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Abstract

Retraining is the primary mechanism by which deployed models adapt to new
data, yet it is also among the most expensive operations in modern machine
learning. How often must a model be retrained to remain near-optimal? We answer
this question through a learning-curve based characterization of the retraining-
frequency/risk trade-off in online learning. For the i.i.d. realizable setting, we
observe that only O(log T ) updates over a horizon of T rounds suffice to match
the risk of full retraining within a factor of two whenever the learning curve is
non-increasing. However, when the learning curve decays as a power law t−α

with α < 1, as empirically observed in deep learning, the budget collapses further
to O(log log T ) updates, yielding a substantial asymptotic improvement. We
further design update schedules achieving these bounds, prove matching lower
bounds, and present an adaptive algorithm that remains near-optimal when α
is unknown. We then extend the analysis to piecewise-stationary and gradually
drifting environments, and prove a no-free-lunch theorem: already with a single
distribution change, triggered by the learner’s first update, every full-prefix update
schedule that knows the environment but not the hypothesis class is polynomially
suboptimal in some setting. Together, these results provide a sharp characterization
of the frequency–accuracy trade-off in online retraining and bridge foundational
learning theory with practical strategies for scalable deployment.

1 Introduction

Current AI systems have achieved remarkable success across a wide range of applications, enabled by
training on large volumes of data to yield models with strong statistical concentration and effective
representations. As these models are deployed over extended periods, they inevitably encounter a
continual stream of new data. Incorporating such data can improve predictive accuracy, but doing so
typically requires retraining, which updates the model’s internal parameters. Retraining, however, is
among the most costly operations in modern AI—whether in terms of computational resources and/
or stability. This raises a fundamental question: as data accumulate, how often should retraining
occur to maintain optimal predictive performance?

We address this problem through the lens of online learning (Shalev-Shwartz & Ben-David, 2014),
a setting in which data arrive sequentially over rounds t = 1, 2, . . . , T and the learner must make
predictions in each round while updating its hypothesis based on feedback. Formally, online learning
can be abstracted as a game between a learner and nature. At each round t, the learner selects a
predictor ĥt on an input space X based on past data; upon receiving a new instance Xt, it outputs a
prediction Ŷt := ĥt(Xt). Nature then reveals the true label Yt, and the learner incurs a loss ℓ(Ŷt, Yt)
for some predefined loss function ℓ. The performance of the learner over T rounds is measured by its
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cumulative risk

RiskT ({(Xt, Yt)}Tt=1) =

T∑
t=1

ℓ
(
ĥt(Xt), Yt

)
.

While natural, this paradigm implicitly assumes that retraining (i.e., updating ĥt) at every step t is
essential for maintaining optimal performance. A fundamental question that has remained largely
unexplored is whether this assumption is truly necessary: can comparable accuracy be achieved with
dramatically fewer updates? In this work, we show that the answer is affirmative, by providing a
precise characterization of the trade-off between retraining frequency and predictive risk. Whereas
common practice often relies on fixed-cadence or accuracy-triggered heuristics, we identify the exact
update frequencies that suffice and prove that they are unimprovable in the corresponding regimes.

More precisely, we assume access to an oracle O that, given any dataset {(Xi, Yi)}mi=1, returns
a predictor ĥ ∈ H from a hypothesis class H. Retraining corresponds to invoking the oracle.
We allow at most S such retraining steps (i.e., oracle calls), which occur at chosen time points:
0 = τ0 < τ1 < · · · < τS < T. At each update time τs, the oracle produces a predictor ĥs
based on the data observed so far. This predictor is then deployed throughout the s-th epoch, i.e.,
∀t ∈ (τs, τs+1] we predict Ŷt = ĥs(Xt).

Given a retraining budget S, our goal is to design the update schedule τ1, . . . , τS so as to minimize
the cumulative risk RiskS,T in a specified learning environment (see Section 2 for definition). We
also focus on the minimal budget S for which RiskS,T asymptotically matches the risk RiskT,T of the
same oracle that would be attained if retraining were performed at every step (i.e., S = T ).

Our primary focus in this paper is on the frequency of retraining, while we treat the (computational)
cost of each retrain as a single oracle call. We emphasize that our framework is not constrained to
any specific oracle; rather, our main theorems provide general characterizations of when to optimally
invoke a given (black-box) oracle based on its predictive performance. Moreover, retraining frequency
captures not only computational cost but also instability, catastrophic forgetting, and user adaptation
overheads that arise from continuous model deployment. Since each retraining event can also require
validation, redeployment, and monitoring, we count events rather than total FLOPs or examples
processed.

Our Contributions. We start with the classical i.i.d. realizable setting, which already captures
the fundamental trade-off between the retraining budget and the predictive risk. In this case, the
data {(Xt, Yt)}Tt=1 are assumed to be drawn i.i.d. from an unknown distribution µ. Our analysis
relies on the concept of a learning curve L̄(t) (see Eq. (3) for a precise definition), defined as:
L̄(t) := EDt E(X,Y )∼µ

[
ℓ
(
ĥDt(X), Y

)]
, where Dt := {(Xi, Yi)}ti=1

i.i.d.∼ µ, and ĥDt := O(Dt) for
some oracle O (e.g., an ERM rule), and (X,Y ) denotes a fresh sample from µ.

As a baseline, Proposition 3.1 establishes that only log T updates suffice to achieve a risk within a
factor of two of the optimal full-update risk, provided that the learning curve L̄(t) is non-increasing,
regardless of its exact shape. The proof is reminiscent of the classical “doubling trick,” however,
our result is more general in that it applies to any non-increasing learning curve, without assuming
a specific functional form. We then establish the precise optimal risk when additional properties
of the learning curve are satisfied. We show in Theorem 3.3 that if L̄(t) = Õ(1/t), e.g., when
H ⊂ {0, 1}X has finite VC-dimension and the oracle O is ERM, near-optimal updates are scheduled
at τi = T i/(S+1) for 1 ≤ i ≤ S, leading to the expected risk E[RiskS,T ] ≤ Õ((S + 1) · T

1
S+1 ).

When the learning curve follows a power law L̄(t) = O(t−α) for some α < 1, Theorem 3.3 provides

a weighted update schedule with risk O(T
1−α

1−αS+1 ), with a constant that does not depend on S or
T . Perhaps surprisingly, this implies that when L̄(t) = Θ(t−α), only S = O(log log T ) updates
suffice to match the full-update risk within a constant factor. We further show that these risks are
essentially tight and design an update rule (Algorithm 1) that leverages the empirical losses incurred
by the predictors to attain the optimal risk up to polylogarithmic factors (Theorem 3.6) even when
α is unknown. Beyond the i.i.d. setting, our results also extend to nonstationary data distributions,
including both piecewise-i.i.d. shifts and gradual drift. For the piecewise-i.i.d. regime, we propose an
efficient update procedure (Algorithm 2) that achieves near-optimal risk, as shown in Theorem 3.8.
For gradual drift of realizable distributions at total-variation rate at most γ̄, the same algorithm attains
risk Õ(1 + T γ̄1/2) with Õ(1 + T γ̄1/2) updates (Theorem 3.10). Finally, we show in Theorem 3.12
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that, without any prior information about the learning environment, no universal update schedule can
achieve competitive optimality (even up to polylogarithmic factors) relative to the case where the
environment is known, already for a single change that reacts to the learner’s first update. Finally,
Appendix B reports experiments on MNIST, Fashion-MNIST, and a multiscale synthetic model.
With at most seven updates, the weighted schedule stays within a factor of 1.81 of full retraining on
synthetic streams of up to 106 rounds, whereas fixed-cadence retraining with the same budget is up
to 216 times worse. On MNIST, two updates keep it within a factor of 1.41 of full retraining up to
T = 50,000. In summary, our results identify the learning curve as a key object governing the risk-
update trade-off in retraining: sufficient information about its shape enables near-optimal scheduling
(Theorems 3.3, 3.6, 3.8, and 3.10), whereas without such information no universal full-prefix rule can
be near-optimal in general (Theorems 3.5 and 3.12).

Related Work. Online learning has been extensively studied in the literature, where updates are
assumed at every time step (Rakhlin & Sridharan, 2015; Shalev-Shwartz & Ben-David, 2014; Foster
et al., 2018; Wu et al., 2022, 2026). In contrast, literature that explicitly investigates the cost of
retraining in online learning is scarce. Notable exceptions are Devulapalli & Hanneke (2024);
Devulapalli et al. (2025), which consider a continuous-time online model that queries samples only
at selected time steps and updates the model at those query times. However, their work does not
treat the update schedule as a design objective and relies exclusively on the queried (sampled)
adversarial examples, which can be overly pessimistic for practical scenarios. Recent efforts propose
decision rules for triggering retraining based on uncertainty or cost considerations (Regol et al., 2025;
Zanotti, 2025). These results provide useful heuristics and case studies, but they do not characterize
the minimal update budget needed to match the predictive performance of continuous retraining.
Other related areas include continual and incremental learning (He et al., 2020), as well as learning
under nonstationarity and dynamic regret (Block et al., 2022; Haghtalab et al., 2020; Hazan &
Seshadhri, 2009; Wu et al., 2023; Fahrbach et al., 2023). Although these efforts study adaptation
under distributional shift, their objectives differ from ours; we focus on the statistical limits of
retraining under a fixed update budget. Finally, empirical studies of scaling laws suggest that learning
curves often follow power-law behavior (Kaplan et al., 2020; Hestness et al., 2017; Hoffmann et al.,
2022), which motivates the modeling assumptions adopted in this work. Closer in spirit, Altschuler &
Talwar (2018) characterize the minimax regret of online learning under a switching budget, Hanneke
(2014) develops the theory of label-efficient learning curves under disagreement-based active learning,
and Ibrahim et al. (2024) empirically demonstrate that simple continual pre-training schedules can
match full retraining of large language models at a fraction of the compute.

2 Problem Formulation

Let X be the context space, Y the label space, and H ⊂ YX a hypothesis class. A training oracle
(or learning rule) is a function O : (X × Y)∗ → H, that takes as input a sequence of context-label
pairs and returns a predictor inH. We consider the following online learning scenario with a limited
update (or retraining) budget of S:

Protocol 1 Selective Update Online Learning Protocol

Select initial predictor ĥ0 ∈ H and set update index s = 0
for t = 1, . . . , T do

Use predictor ĥs to make a prediction on Xt

Observe true label Yt
Use update rule Φ with {(Xi, Yi)}ti=1 and predictor ĥs to determine whether to update
if Φ triggers an update and s < S then

Select data subset Ds+1 ⊂ {(Xi, Yi)}ti=1 and update predictor ĥs+1 = O(Ds+1)
Set s← s+ 1

end if
end for

We denote τ1, . . . , τS as the update time steps, and define s(t) := max{s ∈ {0, . . . , S} : τs < t}
as the index of the most recent update strictly before prediction at time t ∈ {1, · · · , T}. Our goal
is to design an update rule Φ that, given access to a retraining oracle O and a fixed update budget
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S, minimizes the total cumulative risk incurred by the learner over a time horizon of T prediction
rounds. Specifically, the empirical cumulative risk (or total loss) incurred by a given update rule Φ
(which at time t can take value 1, if update happens at this time and 0 otherwise) is defined as:

RiskS,T (Φ, {(Xt, Yt)}Tt=1) :=

T∑
t=1

ℓ
(
ĥs(t)(Xt), Yt

)
=

S∑
s=0

τs+1∑
t=τs+1

ℓ(ĥs(Xt), Yt),

where ℓ : Y × Y → R≥0 is a loss function and we assume τ0 = 0 and τS+1 = T .

In many practical settings, retraining a model is significantly more expensive than evaluating it only
on new data. Therefore, it is desirable to limit the number of retraining events, while allowing the
learner to freely test the current predictor on incoming examples. This motivates a class of update
rules that rely solely on observable predictive performance.

Risk-driven update. An update rule Φ is said to be risk-driven if, at any time step t, it only treats
the current predictor ĥs(t) as a black box and bases its update decision solely on the observed
losses {ℓ(ĥs(t)(Xi), Yi)}ti=1 over the available data. That is, Φ must determine whether to update
exclusively based on the predictive performance of the current predictor on the historical data.

This paper focuses primarily on designing risk-driven update rules that achieve optimal cumulative
risk. To proceed, we assume that the data is generated by an unknown random process belonging to a
known class P. We refer to the tuple (P,H,O) as a learning environment.

For any given learning environment, we first define the expected risk, for µ ∈ P, as follows:

RiskS,T (Φ,µ) := E{(Xt,Yt)}T
t=1∼µ

[
RiskS,T (Φ, {(Xt, Yt)}Tt=1)

]
, (1)

Our goal is to characterize the following minimax risk:

RiskS,T (P) := inf
Φ

sup
µ∈P

E
[
RiskS,T (Φ, {(Xt, Yt)}Tt=1)

]
, (2)

where the infimum is taken over all risk-driven update rules Φ that satisfy the update budget constraint
S, and the expectation is over the randomness of the data sequence {(Xt, Yt)}Tt=1 ∼ µ as well as
any internal randomness of Φ and the retraining oracle O.

Realizable i.i.d. Learning Environment. In this setting, the data points {(Xt, Yt)}Tt=1 are drawn
independently and identically from an unknown distribution µ over X ×Y . We assume there exists an
unknown hypothesis h ∈ H such that h(X) = Y for (X,Y ) ∼ µ almost surely (i.e., µ is realizable
w.r.t. H). The hypothesis classH is arbitrary, and the oracle O is assumed to return an empirical risk
minimizer (ERM) over a given dataset. Let Dt := {(Xi, Yi)}ti=1

i.i.d.∼ µ, and define ĥt = O(Dt).
We define the learning curve L(t) and the expected learning curve L̄(t) as follows

L(t) = E(X,Y )∼µ[ℓ(ĥt(X), Y )] and L̄(t) := EDtE(X,Y )∼µ

[
ℓ(ĥt(X), Y )

]
(3)

where (X,Y ) is a fresh sample independent of Dt.
Remark 2.1. The fixed-design upper bounds hold for any oracle: they depend only on its expected
learning curve L̄(t) on an i.i.d. prefix and require neither realizability nor exact ERM. The comparison
is to full retraining with that same oracle. Protocol 1 permits arbitrary training subsets, but the fixed-
design results use all previous samples. Algorithm 2 instead uses data since the detected change.
Keeping only data since the previous update requires a local-buffer learning curve, and can change
the optimal schedule.

It is known that for a hypothesis class H with finite VC-dimension and for the 0-1 loss, the
learning curve satisfies, for any µ ∈ P L̄(t) ≤ O

(
VC(H)t−1 log t

)
= Õ

(
t−1
)
, where Õ hides

poly-logarithmic factors in t. It is also known that the learning curve behaves like L(t) =

O
(

VC(H) log t+log(1/δ)
t

)
with probability at least 1− δ (Shalev-Shwartz & Ben-David, 2014).

