∣∣−→θ t

)
≤ 2 exp

(
− Nu2

2V sym
jl + 4

3Bsymu

)
.

Setting the RHS to δ0/2 and inverting via Equation (28) with σ2 = V sym
jl , b = 2Bsym, and α = δ0/2

(so log(2/α) = log(4/δ0)) yields Equation (29).

E.4 Quadratic term concentration Details

From now on we assume N ≥ 2 for the remaining proof as we are working degree-2 U-statistic
quadratic term.

Lemma E.2 (Variance bridge for the symmetrized kernel). Fix (j, l) ∈ ΩAt

k,t and condition on
−→
θ t.

Define

h(s, r) = Xs(G̃
(k)
j,t )Xr(G̃

(k)
l,t ), hsym(s, r) =

1
2 (h(s, r) + h(r, s)) ,

where s ̸= r index two independent shadow snapshots drawn from the shadow sampling process at−→
θ t. Then

varDt

(
hsym(s, r) |

−→
θ t
)
≤ V3,jl ≤ 1

2V
prod
jl .

Proof. By definition,

varDt

(
hsym(s, r) |

−→
θ t
)
=

1

4
varDt

(
h(s, r) + h(r, s) |

−→
θ t
)

≤ 1

4

[
varDt

(
h(s, r) |

−→
θ t
)
+ varDt

(
h(r, s) |

−→
θ t
)

+ 2
∣∣∣CovDt

(
h(s, r), h(r, s) |

−→
θ t
)∣∣∣]

≤ 1

4

[
varDt

(
h(s, r) |

−→
θ t
)
+ varDt

(
h(r, s) |

−→
θ t
)

+ 2

√
varDt

(
h(s, r) |

−→
θ t
)

varDt

(
h(r, s) |

−→
θ t
)]
,

where the last inequality uses |Cov (X,Y )| ≤
√

var (X) var (Y ) by Cauchy–Schwarz with X =
h(s, r) and Y = h(r, s).

Since s, r are independent and exchangeable conditioned on
−→
θ t, using Equation (24),

varDt

(
h(s, r) |

−→
θ t
)
= varDt

(
h(r, s) |

−→
θ t
)
= V3,jl.

Hence

varDt

(
hsym(s, r) |

−→
θ t
)
≤ 1

4
(V3,jl + V3,jl + 2V3,jl) = V3,jl.

Also,

V prod
jl = 2(V1,jl + V2,jl + V3,jl) ≥ 2V3,jl,

so V3,jl ≤ 1
2V

prod
jl .

Lemma E.3 (Quadratic-term concentration via Peel et al. [19]). Fix (j, l) ∈ ΩAt

k,t, condition on
−→
θ t.

Let neff = ⌊N/2⌋. Then with probability at least 1− δ0/2,

∣∣∣µ̄prod(j, l)− µprod
jl

∣∣∣ ≤
√
V prod
jl log(4/δ0)

neff
+

4B2
A log(4/δ0)

3neff
. (30)
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Proof. Let

h(s, r) = Xs(G̃
(k)
j,t )Xr(G̃

(k)
l,t ), hsym(s, r) =

1
2 (h(s, r) + h(r, s)) .

The ordered-pair estimator is equivalently written in symmetric U-statistic form as

µ̄prod(j, l) =
1(
N
2

) ∑
s<r

hsym(s, r).

By the assumption of bounded features and triangle inequality,

|hsym(s, r)| ≤ 1
2

(
|Xs(G̃

(k)
j,t )||Xr(G̃

(k)
l,t )|+ |Xr(G̃

(k)
j,t )||Xs(G̃

(k)
l,t )|

)
≤ B2

A,

so the rescaled kernel

h̃(s, r) =
hsym(s, r) +B2

A

2B2
A

∈ [0, 1]

satisfies the kernel assumption required by [19, Theorem 2, Eq. (6)]. Let µ̄h̃ = 1

(N2 )

∑
s<r h̃(s, r)

denote the corresponding U-statistic. Applying the result cited at the confidence level δ0/2 gives

∣∣∣µ̄h̃ − EDt

[
µ̄h̃ |

−→
θ t
]∣∣∣ ≤

√√√√2varDt

(
h̃(s, r) |

−→
θ t
)
log(4/δ0)

neff
+

2 log(4/δ0)

3neff
. (31)

Since hsym = 2B2
Ah̃−B2

A, averaging gives µ̄prod(j, l) = 2B2
Aµ̄h̃ −B2

A. Now we get,

µ̄prod(j, l)− µprod
jl = 2B2

A

(
µ̄h̃ − EDt

[
µ̄h̃ |

−→
θ t
])
.

Taking absolute values and substituting Equation (31) results in

∣∣∣µ̄prod(j, l)− µprod
jl

∣∣∣ ≤ 2B2
A


√√√√2varDt

(
h̃(s, r) |

−→
θ t
)
log(4/δ0)

neff
+

2 log(4/δ0)

3neff

 . (32)

By using variance property we get,

varDt

(
h̃(s, r) |

−→
θ t
)
=

1

4B4
A

varDt

(
hsym(s, r) |

−→
θ t
)
.

Substituting into Equation (32),

∣∣∣µ̄prod(j, l)− µprod
jl

∣∣∣ ≤
√√√√2varDt

(
hsym(s, r) |

−→
θ t
)
log(4/δ0)

neff
+

4B2
A log(4/δ0)

3neff
. (33)

By Lemma E.2, varDt

(
hsym(s, r) |

−→
θ t
)
≤ V3,jl ≤ 1

2V
prod
jl . Substituting into Equation (33):√

2 · 1
2V

prod
jl log(4/δ0)

neff
=

√
V prod
jl log(4/δ0)

neff
,

which yields Equation (30).

Lemma E.4 (Quadratic-term concentration). Conditioned on
−→
θ t, for any (j, l) ∈ ΩAt

k,t and δ0 ∈
(0, 1), with probability at least 1− δ0/2,∣∣∣µ̄prod(j, l)− µprod

jl

∣∣∣ ≤ √
3

√
V prod
jl log(4/δ0)

N
+

4B2
A log(4/δ0)

N
.

Proof. Apply Lemma E.3:∣∣∣µ̄prod(j, l)− µprod
jl

∣∣∣ ≤
√
V prod
jl log(4/δ0)

neff
+

4B2
A log(4/δ0)

3neff
, neff = ⌊N/2⌋.

