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Abstract
Many real-world systems—ranging from protein structures to finan-

cial networks—are naturally represented as labeled graphs, where

both topology and node attributes carry critical information. A fun-

damental question in analyzing such data is whether two graphs

(or subgraphs) exhibit statistical dependence, which may indicate

shared generative mechanisms or latent interactions. Unlike classi-

cal dependence testing, the graph setting introduces unique chal-

lenges: dependence can manifest through structural similarity, label

correlation, or their interplay, potentially reinforcing or obscuring

each other. We propose a novel and practical framework for de-

pendence testing in labeled graphs via mutual information over a

structure-weighted joint label distribution. This approach jointly

captures topological and attribute-based signals while remaining

robust to imperfect or noisy node alignments. We provide theoreti-

cal guarantees with explicit error bounds and validate our method

on both synthetic and real-world datasets, including protein struc-

tures from the lipocalin family, and recurring motifs in the Cora

citation network. Our results demonstrate that the proposed test is

a statistically sound and an effective tool for uncovering nontrivial

dependencies in graph data.

1 Introduction
Labeled graphs serve as models for various systems, including

computer networks, financial transactions, protein interaction net-

works, and social interactions, among others. A central question

in these domains is whether two graphs, or two subgraphs within

a larger network, exhibit statistical dependence, that is, similarity

unlikely to arise by chance and potentially indicative of interaction

or recurring patterns. Formally, we represent a labeled graph as

𝐺 = (𝑉 , 𝐸, ℓ), where 𝑉 is the set of nodes, 𝐸 ⊆ 𝑉 ×𝑉 is the set of

edges connecting pairs of nodes, and ℓ : 𝑉 → A assigns to each

node a label drawn from an alphabet A.

Statistical dependence between graphs can arise from two dis-

tinct but complementary sources of information. The first is struc-
ture, where the goal is to determine whether the connectivity pat-

terns of two graphs were generated independently or in a correlated

manner. A central challenge here is to identify the latent correspon-

dence between nodes, known as the (sub)graph matching problem.

Computing an optimal correspondence is equivalent to solving the

Quadratic Assignment Problem, which is NP-hard [6].

The second source of dependence arises from the labels, where
each node is assigned a value from the alphabet A. By considering

the collection of labels independently from the graph structure, one

obtains strings over A. As with structure, statistical dependence

in this setting requires accounting for a latent correspondence

between nodes to ensure a meaningful alignment of labels. De-

pendence in this case manifests through nontrivial correlations or

repeated patterns in the distribution of labels.

Structure and labels therefore provide distinct signals of depen-

dence, yet they are intrinsically linked in the generative process of

graphs. Assessing them separately fails to capture their complemen-

tary nature. The objective, then, is to develop a unified framework

that evaluates dependence jointly, requiring evidence of both struc-

tural similarity and label agreement in order to assess statistical

dependence.

Contributions. In this paper, we study the problem of quantifying

statistical dependence in labeled graphs, where both connectivity

and node labels may provide complementary signals. Our contribu-

tions are twofold:

1. We introduce a new statistical measure of correlation in labeled

graphs, defined as a structure–weighted mutual information that

integrates both structural and label information under approximate

alignments. This measure remains robust even in the presence of

structural mismatches.

2. Building on this measure, we develop a statistical test that pro-
vides rigorous guarantees under independence. We further demon-

strate the effectiveness of this test through experiments on synthetic

graphs and real datasets, including protein networks and the Cora

citation graph.

Beyond its theoretical contribution, our framework is intended as

a statistically calibrated validation tool for graph mining pipelines.

It is complementary to graph matching, graph kernels, and graph

neural network methods: rather than learning an alignment or

optimizing a predictive objective, it takes a candidate alignment as

input and tests whether the aligned graphs exhibit significant joint

structure–label dependence. This makes the proposed test useful as

a post-hoc validation step in applications such as motif discovery,

anomaly detection, biological network analysis, and knowledge

graph reasoning, where candidate matches must be assessed with

explicit false-positive control.

Prior Literature. Most prior work on graph dependence has fo-

cused on the structural aspect of the problem [10]. A large body of

work has analyzed the graph matching problem in the context of

Erdős–Rényi graphs, including [2, 11–13, 17], [14–16, 19] as well

as [36]. Despite the simplicity of this model, where edges appear

independently with a fixed probability, graph matching remains

challenging, and significant effort has been devoted to determin-

ing conditions under which exact or partial recovery of the latent

alignment is possible.

Beyond Erdős–Rényi graphs, extensions have been developed

for more structured settings. For example, Shen et al. [29] propose

correlation tests for binary graphs with community structure. More
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generally, nonparametric approaches based on distance correlation

have been explored. Shen et al. [30] introducedmultiscale graph cor-
relation (MGC), which aggregates local correlations across multiple

scales to detect complex nonlinear dependencies. Building on this,

Chung et al. [8] combined MGC with optimal transport Procrustes

alignment to design valid two-sample tests for graphs.

A complementary line of work arises from the classical graph

isomorphism problem, which studies structural equivalence in the

absence of randomness. Foundational contributions include the

Weisfeiler–Leman color-refinement procedure [35] and its limita-

tions established by Cai, Fürer and Immerman [7]. Algorithmically,

Babai [4] achieved a landmark quasipolynomial-time GI algorithm,

while McKay and Piperno [26] developed highly effective canonical-

labeling methods for large real-world graphs. Despite this progress,

existing literature underscores the inherent difficulty of inferring

statistical dependence purely from graph topology.