In the case of real-valued hypothesis classes, when the loss function is Lipschitz (e.g., absolute loss)
and the fat-shattering dimension scales as γ−p for some p > 0 (for example, for H = {hw(x) :=
⟨w,x⟩ : ∥w∥p ≤ 1, ∥x∥ p

p−1
≤ 1}), it can be shown (see (Attias et al., 2023, Theorem 2) and the

discussion that follows) that, for any µ ∈ P,

L̄(t) ≤ Õ
(
t−

1
p+1

)
. (4)
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We refer to learning curves of the form L̄(t) = Õ(t−α) with α < 1 as exhibiting power-law scaling,
a phenomenon that is also observed empirically in many practical settings (Kaplan et al., 2020;
Hestness et al., 2017; Hoffmann et al., 2022). A concrete example where the learning curve provably
follows a power law is provided in Appendix D. Beyond i.i.d. processes, we consider more general
nonstationary data-generating processes, including:

Piecewise-Stationary Environment. The data are generated independently according to a sequence
of (unknown) distributions {µt}Tt=1, where µt remains fixed within each contiguous segment but may
change between segments. Here, the class P consists of all such piecewise-stationary processes.

Gradual Distribution Drift. The data are generated independently according to {µt}Tt=1 with
bounded stepwise variation: ∥µt − µt−1∥TV ≤ γ for t ∈ {2, . . . , T}. Here, P consists of all such
processes with drift rate at most γ. The learner does not know γ but is given an upper bound γ̄ ∈ (0, 1]
on it.

3 Main Results

In this section, we present our main theoretical and algorithmic results, focusing primarily on the i.i.d.
setting, with extensions to the piecewise-stationary case in Section 3.2.1. Experiments are reported in
Appendix B. Throughout, we assume that the loss function ℓ(·, ·) is bounded.

3.1 Fixed-Design Schedule

We begin with a general result showing that only log T updates are sufficient to be competitively
optimal when the learning curve L̄(t) is non-increasing. Observe that RiskT,T corresponds to the
area under the learning curve L̄(t), while the risk RiskS,T of the update schedule at τ1, · · · , τS can
be viewed as the area under a step function.

We begin with the following result, whose proof is given in Appendix A.
Proposition 3.1. Consider any i.i.d. learning environment (P,H,O) with a fixed full-prefix oracle
whose learning curve L̄(t) is non-increasing. If the update times are chosen as τi = 2i−1 for
i = 1, . . . , ⌈log2 T ⌉, then, with S = ⌈log2 T ⌉,

RiskS,T (P) ≤ 2 sup
µ∈P

Rfull(µ).

Here Rfull(µ) =
∑T−1

t=0 L̄µ(t) includes the initial predictor. The doubling schedule matches this
same-oracle full-update risk within factor 2, using only O(log T ) updates.
Remark 3.2. Proposition 3.1 is, at its core, the classical doubling trick (Cesa-Bianchi & Lugosi,
2006) repurposed for our setting. We claim no novelty for the technique itself. However, the level of
generality presented here is, to our knowledge, novel. In particular, Proposition 3.1 is conceptually
significant: the update rule requires no knowledge of the exact curve, yet with only exponentially
fewer updates, it achieves risk that is competitively optimal w.r.t. the full-update benchmark.

While Proposition 3.1 establishes a universal update rule with only log T updates, it leaves open the
more challenging regime where the update budget is substantially smaller provided we have some
extra knowledge about the learning curve. Quite surprisingly, when the learning curve follows a
power law L̄(t) ≤ 1/tα with α < 1, the structure of optimal scheduling becomes fundamentally
different, as shown in the theorem below, with full proof in Appendix C.
Theorem 3.3. Consider an i.i.d. environment and a fixed oracle trained on the full prefix, with loss in
[0, B] and expected learning curve L̄(t). (i) Power-law regime. Suppose L̄(t) ≤ Ct−α for t ≥ 1,
uniformly over µ ∈ P, where 0 < α < 1. For a budget S, put n = S+1, wi = αn−i, W =

∑n
i=1 wi,

and

β =
1

W
=

1− α
1− αS+1

, λ =

(
n∏

i=1

wwi
i

)−1/W

, r0 = 1, ri = λwiT
βrαi−1. (5)

Then rn = T . The integer schedule obtained from r1, . . . , rS as specified in Appendix C uses at most
S updates and satisfies

RiskS,T (P) ≤ B + 2max{B,C}λWT β = Oα,B,C(T
β), λW ≤ α−α/(1−α)

1− α
. (6)
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Figure 1: Cumulative loss relative to full update as the horizon grows. Left: synthetic streams from
the multiscale occupancy model of Example 1 with α = 1/2, whose learning curve is Θ(t−1/2)
(Lemma D.1); S = ⌈log log T/ log 2⌉ updates (three at T = 103, four for larger T ), three streams.
Right: MNIST, exact ridge oracle, fitted exponent α̂ = 0.30 (Table 1); S = 2 updates, five streams.
Every schedule makes the same S updates and retrains the same oracle on all past data: Weighted is
the schedule of Theorem 3.3(i), Equal contribution updates at ⌊T (1−αi)/(1−αS+1)⌋, and Cadence at
the nearest integers to iT/(S + 1); full update retrains after every round. Points show means and
sample standard deviations. Weighted stays within a factor of 1.81 of full update on synthetic streams
up to T = 106 and 1.41 on MNIST up to T = 50,000, whereas Cadence reaches 79 and 3.6. Setup,
other exponents, and Fashion-MNIST: Appendix B.4, Tables 3 and 4.

In particular, S = max{0, ⌈log log T/ log(1/α)⌉ − 1} suffices for Oα,B,C(T
1−α) risk, for T ≥ e2.

(ii) Logarithmic regime. If L̄(t) ≤ C/t, the rounded geometric schedule τi = T i/(S+1) attains
OB,C((S + 1)T 1/(S+1)) risk. Thus S = ⌈log T ⌉ gives OB,C(log T ) risk. Finite-VC ERM curves
satisfy the corresponding statement up to their additional logarithmic factors.

(iii) Lower bounds. If, for some µ⋆, L̄µ⋆
(0) ≥ c and L̄µ⋆

(t) ≥ ct−α, every fixed full-prefix schedule
incurs at least (c/2)T β risk. Thus part (i) is tight with constants independent of S, T . For α = 1 the
analogous lower bound is Ωc(T

1/(S+1)). These lower bounds also cover adaptive rules if the lower
envelope holds for their conditional predictive risks at every selected update.

Sketch of Proof. Unrolling (5) gives rn = T βWλW
∏

i w
wi
i = T . Before rounding, for r1 ≥ 1, the

stepwise risk is at most

Br1 + C

n∑
i=2

(ri − ri−1)r
−α
i−1 ≤ λ[Bw1 + C(W − w1)]T

β .

The epoch contributions now have geometric weights wi, removing the S + 1 prefactor of the equal-
contribution schedule τi = T (1−αi)/(1−αS+1). Moreover, log λ ≤ α log(1/α)/(1− α). Appendix C
gives the integer construction and lower bound.

Remark 3.4. Note that, for the power-law curve L̄(t) = Θ(1/tα), the optimal full-update risk is of
order Θ(T 1−α). Theorem 3.3 shows that with only S = O(log log T ) updates, doubly exponentially
fewer than full retraining, the weighted schedule matches this risk within a constant factor depending
only on α,B,C, c. For B = 1 and L̄(t) = t−1/2, the explicit asymptotic ratio is at most 2

√
e+ o(1)

(Appendix C). Since the budget permits at most S updates, optimal risk cannot increase with S.

Moreover, Theorem 3.3 remains near optimal (up to polylogarithmic factors in the risk) even when
the learning curve fluctuates within a polylogarithmic factor, i.e., when L̄(t) = Θ̃(1/t) or L̄(t) =
Θ̃(1/tα). In fact, for L̄(t) = Θ̃(1/tα) with α < 1, Theorem 3.3 with S = O(log log T ) remains
competitively (near) optimal w.r.t. optimal full-update risk. Figure 1 confirms this on synthetic
streams up to T = 106 and on MNIST; Appendix B reports the full comparisons.

Unfortunately, the doubly-exponential improvement in the update budget does not extend to the case
where the fluctuations are of polynomial size, as shown below. The proof is deferred to Appendix E.
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Theorem 3.5. Fix constants 0 < α1 < α2 < 1. There is a constant c > 0 such that, for all
sufficiently large T and every 1 ≤ S ≤ c log T/ log log T , there exists a non-increasing function
L̄ = L̄T,S with t−α2 ≤ L̄(t) ≤ t−α1 for t ≥ 1 and the following property: for any realizable i.i.d.
learning environment with learning curve L̄(t), every full-prefix update schedule fixed in advance
with at most S updates incurs risk at least TΩ(1/S) · RiskT,T (P). In particular, for S ≤ o( log T

log log T ),
the competitive ratio must be super-polylogarithmic. The same holds for adaptive full-prefix rules
under the conditional lower envelope of Theorem 3.3(iii).

3.2 Risk-Driven Update Schedule

We have established several optimal update schedules that rely only on the shape of the learning curve.
In practice, however, the learning curve is rarely known in advance, and the learning environment
may deviate substantially from the i.i.d. assumption. In this section, we leverage our theoretical
schedules as primitives, which can be composed and adapted to design update rules for more realistic
settings, thereby bridging the gap between idealized theory and practical applicability.

We begin with the case where the (realized) learning curve L(t) follows a power law with high
probability, but with an unknown exponent α (e.g., hypothesis classes with finite fat-shattering
dimension under ERM retraining). Specifically, we assume that L(t) = Θ̃

(
1
tα

)
holds simultaneously

for all t with probability at least 1− 1
T , for some (unknown) α > 0.

Without knowledge of the exponent α, the update schedule proposed in Theorem 3.3 no longer
applies. To address this, we introduce Algorithm 1, which monitors the empirical loss L̂(t) (defined
in Algorithm 1) to guide updates. The algorithm begins with an initial estimate α̂ and keeps it fixed
as long as the empirical learning curve L̂(t) behaves typically, as guaranteed by Lemma F.1. When
L̂(t) deviates from this typical behavior, α̂ is updated according to lines 7–9 of Algorithm 1.

Our next main theorem shows that Algorithm 1 is agnostic to α and matches the full-update risk up
to polylogarithmic factors. Unlike the fixed schedules above, it chooses its own number of updates,
which the theorem bounds. We provide a proof sketch here and defer the detailed proof to Appendix F.
Note that while the fluctuations of L(t) are logarithmic in the theorem and in Algorithm 1, both the
algorithm and its proof can be easily extended to handle polylogarithmic fluctuations.

Algorithm 1 Adaptive schedule for unknown α < 1

1: Input: Time horizon T , constant C1.
2: Output: Update rule Φ = (Φ[1], . . . ,Φ[T ]).
3: Initialize: Let α̂ = α̂0 := 1 − log log T

log T , Ŝ = log log T
log(1/α̂) , β̂ = 1−α̂

1−α̂Ŝ
, i = 0, τ0 = 0, τ1 = ⌊T β̂⌋,

and randomly pick ĥτ0 = ĥ0 ∈ H.
4: for t = 1, . . . , T do

5: Compute L̂(t) =
∑t

j=τi+1 ℓ(ĥτi
(Xj),Yj)

t−τi
and set Φ[t] = 0.

6: if t = τi+1 then
7: if i ≥ 1 and (t−τi)L̂(t)

14 ≥ 2 log T then
8: Compute αmax = max

{
α : 2L̂(t)

3 ≤ C1 log τi
τα
i

}
.

9: Set α̂ = min{max{αmax,
1

log T }, α̂0}, Ŝ = log log T
log(1/α̂) , and β̂ = 1−α̂

1−α̂Ŝ
.

10: end if
11: Set Φ[t] = 1 and i← i+ 1.
12: Set ĥτi = O

(
{(Xj , Yj)}τij=1

)
and τi+1 =

⌊
max

{
2−iτ α̂i T

β̂ , 2τi

}⌋
.

13: end if
14: end for

Theorem 3.6. Assume losses take values in [0, 1] and there exist constants C1 ≥ C2 > 0 and an
unknown exponent α ∈ [Ω( log log log T

log log T ), 1− log log T
log T ] such that, with probability at least 1− 1

T , the
realized learning curve L(t) of the oracle satisfies C2 t

−α ≤ L(t) ≤ C1 log t · t−α simultaneously
for all 2 ≤ t ≤ T . Then, with probability at least 1 − 2

T , Algorithm 1 makes at most S =

7



O
(
min{log T, log log T

(1−α) log(1/α)}
)

updates, which is O( log log T
log(1/α) ) when α is bounded away from one,

and its expected cumulative risk is Õ
(
T 1−α

)
.

Sketch of Proof. At a high level, Algorithm 1 estimates the true exponent α from the empirical
loss L̂(t), and then uses the current estimate α̂ to set the update schedule as in Theorem 3.3.
Let τi1 , . . . , τiJ be the times when the if condition in line 7 of Algorithm 1 is active, i.e., when
α̂ is updated. We show that, with probability at least 1 − 2

T , for all t ≥ τij and all j = 1, . . . , J ,

α̂ ≥ α ≥ α̂− log log τij−1+log(3C1/C2)

log τij−1
. Thus α̂ never underestimates α, and the gap shrinks as τij

grows. We then show that the upper estimate yields a risk bound Õ(T 1−α) by our schedule design,
while the lower bracket on α eventually keeps α̂ ≤

√
α, after which the distance log(T/τi) contracts

geometrically; this bounds the number of updates.

3.2.1 Shifting Distributions

We now turn to nonstationary environments, where the data distribution may change over time. We
consider two types of distribution shift: (i) a piecewise i.i.d. shift, and (ii) a gradual distribution drift
with bounded total variation.

Piece-wise i.i.d. environments. We assume that there are K change points at unknown locations
1 < κ1 < · · · < κK ≤ T , with κ0 = 1 and κK+1 = T +1; the learner is givenK (or an upper bound
on it). Within each segment t ∈ [κi−1, κi) the samples {(Xt, Yt)} are i.i.d. from some (unknown)
distribution µ(i), while they may differ across segments.

For simplicity, we focus on binary classification with a hypothesis classH ⊆ {0, 1}X of finite VC
dimension and an ERM oracle. We further assume segment-wise realizability: for all i ≤ K + 1,
there exists h⋆i ∈ H such that h⋆i (Xt) = Yt almost surely for all t ∈ [κi−1, κi).

We begin with the simpler benchmark setting in which the change points are known to the scheduler.

Proposition 3.7. Assume that the change points κ1, . . . , κK are known. Allocate m := ⌊S/(K+1)⌋
updates per segment and apply the schedule from Theorem 3.3 (ii) within each segment. Then the

cumulative risk satisfies: RiskS,T (P) ≤ Õ((S +K + 1)
(

T
K+1

) 1
⌊S/(K+1)⌋+1

).

Sketch of Proof. Within segment k of length nk, Theorem 3.3 (ii) (using data only from that segment)
gives a per-segment risk of order (m+ 1)n

1/(m+1)
k log nk. The result follows by summing over all

K+1 segments and applying Jensen’s inequality, noting that x1/(m+1) is concave and
∑
nk = T .