For N ≥ 2, using neff ≥ N/3 yields the looser but simpler bound.
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E.5 Entrywise concentration

Lemma E.5 (Entrywise concentration). For any (j, l) ∈ ΩAt

k,t and δ0 ∈ (0, 1), with probability at
least 1− δ0, ∣∣∣F̂ (Ω)

jl − F
(Ω)
jl

∣∣∣ ≤ C1

√
V⋆ log(4/δ0)

N
+ C2

B⋆ log(4/δ0)

N
,

where

C1 = 4(
√
2 +

√
3), C2 =

64

3
.

Proof. From Equation (8),

F̂
(Ω)
jl − F

(Ω)
jl = 4

[(
µ̄sym(j, l)− µsym

jl

)
−
(
µ̄prod(j, l)− µprod

jl

)]
.

Hence, ∣∣∣F̂ (Ω)
jl − F

(Ω)
jl

∣∣∣ ≤ 4
(∣∣∣µ̄sym(j, l)− µsym

jl

∣∣∣+ ∣∣∣µ̄prod(j, l)− µprod
jl

∣∣∣) . (34)

By Lemma E.1,

∣∣∣µ̄sym(j, l)− µsym
jl

∣∣∣ ≤
√

2V sym
jl log(4/δ0)

N
+

4Bsym log(4/δ0)

3N

with probability at least 1− δ0/2. By Lemma E.4,

∣∣∣µ̄prod(j, l)− µprod
jl

∣∣∣ ≤ √
3

√
V prod
jl log(4/δ0)

N
+ 4

B2
A log(4/δ0)

N

with probability at least 1− δ0/2. Applying a union bound, both inequalities hold simultaneously
with probability at least 1− δ0. Using

V sym
jl , V prod

jl ≤ V⋆, Bsym, B
2
A ≤ B⋆,

and Equation (34) we get,∣∣∣F̂ (Ω)
jl − F

(Ω)
jl

∣∣∣ ≤ 4(
√
2 +

√
3)

√
V⋆ log(4/δ0)

N
+

64

3

B⋆ log(4/δ0)

N
.

E.6 Proof of Theorem 5.1

Proof. For each (j, l) ∈ ΩAt

k,t, define the failure event

Ejl =


∣∣∣F̂ (Ω)

jl − F
(Ω)
jl

∣∣∣ > C1

√√√√V⋆ log
(
4|ΩAt

k,t|/δ
)

N
+ C2

B⋆ log
(
4|ΩAt

k,t|/δ
)

N

 .

By Lemma E.5 with δ0 = δ/|ΩAt

k,t|,

Pr
Dt

(Ejl |
−→
θ t) ≤ δ

|ΩAt

k,t|
.

Now, we apply a union bound over all on-mask pairs:

Pr
Dt

 ⋃
(j,l)∈Ω

At
k,t

Ejl

∣∣∣∣∣∣∣
−→
θ t

 ≤
∑

(j,l)∈Ω
At
k,t

Pr
Dt

(Ejl |
−→
θ t) ≤ |ΩAt

k,t| ·
δ

|ΩAt

k,t|
= δ.
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Hence, with probability at least 1− δ, conditioned on
−→
θ , none of the Ejl occurs,

∣∣∣F̂ (Ω)
jl − F

(Ω)
jl

∣∣∣ ≤ C1

√√√√V⋆ log
(
4|ΩAt

k,t|/δ
)

N
+ C2

B⋆ log
(
4|ΩAt

k,t|/δ
)

N
, ∀(j, l) ∈ ΩAt

k,t,

Now, since F̂ (Ω)
AtAt

and F (Ω)
AtAt

are symmetric masked matrices, their difference F̂ (Ω)
AtAt

− F
(Ω)
AtAt

is
symmetric and supported on ΩAt

k,t. Therefore, each row has at most dΩ,t nonzero entries. Then every
nonzero entry satisfies the following:

∣∣∣F̂ (Ω)
jl − F

(Ω)
jl

∣∣∣ ≤ C1

√√√√V⋆ log
(
4|ΩAt

k,t|/δ
)

N
+ C2

B⋆ log
(
4|ΩAt

k,t|/δ
)

N
.

Hence,∥∥∥F̂ (Ω)
AtAt

− F
(Ω)
AtAt

∥∥∥
∞

= max
j

∑
l

∣∣∣F̂ (Ω)
jl − F

(Ω)
jl

∣∣∣
≤ dΩ,t

C1

√√√√V⋆ log
(
4|ΩAt

k,t|/δ
)

N
+ C2

B⋆ log
(
4|ΩAt

k,t|/δ
)

N

 .
Since the difference matrix is symmetric,∥∥∥F̂ (Ω)

AtAt
− F

(Ω)
AtAt

∥∥∥
op

≤
∥∥∥F̂ (Ω)

AtAt
− F

(Ω)
AtAt

∥∥∥
∞
.

Combining the above inequalities gives Equation (13).

E.7 Proof of Corollary 5.2

Proof. Setting each of the two terms in Equation (13) to at most ε/2 gives the sufficient conditions

dΩ,tC1

√√√√V⋆ log(4
∣∣∣ΩAt

k,t

∣∣∣ /δ)
N

≤ ε

2
, dΩ,tC2

B⋆ log(4
∣∣∣ΩAt

k,t

∣∣∣ /δ)
N

≤ ε

2
.

These are implied by

N ≥
4C2

1V⋆d
2
Ω,t log(4

∣∣∣ΩAt

k,t

∣∣∣ /δ)
ε2

, N ≥
2C2B⋆dΩ,t log(4

∣∣∣ΩAt

k,t

∣∣∣ /δ)
ε

.

Taking the maximum yields the following:

N ≥ max

4C2
1V⋆d

2
Ω,t log

(
4|ΩAt

k,t|/δ
)

ε2
,
2C2B⋆dΩ,t log

(
4|ΩAt

k,t|/δ
)

ε

 , (35)

with C1 = 4(
√
2 +

√
3) and C2 = 64/3. The O(·) form in Equation (14) follows by absorbing

numerical constants. In the variance-dominated regime, the ε−1 term is negligible and the complexity
simplifies to

N = O

V⋆d2Ω,t log(
∣∣∣ΩAt

k,t

∣∣∣ /δ)
ε2

 . (36)
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Remark E.6 (Pauli level scaling of B⋆ and V⋆). For local Pauli shadows, a Pauli observable Q of
weight w satisfies

E
[
Xs(Q)2

]
≤ 3w

[13]. In our construction, Xs(G̃
(k)
j,t ) only involves Pauli strings of weight at most k, while

Xs

(
1
2

{
G̃

(k)
j,t , G̃

(k)
l,t

})
involves weight at most 2k. Therefore, up to coefficient size factors (iterate

and potentially k-dependent, but independent of N ),

BA = O(3k), Bsym = O(32k), V sym
jl = O(32k), V prod

jl = O(32k).