On the label side, related work arises from string similarity and

sequence dependence. Cohen et al. [9] provide a comparative study

of string distance metrics, widely used in record linkage though

not designed specifically for correlation testing. Marteau [24] intro-

duced sequence covering similarity, a measure of string similarity

based on covering relations that can be computed more efficiently

than classical edit distances. In bioinformatics, correlation met-

rics for genomic sequences have long been employed, for example

in [1], where mutual information–based methods are used to detect

dependence between DNA or protein sequences.

These contributions highlight the substantial progress made on

structure-only or label-only dependence. A related direction con-

cerns attributed alignment methods [37, 39, 40], which incorporate

both structural and attribute information to improve correspon-

dence. What remains lacking is a unified statistical framework for

assessing dependence in labeled graphs under imperfect alignments.

2 Problem Formulation
Let model F denote the generative mechanism for the structure

of an unweighted undirected graph 𝐺 = (𝑉1, 𝐸𝐺 ), where 𝐸𝐺 ⊆
𝑉1 × 𝑉1. The same model produces a second graph 𝐻 = (𝑉2, 𝐸𝐻 )
with 𝐸𝐻 ⊆ 𝑉2 ×𝑉2, under the constraint |𝑉1 | = |𝑉2 | = 𝑛. Formally,

we write (𝐺,𝐻 ) ∼ F . We distinguish two structural scenarios: (a)

structural independence, where 𝐻 is generated independently of 𝐺 ,

and (b) structural dependence, where 𝐻 is generated as a correlated

or perturbed version of 𝐺 .

The adjacency matrix of 𝐺 is defined by

A𝐺
𝑢𝑣 =

{
1 if (𝑢, 𝑣) ∈ 𝐸𝐺 ,

0 otherwise,

𝑢, 𝑣 ∈ 𝑉1,

with an analogous definition for A𝐻
over 𝑉2.

Each node of 𝐺 is assigned a label from a finite alphabet A
via a function ℓ𝐺 : 𝑉1 → A. For 𝐻 , we consider two labeling

regimes: (a) label independence, where ℓ𝐻 : 𝑉2 → A assigns labels

independently of those in 𝐺 , and (b) label dependence, where ℓ𝐻
produces labels that are correlated with the labels in 𝐺 .

In our framework, statistical dependence requires both structural
dependence and label dependence to be present. The test is explicitly
designed to detect concurrent rather than marginal dependence,

reflecting the principle that structural and label signals complement

one another in establishing genuine correlation between graphs.

We assume access to an alignment 𝜋 : 𝑉1 → 𝑉2, which specifies a

one-to-one correspondence between nodes of𝐺 and 𝐻 . This allows

comparison between node 𝑢 ∈ 𝑉1 in 𝐺 and its aligned counterpart

𝜋 (𝑢) ∈ 𝑉2 in 𝐻 . Crucially, we impose no optimality requirement on

𝜋 : it need not minimize structural discrepancies (as in Erdős–Rényi

graph matching literature) or maximize label agreement. Our frame-

work accommodates arbitrary, potentially imperfect alignments,

reflecting realistic scenarios where the ground-truth correspon-

dence is noisy or partially known.

We emphasize that our objective is not to solve the graph align-

ment problem. The alignment 𝜋 is treated as an input, produced

for example by a graph matching heuristic, or a learned model.

Our test then evaluates whether the dependence induced by this

candidate alignment is statistically significant. Poor alignments

increase structural mismatch and therefore reduce the resulting

statistic 𝐼 (𝑄̂), making the method a suitable post-hoc validation

tool for candidate alignments.

2.1 Basic Results
Let A𝐺

𝑢 denote the 𝑢-th row of A𝐺
and A𝐻

𝜋 (𝑢 ) the corresponding

row of A𝐻
under the vertex permutation 𝜋 . For each 𝑢 ∈ 𝑉1, define

𝑤𝑢 := 1 − 1

𝑛



A𝐺
𝑢 − A𝐻

𝜋 (𝑢 )



1
. (1)

Thus 𝑤𝑢 ∈ (0, 1] quantifies how well the neighborhood of 𝑢 in

𝐺 matches the neighborhood of 𝜋 (𝑢) in 𝐻 , with higher values

indicating stronger structural agreement.

We define the empirical joint label distribution over A ×A as

𝑃 (𝑎, 𝑏) := 1

𝑛

∑︁
𝑢∈𝑉1

1ℓ𝐺 (𝑢 )=𝑎 · 1ℓ𝐻 (𝜋 (𝑢 ) )=𝑏 , (2)

with its population counterpart 𝑃 (𝑎, 𝑏) := EF [𝑃 (𝑎, 𝑏)], where the
expectation is taken with respect to the randomness of model F .