Algorithm 2 Adaptive schedule for piecewise-stationary environment

1: Input: Horizon T , budget S, known bound K, constant C0

2: Initialize: Let m = ⌊S/(K + 1)⌋, N = T/(K + 1), j = 0, i = 1, τ0 = 0, τ1 = ⌈N
1

m+1 ⌉,
d = 0, κ̂ = 0, and randomly pick ĥτ0 = ĥ0 ∈ H;

3: /∗ j is the number of updates since the last distribution change detected by the if condition 6.
τi−1 and τi are the last and next time for model update, respectively. d is used to guarantee that
τi cannot be changed once given. ∗/

4: for t = 1, . . . , T do
5: Compute ĈL(t) =

∑t
u=τi−1+1 ℓ(ĥτi−1(Xu), Yu) and ϵ(t) = ĈL(t)− C0 log T (t−τi−1)

Nj/(m+1) ;

6: if ϵ(t) > 0 and ϵ2(t)
2C0 log T (t−τi−1)/Nj/(m+1)+2ϵ(t)/3

≥ 2 lnT and d = 0 then

7: Let κ̂ = t, τi = t+ ⌈N
1

m+1 ⌉, d = 1, and j = 0;
8: else if t = τi, i ≤ S, and j < m then
9: Update model ĥt = O({(Xu, Yu)}tu=κ̂+1) and let j = j + 1, i = i+ 1, τi = t+ ⌈N

j+1
m+1 ⌉,

and d = 0;
10: end if
11: end for
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The more challenging regime is when the change points are unknown: the scheduler must choose
both the update times and which samples to pass to the retraining oracle. Algorithm 2 addresses this
issue by monitoring the empirical losses to detect shifts. In Theorem 3.8, we show that the algorithm
achieves the same risk (up to polylog factors) as the known–change-point benchmark. The proof is
deferred to Appendix G.
Theorem 3.8. Let P be piecewise-stationary i.i.d. processes with K change points at unknown
locations, with K known. Assume binary classification with a finite-VC classH ⊆ {0, 1}X and an
ERM oracle such that, with probability at least 1 − 1

T , every predictor trained on n ≥ 1 samples
from a single segment has realized loss at most C0 log T/n on that segment. Then Algorithm 2 uses
at most S updates and achieves

RiskS,T (P) ≤ Õ

(
(S +K + 1)

(
T

K + 1

) 1
⌊S/(K+1)⌋+1

)
.

Sketch of Proof. Let m := ⌊S/(K + 1)⌋. The proof controls two possible errors of the change
detector: false detections and missed changes. If no distributional change occurs in the current
epoch, then the data remain i.i.d. within the same stationary segment. Bernstein’s inequality, with the
threshold calibrated in line 6, ensures that a false detection does not occur with high probability, and
the risk is bounded by applying the schedule of Theorem 3.3 within that segment.

If a distributional change occurs, there are two cases. If the change is detected, the algorithm resets
κ̂ and restarts the schedule of Theorem 3.3 using only post-detection samples. If the change is
missed before the next scheduled update, the loss is still controlled: the detection statistic is the
cumulative empirical loss itself, so non-detection implies that the loss accumulated since the last
update remains below the threshold. Thus each stationary segment contributes at most Õ((m +
1)(T/(K + 1))1/(m+1)), and summing over the K + 1 segments gives the claimed bound.

Remark 3.9. Note that the restriction to learning curves of the form L̄(t) = Õ(1/t) is not essential.
The same proof technique also extends to power-law learning curves L̄(t) = Õ(t−α) with α < 1,
by replacing the within-segment schedule with that of Theorem 3.3(i) and calibrating the detection
threshold to the corresponding epoch-wise risk scale. We omit the details for clarity of exposition.

Gradual distribution drift environments. We now consider the gradual distribution shift setting,
where the data (Xt, Yt) follow a distribution µt such that the total variation distance between µt and
µt−1 is bounded by a parameter γ, i.e., ∥µt−µt−1∥TV ≤ γ for t ∈ {2, . . . , T}. The learner does not
know γ but is given an upper bound γ̄ ∈ (0, 1] on it. Learning with such slowly changing distributions
was studied by Bartlett (1992). Assuming that every µt is realizable by H, the following theorem,
proven in Appendix H, shows that Algorithm 2 attains risk Õ(1 + T γ̄1/2) using Õ(1 + T γ̄1/2)
updates.
Theorem 3.10. Consider a learning environment where the data distributions µt, t ∈ {1, . . . , T},
satisfy ∥µt+1 − µt∥TV ≤ γ and each µt is realizable byH, which has VC dimension d. The loss is
0− 1 valued, γ is unknown, and the learner is given d and γ̄ ∈ (0, 1] with γ ≤ γ̄. Then Algorithm 2,
with K, S, and C0 chosen as in Appendix H, achieves risk RiskS,T (P) ≤ Õ(1 + T γ̄1/2) with at most
S = Õ(1 + T γ̄1/2) updates.

Remark 3.11. The bound has a natural learning-curve interpretation. Under realizability, Lemma H.1
shows that an empirical risk minimizer trained on n consecutive samples has realized riskO(log T/n)
plus 8γ times the span of the window. Windows of length of order (log T/γ̄)1/2 balance these two
terms, so within such a window the predictive error behaves as in an i.i.d. environment with the
standard 1/t learning curve. Algorithm 2 thus partitions the stream into Õ(1 + T γ̄1/2) effective
segments and applies the i.i.d. schedule within each. The same learning-curve abstraction that drove
our i.i.d. results continues to govern the drift case—only now the relevant curve is windowed.

3.2.2 A No Free Lunch Theorem

Finally, we present a no–free–lunch–type negative theorem: in the absence of any prior information
about the learning environment, no risk-driven (empirical-loss–based) universal update rule can
achieve competitively optimal risk to the known environment setting for a given number of model
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updates. A single reactive change already suffices: it occurs at the learner’s first update, and the
post-change distribution depends on the samples observed up to that time. The rules choose their
update times and retrain on the full prefix, starting from the oracle’s output on the empty sample;
optimality is measured against the best update rule in the same environment. The full proof is deferred
to Appendix I.

Theorem 3.12. There exist a reactive environment E with one change, which occurs at the learner’s
first update, and two hypothesis classes H1 and H2 such that any update rule Φ with S = 2 that
retrains on the full prefix, starts from the oracle’s output on the empty sample, and lacks knowledge
of the hypothesis class (while being allowed knowledge of E) incurs TΩ(1) times the optimal expected
risk against E in at least one of the settings (E,H1,OH1) or (E,H2,OH2), where OH1 and OH2

denote ERM oracles forH1 andH2.

Sketch of Proof. The proof constructs two environments that are indistinguishable to any risk-driven
scheduler but have incompatible near-optimal update windows. Since a risk-driven scheduler observes
only the losses of its current predictors, we build H1,H2, target functions, and a reactive one-
change environment so that the observed loss sequence before the second update is identical in
both environments; hence the scheduler must choose the same update times τ1, τ2. However, near-
optimality imposes opposite requirements: under H1, the second update must occur in an early
window, while under H2, any such early update leaves a polynomially large loss, so the second
update must occur later. Thus the same loss history cannot support a schedule that is near-optimal in
both environments. The construction can also be extended to any constant S ≥ 2 by nesting the same
gadget.

Remark 3.13. Theorem 3.12 can be viewed as a converse to our positive results. Theorems 3.6 and 3.8
show that limited information about the learning curve enables near-optimal scheduling relative to the
best environment-aware schedule, while Theorem 3.12 shows that, without any such information, no
full-prefix risk-driven rule can be near-optimal in general. Together, these results identify information
about the learning curve as the key prior for competitive-optimal retraining.

4 Conclusion and Discussion

In this paper, we introduced a general framework for analyzing the optimal scheduling of retraining
in online models. Our results provide a precise characterization of when and how often retraining
is needed: we designed schedule rules tailored to the shape of the learning curve, proved they
achieve fundamental performance limits, and extended them to more realistic regimes by leveraging
empirical losses to guide updates. Together, these results move beyond heuristic criteria and establish
a principled theory of retraining frequency. For clarity of exposition, we adopted several simplifying
assumptions. For instance, we treated the retraining budget as a single oracle call, independent
of the size of the training set. In practice, the computational cost of retraining often depends on
the volume of data processed. A natural future direction is to investigate optimal update schedules
under joint constraints on update frequency and data cost (e.g., in Algorithm 2 we jointly design the
update schedule and the dataset). Another promising extension is to adapt our framework to broader
learning environments, such as the smoothed adversarial processes (Haghtalab et al., 2020), where
nonstationarity is more structured yet still adversarial in spirit.
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A Proof of Proposition 3.1

Proof. Assume T ≥ 2; the case T = 1 is trivial. Let M := ⌈log2 T ⌉, set τ0 = 0, τi = 2i−1 for
1 ≤ i ≤M , and τM+1 = T . Fix any µ ∈ P, and write at := L̄(t). Since L̄(t) is non-increasing, the
same-oracle full-update benchmark is

Rfull(µ) =

T−1∑
t=0

at.

For the dyadic schedule Φdyad,

RiskM,T (Φdyad,µ) =

M∑
i=0

(τi+1 − τi)aτi .

The first two terms are bounded by
(τ1 − τ0)aτ0 + (τ2 − τ1)aτ1 ≤ 2a0,

where we use monotonicity. For i ≥ 2, the choice M = ⌈log2 T ⌉ ensures τi+1 − τi ≤ 2(τi − τi−1),
including the final interval. Thus, again by monotonicity,

(τi+1 − τi)aτi ≤ 2(τi − τi−1)aτi ≤ 2

τi−1∑
t=τi−1

at.

Summing the above bounds gives

RiskM,T (Φdyad,µ) ≤ 2

T−1∑
t=0

at = 2Rfull(µ).

Taking the supremum over µ ∈ P gives the stated upper bound.

B Empirical evaluation

We evaluate the frequency–risk trade-off on MNIST, Fashion-MNIST, and a synthetic multiscale
model: learning-curve fits, matched-budget comparisons, longer horizons, adaptive schedules, and
change-point detection. All tables and figures are generated by the accompanying code from per-seed
result files.

B.1 Protocol, data, and oracles

At each round, prediction and loss evaluation precede any training on that example. Each real-data
stream is a random permutation of the 60,000-example training split, with identical prefixes across
schedules and horizons. Pixels are divided by 255, without augmentation or further normalization.
Sampling without replacement approximates the i.i.d. setting. Classification loss is zero–one error.

Exact ridge oracle. We use 512 random ReLU features ϕ(x) = max{xA + b, 0}, with Aij ∼
N(0, 1/784) and bj ∼ U [−0.5, 0.5], fixed within each seed. On a training prefix the oracle returns

Ŵ = (Φ⊤Φ+ 0.1I)−1Φ⊤Y,

where Y contains one-hot labels; prediction is the largest output coordinate. The oracle exactly
minimizes a regularized squared loss; we report zero–one error. The full-update reference uses
the identical oracle after every observation, computed by rank-one inverse updates; on a small test
problem, its predictions coincide with those of independent batch solves. No model update after the
final prediction is charged; “full update” denotes T − 1 effective refits, consistent with the budget
convention S = T .

MLP oracle and reference. The second oracle is a 784–128–10 ReLU MLP trained from the
same seed-specific initialization at each checkpoint for three shuffled passes of Adam (learning rate
10−3, batch size 64, moment parameters 0.9 and 0.999, numerical stabilizer 10−8, no weight decay).
The reference takes one Adam minibatch step per round on samples drawn with replacement from
the current prefix. Because this is a different training rule from the three-pass checkpoint oracle,
MLP ratios compare against online Adam rather than against the same oracle; the ridge experiments
provide the same-oracle comparison.
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Synthetic model. The synthetic streams implement Example 1 with ground truth σ ≡ 1. For
xt

i.i.d.∼ U [0, 1), level ℓ has 2qℓ cells with weight 4 · 2−pℓ, and the loss of the ERM oracle at a fresh
point is the total weight of the cells containing it that contain no training sample (Proposition D.2).
Thus

L̄(t) =
∑
ℓ≥1

4 · 2−pℓ(1− 2−qℓ)t = Θ(t−p/q)

by Lemma D.1. We use (p, q) = (1, 2), (1, 3), (2, 3). Levels are truncated when the next weight is at
most 10−6 or the next cell index would require more than 45 bits. The omitted weight is added as a
constant to every per-round loss under every schedule, which bounds the truncation error per round.

Schedules and statistics. Every schedule calls the same oracle on the full prefix at its checkpoints
τ1 < · · · < τS . Weighted denotes (5), rounded as in Appendix C; Equal denotes the equal-
contribution schedule τi = ⌊T (1−αi)/(1−αS+1)⌋. Both are run with the fitted exponent of Table 1
(“fit”; for the occupancy model, the true exponent p/q) and with α = 0.5 (“.5”). We also evaluate
the geometric schedule τi = ⌊T i/(S+1)⌋; fixed cadence (Cadence), with τi the nearest integer to
iT/(S+1); doubling truncated to its first S checkpoints τi = 2i−1; and S distinct checkpoints drawn
uniformly from {1, . . . , T − 1}. Duplicate integer checkpoints are removed, so a schedule may use
fewer than S updates; for example, with S = 8, Weighted with the fitted ridge exponent uses six
updates on MNIST and five on Fashion-MNIST. The complete budget sweep is S ∈ {1, 2, 3, 4, 6, 8}.
Ratios are calculated within each seed before aggregation. Tables report means and sample standard
deviations (divisor n− 1) over five seeds (0–4), or three seeds (0–2) for MLP and synthetic horizon
scaling. Seeds vary stream order and oracle initialization; random schedule seeds are paired across
comparisons.

B.2 Learning-curve fits

For each oracle and seed, an independent shuffle (seed 1000 + s) supplies training prefixes of sizes
given by 14 logarithmically spaced integers from 20 to 10,000. We evaluate on 4,000 disjoint
examples at shuffled positions 50,000–53,999 and fit a straight line to log error versus log training
size for sizes at least 50. These calibration runs use separate random permutations of the same
training split.

Table 1: Power-law fits over t ≥ 50. The exponent is fitted to the mean curve; its reported dispersion
is the sample standard deviation of per-seed fits.

Dataset Oracle α̂ Ĉ R2

MNIST Ridge 0.302± 0.020 1.45 0.964
MNIST MLP 0.489± 0.035 5.51 0.977
Fashion-MNIST Ridge 0.181± 0.017 0.83 0.963
Fashion-MNIST MLP 0.268± 0.002 1.78 0.973

B.3 Matched budgets and sensitivity to the exponent

Table 2 reports representative budgets from all six dataset/oracle environments; the accompanying
CSV and JSON files contain every schedule and budget, including geometric, truncated doubling, and
random updates. We report both the fitted exponents and the fixed choice α = 0.5. With the fitted
exponent, Weighted has a lower ratio than Equal in 17 of the 18 settings of Table 2 (the exception is
MNIST/MLP with S = 2) and a lower ratio than fixed cadence in all 18. With the fixed choice 0.5,
Equal is lower than Weighted in 12 of the 18 settings. Because the weighted construction optimizes
the upper bound rather than the measured curve, Equal can also win against a fitted exponent: with
four updates on MNIST/ridge, Equal with exponent 0.5 attains 1.21, below both weighted variants
(1.31 and 1.33). An additional sweep over α = 0.05, 0.10, . . . , 0.95 at budgets S = 2, 4, 6 for the
Equal schedule is provided in e2c sens.json; it was not used to select any reported schedule.
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Figure 2: Measured learning curves. Error bars show sample standard deviations over five ridge or
three MLP runs.