Hence

B⋆ = max
{
Bsym, B

2
A

}
= O(32k), V⋆ = O(32k),

and both are N -independent. This makes k a budget-constrained design knob. Larger k retains more
curvature but demands exponentially more shots.
Remark E.7 (Interpretation of the sample complexity). The bound exhibits three key features. (i) The
number of shadow snapshots scales logarithmically in the number of on mask entries |ΩAt

k,t|, reflecting
the classical shadow advantage. A single measurement dataset supports simultaneous estimation of
all on-mask entries without dedicated circuits for each pair. (ii) The exponential dependence on the
truncation level k (through V⋆, B⋆) makes k a budget-constrained knob. Larger k retains more of the
true QFIM structure but demands proportionally more measurements, so under a fixed shot budget
one may choose the largest k for which the estimation error remains controlled. (iii) The sparsity of
the mask enters through d2Ω,t, so sparser masks (smaller dΩ,t) reduce the required sample size.

This bound is a worst case sufficient condition and may substantially overestimate the shot budget
needed in practice.

F Convergence Guarantees

This section provides the proofs of Theorems 5.3 and 5.4. Throughout this section we use the notation
of Section 5.3.

Mt = F̂
(Ω)
AtAt

+ λI

gt = ∇C(
−→
θ t)

ĝt = gt + ξt,

with E
[
ξt |

−→
θ t
]
= 0 and E

[
∥ξt∥22 |

−→
θ t
]
≤ σ2

g and expectations involving ξt are taken over the
gradient estimation randomness. Since gradient and metric estimators use disjoint shot batches,
ξt ⊥Mt |

−→
θ t. Therefore,

E
[
ξt |

−→
θ t,Mt

]
= 0, E

[
∥ξt∥22 |

−→
θ t,Mt

]
≤ σ2

g .

F.1 Uniform sample-size condition

Let the good event be ET as defined in Section 5.3. This is the event that the finite-shot estimation
error (Eshot,t) is at most ε simultaneously for all t. To obtain a single sample-size requirement uniform
over t, let us define

V max
⋆ = max

0≤t<T
V⋆,t, Bmax

⋆ = max
0≤t<T

B⋆,t,

dmax
Ω = max

0≤t<T
dΩ,t, |Ω|max = max

0≤t<T
|ΩAt

k,t|. (37)

By Corollary 5.2, for each t = 0, . . . , T − 1, PrDt

(
Eshot,t ≤ ε |

−→
θ t
)

≥ 1 − δ
T . Recalling the

event ET =
⋂T−1

t=0 {Eshot,t ≤ ε}, an iterated conditioning argument together with a union bound
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yields Pr(ET ) ≥ 1− δ, where the probability is over the joint shadow randomness across iterations,
provided

N ≥ max

{
4C2

1V
max
⋆ (dmax

Ω )2 log(4T |Ω|max/δ)

ε2
,
2C2B

max
⋆ dmax

Ω log(4T |Ω|max/δ)

ε

}
. (38)

Equation (38) should be interpreted pathwise where the maxima are taken along the realized trajectory.
The log T factor relative to the per-iteration bound (Corollary 5.2) reflects the cost of simultaneous
control across all iterations.

F.2 Spectral bounds for the preconditioner

Assume there exist constants m > 0 and Λmax <∞ such that on ET ,
mI ⪯Mt ⪯ ΛmaxI, ∀t = 0, . . . , T − 1. (39)

These spectral bounds are an assumption of the convergence analysis. The finite-shot concentration
of Corollary 5.2 provides one concrete route to verifying them. In the shadow-estimation setting,
Weyl’s inequality yields the following sufficient spectral bounds. On ET , for each t,

λmin(Mt) = λmin(F̂
(Ω)
AtAt

) + λ

≥ λmin(F
(Ω)
AtAt

)− ∥F̂ (Ω)
AtAt

− F
(Ω)
AtAt

∥op + λ

≥ λmin(F
(Ω)
AtAt

)− ε+ λ.

Since entrywise masking need not preserve positive semidefiniteness, F (Ω)
AtAt

may have negative

eigenvalues. Define κmax = max0≤t<T max
{
0,−λmin(F

(Ω)
AtAt

)
}
< ∞, so that λmin(F

(Ω)
AtAt

) ≥
−κmax. This gives

m = λ− ε− κmax. (40)
provided λ > ε+ κmax so that m > 0. For the upper bound, again on ET ,

∥Mt∥op = ∥F̂ (Ω)
AtAt

+ λI∥op

= ∥F (Ω)
AtAt

+ (F̂
(Ω)
AtAt

− F
(Ω)
AtAt

) + λI∥op

≤ ∥F (Ω)
AtAt

∥op + ∥F̂ (Ω)
AtAt

− F
(Ω)
AtAt

∥op + ∥λI∥op

≤ ∥F (Ω)
AtAt

∥op + ε+ λ

≤ Fmax + ε+ λ,

where Fmax = max0≤t<T ∥F (Ω)
AtAt

∥op <∞. Thus a sufficient upper spectral bound is

Λmax = Fmax + ε+ λ.

Therefore, under Equation (38) and provided λ > ε + κmax (so that m > 0 and Mt ≻ 0), the
preconditioner satisfies Equation (39) along the realized trajectory with m = λ − ε − κmax and
Λmax = Fmax + ε+ λ. This provides a pathwise sufficient route to verifying the spectral assumption
used in the convergence analysis.

F.3 Proof of Theorem 5.3

Proof. Condition on (
−→
θ t,Mt), under which gt and Mt are deterministic and the remaining expecta-

tion is over the gradient estimation noise ξt.

By β-smoothness of C, for any step ∆t =
−→
θ t+1 −

−→
θ t,

C(
−→
θ t +∆t) ≤ C(

−→
θ t) + ⟨gt,∆t⟩+ β

2
∥∆t∥22.