To incorporate structural information, we extend the alphabet to

A′
:= A ∪ {★}. The auxiliary symbol ★ serves as a sink state that

absorbs probability mass associated with structurally inconsistent

alignments, ensuring that mismatched neighborhoods are explicitly

represented in the distribution. The structure–weighted empirical
joint label distribution is then

𝑄̂ (𝑎, 𝑏) = 1

𝑛

∑︁
𝑢∈𝑉1

[
𝑓 (𝑤𝑢 ) · 1ℓ𝐺 (𝑢 )=𝑎 · 1ℓ𝐻 (𝜋 (𝑢 ) )=𝑏

+
(
1 − 𝑓 (𝑤𝑢 )

)
· 1𝑎=★ · 1𝑏=★

]
,

where 𝑓 : { 𝑗/𝑛 : 𝑗 = 1, . . . , 𝑛} → (0, 1] is a monotone increas-

ing function with 𝑓 (1) = 1 that controls the trade-off between

structural consistency and label agreement. Larger values of 𝑓 (𝑤𝑢 )
assign greater weight to labels, thereby reducing the penalty for

structural mismatches. Its population counterpart is: 𝑄 (𝑎, 𝑏) :=

EF [𝑄̂ (𝑎, 𝑏)] .
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For the remainder of the paper, we adopt the linear choice 𝑓 (𝑤) =
𝑤 , which yields

𝑄̂ (𝑎, 𝑏) = 1

𝑛

∑︁
𝑢∈𝑉1

[
𝑤𝑢 · 1ℓ𝐺 (𝑢 )=𝑎 · 1ℓ𝐻 (𝜋 (𝑢 ) )=𝑏

+ (1 −𝑤𝑢 ) · 1𝑎=★ · 1𝑏=★
]
. (3)

Next, for𝑢, 𝑣 ∈ 𝑉1 we define the binary edge–mismatch indicator

under the alignment 𝜋 by:

𝑚̂𝑢𝑣 :=
��A𝐺

𝑢𝑣 − A𝐻
𝜋 (𝑢 ) 𝜋 (𝑣)

��.
The corresponding normalized mismatch total is

𝑀̂ :=
1

2𝑛2

∑︁
𝑢∈𝑉1

∑︁
𝑣∈𝑉1

𝑚̂𝑢𝑣 =
1

2𝑛

∑︁
𝑢∈𝑉1

1

𝑛



A𝐺
𝑢 − A𝐻

𝜋 (𝑢 )



1
, (4)

where the factor 1/2 compensates for double-counting edge dis-

agreements. For probabilistic analysis, we also introduce the ran-

dom variables: 𝑚𝑢𝑣 := EF [𝑚̂𝑢𝑣] and 𝑀 := EF [𝑀̂], where the

expectation is taken with respect to the randomness of the graph-

generatingmodelF .We alsowrite𝑀min := min𝑢∈𝑉1



A𝐺
𝑢 −A𝐻

𝜋 (𝑢 )



1
,

𝑀max := max𝑢∈𝑉1



A𝐺
𝑢 − A𝐻

𝜋 (𝑢 )



1
.

The following lemma makes explicit the connection between

normalized structural mismatches 𝑀̂ and the gap between the un-

weighted and structure–weighted empirical joint label distributions.

The proof is in the Appendix.

Lemma 2.1. Let 𝑃 and 𝑄̂ be the unweighted and structure–weighted
empirical joint label distributions, and let 𝑀̂ be the normalized mis-
match total defined in (4). Then

𝑀̂ =
1

2

∑︁
(𝑎,𝑏 ) ∈A×A

(
𝑃 (𝑎, 𝑏) − 𝑄̂ (𝑎, 𝑏)

)
.

2.2 Mutual Information
We recall the general definition of mutual information. Let 𝑋 and 𝑌

be random variables taking values from finite alphabets X and Y,

with joint distribution𝑅(𝑥,𝑦) andmarginals𝑅𝑋 (𝑥) = ∑
𝑦∈Y 𝑅(𝑥,𝑦)

and 𝑅𝑌 (𝑦) =
∑
𝑥∈X 𝑅(𝑥,𝑦). The mutual information between 𝑋

and 𝑌 is defined as

𝐼 (𝑋 ;𝑌 ) :=
∑︁
𝑥∈X

∑︁
𝑦∈Y

𝑅(𝑥,𝑦) log 𝑅(𝑥,𝑦)
𝑅𝑋 (𝑥) 𝑅𝑌 (𝑦)

.

By construction, 𝐼 (𝑋 ;𝑌 ) ≥ 0, with equality if and only if 𝑋 and

𝑌 are independent. Throughout, logarithms are taken in base 2.

𝐼 (𝑋 ;𝑌 ) quantifies the amount of information that one variable

provides about the other.

Specializing to our setting, we consider mutual information un-

der both the unweighted and structure–weighted empirical distri-

butions. For 𝑃 we define

𝐼 (𝑃) := 𝐼 (𝑃𝐺 ; 𝑃𝐻 ) =
∑︁

(𝑎,𝑏 ) ∈A×A
𝑃 (𝑎, 𝑏) log 𝑃 (𝑎, 𝑏)

𝑃𝐺 (𝑎) 𝑃𝐻 (𝑏)
, (5)

and for 𝑄̂ we define

𝐼 (𝑄̂) := 𝐼 (𝑄̂𝐺 ; 𝑄̂𝐻 ) =
∑︁

(𝑎,𝑏 ) ∈A′×A′
𝑄̂ (𝑎, 𝑏) log 𝑄̂ (𝑎, 𝑏)

𝑄̂𝐺 (𝑎) 𝑄̂𝐻 (𝑏)
,

(6)

where 𝑃𝐺 (𝑎) =
∑
𝑏 𝑃 (𝑎, 𝑏), 𝑃𝐻 (𝑏) =

∑
𝑎 𝑃 (𝑎, 𝑏), and analogously

for 𝑄̂𝐺 , 𝑄̂𝐻 .