Table 2: Matched-budget loss ratios at T = 104; “fit” uses the fitted exponent, or the true exponent
for occupancy, and “.5” uses α = 0.5. Ridge and occupancy denominators use the identical oracle
every round; MLP denominators are the online-Adam reference, a different training rule. Five seeds,
or three for MLP.

Environment S Weighted fit Weighted .5 Equal fit Equal .5 Cadence

MNIST / ridge 2 1.41± 0.04 1.47± 0.03 1.71± 0.03 1.41± 0.03 2.90± 0.08
MNIST / ridge 4 1.33± 0.02 1.31± 0.02 1.63± 0.04 1.21± 0.02 2.10± 0.06
MNIST / ridge 8 1.33± 0.02 1.24± 0.02 1.62± 0.04 1.19± 0.03 1.58± 0.03
Fashion / ridge 2 1.26± 0.02 1.25± 0.02 1.72± 0.02 1.23± 0.02 2.19± 0.03
Fashion / ridge 4 1.23± 0.01 1.16± 0.02 1.69± 0.02 1.12± 0.01 1.69± 0.02
Fashion / ridge 8 1.23± 0.02 1.13± 0.01 1.69± 0.02 1.10± 0.01 1.37± 0.02
MNIST / MLP 2 2.74± 0.06 2.80± 0.08 2.63± 0.16 2.73± 0.19 4.65± 0.19
MNIST / MLP 4 2.13± 0.03 2.12± 0.04 2.31± 0.04 2.22± 0.07 3.30± 0.11
MNIST / MLP 8 2.03± 0.08 1.99± 0.04 2.11± 0.06 2.07± 0.07 2.42± 0.08
Fashion / MLP 2 1.72± 0.04 1.78± 0.02 1.81± 0.03 1.73± 0.08 2.55± 0.01
Fashion / MLP 4 1.65± 0.10 1.47± 0.02 1.74± 0.05 1.53± 0.09 2.02± 0.04
Fashion / MLP 8 1.60± 0.05 1.50± 0.03 1.70± 0.03 1.44± 0.01 1.66± 0.05
Occupancy 1/2 2 2.24± 0.06 2.24± 0.06 2.39± 0.04 2.39± 0.04 13.63± 0.02
Occupancy 1/2 4 1.59± 0.02 1.59± 0.02 1.82± 0.03 1.82± 0.03 8.51± 0.01
Occupancy 1/2 8 1.49± 0.03 1.49± 0.03 1.69± 0.03 1.69± 0.03 5.11± 0.01
Occupancy 1/3 2 1.62± 0.03 1.66± 0.03 1.84± 0.01 1.60± 0.02 4.30± 0.01
Occupancy 1/3 4 1.40± 0.01 1.36± 0.01 1.67± 0.00 1.34± 0.02 2.94± 0.00
Occupancy 1/3 8 1.39± 0.01 1.31± 0.01 1.65± 0.00 1.28± 0.01 2.05± 0.00

B.4 Broader horizons

Table 3 covers every decade from 103 to 106 and all three exponents, using S =
⌈log log T/ log(1/α)⌉, one more update than the minimal budget in Theorem 3.3(i). The dou-
bling schedule uses its own budget ⌈log2 T ⌉ and is shown for reference. Weighted has a lower
ratio than Equal in 11 of the 12 settings, and its ratio stays at most 1.81, whereas the ratio of fixed
cadence grows with T . We additionally extend the exact ridge comparison on both real datasets to
T = 50, 000, holding stream prefixes and features fixed across horizons (Table 4; the MNIST rows
are plotted in Figure 1). The budget in each row is determined by the offline fitted exponent, and
every compared schedule receives that same budget. The T = 10, 000 rows coincide with the S = 2
rows of Table 2.

B.5 Adaptive updates and change-point detection

We run Algorithm 1 as stated, with C1 = 1. The fixed schedules in Table 5 receive the number of
updates chosen by the algorithm. At T = 104, the doubling floor 2τi determines every checkpoint
after the second, so all 25 runs use the same ten update times 12, 39, 78, . . . , 9984. The exponent
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Figure 3: Budget sweeps in six environments (mean and sample standard deviation). The MLP
reference is online Adam; the other references use the same oracle.

Table 3: Synthetic horizon scaling; loss ratios (mean ± sample standard deviation, three seeds).
Doubling uses its larger natural budget.

α T S Weighted Equal Cadence Doubling Sdbl

1/3 103 2 1.50± 0.05 1.60± 0.03 2.31± 0.01 1.13± 0.02 10
1/3 104 3 1.45± 0.01 1.71± 0.01 3.45± 0.00 1.12± 0.00 14
1/3 105 3 1.50± 0.00 1.86± 0.00 6.67± 0.00 1.12± 0.00 17
1/3 106 3 1.56± 0.00 1.99± 0.00 13.63± 0.00 1.13± 0.00 20
1/2 103 3 1.54± 0.05 1.67± 0.08 3.75± 0.00 1.21± 0.01 10
1/2 104 4 1.58± 0.01 1.81± 0.04 8.51± 0.02 1.19± 0.01 14
1/2 105 4 1.70± 0.01 2.03± 0.01 25.41± 0.02 1.19± 0.00 17
1/2 106 4 1.81± 0.00 2.21± 0.00 78.91± 0.01 1.20± 0.00 20
2/3 103 5 1.49± 0.09 1.47± 0.08 3.74± 0.01 1.24± 0.03 10
2/3 104 6 1.60± 0.03 1.70± 0.17 12.42± 0.03 1.25± 0.01 14
2/3 105 7 1.65± 0.01 1.78± 0.02 47.51± 0.01 1.26± 0.00 17
2/3 106 7 1.76± 0.01 1.96± 0.03 216.47± 0.02 1.28± 0.00 20
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Table 4: Longer real-data horizons: loss ratios to full update with the exact ridge oracle, five seeds.
The same budget S = ⌈log log T/ log(1/α̂)⌉ is used for every schedule in a row. W denotes Weighted
and E denotes Equal.

Dataset T S W fit W .5 E fit E .5 Cadence

MNIST 1000 2 1.26± 0.08 1.27± 0.09 1.32± 0.07 1.31± 0.11 1.71± 0.07
MNIST 10000 2 1.41± 0.04 1.47± 0.03 1.71± 0.03 1.41± 0.03 2.90± 0.08
MNIST 50000 2 1.30± 0.02 1.27± 0.02 1.45± 0.02 1.42± 0.02 3.61± 0.03
Fashion-MNIST 1000 2 1.21± 0.08 1.21± 0.07 1.60± 0.07 1.21± 0.03 1.64± 0.07
Fashion-MNIST 10000 2 1.26± 0.02 1.25± 0.02 1.72± 0.02 1.23± 0.02 2.19± 0.03
Fashion-MNIST 50000 2 1.14± 0.00 1.13± 0.01 1.63± 0.01 1.20± 0.01 2.41± 0.02

estimate is first revised at the seventh to tenth update, and never for α = 2/3, where it keeps its
initial value 0.76. These revisions do not change any update time, so the Adaptive column reflects
this checkpoint sequence rather than adaptation of the exponent.

Table 5: Adaptive exponent experiment: loss ratios to full update, five streams at T = 104. Fixed
schedules receive the same number of updates as Algorithm 1. Equal uses the true synthetic or fitted
real-data exponent.

Environment Final α̂ Updates Adaptive Equal Cadence

Occupancy 1/3 0.44± 0.00 10± 0 1.14± 0.00 1.65± 0.00 1.85± 0.00
Occupancy 1/2 0.61± 0.00 10± 0 1.22± 0.01 1.68± 0.02 4.35± 0.01
Occupancy 2/3 0.76± 0.00 10± 0 1.30± 0.04 1.43± 0.02 8.18± 0.01
MNIST / ridge 0.57± 0.01 10± 0 1.09± 0.02 1.62± 0.04 1.48± 0.02
Fashion / ridge 0.50± 0.00 10± 0 1.05± 0.02 1.69± 0.02 1.30± 0.01

Piecewise-stationary comparison. We use T = 12, 000, budget S = 8, and K = 3 label-
permutation changes after rounds 3,000, 6,000, and 9,000. The detector is given K but not these
locations. Because the ridge oracle and ten-class task do not satisfy the binary realizable assumptions
of Theorem 3.8, we evaluate the power-law variant described after that theorem, with C0 = 2 and
the fitted (Ĉ, α̂). For an epoch of n observations whose predictor was fitted on N examples, the
expected-loss threshold is nmin{1, C0ĈN

−α̂}, with N frozen until the next refit, and the positive
loss excess is tested with the Bernstein statistic in Algorithm 2. After a detection the buffer starts
with the next observation. Integer epoch lengths are rounded down, whereas Algorithm 2 rounds
them up, and are at least one. Known CPs is told the change points; within each segment it applies
the geometric schedule with m = ⌊S/(K + 1)⌋ = 2 updates and trains on that segment’s data
(Proposition 3.7). Window updates at fixed cadence and trains on the last ⌊T/(S + 1)⌋ examples.
i.i.d. geom. ignores the changes and applies the geometric schedule ⌊T i/(S+1)⌋ to the full prefix. Full
prefix refits after every round on all past examples, including those labeled under earlier permutations,
and has no budget. At this calibration, the detector has higher mean loss than the fixed-cadence

Table 6: Cumulative classification errors on label-permuted streams (T = 12000, K = 3, budget
S = 8 except full-prefix retraining), five seeds. The detector is the empirical power-law variant
described in the text.

Dataset Known CPs Detector Window Full prefix i.i.d. geom.

MNIST 3965± 95 7329± 377 5862± 329 7392± 716 8454± 761
Fashion-MNIST 4099± 57 7832± 397 6214± 278 7590± 593 8626± 706

window baseline on both datasets and, on Fashion-MNIST, than full-prefix retraining. Because
the detection statistic accumulates from the last update, rounds with below-threshold loss before a
change delay its detection. Across the ten runs, 18 of the 30 changes are detected, with a median
delay of about 1,900 rounds; none of the first changes on Fashion-MNIST is detected. No detection
occurs before the first change. The detector makes 4 to 8 updates (means 6.2 on MNIST and 4.8 on
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Fashion-MNIST), whereas the other budgeted policies make 8. The supplementary calibration sweep
is exploratory, and we do not select a constant on these evaluation streams.

B.6 Compute, reproducibility, and limitations

All experiments use NumPy on an Intel Core Ultra 9 285 CPU, with one BLAS thread per experiment
process and 23 GiB of system memory; no GPU is used. Per-group elapsed times are recorded in the
logs. The 50,000-round runs took 195 seconds in total, with peak resident memory of 1.2 GiB.

Besides update counts, the code records operation-count proxies, td2 + d3/3 for a batch ridge fit
and 6Et(dinh + 10h) for E MLP passes, which omit feature extraction, prediction, and memory
movement. The incremental full-update ridge reference costs O(Td2) in total rather than that of T
batch refits. On the hardware above, it takes 15–19 seconds per 50,000-round stream, whereas fitting
and predicting with each S = 2 schedule takes at most 0.31 seconds.

The supplementary code contains the download, training, evaluation, verification, and rendering
scripts, together with per-seed outputs, logs, commands, and package versions. MNIST is credited to
LeCun, Cortes, and Burges, with files obtained from https://github.com/fgnt/mnist. Fashion-
MNIST is credited to Xiao, Rasul, and Vollgraf and obtained from its MIT-licensed repository,
https://github.com/zalandoresearch/fashion-mnist. The scripts download the datasets
rather than redistributing them.

The experiments use small models, shuffled benchmark images, and synthetic label shifts; they do
not cover larger architectures, naturally occurring drift, or the gradual-drift setting of Theorem 3.10.
Reduced update frequency may lower validation and deployment overhead, but delayed responses to
distribution changes can also prolong errors, so application-specific monitoring remains necessary.

C Proof of Theorem 3.3

Benchmark and scope. For deterministic full-prefix update times, independence of the next
example gives the exact expected-risk objective

R(τ) = τ1L̄(0) +

S∑
i=1

(τi+1 − τi)L̄(τi), τS+1 = T. (7)

The full-retraining benchmark is Rfull =
∑T−1

t=0 L̄(t) for the same oracle and initial predictor. A
non-increasing expected curve makes this optimal among deterministic full-prefix schedules. It need
not make full retraining optimal among all data-dependent choices of predictors or training subsets.
Upper bounds for a fixed schedule remain upper bounds on the minimax risk in (2); the lower-bound
scope is stated separately in part (iii).

Weighted schedule. Write a = α and use the definitions in (5). Since βW = 1 and wi = an−i,

rn =

n∏
i=1

(λwiT
β)a

n−i

= λWT βW
∏
i

wwi
i = T.

Also W ≤ (1− a)−1 and

log λ = log(1/a)

∑n−1
k=0 ka

k∑n−1
k=0 a

k
≤ a log(1/a)

1− a
.

For r1 ≥ 1, the continuous stepwise objective is bounded by

Br1 + C

n∑
i=2

(ri − ri−1)r
−a
i−1 ≤ λ[Bw1 + C(W − w1)]T

β . (8)

This is the sharpened construction; the equal-contribution schedule remains a valid comparison but
has the weaker (S + 1)T β upper bound.
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Integer checkpoints, including large budgets. Take the distinct values of ⌈max{1, ri}⌉, 1 ≤
i ≤ S, that are strictly below T , in increasing order. For S = 0 make no update. To verify this
prescription, let di = log ri − log ri−1. Then di = adi−1 + log(1/a) for i ≥ 2. If d1 ≥ 0, all
checkpoints increase. Otherwise they first decrease below one and then increase; after their first
crossing of one they increase strictly. Thus clipping only produces a block of repeated checkpoints at
one.

Let M = max{B,C}. If r1 ≥ 1, the first epoch costs at most B +Mλw1T
β . Every subsequent

nonempty rounded epoch ending at ⌈ri⌉ costs at most 2Mrir
−a
i−1 = 2MλwiT

β , since ⌈ri⌉ ≤ 2ri
and the preceding checkpoint is at least ri−1. Repeated rounded checkpoints have empty epochs. If
r1 < 1, the first epoch ends at one and costs at most B. Let j be the first index with rj ≥ 1. The
epoch from one to ⌈rj⌉ costs at most 2Mrj ≤ 2MλwjT

β , because rj−1 < 1. The same bound
handles subsequent epochs. The endpoint rn = T is not an update. If ⌈rS⌉ ≥ T , that checkpoint
is dropped; the final epoch then ends at T < 2rS and costs at most 2MλwST

β , while the term for
i = n is not used. In both cases the total is at most B + 2MλWT β , uniformly in S, T .