Taking expectation over gradient noise gives:

E
[
C(

−→
θ t+1) |

−→
θ t,Mt

]
≤ C(

−→
θ t) + E

[
⟨gt,∆t⟩ |

−→
θ t,Mt

]
+
β

2
E
[
∥∆t∥22 |

−→
θ t,Mt

]
. (41)

The update ∆t = (∆t
At
,∆t

It
) is block-diagonal, so both the inner product and the squared norm split

with no cross terms:
⟨gt,∆t⟩ = ⟨gtAt

,∆t
At

⟩+ ⟨gtIt
,∆t

It
⟩, ∥∆t∥22 = ∥∆t

At
∥22 + ∥∆t

It
∥22.
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Active block. The update is ∆t
At

= −ηqngM
−1
t ĝtAt

.

Linear term. SinceMt is fixed under the conditioning and E
[
ĝtAt

|
−→
θ t,Mt

]
= gtAt

by unbiasedness,

E
[
⟨gtAt

,∆t
At

⟩ |
−→
θ t,Mt

]
= −ηqngg

t⊤
At
M−1

t E
[
ĝtAt

|
−→
θ t,Mt

]
= −ηqngg

t⊤
At
M−1

t gtAt
. (42)

Quadratic term. Substituting the update rule gives ∥∆t
At

∥22 = η2qng∥M−1
t ĝtAt

∥22. Writing ĝtAt
=

gtAt
+ ξtAt

and expanding:

∥M−1
t (gtAt

+ ξtAt
)∥22 = (gtAt

+ ξtAt
)⊤M−2

t (gtAt
+ ξtAt

)

= gt⊤At
M−2

t gtAt
+ 2gt⊤At

M−2
t ξtAt

+ ξt⊤At
M−2

t ξtAt
, (43)

where M−⊤
t = M−1

t by symmetry of Mt, so M−⊤
t M−1

t = M−2
t . Taking expectation, the cross

term vanishes because gtAt
and M−2

t are fixed and E
[
ξtAt

|
−→
θ t,Mt

]
= 0:

E
[
∥M−1

t ĝtAt
∥22 |

−→
θ t,Mt

]
= gt⊤At

M−2
t gtAt︸ ︷︷ ︸

signal

+E
[
ξt⊤At

M−2
t ξtAt

|
−→
θ t,Mt

]
︸ ︷︷ ︸

noise

. (44)

We bound each piece using Mt ⪰ mI .

Signal bound. Since
Mt ⪰ mI =⇒ λmin(Mt) ≥ m =⇒ M−1

t ⪯ m−1I,

Applying congruence monotonicity (A ⪯ B ⇒ C⊤AC ⪯ C⊤BC) with C =M
−1/2
t gives

M−2
t =M

−1/2
t M−1

t M
−1/2
t ⪯ m−1M−1

t .

Therefore,
gt⊤At

M−2
t gtAt

≤ m−1gt⊤At
M−1

t gtAt
. (45)

Noise bound. For any vector v, ∥M−1
t v∥2 ≤ ∥M−1

t ∥op∥v∥2, so ∥M−1
t v∥22 ≤ ∥M−1

t ∥2op∥v∥22. From
Mt ⪰ mI , ∥M−1

t ∥op ≤ m−1. By taking expectation:

E
[
∥M−1

t ξtAt
∥22 |

−→
θ t,Mt

]
≤ m−2E

[
∥ξtAt

∥22 |
−→
θ t,Mt

]
≤ m−2σ2

g . (46)

Substituting Equation (45) and Equation (46) into Equation (44), multiplying by βη2qng/2, and adding
Equation (42):

E
[
⟨gtAt

,∆t
At

⟩+ β

2
∥∆t

At
∥22 |

−→
θ t,Mt

]
≤ −ηqngg

t⊤
At
M−1

t gtAt
+
βη2qng

2

(
m−1gt⊤At

M−1
t gtAt

+m−2σ2
g

)
= −ηqng

(
1−

βηqng

2m

)
gt⊤At

M−1
t gtAt

+
βη2qngσ

2
g

2m2
. (47)

The stepsize condition ηqng ≤ m/β ensures (1− βηqng/2m) ≥ 1/2, so

E
[
⟨gtAt

,∆t
At

⟩+ β

2
∥∆t

At
∥22 |

−→
θ t,Mt

]
≤ −

ηqng

2
gt⊤At

M−1
t gtAt

+
βη2qngσ

2
g

2m2
. (48)

Inactive block. The update is ∆t
It

= −ηsgdĝ
t
It

, which is standard SGD. Repeating the same
smoothness and noise argument above with identity preconditioner yields

E
[
⟨gtIt

,∆t
It
⟩+ β

2
∥∆t

It
∥22 |

−→
θ t,Mt

]
≤ −

ηsgd

2
∥gtIt

∥22 +
βη2sgdσ

2
g

2
, (49)

under ηsgd ≤ 1/β. Substituting Equation (48) and Equation (49) into Equation (41):

E
[
C(

−→
θ t+1) |

−→
θ t,Mt

]
≤ C(

−→
θ t)−

ηqng

2
gt⊤At

M−1
t gtAt

−
ηsgd

2
∥gtIt

∥22 +
β

2

(
η2qngσ

2
g

m2
+ η2sgdσ

2
g

)
︸ ︷︷ ︸

Σ

.

26



F.4 Proof of Theorem 5.4

Proof. Rearranging Theorem 5.3:

E
[
C(

−→
θ t)− C(

−→
θ t+1) |

−→
θ t,Mt

]
≥
ηqng

2
gt⊤At

M−1
t gtAt

+
ηsgd

2
∥gtIt

∥22 − Σ. (50)

Since Mt ⪯ ΛmaxI and Mt ≻ 0, inverting the ordering gives M−1
t ⪰ Λ−1

maxI . Therefore:

gt⊤At
M−1

t gtAt
≥ 1

Λmax
gt⊤At

gtAt
=

1

Λmax
∥gtAt

∥22.