We now illustrate the above preliminary discussion with the

following example:

Example 2.2. Consider the following graph pair:

Figure 1: Graph pair example.

(1) Node mapping:

𝜋 = {𝑢1 ↦→ 𝑢′
1
, 𝑢2 ↦→ 𝑢′

2
, 𝑢3 ↦→ 𝑢′

3
, 𝑢4 ↦→ 𝑢′

4
}.

(2) Node weights:

𝑤𝑢1
= 2

4
, 𝑤𝑢2

= 𝑤𝑢4
= 3

4
, 𝑤𝑢3

= 1.

(3) Normalized mismatch count:

𝑀̂ = 1

8
.

(4) Unweighted mutual information:

𝐼 (𝑃) =
∑︁

(𝑎,𝑏 ) ∈A×A
𝑃 (𝑎, 𝑏) log 𝑃 (𝑎, 𝑏)

𝑃𝐺 (𝑎)𝑃𝐻 (𝑏)
= 1.5.

(5) Weighted mutual information:

𝐼 (𝑄̂) =
∑︁

(𝑎,𝑏 ) ∈A′×A′
𝑄̂ (𝑎, 𝑏) log 𝑄̂ (𝑎, 𝑏)

𝑄̂𝐺 (𝑎)𝑄̂𝐻 (𝑏)
= 1.98.

3 Main Results
In this section, we present our main theoretical findings, resulting in

a computable threshold that assures, with high probability, that two

graphs are correlated. We start with a proposition that bounds the

difference between mutual information of 𝑃 and 𝑄̂ via the mismatch

function 𝑀̂ . The proof is in the Appendix.

Proposition 3.1. Let 𝑃 and 𝑄̂ be the unweighted and structure-
weighted empirical joint label distributions, let 𝑀̂ be the normalized
mismatch total and let 𝑀min and 𝑀max denote the minimum and
maximum per-node mismatch counts. Then

𝐼 (𝑄̂) − 𝐼 (𝑃) ≤ −𝑀min

𝑛
𝐼 (𝑃) +

(
1 − 𝑀min

𝑛

)
·

[
−𝑀min

𝑛
− 2 log

(
1 − 𝑀max

𝑛

)]
+ 2𝑀̂ log

(
1

2𝑀̂

)
.

3.1 Structural Independence
In our first main result, we provide a high probability guarantee

that structural dependence holds whenever empirical mutual in-

formation exceeds a computable threshold 𝜃 . More precisely, we
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estimate

𝑃
(
declare dependence

��
structural independence

)
= 𝑃

(
𝐼 (𝑄̂) > 𝜃

��
structural independence

)
,

which is the error of declaring dependence where there is none. In

other words, under structural independence, mutual information

𝐼 (𝑄̂) is expected to be zero, but random fluctuations may cause it

to be positive. We want to make this error probability as small as

possible.

Theorem 3.2. Let graphs (𝐺,𝐻 ) ∼ F be sampled from a genera-
tive model F for which the normalized mismatch statistic 𝑀̂ satisfies
suitable concentration conditions under structural independence, in-
cluding Erdős–Rényi graphs, block graph models, and their variants
(see Remark 1 below for the precise condition, and [25, 38] for the con-
centration tools). Let 𝑄̂ denote the structure–weighted empirical joint
label distribution. Let 𝑀𝑖𝑛𝑑𝑒𝑝 := EF [𝑀̂ | independent structure],
where 𝑀̂ is the normalized mismatch total. For 𝜃 > 0, define the
surrogate function:

𝑇 (𝑀̂) = (1 − 2𝑀̂) log
(

|A|
1 − 2𝑀̂

)
− 2𝑀̂ log(2𝑀̂) (7)

and define 𝛿 (𝜃, |A|) as the unique solution of 𝛿 (𝜃, |A|) = 𝑇 −1 (𝜃 ) for
0 < 𝑀̂ < 1

2( |A |+1) Then, for every 𝜃 > 0 such that 0 ≤ 𝛿 (𝜃, |A|) <
𝑀𝑖𝑛𝑑𝑒𝑝 ,

P
(
𝐼 (𝑄̂) > 𝜃

�� independent structure) ≤ (8)

exp

{
−4

(
𝑀
indep

− 𝛿 (𝜃, |A|)
)
2

𝑛2
}
. (9)

Proof. By (6) and the identity 𝑄̂ (★,★) = 2𝑀̂ which follows from

(3),

𝐼 (𝑄̂) =
∑︁

(𝑎,𝑏 ) ∈A×A
𝑄̂ (𝑎, 𝑏) log 𝑄̂ (𝑎, 𝑏)

𝑄̂𝐺 (𝑎)𝑄̂𝐻 (𝑏)

+ 2𝑀̂ log

(
1

2𝑀̂

)
.