For n ≥ ⌈log log T/ log(1/a)⌉ and T ≥ e2, an ≤ 1/ log T , so

T β−(1−a) = exp

(
(1− a)an log T

1− an

)
≤ e2(1−a).

When L̄(t) ≥ ct−a, the same-oracle full-update benchmark is Θ(T 1−a), proving constant competi-
tiveness. Polylogarithmic envelopes give only the corresponding polylogarithmic comparison.

Explicit example. IfB = C = 1, a = 1/2, L̄(t) = t−1/2 for t ≥ 1, and S = ⌈log2 log T ⌉−1, then
W → 2 and λ→ 2. Here r1 →∞; the rounding error in (8) is at most B + CS = O(log log T ) =

o(
√
T ). Since Rfull = 2

√
T +O(1) and T β−1/2 ≤

√
e+ o(1),

R(τ)

Rfull
≤ 2
√
e+ o(1) ≃ 3.30.

This is an asymptotic upper bound, not a prediction of the observed ratio.

Lower bound without a budget-dependent constant. Let t1 < · · · < tS < T be any deterministic
full-prefix schedule, tS+1 = T , and R its expected risk under the lower envelope in part (iii). The
case S = 0 is immediate. Otherwise ct1 ≤ R and, for i ≥ 1, c(ti+1 − ti)t−a

i ≤ R. At every
prediction the training prefix has length at most T , hence R ≥ cT 1−a. In particular, t1−a

i ≤ R/c,
and therefore

ti+1 ≤ ti + (R/c)tai ≤ (2R/c)tai .

Starting at t0 = 1 and unrolling this inequality gives T ≤ (2R/c)1+a+···+aS

= (2R/c)W . Thus
R ≥ (c/2)T β , as claimed. The argument applies conditionally to adaptive choices only under a
lower envelope that remains valid for the selected predictors, conditional on the information used to
choose them. An unconditional bound on L̄(t) cannot substitute for this assumption.

Logarithmic regime. For a = 1, use the distinct rounded checkpoints ⌈T i/(S+1)⌉ < T . Each
epoch contributes at most a constant multiple of max(B,C)T 1/(S+1), giving part (ii). The preceding
lower-bound recurrence holds with a = 1 and W = S + 1, giving (c/2)T 1/(S+1). The additional
factor S + 1 in this regime is not removed by the power-law argument.

Budget monotonicity and additive loss. The feasible set permits at most S updates, so optimal
risk is non-increasing in S. An upper bound obtained from a particular family need not itself be
monotone. Constant competitiveness also does not imply a vanishing additive gap. For the exact
curve L̄(t) = t−a, choose S = ⌊log log T/ log(1/a)⌋ −K with a sufficiently large fixed K. Then
aS+1 log T ≥ a1−K , so the lower bound above can exceed Rfull ∼ T 1−a/(1− a) by a fixed positive
multiple of T 1−a. Thus an Ω(T 1−a) additive gap is compatible with S = Θ(log log T ).

D An Example with a Power-Law Learning Curve

In the next example, we construct a hypothesis classH based on Haar-type functions whose learning
curve satisfies L̄(t) = Θ(t−α), i.e., it has matching power-law upper and lower bounds. We do this
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for every rational positive α = p
q ≤ 1, p, q ∈ Z+. For any irrational α, one can find a rational α′

such that |α− α′| ≤ 1
log2 T and use the hypothesis class constructed for α′. Since 1

2 ≤
tα

′

tα ≤ 2 for
1 ≤ t ≤ T , the resulting bounds hold for α up to a factor of two.
Example 1. Let Il,j = ( j−1

2ql
, j
2ql

], l ∈ Z+, j ∈ {1, . . . , 2ql} be 2ql intervals that uniformly split

(0, 1]. In addition, let gl,j(x) =
∑2q−1

i=2q−1 1(x ∈ Il+1,2qj−i) −
∑2q−1−1

i=0 1(x ∈ Il+1,2qj−i) for
l ∈ Z+ and j ∈ {1, . . . , 2ql}. For σ = (σl,j : l ∈ Z+, j ∈ {1, . . . , 2ql}) ∈ {−1, 1}N, let hσ be the
sequence-valued function whose l-th component is

hσ,l(x) = cl

2ql∑
j=1

σl,jgl,j(x), l ∈ Z+, (9)

where cl = 1

2
pl
2

, and define the hypothesis class H = {hσ : σ ∈ {−1, 1}N}. Labels are thus

sequences, and ℓ is the squared ℓ2 loss ℓ(y, y′) =
∑

l≥1(yl− y′l)2, which is at most 4
∑

l c
2
l ≤ 4. Let

X1, . . . , XT ∼ U(0, 1) be i.i.d. random variables uniformly distributed over (0, 1). For the ground
truth function h ∈ H, let

O({Xi, h(Xi)}ti=1) = arg min
ĥ∈H:ĥ(Xi)=h(Xi),i∈{1,...,t}

sup
h′∈H

EX∼U(0,1)[ℓ(ĥ(X), h′(X))]

return the ERM that minimizes the worst-case risk. If there are multiple such ERMs,
O({Xi, h(Xi)}ti=1) returns the minimum (σl,j : l ∈ Z+, j ∈ {1, . . . , 2ql}) in lexicographic or-
der.
Lemma D.1. For the hypothesis class H, data distribution Xi ∼ U(0, 1), and oracle O given in
Example 1, and the ground truth hσ with σ ≡ 1, the learning curve satisfies 2−pt−α ≤ L̄(t) ≤
Cp,q t

−α for all t ≥ 2, where α = p/q and Cp,q depends only on p and q.

We start with the following result.
Proposition D.2. Let h = hσ ∈ H and let Wt = {(l, j) : Il,j ∩ {X1, . . . , Xt} ̸= ∅} be the set of
cells that contain a sample. Then O({Xi, h(Xi)}ti=1) = hσ̂ with

σ̂l,j = σl,j for (l, j) ∈Wt, σ̂l,j = −1 for (l, j) /∈Wt, (10)

and

EX∼U(0,1)

[
ℓ
(
O({Xi, h(Xi)}ti=1)(X), h(X)

)]
=

∞∑
l=1

2ql∑
j=1

1(Il,j ∩ {Xi}ti=1 = ∅) c
2
l

2ql
(σl,j + 1)2.

(11)

Proof. Let ĥ = hσ̂ ∈ H satisfy ĥ(Xi) = h(Xi) for i ≤ t. For x ∈ Il,j , the only nonzero term of
the l-th component hσ,l(x) is clσl,jgl,j(x), and gl,j(x) ∈ {−1, 1} is determined by x. Hence the
l-th component of the label h(Xi) reveals σl,j for the level-l cell Il,j containing Xi. Consequently
σ̂l,j = σl,j for all (l, j) ∈Wt, while the coordinates (l, j) /∈Wt are unconstrained. Since the cells of
each level are disjoint and |Il,j | = 2−ql,

EX∼U(0,1)[ℓ(ĥ(X), h(X))] =

∞∑
l=1

2ql∑
j=1

c2l
2ql

(σ̂l,j − σl,j)2 =
∑

(l,j)/∈Wt

c2l
2ql

(σ̂l,j − σl,j)2. (12)

Every consistent ĥ has the same worst-case risk, since the worst-case h′ flips the sign of every
coordinate of σ̂. The tie-breaking rule therefore chooses σ̂l,j = −1 for (l, j) /∈Wt, which gives (10).
Substituting it into (12) gives (11).

Proof of Lemma D.1. Take σ ≡ 1 in (11). Each of the 2ql cells of level l contains no sample with
probability (1− 2−ql)t, so

L̄(t) =

∞∑
l=1

4

2pl

(
1− 1

2ql

)t

. (13)
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Let l∗ ≥ 1 be the smallest integer with 2ql
∗ ≥ t. Then 2−pl∗ ≤ t−α, and 2q(l

∗−1) < t because t ≥ 2.
The levels l ≥ l∗ contribute at most

∑
l≥l∗ 4 · 2−pl ≤ 8 · 2−pl∗ ≤ 8t−α. For l = l∗ − k with k ≥ 1,

we have 2ql < t 2−q(k−1) and 2−pl ≤ t−α2pk, so

4

2pl

(
1− 1

2ql

)t

≤ 4

2pl
exp

(
− t

2ql

)
≤ 4t−α 2pk exp

(
− 2q(k−1)

)
.

Summing over k gives L̄(t) ≤ Cp,qt
−α with Cp,q = 8 + 4

∑
k≥1 2

pk exp(−2q(k−1)) <∞. For the
lower bound, (1− 2−ql)t ≥ (1− 1/t)t ≥ 1/4 for l ≥ l∗. Hence

L̄(t) ≥
∑
l≥l∗

2−pl ≥ 2−pl∗ > 2−pt−α,

where the last step uses 2ql
∗
< 2qt.

E Proof of Theorem 3.5

Proof. Fix T and 1 ≤ S ≤ c log T/ log log T ; we construct the curve L̄ = L̄T,S . Let α̃i =

α1 +
i(α2−α1)

S+1 and ui = 1−α2

1−α̃i
for i ∈ {0, . . . , S + 1}. Let T1,i = Tui for i ∈ {1, . . . , S + 1} and

T1,0 = 1; thus T1,S+1 = T . Since (1− α̃i)(1− α̃i+1) ≤ (1− α1)
2,

ui+1 − ui =
(1− α2)(α̃i+1 − α̃i)

(1− α̃i)(1− α̃i+1)
≥ c∗
S + 1

, c∗ :=
(1− α2)(α2 − α1)

(1− α1)2
. (14)

Let (T2,i, 1

T
α̃i+1
2,i

), i ∈ {0, . . . , S}, be the intersection of the tangent line of the curve fi(x) = 1
xα̃i

at

point (T1,i, 1

T
α̃i
1,i

) and the curve fi+1(x) =
1

xα̃i+1
such that T2,i > T1,i, i.e., we have

−α̃i

T α̃i+1
1,i

(T2,i − T1,i) +
1

T α̃i
1,i

=
1

T
α̃i+1

2,i

. (15)

The tangent line vanishes at 1+α̃i

α̃i
T1,i, so (15) gives T2,i < AT1,i with A := 1+α1

α1
. By (14),

T1,i+1/T1,i ≥ T c∗/(S+1) for i ≥ 1, and T1,1 ≥ T 1−α2 . Since S + 1 ≤ 2c log T/ log log T , we
have T c∗/(S+1) ≥ (log T )c∗/(2c). Hence, for T large enough, T1,i+1 ≥ AT1,i > T2,i for all
i ∈ {0, . . . , S}. Let L̄(0) = 1 and

L̄(t) =

{ −α̃i

T
α̃i+1

1,i

(t− T1,i) + 1

T
α̃i
1,i

T1,i ≤ t ≤ T2,i for some i ∈ {0, . . . , S},
1

tα̃i+1
T2,i ≤ t ≤ T1,i+1 for some i ∈ {0, . . . , S}.

(16)

This function is continuous and non-increasing. Since fi is convex, its tangent lies below fi, and
it lies above fi+1 on [T1,i, T2,i]. Hence t−α2 ≤ L̄(t) ≤ t−α1 for t ≥ 1, and L̄(t) ≤ t−α̃i for
t ∈ [T2,i−1, T2,i], where T2,−1 = 1 and T2,S+1 = T .

Full-update risk. Using
∑

1≤t≤x t
−a ≤ x1−a/(1− a), T2,i ≤ AT1,i, and T 1−α̃i

1,i = T 1−α2 for i ≥ 1,

inf
Φ

RiskT,T (Φ,µ) =

T−1∑
t=0

L̄(t) ≤ 1 +

S+1∑
i=0

T 1−α̃i
2,i

1− α̃i
≤ 1 +

A (S + 2)T 1−α2

1− α2
.

Risk with S updates. Consider any full-prefix schedule fixed in advance with at most S updates. The
S + 1 open intervals (T1,i, T1,i+1), i ∈ {0, . . . , S}, are disjoint, so one of them contains no update.
For this i, every round t ∈ (T1,i, T1,i+1] uses a predictor trained on at most T1,i samples, whose
expected loss is at least L̄(T1,i). If i ≥ 1, then by (14) the risk is at least

(T1,i+1 − T1,i − 1)T−α̃i
1,i ≥ T

1−α2
(
T c∗/(S+1) − 1

)
− 1.

If i = 0, it is at least (T1,1 − 1)L̄(1) = Tu1 − 1, where u1 ≥ u0 +
c∗

S+1 ≥ 1− α2 +
c∗

S+1 . In both
cases the risk is at least 1

4T
1−α2+c∗/(S+1) for T large enough. Therefore its ratio to the full-update

risk is at least
T c∗/(S+1)

4
(
1 +A(S + 2)/(1− α2)

) ≥ T c∗
2(S+1) ,
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where the last step uses T c∗/(2(S+1)) ≥ (log T )c∗/(4c) and holds for large T whenever c < c∗/4.
This proves the bound TΩ(1/S). When S ≤ o( log T

log log T ), the ratio T c∗/(2(S+1)) grows faster than any
power of log T . For adaptive full-prefix rules, the same argument applies to the realized schedule
when the conditional expected loss of each selected predictor is at least L̄ evaluated at its training-set
size.

F Proof of Theorem 3.6

Throughout this section, log is the natural logarithm, T is sufficiently large, and losses lie in
[0, 1]. Epoch 0 consists of rounds 1, . . . , τ1, which use ĥ0. For i ≥ 1, epoch i consists of rounds
τi + 1, . . . , τi+1, which use ĥτi . Let ni = τi+1 − τi, let µi = L(τi) be the realized risk of ĥτi , and
let L̂i be the average loss in epoch i, i.e., the value L̂(τi+1) used in lines 7–8 of Algorithm 1. The
time τi+1 is fixed at time τi. We start with the following well known large deviation result.
Lemma F.1. Fix i ≥ 1, and condition on the first τi samples and on τi+1. Then the ni losses of
epoch i are i.i.d. with mean µi and variance at most µi, and for every ϵ > 0,

Pr
(
± (niL̂i − niµi) ≥ ϵ

)
≤ exp

(
− ϵ2

2niµi +
2ϵ
3

)
. (17)

Proof. (of Theorem 3.6) Write α̂0 = 1− log log T
log T ≥ α for the initial estimate and α̂i for the estimate

used to compute τi+1. By line 9, every estimate lies in [1/ log T, α̂0] ⊂ (0, 1), so Ŝ and β̂ are well
defined and α̂Ŝ = 1/ log T . The first update is at τ1 = ⌊T β̂⌋, where T β̂ = (log T )log T/(log T−1) ∈
[log T, e log T ]; hence 2 ≤ τ1 ≤ e log T and τ1 ≥ 1

2 log T . For i ≥ 1,

τi+1 = max{⌊2−iτ α̂i
i T β̂i⌋, 2τi} ≥ 2τi. (18)

Hence τi ≥ 2i−1τ1, and the algorithm makes at most log2 T + 1 updates.