Substituting into Equation (50):

E
[
C(

−→
θ t)− C(

−→
θ t+1) |

−→
θ t,Mt

]
≥

ηqng

2Λmax
∥gtAt

∥22 +
ηsgd

2
∥gtIt

∥22 − Σ. (51)

Define the minimum effective stepsize ηmin = min {ηqng/Λmax, ηsgd}. Since At and It partition [p],
we have ∥gt∥22 = ∥gtAt

∥22 + ∥gtIt
∥22, so:

ηqng

2Λmax
∥gtAt

∥22 +
ηsgd

2
∥gtIt

∥22 ≥ ηmin

2

(
∥gtAt

∥22 + ∥gtIt
∥22
)
=
ηmin

2
∥gt∥22. (52)

Combining Equation (51) and Equation (52):

E
[
C(

−→
θ t)− C(

−→
θ t+1) |

−→
θ t,Mt

]
≥ ηmin

2
∥gt∥22 − Σ. (53)

Taking expectation and applying the tower property yields

E
[
C(

−→
θ t)− C(

−→
θ t+1)

]
≥ ηmin

2
E
[
∥gt∥22

]
− Σ. (54)

Summing Equation (54) from t = 0 to T − 1:

T−1∑
t=0

E
[
C(

−→
θ t)− C(

−→
θ t+1)

]
≥ ηmin

2

T−1∑
t=0

E
[
∥gt∥22

]
− TΣ. (55)

The left side telescopes by linearity of expectation:

T−1∑
t=0

E
[
C(

−→
θ t)− C(

−→
θ t+1)

]
= E

[
C(

−→
θ 0)− C(

−→
θ T )

]
= C(

−→
θ 0)− E

[
C(

−→
θ T )

]
≤ C(

−→
θ 0)− Cinf , (56)

where the last step uses C(
−→
θ T ) ≥ Cinf (bounded below) and C(

−→
θ 0) is deterministic (fixed initial-

ization). Combining Equation (55) and Equation (56):

ηmin

2

T−1∑
t=0

E
[
∥gt∥22

]
≤ C(

−→
θ 0)− Cinf + TΣ.

Dividing both sides by Tηmin/2:

1

T

T−1∑
t=0

E
[
∥gt∥22

]
≤ 2(C(

−→
θ 0)− Cinf)

Tηmin
+

2Σ

ηmin
.

Since the minimum of a sequence is at most its average, min0≤t<T E
[
∥gt∥22

]
≤ 1

T

∑T−1
t=0 E

[
∥gt∥22

]
,

which completes the proof.
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F.5 Effect of PSD projection

In experiments, we apply PSD projection before ridge regularization, using

Mt = Π⪰0

(
F̂

(Ω)
AtAt

)
+ λI.

Accordingly, for the experimental algorithm the approximation chain in Equation (9) acquires one
additional step:

F
truncation−−−−−→ F

(k)
AtAt

masking−−−−→ F
(Ω)
AtAt

shadow estimation−−−−−−−−−→ F̂
(Ω)
AtAt

PSD proj.−−−−−→ Π⪰0

(
F̂

(Ω)
AtAt

)
ridge−−→Mt.

This adds the stabilization term

Epsd,t =
∥∥∥Π⪰0

(
F̂

(Ω)
AtAt

)
− F̂

(Ω)
AtAt

∥∥∥
op
,

which, for a symmetric matrix, is controlled by the negative spectrum and in particular by the
magnitude of the most negative eigenvalue. Empirically, Table 3 indicates that this correction is
modest: although a nontrivial fraction of eigenvalues are negative before projection, the negative
spectral mass is small, suggesting that PSD projection mainly removes a numerically noisy tail rather
than substantial curvature information.

For convergence, PSD projection simplifies the lower spectral bound. Since

Π⪰0

(
F̂

(Ω)
AtAt

)
⪰ 0,

we have

Mt = Π⪰0

(
F̂

(Ω)
AtAt

)
+ λI ⪰ λI.

Moreover,

∥Mt∥op ≤
∥∥∥Π⪰0

{
F̂

(Ω)
AtAt

}∥∥∥
op
+ λ

≤
∥∥∥F̂ (Ω)

AtAt

∥∥∥
op
+ λ,

since PSD projection does not increase the operator norm. Thus, the same spectral-bound argument
used in Theorems 5.3 and 5.4 extends to the PSD-projected preconditioner used in experiments.

G Additional Experiments

G.1 Energy at fixed shot budgets

Shadow-Hybrid (k=4) SGD Adam BlockDiag-QNG (Stokes et al.) Random Natural Gradient (RNG)
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(a) Energy at fixed shot budgets on the 12-qubit,
depth-6 Heisenberg model.
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(b) Energy at fixed shot budgets on the 16-qubit,
depth-8 Heisenberg model.

Figure 3: Energy at fixed cumulative shot budgets.

Figures 3a and 3b show the energy achieved at fixed cumulative shot budgets for the 12-qubit and
16-qubit Heisenberg instances. The plotted values report the mean over 8 matched random seeds,
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with shaded bands showing 95% confidence intervals. Shadow-Hybrid achieves the lowest energy at
moderate budgets, where the curvature information provides the largest marginal benefit. At very low
budgets, metric-estimation overhead is not yet amortized; at very high budgets, all methods eventually
converge.

G.2 10-qubit Heisenberg

Shadow-Hybrid (k=4) SGD Adam BlockDiag-QNG (Stokes et al.) Random Natural Gradient (RNG)
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(a) Energy vs. iteration
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(b) Energy vs. cumulative shots
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(c) Energy at fixed shot budgets
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Figure 4: Convergence on the 10-qubit, depth-4 Heisenberg model over 8 matched random seeds. (a)
Energy vs. iteration. (b) Energy vs. cumulative shots. (c) Energy at fixed shot budgets. (d) Shots
to reach preset benchmark target (−14.0); fractions indicate seeds (out of 8) reaching the target.
The target is a fixed threshold, not the true ground-state energy. Shaded bands in (a)–(c) show 95%
confidence intervals over seeds. Error bars in (d) show mean ± SD over successful seeds only.

Figure 4 shows convergence on the 10-qubit, depth-4 Heisenberg instance, the smallest Heisenberg
setting in our experiments. Shadow-Hybrid achieves lower energy at matched cumulative shot budgets
than all baselines, with faster per-iteration convergence early in optimization. At this scale, several
methods reach the preset benchmark target reliably: Shadow-Hybrid, RNG, and BlockDiag-QNG
each succeed in 8 of 8 seeds, Adam succeeds in 6 of 8, and SGD succeeds in 2 of 8. Among
successful runs, Shadow-Hybrid reaches the target with the lowest average cumulative shot cost.
The per-iteration differences between Shadow-Hybrid, Adam, and the QNG baselines narrow in the
later stages of this smaller instance, while the methods remain more clearly separated in the 16-qubit
(Figure 2) case, where curvature information becomes more valuable.