Thus, 𝐼 (𝑄̂) > 𝜃 implies∑︁
(𝑎,𝑏 ) ∈A×A

𝑄̂ (𝑎, 𝑏) log 𝑄̂ (𝑎, 𝑏)
𝑄̂𝐺 (𝑎)𝑄̂𝐻 (𝑏)

> 𝜃 + 2𝑀̂ log(2𝑀̂) . (10)

Using

∑
𝑎 𝑄̂𝐺 (𝑎) = 1 − 2𝑀̂ , and 𝐻 (𝑄̂𝐺 ) ≤ (1 − 2𝑀̂) log

( |A |
1−2𝑀̂

)
, as

well as 𝐼 (𝑄̂) ≤ 𝐻 (𝑄̂) − 2𝑀̂ log(2𝑀̂), a necessary condition for (10)

is:

𝑇 (𝑀̂) := (1 − 2𝑀̂) log |A| + (2𝑀̂ − 1) log(1 − 2𝑀̂) (11)

− 2𝑀̂ log(2𝑀̂) − 𝜃 > 0.

from which we define 𝛿 (𝜃, |A|) = 𝑇 −1 (𝜃 ) and hence:

{𝐼 (𝑄̂) > 𝜃 } ⊆ {𝑀̂ ≤ 𝛿 (𝜃, |A|)}. (12)

We observe that large deviations (LD) applies to the normalized

mismatch total in (4). Since |𝑚̂𝑢,𝑣 | ≤ 1, the bounded difference

condition or the Lipschitz condition holds. The only remaining

issue is what conditions we need on 𝑚̂𝑢𝑣 to apply for LD. This

holds for example for Erdős–Rényi graphs, block model graphs

and their variants (see also Remark 1 below). Thus, since 𝑀̂ is a

1/𝑛2–Lipschitz of
(𝑛
2

)
edge-mismatch variables, by McDiarmid’s

inequality [25] for any 𝑡 > 0, we have

P
(
𝑀̂ ≤ 𝑀 − 𝑡

��
independent structure

)
=

P
(
𝑀̂ ≤ 𝑀𝑖𝑛𝑑𝑒𝑝 − 𝑡

)
≤ exp{−4𝑡2𝑛2}.

Since we are in the lower-tail regime 𝛿 (𝜃, |A|) < 𝑀𝑖𝑛𝑑𝑒𝑝 , taking

𝑡 := 𝑀𝑖𝑛𝑑𝑒𝑝 − 𝛿 (𝜃, |A|) yields

P
(
𝑀̂ ≤ 𝛿 (𝜃, |A|)

��
independent structure

)
≤ exp

{
−4

(
𝑀𝑖𝑛𝑑𝑒𝑝 − 𝛿 (𝜃, |A|)

)
2

𝑛2
}
.

Combining with (12) completes the proof. □

Remark 1. We address now, in some depth, the assumptions un-

der which we can apply the concentration inequality on graphs.

First, in settings where edge mismatches are fully independent, the

conditions of the classical McDiarmid inequality hold directly. This

includes Erdős–Rényi graphs, noise-injected models in which 𝐻

is obtained from 𝐺 by independently adding, deleting, or flipping

edges, as well as inhomogeneous random graph families such as

Chung–Lu and latent-space models with independent edges. In all

these cases, each mismatch variable 𝑚̂𝑢𝑣 is independent of all oth-

ers, so the standard bounded-difference argument applies without

modification.

More generally, as shown by Zhang et al. (2019), a McDiarmid-

type concentration bound continues to hold undermild dependence,
provided that each mismatch variable depends on only a small

number of other mismatches. This setting includes, for example,

stochastic block models in which dependence is restricted within

blocks, block-structured or “partly dependent” models of the type

studied by Janson, and models whose edges satisfy a bounded-

neighborhood dependency graph. In such cases, the mismatch vari-

ables admit a dependency graph of bounded maximum degree,

and the resulting concentration bound retains the same functional

form as the classical McDiarmid inequality, up to a constant factor

depending on this degree.

When the dependence neighborhood is larger, the bound remains

valid but acquires an explicit penalty factor. Specifically, if the

dependency graph of the variables has maximum degree 𝑑 , then

P
(
𝑀̂ ≤ 𝑀 − 𝑡

��
dependent structure

)
≤ exp

{
− 2𝑡2𝑛2

𝑑 + 1

}
.

Thus, whenever we have an estimate or upper bound on the size

of the dependence neighborhood for each mismatch variable, the

corresponding generalized McDiarmid-type inequality applies.

Remark 2. Let graphs (𝐺,𝐻 ) ∼ F have adjacency matrices 𝐴𝐺

and 𝐴𝐻
. Under structural independence,𝑀

indep
can be expressed

in terms of marginal edge probabilities as:

𝑀
indep

=
1

2𝑛2

∑︁
𝑢∈𝑉1

∑︁
𝑣∈𝑉1

P
(
𝐴𝐺
𝑢𝑣 ≠ 𝐴𝐻

𝜋 (𝑢 )𝜋 (𝑣)
��
independent

)
.

Independence implies factorization, so this expands to

𝑀
indep

=
1

2𝑛2

∑︁
𝑢∈𝑉1

∑︁
𝑣∈𝑉1

[
P
(
𝐴𝐺
𝑢𝑣 = 1

)
P
(
𝐴𝐻
𝜋 (𝑢 )𝜋 (𝑣) = 0

)
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+P
(
𝐴𝐺
𝑢𝑣 = 0

)
P
(
𝐴𝐻
𝜋 (𝑢 )𝜋 (𝑣) = 1

) ]
.