Step 1: a good event. Let G0 be the event in the assumption of the theorem. For i ≥ 1, let Ei

be the event that (a) if the test in line 7 fires at the end of epoch i, then µi/2 ≤ L̂i ≤ 3µi/2,
and (b) if niµi ≥ 56 log T , then the test fires. Write m = niµi and Z = niL̂i; the test fires if
and only if Z ≥ 28 log T . If m ≥ 28 log T , Lemma F.1 with ϵ = m/2 gives Pr(|Z − m| ≥
m/2) ≤ 2 exp(−3m/28) ≤ 2T−3, and outside this event both (a) and (b) hold. If m < 28 log T ,
then (b) holds trivially, and (a) can fail only if Z − m ≥ ϵ0 := max{28 log T − m, m/2}. If
m ≤ 14 log T , then ϵ0 ≥ 14 log T ≥ m and ϵ20/(2m + 2ϵ0/3) ≥ 3ϵ0/8 ≥ 5 log T . Otherwise
ϵ0 ≥ m/2 ≥ 7 log T and ϵ20/(2m + 2ϵ0/3) ≥ 3ϵ0/14 ≥ 3

2 log T . Hence Pr(Ec
i ) ≤ 2T−3/2 in all

cases. Let G = G0 ∩
⋂

i≤log2 T+1Ei. By a union bound, Pr(Gc) ≤ 1
T + 2(log2 T + 1)T−3/2 ≤ 2

T .

Step 2: bracketing the estimate. On G, every estimate satisfies α̂ ≥ α. This holds initially. If the
test fires at the end of epoch i, then (a) and G0 give 2

3 L̂i ≤ µi ≤ C1 log τi · τ−α
i , so α satisfies the

constraint in line 8 and αmax ≥ α. Moreover, L̂i ≥ µi/2 ≥ C2τ
−α
i /2, so

α ≤ αmax =
log
(
3C1 log τi/(2L̂i)

)
log τi

≤ α+ δ(τi), δ(τ) :=
log log τ + log( 3C1

C2
)

log τ
. (19)

Since α ≤ α̂0 and, for large T , α ≥ 1/ log T by the range of α, the clipping in line 9 preserves this
bracket: the new estimate satisfies α ≤ α̂ ≤ α+ δ(τi). This is the bracket stated in the proof sketch.

Step 3: the risk. Conditionally on the past, the expected loss of a round in epoch i is µi, where
µ0 ≤ 1. Hence

E
[
Risk

]
= E

[∑
i≥0

niµi

]
≤ E

[
1G

∑
i≥0

niµi

]
+ T Pr(Gc) ≤ E

[
1G

∑
i≥0

niµi

]
+ 2.

On G, n0µ0 ≤ τ1 ≤ e log T . For i ≥ 1, niµi ≤ C1 log T · τi+1τ
−α
i , where for the last epoch

τi+1 ≥ T denotes the value given by (18). Since α̂i ≥ α, τi ≤ T , and α̂Ŝi
i = 1/ log T ,

2−iτ α̂i
i T β̂iτ−α

i ≤ 2−iT α̂i−α+β̂i = 2−iT 1−α T
1−α̂i

log T−1 ≤ e2 2−iT 1−α.
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Since rounding down only decreases τi+1, we obtain τi+1τ
−α
i ≤ e22−iT 1−α + 2τ1−α

i . By (18),
τi ≤ 2−(S−i)T for 1 ≤ i ≤ S, so

∑S
i=1 τ

1−α
i ≤ T 1−α/(1 − 2−(1−α)) ≤ 3T 1−α/(1 − α). Using

1− α ≥ log log T/ log T , we obtain on G∑
i≥0

niµi ≤ e log T + C1 log T
(
e2 +

6 log T

log log T

)
T 1−α = Õ(T 1−α).

Step 4: the number of updates. We work on G and let yi = log2(T/τi) ≥ 0 for i ≤ S. Since
0 < α̂i < 1, we have β̂i ≥ 1 − α̂i. Since ⌊x⌋ ≥ x/2 for x ≥ 1, (18) gives log2 τi+1 ≥
−i− 1 + α̂i log2 τi + (1− α̂i) log2 T , and hence

yi+1 ≤ min{α̂iyi + i+ 1, yi − 1}. (20)

Let a =
√
α, so that 1−a ≥ (1−α)/2 and log(1/a) = 1

2 log(1/α). Let τA = (56 log T/C2)
1/(1−α).

Since log(3C1/C2) ≥ log 3 > 1, δ is decreasing on [e,∞). Let τB ≥ e be the smallest value with
δ(τB) ≤ a − α. Let i1 be the first index with τi1 ≥ max{τA, τB}. If epoch i1 ends before
T , then ni1µi1 ≥ τi1C2τ

−α
i1
≥ 56 log T , so by (b) the test fires at its end and, by (19), sets

α̂ ≤ α + δ(τi1) ≤ a. Every later firing also occurs at some τi ≥ τi1 and sets α̂ ≤ a. Hence
α ≤ α̂i ≤ a for all i ≥ i0 := i1 + 1. Iterating (20) from i0, with yi0 ≤ log2 T ,

yi0+k ≤ ak log2 T +

k−1∑
m=0

ak−1−m(i0 +m+ 1) ≤ ak log2 T +
i0 + k + 1

1− a
.

For k1 = ⌈2 log log2 T/ log(1/α)⌉, we have ak1 log2 T ≤ 1. Since yi then decreases by at least one
per update, at most 2 + (i0 + k1 + 1)/(1− a) further updates occur. If the algorithm stops before
index i0, the same bound holds trivially. Therefore

S ≤ i0 + k1 + 2 +
i0 + k1 + 1

1− a
≤
(
1 +

2

1− α

)
(i0 + k1 + 1) + 2.

Since τi ≥ 2i−1τ1 and τ1 ≥ 1
2 log T , we have i0 ≤ 4 + log+2 (τA/ log T ) + log+2 τB , and

log2
τA

log T
≤ α

1− α
log2 log T +

log+2 (56/C2)

1− α
.

Let η = a− α =
√
α(1−

√
α) and c = log(3C1/C2). Every τ with log τ ≥ 2

η

(
log 2

η + c
)

satisfies
δ(τ) ≤ η, so log τB ≤ max{1, 2η (log

2
η + c)}.

If α ≤ 1
2 , then 1

1−α ≤ 2 and η ≥ 0.29
√
α. Because α log(1/α) ≤ 1/e, the first term above

is O(log log T/ log(1/α)). Moreover, log τB = O(α−1/2(1 + log 1
α )) = o(log log T/ log(1/α))

because α = Ω(log log log T/ log log T ). Since also k1 = O(log log T/ log(1/α)), we obtain
S = O(log log T/ log(1/α)).

If α > 1
2 , then log(1/α) ≥ 1 − α and η ≥ (1 − α)/4. Using 1 − α ≥ log log T/ log T , we

get k1, log2(τA/ log T ), and log τB ≤ 8
1−α (log

8
1−α + c) are all O(log log T/(1 − α)). Hence

S = O(log log T/(1− α)2).

In both cases S = O( log log T
(1−α) log(1/α) ), and S ≤ log2 T + 1 always. All statements hold on G, whose

probability is at least 1− 2
T .

G Proof of Theorem 3.8

Proof. Write m = ⌊S/(K + 1)⌋ and N = T/(K + 1). If S ≤ K, then m = 0 and the claimed
bound is of order (S +K + 1)N ≥ T , so it holds trivially because each loss is at most one. In the
following, we assume S ≥ K + 1.

We show that Algorithm 2 achieves risk Õ((S +K + 1)N
1

m+1 ). Let κ̂1 < . . . < κ̂k be the times
when the if condition in line 6 in Algorithm 2 is satisfied and let κ̂0 = 0. Let Eℓ be the event that
there exists a distribution change at some time κ ∈ {κ̂ℓ−1 + 1, . . . , κ̂ℓ}, and let G0 be the event in
the assumption of the theorem.
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False detections. Index the epochs of the test statistic by the updates: epoch i ∈ {0, . . . , S} starts at
the i-th update time τi (with τ0 = 0) and uses the fixed predictor ĥτi , and the statistic in line 5 sums
its losses from round τi + 1. A detection resets j to 0 and sets d = 1, which blocks the test until
the next update. Hence, whenever the test can fire during epoch i, the rate used in line 5 is the one
determined at time τi. Fix i and an endpoint r ≤ T , and condition on the history up to the stopping
time τi. The losses of ĥτi at rounds τi + 1, . . . , τi + r are then independent with fixed means. Let
Ai,r be the event that the test fires at time τi + r while epoch i is current and all of these means are
at most the rate, and let V be the rate times r. Since ϵ 7→ ϵ2/(2V + 2ϵ/3) is increasing, the test
fires only if the loss sum exceeds V by the smallest ϵ with ϵ2/(2V + 2ϵ/3) ≥ 2 lnT . Bernstein’s
inequality, as in Lemma F.1, therefore gives Pr(Ai,r) ≤ T−2. A union bound over at most S + 1
epochs and T endpoints gives Pr(

⋃
i,r Ai,r) ≤ (S + 1)/T .

Now suppose that the test fires at a time t in epoch i, that no change occurs between the last detection
and t, and that j updates have occurred since that detection (or since time 0). If j = 0, the rate
used in line 5 is C0 log T ≥ 1, so the test cannot fire. If j ≥ 1, the predictor ĥτi was trained on at
least N

j
m+1 samples from the current segment, because the epoch lengths are ⌈N

u
m+1 ⌉. On G0, its

realized loss on that segment is therefore at most C0 log T/N
j

m+1 , the rate used in line 5, so Ai,t−τi
occurs. Hence the event G = G0 ∩

⋂
ℓEℓ satisfies Pr(Gc) ≤ Pr(Gc

0) + (S + 1)/T ≤ (S + 2)/T .
Let Φ1 be the update rule given in Algorithm 2. Since each loss is at most one,

RiskS,T (Φ1,µ) ≤ E
[
RiskS,T (Φ1, {(Xt, Yt)}Tt=1)1G

]
+ T Pr(Gc)

≤ E
[
RiskS,T (Φ1, {(Xt, Yt)}Tt=1)1G

]
+ S + 2. (21)

Risk on G. On G, every detection is preceded by a change after the previous detection, so k ≤ K. By
the condition in line 8, there are at most m model updates between κ̂ℓ−1 and κ̂ℓ, ℓ ∈ {1, . . . , k + 1},
where κ̂k+1 = T . Therefore, there are at most m(K + 1) ≤ S model updates in total. Denote

τℓ,1, . . . , τℓ,jℓ = {τi : i ∈ {1, . . . , S}, κ̂ℓ−1 < τi ≤ κ̂ℓ}

as the collection of model update times between κ̂ℓ−1 and κ̂ℓ, and let τℓ,0 = κ̂ℓ−1 and τℓ,jℓ+1 = κ̂ℓ.
During the epoch (τℓ,j−1, τℓ,j ], line 5 uses the rate rj = C0 log T/N

j−1
m+1 . The test in line 6 does not

fire before the last round of the epoch, so ϵ(t)2 < 2 lnT (2V + 2ϵ(t)/3) with V = rj(t − τℓ,j−1)
at t = τℓ,j − 1 (for j = 1, the rate r1 = C0 log T is at least one, so the bound below is immediate).
Solving this quadratic inequality and adding one for the last round, the loss of the epoch is at most

Vℓ,j + 2
√
Vℓ,j lnT + 4

3 lnT + 1 ≤ 2Vℓ,j +
10
3 lnT + 1, Vℓ,j = rj(τℓ,j − τℓ,j−1).

If the epoch ends at or before its scheduled update, its length is at most ⌈N
j

m+1 ⌉ ≤ 2N
j

m+1 , so
Vℓ,j ≤ 2C0 log T N

1
m+1 . Otherwise j = m+1, no further update is scheduled, and these epochs have

total length at most T = (K + 1)N ; hence their values Vℓ,j sum to at most C0 log T (K + 1)N
1

m+1 .
There are at most (m+ 1)(K + 1) ≤ S +K + 1 epochs. Summing the bounds, the realized risk on
G is

O
(
(S +K + 1) log T N

1
m+1

)
,

which, together with (21) and S + 2 = O(S +K + 1), completes the proof of the upper bound for
RiskS,T (P).

Finally, we show that this bound cannot be improved by any schedule fixed in advance, up to the
rounding of S/(K + 1) and logarithmic factors. Let κi = iN + 1 for i ∈ {1, . . . ,K}, so that every
segment has length N . Suppose that, for some constant c > 0, every predictor whose training data
contain n samples from the current segment has expected loss at least c/(n + 1) on that segment.
Fix segment k and its update times τk,1 < · · · < τk,jk , and let xj = τk,j − κk−1 + 2, with x0 = 1
and xjk+1 = N + 1. The predictor used between the (j − 1)-th and j-th of these times has at most
xj−1−1 samples from the segment. Hence, by the AM–GM inequality applied to the ratios xj/xj−1,
whose product is N + 1, the risk incurred in segment k is at least

c

jk+1∑
j=1

xj − xj−1

xj−1
≥ c (jk + 1)

(
N

1
jk+1 − 1

)
.
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The function g(y) = yN1/y is convex on (0,∞) and decreasing on (0, lnN ]. Since
∑

k(jk + 1) ≤
S +K + 1, Jensen’s inequality shows that, whenever S +K + 1 ≤ (K + 1) lnN , the total risk of
the schedule is at least

c

K+1∑
k=1

(
g(jk + 1)− (jk + 1)

)
≥ c (S +K + 1)

(
N

K+1
S+K+1 − 1

)
.

When K + 1 divides S, the exponent equals 1
m+1 , so this lower bound matches the upper bound

up to logarithmic factors. The same argument applies to adaptive rules under a conditional lower
envelope, as in Theorem 3.3(iii).

H Proof of Theorem 3.10

Throughout this section,H has VC dimension d, every µt is realizable byH (some h∗t ∈ H satisfies
h∗t (X) = Y almost surely under µt), the loss is 0–1, and errµ(h) = Pr(X,Y )∼µ(h(X) ̸= Y ). Let
Cd = 20d+ 70 and T ≥ 5. We first show that an empirical risk minimizer trained on a window of
consecutive samples behaves almost as in the i.i.d. case.
Lemma H.1 (Drifting windows). With probability at least 1− 2T−2, the following holds simultane-
ously for all integers 1 ≤ a < b ≤ c ≤ T : every empirical risk minimizer ĥ for the samples (Xs, Ys),
a ≤ s < b, satisfies

errµc
(ĥ) ≤ 8γ(c− a) + Cd log T

b− a
.