G.3 Comparison with WA-QNG

WA-QNG [23] is a locality-aware baseline developed for local Hamiltonians, although it uses a
different metric construction from our QFIM surrogate. We compare the two methods using the
same ansatz, matched random seeds, parameter-shift gradients, energy-estimation protocol, and
cumulative-shot accounting.
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(a) 10 qubits, energy vs. iteration
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Shadow-Hybrid (k=4)
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(b) 10 qubits, energy vs. cumulative shots
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(c) 12 qubits, energy vs. iteration
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(d) 12 qubits, energy vs. cumulative shots

Figure 5: Comparison of Shadow-Hybrid and WA-QNG on the 1D Heisenberg model over 8 matched
random seeds. The 10-qubit instance has depth 4, and the 12-qubit instance has depth 6. Shaded
bands show 95% confidence intervals over seeds.

On both instances, Shadow-Hybrid reaches lower mean energy earlier in the optimization. The
cumulative-shot curves extend to different total budgets because the methods have different per-
iteration measurement costs. Over the budget range shared by both methods, Shadow-Hybrid reaches
lower mean energy for nearly the entire range.

For the preset benchmark target of −14.0 on the 10-qubit instance, Shadow-Hybrid succeeds in 8
of 8 seeds, compared with 6 of 8 for WA-QNG. Among successful runs, the corresponding mean
shots-to-target are 4.57 × 107 and 5.78 × 107. For the target of −17.0 on the 12-qubit instance,
Shadow-Hybrid succeeds in 7 of 8 seeds, compared with 4 of 8 for WA-QNG, with mean shots-to-
target of 9.91× 107 and 1.42× 108. Thus, among successful runs, Shadow-Hybrid has about 21%
lower mean shots-to-target at 10 qubits and about 30% lower mean shots-to-target at 12 qubits, while
also reaching the targets on more seeds.

G.4 12-qubit Ising Hamiltonian

To test generalization beyond the Heisenberg model, we evaluate on the 12-qubit 1D transverse-field
Ising Hamiltonian, H =

∑n−2
i=0 JZiZi+1 + h

∑n−1
i=0 Xi, with J = h = 1.0, using the same ansatz

and hyperparameters. Figure 6 shows the convergence results. The qualitative pattern is consistent
with the Heisenberg experiments. Shadow-Hybrid achieves lower energy at a given cumulative shot
budget than all baselines, showing the same per-shot advantage observed in the 10 and 12-qubit
Heisenberg cases, with the lowest energy at moderate shot budgets. In the per-iteration view, it
remains broadly competitive with RNG, with both ahead of the remaining baselines. It reaches
the preset benchmark target energy in 6 of 8 seeds, while RNG reaches it in 5 of 8, Adam in 4 of
8, BlockDiag-QNG in 2 of 8 and SGD in 1 of 8 seeds. Among the methods that reach the target,
Shadow-Hybrid does so at the lowest average cumulative shot cost. These results indicate that the
locality-aware preconditioning generalizes beyond a single Hamiltonian family.
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Figure 6: Convergence on the 12-qubit, depth-6 Ising model over 8 matched random seeds. (a)
Energy vs. iteration. (b) Energy vs. cumulative shots. (c) Energy at fixed shot budgets. (d) Shots
to reach preset benchmark target (−13.0); fractions indicate seeds (out of 8) reaching the target.
The target is a fixed threshold, not the true ground-state energy. Shaded bands in (a)–(c) show 95%
confidence intervals over seeds. Error bars in (d) show mean ± SD over successful seeds only.

G.5 Ablations

G.5.1 Weight-k truncation

The truncation level k acts as a bias–variance knob in the surrogate metric. Figure 7a shows
convergence trajectories for k ∈ {2, 3, 4} on the 12-qubit Heisenberg instance. Lower k converges
faster in early iterations due to reduced estimation noise, but plateaus at a higher energy because the
truncated metric captures less curvature structure. Higher k reaches lower final energies at the cost of
wider variance across seeds, reflecting the increased shot noise from estimating higher-weight Pauli
observables.

G.5.2 Ridge baselines

We compare against two ridge baselines to isolate the contribution of curvature information from the
effect of stepsize scaling via the ridge parameter λ.

Ridge-SGD (Figure 7b) applies Mt = λI to all parameters, using the same stepsizes and ridge value
as Shadow-Hybrid. This is equivalent to rescaled gradient descent with no curvature information.
Ridge-SGD oscillates and stalls around −10, while Shadow-Hybrid continues to converge past −17,
confirming that the improvement is not due to stepsize scaling alone.

Hybrid-Ridge-SGD (Figure 7c) uses the same active/inactive splitting as Shadow-Hybrid but re-
places the shadow-estimated metric with Mt = λI on the active block. Active parameters receive
∆At = −ηqng(λI)

−1ĝAt and inactive parameters receive ∆It = −ηsgdĝIt . This ablation controls for
the hybrid update structure. Hybrid-Ridge-SGD also stalls, indicating that under matched hyperpa-
rameters, the active/inactive splitting alone does not reproduce Shadow-Hybrid’s convergence — the
shadow-estimated curvature on the active block contributes materially to the gains observed.
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(c) Hybrid Ridge Ablation

Figure 7: Ablation convergence on 12-qubit, depth-6 1D Heisenberg model over 8 matched random
seeds. Shaded bands show 95% confidence intervals over seeds.

G.5.3 Masking diagnostics

k |At|/p Mask density on [p]× [p] Mask density on At ×At Relative op.-norm loss Frobenius retention

diag+off-diag off-diag only diag+off-diag off-diag only
∥F (k) − F (Ω)∥op

∥F (k)∥op

∥F (Ω)∥2F
∥F (k)∥2F

2 0.5833 0.1233 0.1171 0.3537 0.3460 0.1613± 0.0536 0.9786± 0.0076

3 0.6250 0.2005 0.1949 0.5067 0.5011 0.1771± 0.0512 0.9767± 0.0069

4 0.6667 0.2394 0.2341 0.5334 0.5285 0.1848± 0.0530 0.9781± 0.0066

Table 2: Masking diagnostics versus truncation level k on the 12-qubit, depth-6 1D Heisenberg model,
averaged over iterations and seeds. For each index domain ([p]× [p] and At ×At), “diag+off-diag”
denotes mask density over all entries, while “off-diag only” denotes mask density restricted to
off-diagonal entries. The final columns report the relative operator-norm masking loss and Frobenius
retention ratio induced by applying the support-overlap mask to the already truncated surrogate F (k).
They do not measure truncation error relative to the full QFIM.

Table 2 reports mask density and Frobenius retention as a function of k. The active fraction |At|/p
increases with k (more parameters have nonzero truncated generators), and the mask becomes denser
as higher-weight terms create more support overlaps. Despite this, the mask remains well below
full density (∼53% on At ×At at k = 4), and the Frobenius retention exceeds 97.6% at all k. The
relative operator-norm masking loss is stable at ∼17%, indicating that the discarded off-mask entries
carry modest spectral weight.