In practice, these marginal probabilities can be replaced by em-

pirical estimates obtained from the observed adjacency rows. For

each 𝑢 ∈ 𝑉1, define:

𝑝𝐺𝑢 :=
1

𝑛

∑︁
𝑣∈𝑉1

𝐴𝐺
𝑢𝑣, 𝑝𝐻

𝜋 (𝑢 ) :=
1

𝑛

∑︁
𝑣∈𝑉2

𝐴𝐻
𝜋 (𝑢 )𝑣,

that is, the normalized row sums of𝑢 in𝐴𝐺
and of 𝜋 (𝑢) in𝐴𝐻

. This

yields the empirical row-wise approximation

𝑀̃
indep

=
1

2𝑛

∑︁
𝑢∈𝑉1

(
𝑝𝐺𝑢 + 𝑝𝐻

𝜋 (𝑢 ) − 2𝑝𝐺𝑢 𝑝
𝐻
𝜋 (𝑢 )

)
+𝑂 (1/𝑛2) .

3.2 Label Independence
We now turn our attention to label independence and establish a

threshold on 𝐼 (𝑄̂) that guarantees label independence with high

probability. The following result is our second main theoretical

contribution. As before, our objective is to identify a threshold 𝜃

that minimizes the probability of erroneously declaring dependence

when, in fact, no label dependence exists.

Theorem 3.3. Let 𝑄̂ be the structure–weighted empirical joint la-
bel distribution, let 𝑀̂ be the normalized mismatch total and let𝑀min

and𝑀max denote the minimum and maximum per-node mismatch
counts. Then for graph models sufficiently large to satisfy standard
large deviation assumptions:

P
(
𝐼 (𝑄̂) > 𝜃

�� independent labels) ≤

exp

(
− (ln 2) 𝑛
1 − 𝑀min

𝑛

[
𝜃 −

(
1 − 𝑀min

𝑛

)
(
−𝑀min

𝑛
− 2 log

(
1 − 𝑀max

𝑛

))
− 2𝑀̂ log

(
1

2𝑀̂

) ])
.

Proof. We follow the testing framework of [1] for independence

on strings to bound 𝐼 (𝑃). Note that 𝐼 (𝑃) is—up to a negligible re-

mainder—Pearson’s 𝜒2 statistic scaled by
1

2(ln 2) 𝑛 , with ( |A| − 1)2
degrees of freedom. This follows from a standard application of the

multivariate central limit theorem for the joint empirical distribu-

tion showing that mutual information converges in distribution to

a (scaled) 𝜒2 random variable. Let

𝑍 := 2(ln 2) 𝑛 𝐼 (𝑃) 𝑑⇒ 𝜒2
(
( |A| − 1)2

)
,

and thus, for large 𝑛,

P
(
𝐼 (𝑃) > 𝜃

��
independent labels

)
=

P(𝑍 > 2(ln 2) 𝜃 𝑛) ≤ exp

(
− (ln 2) 𝜃 𝑛

)
, (13)

using the asymptotic fact that the 𝜒2 tail decays like 𝑒−𝑥/2.
By Proposition 3.1, this bound is then upgraded to 𝐼 (𝑄̂). Specifi-

cally, set

𝑂𝑎,𝑏 = 𝑛 𝑃 (𝑎, 𝑏), 𝐸𝑎,𝑏 = 𝑛 𝑃𝐺 (𝑎)𝑃𝐻 (𝑏),Δ𝑎,𝑏 = 𝑂𝑎,𝑏 − 𝐸𝑎,𝑏

for (𝑎, 𝑏) ∈ A × A. By (5), we can rewrite the statistic as:

2(ln 2) 𝑛 𝐼 (𝑃) = 2

∑︁
(𝑎,𝑏 ) ∈A×A

𝑂𝑎,𝑏 ln

𝑂𝑎,𝑏

𝐸𝑎,𝑏
.

Using the second–order Taylor expansion ln(1+𝑢) = 𝑢− 1

2
𝑢2+𝑂 (𝑢3)

with 𝑢 = Δ𝑎,𝑏/𝐸𝑎,𝑏 gives

2(ln 2) 𝑛 𝐼 (𝑃) =
∑︁

(𝑎,𝑏 ) ∈A×A

(
2Δ𝑎,𝑏 +

Δ2

𝑎,𝑏

𝐸𝑎,𝑏

)
+ 𝑂

( ∑︁
(𝑎,𝑏 ) ∈A×A

|Δ𝑎,𝑏 |3
𝐸2

𝑎,𝑏

)
.

The linear term vanishes because

∑
𝑎,𝑏 Δ𝑎,𝑏 = 0. Therefore,

2(ln 2) 𝑛 𝐼 (𝑃) =
∑︁

(𝑎,𝑏 ) ∈A×A

Δ2

𝑎,𝑏

𝐸𝑎,𝑏
+𝑂

( ∑︁
(𝑎,𝑏 ) ∈A×A

|Δ𝑎,𝑏 |3
𝐸2

𝑎,𝑏

)
.