Proof. Fix a, b, c, and let n = b − a, D = c − a, and δ = T−5. For a ≤ s < b, ∥µs − µc∥TV ≤
γ(c − s) ≤ γD. Couple each sample Zs = (Xs, Ys) with Z̃s ∼ µc by a maximal coupling, so
that Pr(Zs ̸= Z̃s) ≤ γD, independently over s. The number m of indices with Zs ̸= Z̃s is a sum
of independent Bernoulli variables with total mean at most nγD, so Bernstein’s inequality gives
m < 2nγD+2 log(1/δ) with probability at least 1− δ. The target h∗c makes no error on the samples
Z̃s, hence at most m errors on the samples Zs. Therefore every empirical risk minimizer ĥ makes at
most m errors on the Zs and at most 2m errors on the Z̃s. The samples Z̃s are i.i.d. from µc. By the
relative-deviation bound of Boucheron et al. (2005, Section 5.1), together with the bound (2n+ 1)d

on the growth function ofH, with probability at least 1− δ every h ∈ H satisfies

errµc
(h) ≤ 2ê(h) +

5
(
2d log(n+ 1) + log(4/δ)

)
n

,

where ê(h) is the error rate of h on the Z̃s. Combining the two events, with probability at least 1−2δ,

errµc(ĥ) ≤
4m

n
+

5
(
2d log(n+ 1) + log(4/δ)

)
n

≤ 8γD +
Cd log T

n
.

A union bound over at most T 3 triples (a, b, c) completes the proof.

Proof of Theorem 3.10. Let N0 = min{T, (Cd log T/(8γ̄))
1/2}, and run Algorithm 2 with C0 =

2Cd, K = ⌈T/N0⌉ − 1, and S = (K + 1)⌈log T ⌉. Then N = T/(K + 1) ≤ N0 and m =
⌊S/(K + 1)⌋ = ⌈log T ⌉, so N1/(m+1) ≤ e. Let G1 be the event of Lemma H.1.

Detections are more than N rounds apart. Let κ̂ be the last detection before a time t ≤ κ̂+N , or
κ̂ = 0 before the first detection, and let j be the number of updates since κ̂. If j = 0, the rate used in
line 5 is C0 log T ≥ 1, so the test in line 6 cannot fire. If j ≥ 1, the deployed predictor is an empirical
risk minimizer for the samples with indices in (κ̂, τ ], where τ − κ̂ ≥ N j/(m+1). On G1, its realized
risk at every round u ≤ t is at most

8γN +
Cd log T

N j/(m+1)
≤ 2Cd log T

N j/(m+1)
=

C0 log T

N j/(m+1)
,

because 8γN ≤ 8γ̄N0 ≤ Cd log T/N0 ≤ Cd log T/N
j/(m+1). This is the rate used in line 5. Hence,

on G1, a detection within N rounds after the previous detection, or after time 0, implies one of the
events Ai,r defined in Appendix G, whose union has probability at most (S + 1)/T ; the proof of
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that bound uses only the independence of the samples after each update. The event G that G1 holds
and no such detection occurs therefore satisfies Pr(Gc) ≤ 2T−2 + (S + 1)/T ≤ (S + 2)/T . On G,
the ℓ-th detection occurs after time ℓN , so there are at most K detections. At most m updates occur
between consecutive detections, so the cap S = m(K + 1) in line 8 is never reached.

Risk. The argument of Appendix G bounds the realized risk pathwise by summing per-epoch bounds
over at most (m + 1)(K + 1) epochs. It uses only the test in line 6, the epoch lengths, and the
bound on the number of detections, so it applies verbatim on G. Hence, on G, the realized risk is
O
(
(m+1)(K+1)C0 log T N

1/(m+1)
)
= O

(
Cd(K+1) log2 T

)
. Since each loss is at most one and

Pr(Gc) ≤ (S + 2)/T , the expected risk exceeds this bound by at most S + 2 = O((K + 1) log T ).
Finally, K + 1 ≤ T/N0 + 1 ≤ 2 + T

(
8γ̄/(Cd log T )

)1/2
and S = (K + 1)⌈log T ⌉, which give the

bounds Õ(1 + T γ̄1/2) claimed in Theorem 3.10.

I Proof of Theorem 3.12

Proof. Throughout, the rule U retrains on the full prefix at each update and starts from ĥ0 = O(∅),
as in the theorem. We construct two hypothesis classes such that under the same reactive data
distribution and the oracle rule, the historical loss sequences under these two hypothesis classes
and their respective choices of the ground truth function are hard to distinguish. On the other hand,
the loss vectors under these two hypothesis classes follow the same behavior of loss vectors under
realizable i.i.d. environment and piecewise stationary environment, respectively, and have expected
risks far from each other. Then we use Le Cam’s two point lemma to show that the existence of a
universal risk-driven update algorithm U results in a contradiction.

To construct the first hypothesis classH1 based on Example 1 when α = 1
3 , consider a partition of the

indices (l, j) of 8l intervals Il,j , j ∈ {1, . . . , 8l}, for each l ∈ Z+ into a set Pl = {Sl,1, . . . , Sl,2l+2l}
of 2l + 2l disjoint sets of intervals such that

|Sl,v| =


1 v = 1

2v−2 2 ≤ v ≤ 2l + 1

4l 2l + 2 ≤ v ≤ 2l + 2l

, and

2l+2l⋃
v=1

Sl,v = {(l, 1), . . . , (l, 8l)} (22)

Denote by S = (Pl : l ∈ Z+) the collection of partitions Pl for all l and denote σ = (σl,j : l ∈
Z+, j ∈ {1, . . . , 8l}). Consider the hypothesis subclass

Hσ,S =


∞∑
l=1

2l+2l∑
v=1

θl,v,σ,SGl,v,σ,S(x) : θl,v,σ,S ∈ {−1, 1}


where

Gl,v,σ,S(x) =

8l∑
j=1

1((l, j) ∈ Sl,v)clσl,jgl,j(x)

and cl = 1

2
l
2

for l ∈ Z+ and v ∈ {1, . . . , 2l + 2l}. Define the hypothesis class

H1 = {h(x,σ,S) : h(x,σ,S) ∈ Hσ,S for fixed σ,S},

where x ∈ (0, 1), and σ and S take values over all possible choices of σl,j and partition Sl,
respectively. As in Example 1, labels are sequences indexed by the level l: we write hypotheses as
sums over l, and the l-th summand is the l-th component of the label. The loss is the squared ℓ2
loss of Example 1, and the oracle OH1 is the same1 as in Example 1. More specifically, the oracle
OH1 selects ĥH1(x,σ,S) ∈ H1 with the minimum (θl,v,σ,S : l ∈ Z+, v ∈ {1, . . . , 2l + 2l}) in
lexicographic order such that the worst-case risk is minimized for every σ and S.

1Note that the assumption on OH1 and OH2 can be removed by adding an extra vector σ2 in the function input in H1

and H2, respectively.
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The second hypothesis class is simply the hypothesis classH in Example 1 with dummy parameters
σ and S

H2 =

h(x,σ,S) : h(x,σ,S) =
∞∑
l=1

8l∑
j=1

clθl,jgl,j(x), θl,j ∈ {−1, 1}for any σ,S

 .

Similarly, the loss is the squared ℓ2 loss and the oracle OH2 returns ĥH2(x,σ,S) ∈ H2 with the
minimum (θl,j : l ∈ Z+, j ∈ {1, . . . , 8l}) in lexicographic order such that the worst-case risk is
minimized for every σ and S.

Consider the following reactive environment E with K = 1 distribution change, which occurs
at the first update time τ1 of the update rule running in it. The initial distribution is given by
Xt = (Ut,σ0,S0) ∼ µ0 = (U(0, 1),σ0,S0), where σ0 is all 1’s vector and S0 = {Pl,0 : l ∈ Z+}
is a partition such that Pl,0 = {Sl,1,0, . . . , Sl,2l+2l,0} satisfies (22) and each set Sl,v,0 lies in a single
sign class {j : θl,j = 1} or {j : θl,j = −1} of the ground truth chosen below. Such a partition exists:
for l > 1, each sign class contains 2l−14l indices, so one class is the union of 2l−1 sets of size 4l and
the other is the union of the remaining sets.

Consider an update rule with budget S = 2 running in E, with initial data distribution µ0. At
its first update time τ1, the data distribution changes to µ1, which E computes from the first τ1
samples in the following way, regardless of whether the rule uses H1 or H2. Let ĥH2

τ1 (x) =∑∞
l=1

∑8l

j=1 clθ̂l,jgl,j(x) ∈ H2 be the output of the oracleOH2({Xt, h
H2(Xt)}τ1t=1). In addition, let

hH2(x,σ,S) =
∑∞

l=1

∑8l

j=1 clθl,jgl,j(x). Denote the vector θ̂ = (θ̂l,j : l ∈ Z+, j ∈ {1, . . . , 8l}).
For each l ∈ Z+, let Vl = {(l, j) : θl,j ̸= θ̂l,j , j ∈ {1, . . . , 8l}} be the set of indices where there is a
mismatch between θl,j , l ∈ Z+, j ∈ {1, . . . , 8l}, for h and θ̂l,j for ĥH2

τ1 .

If |Vl| < 8l, let |Vl| mod 4l =
∑dl

u=1 2
bl,u be the binary representation of the remainder of |Vl|

divided by 4l, with bl,1 < . . . < bl,dl
and dl = 0 if the remainder is zero, and let

Al = {bl,u + 2 : 1 ≤ u ≤ dl} ∪ {2l + 2, . . . , 2l + ⌊|Vl|/4l⌋+ 1}.

If |Vl| = 8l, let Al = {1, . . . , 2l + 2l}. In both cases, construct the partition S1 = (Pl,1 : l ∈ Z+)
such that Pl,1 = {Sl,1,1, . . . , Sl,2l+2l,1} satisfies (22) and {Sl,v,1 : v ∈ Al} is a partition of Vl; this
is possible because the sets indexed by Al have total size |Vl|. Then {Sl,v,1 : v /∈ Al} is a partition
of {(l, j) : j ∈ {1, . . . , 8l}}\Vl, for l ∈ Z+.

The distribution µ1 is given by Xt = (Ut,σ1,S1) ∼ µ1 = (U(0, 1),σ1,S1), where σ1 = −θ̂ flips
every entry in θ̂. Therefore, the data Xt follows µ0 for 1 ≤ t ≤ τ1 and µ1 for τ1 < t ≤ T .

Choose a ground truth function hH2 ∈ H2 such that the corresponding θ1,j = 1 for j ∈ {1, . . . , 8}
and

∑8l

j=1 θl,j = 0 for l > 1, i.e., half of the θl,j’s take the value 1 for each l > 1. Then, choose a
ground truth function hH1 ∈ H1 such that

hH2(Xt) = hH1(Xt) (23)

for t ∈ {1, . . . , T}. For t ≤ τ1, this holds by letting θl,v,σ0,S0
be the common sign of θl,j on Sl,v,0.

For t > τ1, it holds by selecting

θl,v,−θ̂,S1
=

{
1, v ∈ Al,

−1, v ∈ {1, . . . , 2l + 2l} \Al,

for l ∈ Z+. This follows from the definition of Gl,v,σ,S , the facts that θl,j = −θ̂l,j for (l, j) ∈ Vl and
θl,j = θ̂l,j otherwise, and the fact that {Sl,v,1 : v ∈ Al} is a partition of Vl. In fact, both identities
hold for every x ∈ (0, 1) and every level l.

Next, we show that

ĥH1
τi (Xt) = ĥH2

τi (Xt) (24)

for τi < t ≤ τi+1, i ∈ {0, 1}, where τ0 = 0 and τ2 is the time of the second model update decided
by U . For τ0 < t ≤ τ1, ĥH1 and ĥH2 are initial functions returned by OH1 and OH2 , respectively,
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where the parameters θl,v,σ,S = −1 inH1 and θl,j = −1 inH2. Since the parameter σ0 is all one
vector for τ0 < t ≤ τ1, we have

ĥH1
τi (Xt) = ĥH2

τi (Xt) = −
∞∑
l=1

8l∑
j=1

clgl,j(x).

We then show that (24) holds for τ1 < t ≤ τ2. Note that hH2 has θ1,j = 1 for all j ∈ {1, . . . , 8},
whereas the initial estimates are −1. As shown in the proof of Proposition D.2, θ̂1,j is corrected
whenever there exists Ut ∈ I1,j for some t ≤ τ1. Hence, the updated function ĥH2

τ1 at time t = τ1
has a different set of θ compared to the initial all −1 vector, so σ1 ̸= σ0. This implies that the
updated function ĥH1

τ1 does not update the initial parameters θl,v,−θ̂,S1
= −1 for l ∈ Z+ and

v ∈ {1, . . . , 2l + 2l}. Hence, we have

ĥH1
τ1 (x,−θ̂,S1) =−

∞∑
l=1

2l+2l∑
v=1

Gl,v,−θ̂,S1
(x) =

∞∑
l=1

8l∑
j=1

clθ̂l,jgl,j(x) = ĥH2
τ1 (x,−θ̂,S1),

and thus (24) for τ1 < t ≤ τ2.

Note that (23) and (24) imply that the loss vector ℓτ2 = (ℓ(ĥs(t)(Xt), h(Xt)) : t ≤ τ2) is the
same when the algorithm U is run on hypothesis classes H1 and H2 with oracles OH1 and OH2 ,
respectively. Thus, by the Le Cam’s two point lemma, any hypothesis class estimator ψ that takes the
loss vector ℓτ2 (τ2 can be decided by running U ) as input and returns the classH1 orH2 that U runs
on has worst-case correct probability at most

min {Pr (ψ(ℓτ2) = H1 | U runs onH1) ,Pr (ψ(ℓτ2) = H2 | U runs onH2)}

≤1− 1− TV (Pr(ℓτ2 | U runs onH1),Pr(ℓτ2 | U runs onH2))

2
=

1

2
.

To derive a contradiction, in the following, we show that U results in an estimator ψ with worst case
correct probability at least 2

3 , i.e.,

min {Pr (ψ(ℓτ2) = H1 | U runs onH1) ,Pr (ψ(ℓτ2) = H2 | U runs onH2)} ≥
2

3
. (25)

The following lemma, proved in Appendix J, bounds the expected loss of the full-prefix oracle outputs
underH1 andH2 when the first update time is fixed.

Lemma I.1. Fix τ1 ≥ 1, let Xt ∼ µ0 for τ0 < t ≤ τ1 and Xt ∼ µ1 for τ1 < t ≤ T , and let
ĥHk
t1 = OHk({Xi, h

Hk(Xi)}t1i=1) for k ∈ {1, 2}. For the squared ℓ2 loss, we have

E{Xi,hH2 (Xi)}
t1
i=1,Xt2

[
ℓ(ĥH2

t1 (Xt2), h
H2(Xt2))

]
=

{
Ω( 1

t
1
3
1

), O( 1+log t1

t
1
3
1

) 1 ≤ t1 < t2 ≤ T

Θ(1) 0 = t1 < t2 ≤ T
(26)

and

E{Xi,h
H1 (Xi)}

t1
i=1,Xt2

[
ℓ(ĥH1

t1
(Xt2), h

H1(Xt2))
]

=



min

{
O

(
1+log τ1

τ
1
3
1

)
, O( 1+log(t1−τ1)

t1−τ1
)

}
τ1 < t1 < t2 ≤ T

Ω( 1

τ
1
3
1

), O

(
1+log τ1

τ
1
3
1

)
τ1 = t1 < t2 ≤ T

O( 1+log t1
t1

) 0 < t1 < t2 ≤ τ1

Θ(1) 0 = t1 < t2 ≤ τ1

(27)

Define the following hypothesis class estimator

ψ(ℓτ2) =

{
H1 if τ2 ≤ T

5
6

H2 if τ2 > T
5
6 .
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For k ∈ {1, 2} and an update rule Φ with S = 2, let Rk(Φ) be the expected risk of Φ when it
runs in E with (Hk,OHk), and let OPTk = infΦRk(Φ). Both quantities refer to the same reactive
environment, whose change occurs at the first update of the rule being evaluated. Suppose, for
contradiction, thatRk(U) ≤ T c OPTk for k = 1, 2, for a constant c ∈ (0, 7

234 ), where 7
234 = 13

18−
9
13 .