These diagnostics are computed from the exact (simulation-accessible) truncated metric F (k), not
from shadow estimates, and are averaged over iterations and seeds.

G.5.4 Curvature diagnostics

Table 3 reports a set of spectral diagnostics for our proposed Shadow-Hybrid method at k = 4 on
the 12-qubit depth-6 Heisenberg instance. The goal is to verify that the shadow-estimated surrogate
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metric carries meaningful curvature beyond the ridge regularization term, rather than acting as a
scaled identity or stepsize rescaling. These diagnostics complement the ridge-baseline ablations by
showing that the improvement is driven by curvature information in the surrogate.

Metric Definition Across seeds
(mean ± sd)

Interpretation

Curvature vs. ridge
scale

λmax/λ 25.2197± 2.3004 Curvature dominates ridge.

Strong eigenmode
fraction

# {λi > λ} /|At| 0.5670± 0.0310 Majority of modes carry
curvature above ridge floor.

Raw indefiniteness # {λi < 0} /|At| 0.1276± 0.0116 The raw estimate is often
indefinite, so PSD projec-
tion may help in stabiliza-
tion.

Negative
spectral mass ratio

∑
λi<0 |λi|∑

i |λi|
2.2978× 10−2

± 4.2778× 10−3
Small but nonzero; noise
creates some negative
eigenvalues but they carry
little total weight.

Directional
alignment signal

⟨∆θ,∆θridge⟩
∥∆θ∥∥∆θridge∥

0.6110± 0.0141 Update differs from plain
ridge direction; curvature
rotates the step.

Energy drop ∆E = E150 − E1 −17.1074± 1.1454 Consistent descent across
seeds.

Table 3: Curvature diagnostics for our Shadow-Hybrid method with k = 4 on the 12-qubit, depth-6
1D Heisenberg model across multiple seeds. Reported values are mean ± sd across runs. The table
summarizes curvature scale, indefiniteness, directional deviation from a ridge-only step, and observed
descent.

Table 3 confirms that the surrogate carries meaningful and non-trivial curvature information:

Curvature scale: The largest eigenvalue exceeds the ridge floor by ∼25×, indicating that the surrogate
captures substantial curvature beyond the regularization baseline.

Strong eigenmodes: 57% of eigenmodes lie above the ridge threshold, so the majority of the active
parameter space receives genuine curvature-informed preconditioning.

Indefiniteness: ∼13% of eigenvalues are negative before PSD projection, validating the need for
this stabilization step. The negative spectral mass is small (∼2.3%), so PSD projection corrects a
numerically noisy tail without discarding significant curvature.

Directional alignment: The cosine similarity between the preconditioned update and the ridge-only
update is ∼0.61, confirming that the curvature rotates the step direction substantially away from the
plain gradient.

Descent: All seeds achieve consistent energy drops of ∼17 units over 150 iterations.

G.5.5 Scaling diagnostics

We examine how the support-overlap mask behaves at fixed k = 4 as system size grows, evaluating
Heisenberg instances with (n, d) ∈ {(10, 4), (12, 6), (14, 7), (16, 8)}. Table 4 reports the active-set
size, mask density, masking-induced operator-norm loss, Frobenius retention, and the wall-clock time
needed to build the truncated propagated generators.
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n depth p |At| |At|/p mask density rel. op.-loss Frob. ret. Tprop (s)

10 4 80 56 0.7000 0.2581 0.1920± 0.1017 0.9685± 0.0293 0.136± 0.025

12 6 144 96 0.6667 0.2394 0.1826± 0.0545 0.9787± 0.0070 1.152± 0.023

14 7 196 126 0.6429 0.2124 0.1192± 0.0541 0.9873± 0.0058 2.863± 0.134

16 8 256 160 0.6250 0.1895 0.1008± 0.0252 0.9929± 0.0029 5.168± 0.034

Table 4: Scaling diagnostics for Heisenberg chains at fixed truncation k = 4, varying (n, d). Mask
density reports |Ωk|/p2 on [p] × [p]. Means ± std are over seeds {5, 7, 9, 11} and snapshots t ∈
{1, 50, 100, 150}. The masking-loss and Frobenius-retention columns measure the effect of applying
the support-overlap mask to the already truncated surrogate F (k), not truncation error relative to the
full QFIM. Tprop is the wall-clock time for one truncated propagated-generator construction.

The mask becomes sparser as the system grows: its density on [p] × [p] decreases from 0.2581 at
(10, 4) to 0.1895 at (16, 8). Frobenius retention moves the other way, from 0.9685 to 0.9929. So at
fixed k = 4, the mask discards more entries at larger scales while keeping nearly all of the Frobenius
mass of F (k). This matches the locality of the truncated surrogate: each G̃(k)

j has bounded Pauli
weight, so support-overlap masking retains only the parameter pairs whose truncated supports actually
intersect.

Classical preprocessing time Tprop grows from 0.136 s at (10, 4) to 5.168 s at (16, 8). This is only
the cost of building the truncated generators; it does not include quantum shots or full optimizer
runtime.

Two caveats. First, n and depth increase together in this sweep, so the table is a fixed-k operating-
point study, not an isolated scaling law in n. Second, what we measure is the mask’s quality after
truncation, not the truncation error relative to the full QFIM. Thus, while the fixed choice k = 4
works well across the 10-, 12-, and 16-qubit Heisenberg studies reported here, we do not claim that it
remains sufficient for arbitrarily larger or deeper circuits.

These diagnostics are computed from the exact, simulation-accessible truncated metric F (k), rather
than from finite-shot shadow estimates.

H Implementation details

single layer

...

RY (θY
ℓ,0) RZ(θZ

ℓ,0)

RY (θY
ℓ,1) RZ(θZ

ℓ,1)

RY (θY
ℓ,2) RZ(θZ

ℓ,2)

RY (θY
ℓ,n−1) RZ(θZ

ℓ,n−1)

...

Layer l

Figure 8: A single layer of the hardware-efficient ansatz used in the experiments. Each layer applies
trainable RY and RZ rotations on every qubit, followed by a nearest-neighbor CNOT ladder. The
full circuit is obtained by repeating this layer for l = 1, . . . , d.