Finally, Proposition 3.1 gives

𝐼 (𝑄̂) ≤ 𝐼 (𝑃) − 𝑀min

𝑛
𝐼 (𝑃) +

(
1 − 𝑀min

𝑛

)
·[

−𝑀min

𝑛
− 2 log

(
1 − 𝑀max

𝑛

)]
+ 2𝑀̂ log

(
1

2𝑀̂

)
.

Hence {
𝐼 (𝑄̂) > 𝜃

}
⊆

{
𝐼 (𝑃) >

(
𝜃 −

(
1 − 𝑀min

𝑛

)
·[

−𝑀min

𝑛
− 2 log

(
1 − 𝑀max

𝑛

)]
− 2𝑀̂ log

(
1

2𝑀̂

)) /
(
1 − 𝑀min

𝑛

)}
.

Plugging this threshold into the 𝜒2 tail bound from (13) yields

the claimed bound. □

Finally, we combine structural and label independence to design

a joint test for structure and labels. Fix 𝛼 ∈ (0, 1). Let 𝜃str (𝛼/2) be
any threshold provided by Theorem 3.2 such that

P(𝐼 (𝑄̂) > 𝜃str (𝛼/2) | independent structure) ≤ 𝛼/2.

Next, let 𝜃
lab

(𝛼/2) be any threshold provided by Theorem 3.3 such

that

P(𝐼 (𝑄̂) > 𝜃
lab

(𝛼/2) | independent labels) ≤ 𝛼/2.

Define

𝜃∗ := max{𝜃
lab

(𝛼/2), 𝜃str (𝛼/2)}. (14)

Then, under the joint null of independent structure or independent

labels,

P
(
𝐼 (𝑄̂) > 𝜃∗

��
indep. structure ∨ indep. labels

)
≤ 𝛼. (15)

This, together with (14), yields the final theoretical threshold en-

suring that two graphs can be considered potentially statistically

correlatedwhenever the correspondingmutual information exceeds

the threshold 𝜃∗. We emphasize, however, that this is rigorously es-

tablished only for certain graph models (e.g., Erdős–Rényi graphs).

Nevertheless, as we demonstrate in the next section, our results

extend effectively to more practical graph settings.
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Remark 3. In this paper, we have only considered one type of error:

when the structure or labels are independent but our test incorrectly

declares them to be dependent. However, there is also a second

type of error, namely when the structure or labels are dependent

but our test incorrectly declares them to be independent. We briefly

discuss this case for labels only. More precisely, the second type of

error is defined as:

𝑃
(
declare independence

��
label dependence

)
= 𝑃

(
𝐼 (𝑄̂) < 𝜃

��
label dependence

)
.

In this case, the probability no longer follows the 𝜒2 distribution

but instead the normal distribution, as discussed in [1]. We combine

this fact with the mismatch inequality analogous to Proposition 3.1

𝐼 (𝑃) − 𝐼 (𝑄̂) ≤ 𝑀max

𝑛
𝐼 (𝑃) −

(
1 − 𝑀max

𝑛

)
·(

log

(
1 − 𝑀max

𝑛

)
+ 2𝑀min

𝑛

)
− 2𝑀̂ log

(
1

2𝑀̂

)
.

Hence

{ 𝐼 (𝑄̂) ≤ 𝜃 } ⊆
{
𝐼 (𝑃) ≤ 𝜃 + 𝐹 (𝑀min, 𝑀max, 𝑀̂)

1 − 𝑀max

𝑛

}
,

with

𝐹 (𝑀min, 𝑀max, 𝑀̂) := 2𝑀̂ log

(
1

2𝑀̂

)
+(

1 − 𝑀max

𝑛

) (
log

(
1 − 𝑀max

𝑛

)
+ 2𝑀min

𝑛

)
Let 𝐼 denote the true mutual information between aligned labels

and let 𝜎2 be the variance of the log-likelihood ratio as in [1]. Then,

under dependent labels,

P
(
𝐼 (𝑄̂) ≤ 𝜃

��
dependent labels

)
≤

exp

−
(
𝐼 − 𝜃 + 𝐹 (𝑀min,𝑀max,𝑀̂ )

1−𝑀max

𝑛

)
2

2𝜎2
𝑛

 .

This result shows that, under dependence, error probability decays

exponentially in 𝑛, with additive terms accounting for structural

mismatches. Since both 𝐼 and 𝜎2 depend on the unknown gener-

ative mechanism, the bound should be viewed primarily as inter-

pretive rather than directly computable. Consistent with [1], the

choice of threshold 𝜃 reflects a tradeoff: smaller values increase

the risk of spurious dependence under independence, while larger

values increase the risk of overlooking true dependence. In practice,

threshold selection is typically guided by controlling the error un-

der independence, since the parameters governing the dependence

case are not observable.

3.3 Practical Threshold Computation and Time
Complexity

The above bounds yield a direct procedure for computing the deci-

sion threshold used by the test. First, the practitioner fixes a target

significance level 𝛼 ∈ (0, 1), for example 𝛼 = 0.05. We then invert

the bounds in Theorems 3.2 and 3.3 with respect to the threshold

parameter to obtain 𝜃str (𝛼/2) and 𝜃lab (𝛼/2) satisfying

P
(
𝐼 (𝑄̂) > 𝜃str (𝛼/2)

��
independent structure

)
≤ 𝛼/2

and

P
(
𝐼 (𝑄̂) > 𝜃

lab
(𝛼/2)

��
independent labels

)
≤ 𝛼/2.