We show that the correct probability of ψ(ℓτ2) is then at least 2
3 when U runs on H1 and H2,

respectively.

We first record a deterministic lower bound. Let ĥ be the output of OH2 on n ≥ 1 samples. At each
level l > 1, at most n of the 8l/2 cells with θl,j = 1 contain a sample, and each remaining such cell
contributes 4c2l /8

l to the risk of ĥ by (11). Summing over the levels with 8l ≥ 4n shows that the risk
of ĥ, for the fixed sample, is at least ∑

l>1: 8l≥4n

2−l ≥ (8n)−1/3. (28)

When U runs onH1, consider the rule Φ1 that updates at times 1 and ⌈
√
T ⌉. In E, its change occurs at

time 1, and its second predictor is trained on ⌈
√
T ⌉ − 1 post-change samples. By Lemma I.1 and the

boundedness of the loss, R1(Φ1) = O(
√
T log T ), so R1(U) = O(T

1
2+c log T ). The losses before

τ1 are i.i.d., since ĥH1
0 is fixed, and τ1 is a stopping time with respect to them. Wald’s identity gives

E
[ τ1∑

t=1

ℓ(ĥH1
0 (Xt), h

H1(Xt))
]
= E[τ1]E[ℓ(ĥH1

0 (X1), h
H1(X1))],

and the last expectation is Θ(1). Then, we have E[τ1] ≤ O(T
1
2+c log T ), and thus by Markov’s

inequality, Pr(τ1 > T
7
12 ) ≤ 1

6 for large T . After τ1, the samples are i.i.d. from µ1 and the predictor
ĥH1
τ1 is fixed until τ2. Conditionally on the history Fτ1 up to τ1, Wald’s identity therefore gives

E
[ τ2∑
t=τ1+1

ℓ(ĥH1
τ1 (Xt), h

H1(Xt))
∣∣∣Fτ1

]
= E[τ2 − τ1 | Fτ1 ]R1,

where R1 is the risk of ĥH1
τ1 under µ1. By (23) and (24), which hold for every x, R1 is the risk of

ĥH2
τ1 , so R1 ≥ (8τ1)

−1/3 by (28). On {τ1 ≤ T
7
12 }, this gives R1 ≥ 1

2T
− 7

36 . Taking expectations,
E[(τ2 − τ1)1{τ1 ≤ T

7
12 }] ≤ O(T

25
36+c log T ). Since 25

36 + c < 5
6 , Markov’s inequality gives

Pr(τ2 > T
5
6 , τ1 ≤ T

7
12 ) ≤ 1

6 for large T . Therefore,

Pr(τ2 > T
5
6 ) ≤ Pr(τ1 > T

7
12 ) + Pr(τ2 > T

5
6 , τ1 ≤ T

7
12 ) ≤ 1

3
.

We next consider the case when U runs on H2. Since hH2 does not depend on (σ,S), the losses
behave as in Example 1 with α = 1

3 . The fixed schedule of Theorem 3.3(i) with S = 2 also faces
a change at its first update, which does not affect the losses under H2. By Lemma I.1, its risk is
O(T

9
13 log T ), so OPT2 = O(T

9
13 log T ) and R2(U) = O(T

9
13+c log T ). No update occurs after

τ2, so conditionally on Fτ2 the expected remaining loss is (T − τ2)R2, where R2 ≥ (8τ2)
−1/3 is the

risk of ĥH2
τ2 by (28). Hence the expected risk of U is at least

E
[
(T − τ2)(8τ2)−1/31{τ2 ≤ T

5
6 }
]
≥ (T − T 5

6 )(8T
5
6 )−1/3 Pr(τ2 ≤ T

5
6 )

= Ω(T
13
18 )Pr(τ2 ≤ T

5
6 ).

Since 13
18 >

9
13 + c, this forces Pr(τ2 ≤ T

5
6 ) < 1

3 for large T . Therefore, the probability that ψ(ℓτ2)
makes a wrong estimation is at most 1

3 in both environments, which implies (25) and contradicts the
Le Cam bound above. This completes the proof.

J Proof of Lemma I.1

Proof. Throughout, (h− ĥ)2 denotes the squared ℓ2 loss of Example 1. By similar arguments as in
the proof of Proposition D.2, we have

EXt2
[(hH2(Xt2)−OH2({Xi, h

H2(Xi)}t1i=1))
2]
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=

{∑∞
l=1

∑8l

j=1 1(Il,j ∩ {Xi}t1i=1 = ∅) c
2
l

8l
(θl,j + 1)2 t1 > 0

Θ(1) t1 = 0
, (29)

for t2 > t1, since the value h(Xt) for any h ∈ H2 does not depend on (σ,S) and the distribution of
the loss vector ℓT is the same as that of the loss vector ℓT in Example 1. Note that

E{Xi,hH2 (Xi)}
t1
i=1

[1(Il,j ∩ {Xi}t1i=1 = ∅)] =
(
1− 1

8l

)t1

.

Combining with (29), we have

E{Xi,hH2 (Xi)}
t1
i=1,Xt2

[(hH2(Xt2)−OH2({Xi, h
H2(Xi)}t1i=1))

2]

≤
∞∑
l=1

4

2l

(
1− 1

8l

)t1

≤

ln t1−ln ln t1
ln 8∑
l=1

4

2l

(
1− 1

8l

)t1

+

∞∑
l=

ln t1−ln ln t1
ln 8 +1

4

2l

(
1− 1

8l

)t1

≤
2( ln t1−ln ln t1

ln 8 )

t1
+

4 ln
1
3 t1

t
1
3
1

≤ O(
log t1

t
1
3
1

),

and

E{Xi,hH2 (Xi)}
t1
i=1,Xt2

[(hH2(Xt2)−OH2({Xi, h
H2(Xi)}t1i=1))

2]

≥
∑
l≥2

2

2l

(
1− 1

8l

)t1

≥ 1

4t
1
3
1

= Ω
( 1

t
1
3
1

)
,

Therefore, (26) holds. Similarly, consider H1. Its parameters are indexed by the context (σ,S),
which is part of the input, so the parameters of ĥH1

t1 for a context depend only on the samples in
that context: θ̂l,v,σ,S = θl,v,σ,S if one of these samples lies in ∪(l,j)∈Sl,v

Il,j , and θ̂l,v,σ,S = −1
otherwise. Since σ1 ̸= σ0 (Appendix I), only the samples after τ1 determine the parameters used
after the change. Hence

EXt2
[(hH1(Xt2)− ĥ

H1
t1 (Xt2))

2]

=



∞∑
l=1

2l+2l∑
v=1

1(∪(l,j)∈Sl,v,0
Il,j ∩ {Xi}t1i=1 = ∅)

× |Sl,v,0|c2l
8l

(θl,v,σ0,S0
+ 1)2

0 < t1 < t2 ≤ τ1

∞∑
l=1

2l+2l∑
v=1

1(∪(l,j)∈Sl,v,1
Il,j ∩ {Xi}t1i=τ1+1 = ∅)

× |Sl,v,1|c2l
8l

(θl,v,σ1,S1
+ 1)2

τ1 ≤ t1 < t2 ≤ T

Θ(1) t1 = 0

. (30)

Since (θ+1)2 ≤ 4, the expectations of both sums are controlled by the following occupancy estimate.
Let {Sl,1, . . . , Sl,2l+2l} satisfy (22) for each l, and let U1, . . . , Um, m ≥ 1, be i.i.d. uniform on (0, 1)

and independent of these partitions. The sets with v ≥ 2l + 2 have size 4l, and there are fewer than
2l of them. Since the function (1 − x)mx on (0, 1) is maximized at x = 1

m+1 , where it is at most
1

m+1 , we have

E
[ ∞∑

l=1

2l+2l∑
v=1

1(∪(l,j)∈Sl,v
Il,j ∩ {Ui}mi=1 = ∅)4|Sl,v|c2l

8l

]

=

∞∑
l=1

2l+2l∑
v=1

(
1− |Sl,v|

8l

)m
4|Sl,v|c2l

8l

30



≤
∞∑
l=1

2l+1∑
v=1

(
1− |Sl,v|

8l

)m
4|Sl,v|c2l

8l
+

∞∑
l=1

(
1− 1

2l

)m
4

2l

≤
∞∑
l=1

4(2l + 1)c2l
m+ 1

+
∑

l≤log2 m

4

m+ 1
+

∑
l>log2 m

4

2l
= O

(1 + logm

m

)
.

For 0 < t1 < t2 ≤ τ1, the partition S0 is fixed and X1, . . . , Xt1 are i.i.d. from µ0, so the estimate
with m = t1 bounds the expectation of the first sum by O( 1+log t1

t1
). For t1 > τ1, let n = t1 − τ1.

The partition S1 depends on the first τ1 samples. Conditionally on these samples, S1 is fixed and the
inputs Uτ1+1, . . . , Ut1 are i.i.d. uniform and independent of it, so the estimate withm = n bounds the
conditional expectation of the second sum by O( 1+logn

n ), and hence also its expectation. Moreover,
a post-change sample can only change a parameter from −1 to its correct value, so the post-change
risk of ĥH1

t1 is nonincreasing in t1 ≥ τ1 for every realization of the samples. By (23) and (24), which
hold for every x, this risk equals the risk of ĥH2

τ1 when t1 = τ1. With (26), this gives the bounds

Ω(τ
− 1

3
1 ) and O( 1+log τ1

τ
1/3
1

) for t1 = τ1, and the upper bound O( 1+log τ1

τ
1/3
1

) for t1 > τ1. Therefore, we

have (27).
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• The experimental setting should be presented in the core of the paper to a level of detail

that is necessary to appreciate the results and make sense of them.
• The full details can be provided either with the code, in appendix, or as supplemental

material.
7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?
Answer: [Yes]
Justification: Tables and figures report means and sample standard deviations across inde-
pendent seeds, with the number of runs and sources of variation specified in Appendix B.1.
Guidelines:

• The answer [N/A] means that the paper does not include experiments.
• The authors should answer [Yes] if the results are accompanied by error bars, confidence

intervals, or statistical significance tests, at least for the experiments that support the
main claims of the paper.

• The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).
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• The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

• The assumptions made should be given (e.g., Normally distributed errors).
• It should be clear whether the error bar is the standard deviation or the standard error

of the mean.
• It is OK to report 1-sigma error bars, but one should state it. The authors should

preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

• For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g., negative
error rates).

• If error bars are reported in tables or plots, the authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

8. Experiments compute resources
Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?
Answer: [Yes]
Justification: Appendix B.6 gives the CPU, memory, thread settings, timing logs, and the
limits of the compute accounting. Timings cover the reported experiments, not the entire
research project.
Guidelines:

• The answer [N/A] means that the paper does not include experiments.
• The paper should indicate the type of compute workers CPU or GPU, internal cluster,

or cloud provider, including relevant memory and storage.
• The paper should provide the amount of compute required for each of the individual

experimental runs as well as estimate the total compute.
• The paper should disclose whether the full research project required more compute

than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

9. Code of ethics
Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?
Answer: [Yes]
Justification: The work studies retraining schedules using standard benchmark data and
synthetic streams; it does not recruit participants or deploy models.
Guidelines:

• The answer [N/A] means that the authors have not reviewed the NeurIPS Code of
Ethics.

• If the authors answer [No], they should explain the special circumstances that require a
deviation from the Code of Ethics.

• The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

10. Broader impacts
Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?
Answer: [Yes]
Justification: Appendix B.6 discusses possible reductions in deployment overhead and the
risk of delayed correction under distribution shift.
Guidelines:

• The answer [N/A] means that there is no societal impact of the work performed.
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• If the authors answer [N/A] or [No], they should explain why their work has no societal
impact or why the paper does not address societal impact.

• Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

• The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate Deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

• The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

• If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

11. Safeguards
Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pre-trained language models,
image generators, or scraped datasets)?

Answer: [N/A]

Justification: We do not release pretrained generative models, scraped datasets, or other
assets with a high risk of misuse.

Guidelines:

• The answer [N/A] means that the paper poses no such risks.
• Released models that have a high risk for misuse or dual-use should be released with

necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

• Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

• We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

12. Licenses for existing assets
Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]

Justification: Dataset creators and source URLs are credited in Appendix B.6. Fashion-
MNIST is used under its MIT license; MNIST, which its creators distribute without an
explicit license, is used for research only. Dataset files are not redistributed.

Guidelines:

• The answer [N/A] means that the paper does not use existing assets.
• The authors should cite the original paper that produced the code package or dataset.
• The authors should state which version of the asset is used and, if possible, include a

URL.
• The name of the license (e.g., CC-BY 4.0) should be included for each asset.
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• For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

• If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

• For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

• If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

13. New assets
Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?
Answer: [Yes]
Justification: The supplementary experiment code and numerical outputs are documented
with reproduction commands, parameters, and limitations. No new dataset is introduced.
Guidelines:

• The answer [N/A] means that the paper does not release new assets.
• Researchers should communicate the details of the dataset/code/model as part of their

submissions via structured templates. This includes details about training, license,
limitations, etc.

• The paper should discuss whether and how consent was obtained from people whose
asset is used.

• At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

14. Crowdsourcing and research with human subjects
Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?
Answer: [N/A]
Justification: The experiments do not involve crowdsourcing or recruitment of human
participants.
Guidelines:

• The answer [N/A] means that the paper does not involve crowdsourcing nor research
with human subjects.

• Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

• According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

15. Institutional review board (IRB) approvals or equivalent for research with human
subjects
Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?
Answer: [N/A]
Justification: The experiments do not involve human-subject recruitment or interventions.
Guidelines:

• The answer [N/A] means that the paper does not involve crowdsourcing nor research
with human subjects.
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• Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

• We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

• For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

16. Declaration of LLM usage
Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigor, or originality of the research, declaration is not required.
Answer: [Yes]
Justification: An LLM-based coding assistant helped prepare this revision, check the sharp-
ened schedule, revise experiment code, execute experiments, and draft text. LLM outputs
are not a component of the retraining algorithms or experimental oracles.
Guidelines:

• The answer [N/A] means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

• Please refer to our LLM policy in the NeurIPS handbook for what should or should not
be described.
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