All experiments were implemented in Python using PennyLane [2] (v0.44.0) with finite shot sim-
ulation and were run on a multi-core CPU computing cluster. We used the same HEA (Figure 8),
initialization, and finite-shot parameter-shift gradient pipeline across all methods. Metric-based meth-
ods (BlockDiag-QNG, RNG, and ours) additionally re-estimate a preconditioner at each iteration.
SGD and Adam use only gradient shots. Learning rates were tuned independently per method over
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[0.01, 0.1], and we report the best setting for each method. For our method, the inactive-block learn-
ing rate ηsgd was fixed to the best tuned learning rate of the SGD baseline, and only the active-block
learning rate ηqng was tuned. We use weight-k truncation together with PSD projection and ridge
regularization on the active block with ridge parameter λ = 0.1 unless otherwise stated. For baseline
metric methods, we use their corresponding preconditioner constructions with ridge regularization
for stable inversion.

For shot accounting, we use Sgrad = 1024 shots per qubit-wise commuting (QWC) measurement
group per shifted parameter-shift circuit for all methods. Metric-based baselines use Smet = 2048
shots per metric-estimation circuit. Corollary 5.2 provides a conservative worst-case sufficient
condition for per-iteration operator-norm accuracy, so we do not use it to set shadow snapshot counts
numerically. Instead, after fixing k, we choose the shadow snapshot count N empirically as a
stable operating point for surrogate-QNG optimization. Our method uses N = 50000 single-shot
classical-shadow snapshots for the 10-qubit experiments, N = 60000 snapshots for the 12-qubit
experiments and N = 100000 snapshots for the 16-qubit experiments. Each snapshot is a single-shot
measurement under a random single-qubit Pauli basis, so N snapshots correspond to N total shots.

Method Gradient Metric estimation Total per iteration

SGD 2pSgrad — 2pSgrad
Adam 2pSgrad — 2pSgrad
BlockDiag-QNG 2pSgrad BBD Smet 2pSgrad +BBD Smet
RNG 2pSgrad (2p+ 1)Smet 2pSgrad + (2p+ 1)Smet
Ours Shadow-Hybrid 2pSgrad N shadow snapshots 2pSgrad +N

Table 5: Per-iteration shot budget

In Table 5, BBD denotes the number of blocks used by BlockDiag-QNG. For uniform block size q,
BBD = p/q. In the 12-qubit setting with p = 144, we use BBD = 12 uniform blocks of size q = 12,
corresponding to the 12 layer-and-rotation-type subgroups: each of the 6 circuit layers contributes
one block of RY rotations and one block of RZ rotations. The quantity Sgrad is defined per QWC
group, so the absolute gradient cost includes an additional shared factor equal to the number of QWC
groups, namely 3 for the Heisenberg Hamiltonian and 2 for the transverse-field Ising Hamiltonian.
This factor is common to all methods and is omitted from Table 5 for readability.

At 12-qubits (p = 144), our metric-estimation cost is N = 60000 shadow snapshots per iteration.
For comparison, RNG requires (2p+1)Smet = 289×2048 ≈ 5.92×105 metric-estimation shots per
iteration, whereas BlockDiag-QNG requires BBDSmet = 12× 2048 ≈ 2.46× 104 shots. Thus, our
method sits between BlockDiag-QNG and RNG in per-iteration metric-estimation cost. It is about
2.4× more expensive than BlockDiag-QNG, but about 9.9× cheaper than RNG, while still capturing
inter-block curvature that block-diagonal estimation discards. RNG’s metric-estimation cost scales
explicitly with p, whereas our method’s cost depends on N and the truncation level k. The practical
payoff is captured by the energy reached per cumulative shot. Consistent with this cost comparison,
our method reaches lower energies per cumulative shot on both tested Heisenberg and Ising instances,
see Figures 2 and 6.
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Answer: [Yes]
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and how they scale with dataset size.
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will be specifically instructed to not penalize honesty concerning limitations.
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• Theorems and Lemmas that the proof relies upon should be properly referenced.
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of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: Source code with reproduction instruction is provided as supplementary
materials.
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• The answer NA means that the paper does not include experiments.
• If the paper includes experiments, a No answer to this question will not be perceived
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whether the code and data are provided or not.
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to make their results reproducible or verifiable.
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dataset, or provide access to the model. In general. releasing code and data is often
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instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
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• While NeurIPS does not require releasing code, the conference does require all submis-
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the architecture clearly and fully.
(c) If the contribution is a new model (e.g., a large language model), then there should

either be a way to access this model for reproducing the results or a way to reproduce
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In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.
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possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

• The instructions should contain the exact command and environment needed to run to
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to access the raw data, preprocessed data, intermediate data, and generated data, etc.

• The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

• At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

• Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLs to data and code is permitted.

6. Experimental setting/details
Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
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impact or why the paper does not address societal impact.

39

https://neurips.cc/public/EthicsGuidelines


• Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

• The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

• The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

• If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

11. Safeguards
Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [N/A]

Justification: As far as we can tell, the paper does not involve any identifiable risks as
mentioned above.

Guidelines:

• The answer NA means that the paper poses no such risks.
• Released models that have a high risk for misuse or dual-use should be released with

necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

• Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

• We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

12. Licenses for existing assets
Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]

Justification: Pennylane [2] is cited for simulation framework. Baseline methods as
BlockDiag-QNG, RNG are reimplemented following their respective references [25, 16].

Guidelines:

• The answer NA means that the paper does not use existing assets.
• The authors should cite the original paper that produced the code package or dataset.
• The authors should state which version of the asset is used and, if possible, include a

URL.
• The name of the license (e.g., CC-BY 4.0) should be included for each asset.
• For scraped data from a particular source (e.g., website), the copyright and terms of

service of that source should be provided.
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• If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

• For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

• If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

13. New assets
Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?
Answer: [Yes]
Justification: The source code and relevant information are made available.
Guidelines:

• The answer NA means that the paper does not release new assets.
• Researchers should communicate the details of the dataset/code/model as part of their

submissions via structured templates. This includes details about training, license,
limitations, etc.

• The paper should discuss whether and how consent was obtained from people whose
asset is used.

• At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

14. Crowdsourcing and research with human subjects
Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?
Answer: [N/A]
Justification: This work does not involve research involving human subjects or crowdsourc-
ing experiments.
Guidelines:

• The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

• Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

• According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

15. Institutional review board (IRB) approvals or equivalent for research with human
subjects
Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?
Answer: [N/A]
Justification: [N/A]
Guidelines:

• The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

• Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.
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• We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

• For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

16. Declaration of LLM usage
Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.
Answer: [N/A]
Justification: [N/A]
Guidelines:

• The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

• Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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