The final threshold is

𝜃∗ = max{𝜃str (𝛼/2), 𝜃lab (𝛼/2)}.

Given an observed graph pair and candidate alignment 𝜋 , the statis-

tic 𝐼 (𝑄̂) is computed from the corresponding structure-weighted

empirical distribution, and the test declares statistically significant

dependence whenever

𝐼 (𝑄̂) > 𝜃∗ .

Given the alignment 𝜋 , the dominant computational cost is com-

puting the structural mismatch weights, which requires comparing

aligned adjacency rows and costs 𝑂 (𝑛2) time for dense adjacency

matrices. Once these weights are available, constructing 𝑄̂ requires

one pass over the 𝑛 aligned nodes, while computing 𝐼 (𝑄̂) requires
summing over A′ × A′

. Thus, these steps take 𝑂 (𝑛 + |A|2) time,

and the overall runtime is dominated by the structural mismatch

computation.

4 Experimental Results
Our objective in the experiments is not to outperform a competing

method on a fixed benchmark, but to validate a statistical test for

a setting where no directly comparable benchmark exists. To our

knowledge, existing graph benchmarks and baselines address either

structure-only similarity or attribute-based comparison, and do not

provide a reference framework for joint structure–label dependence

testing under a given alignment with a single computable signif-

icance threshold. Accordingly, we evaluate our method through

controlled synthetic experiments with known ground truth and

through real datasets where separation from null candidates and

consistency with the theoretical threshold 𝜃∗ can be assessed.

To contextualize the proposed statistic, we also compare against

representative partial baselines: Weisfeiler–Lehman subtree ker-

nels [31, 35], which capture local structural similarity, and a chi-

squared label-only test, which ignores graph topology. These base-

lines are not direct replacements for our method, since they do not

provide calibrated Type I error control for joint structure–label de-

pendence under a fixed alignment, but they help isolate the benefit

of combining structural mismatch and label agreement.

In all experiments we set the overall significance level at 𝛼 =

0.05. While we present illustrative results in this section, a more

comprehensive set of results is included in the Appendix.

4.1 Synthetic Erdős–Rényi Experiments and
Representative Baselines

Wefirst evaluate our framework on controlled synthetic data, where

the ground-truth dependence structure is known. We use a corre-

lated Erdős–Rényi model [23]: 𝐺 ∼ G(𝑛, 𝑝𝐺 ) and 𝐻 ∼ G(𝑛, 𝑝𝐻 ),
with 𝑛 = 2000 and 𝑝𝐺 , 𝑝𝐻 ∈ [0.03, 0.07]. In the correlated setting,

each edge of 𝐻 agrees with the corresponding edge of𝐺 with prob-

ability 𝜌str, and is otherwise resampled from Bernoulli(𝑝𝐻 ). Labels
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are generated analogously: for each aligned pair𝑢, 𝜋 (𝑢), the label in
𝐻 agrees with the label in𝐺 with probability 𝜌

lab
, and is otherwise

sampled uniformly from an alphabet of size |A| = 26.

In the first experiment, we set 𝜌str = 𝜌
lab

= 0.7 and generate 12

graphs, including one correlated pair and ten mutually independent

graphs. Figure 2 shows that the proposed statistic identifies the

correlated pair as a clear spike above the null candidates, while

Figure 3 visualizes representative subgraphs from this pair.

To contextualize the proposed statistic, we also compare against

two representative partial baselines. First, we use the Weisfeiler–

Lehman (WL) subtree kernel [31], which builds on the classical WL

refinement procedure [35] and measures local structural similarity

up to depth ℎ. Since WL is not a hypothesis test, we calibrate

it empirically by estimating its null distribution on independent

Erdős–Rényi graph pairs and selecting the (1 − 𝛼)-quantile, with
𝛼 = 0.05, as the threshold. We report results for ℎ = 1 and ℎ = 3.

Second, we include a chi-squared (𝜒2) test for independence on
aligned node labels, which captures label dependence but ignores

graph topology.

Table 1 reports results as the planted agreement level 𝜌 varies.

Detection denotes the fraction of trials in which the corresponding

statistic exceeds its threshold.

Table 1: Baseline comparison for synthetic Erdős–Rényi ex-
periments with planted structure–label correlation. For each
method, “Mean” denotes the average score over trials, 𝜃 de-
notes the corresponding decision threshold, and “Det.” de-
notes the detection rate.

𝜌
Our Method WL (ℎ = 1) WL (ℎ = 3) Chi-squared (𝜒2)

Mean 𝜃∗ Det. Mean 𝜃 Det. Mean 𝜃 Det. Mean 𝜃 Det.

0.0 0.919 1.129 0.00 0.951 0.957 0.20 0.906 0.912 0.20 613.97 680.97 0.00

0.4 0.987 1.129 0.00 0.955 0.957 0.30 0.910 0.912 0.30 759.21 680.97 0.90

0.6 1.056 1.128 0.20 0.953 0.957 0.30 0.908 0.912 0.30 956.47 680.97 1.00

0.7 1.100 1.128 0.50 0.959 0.957 0.70 0.914 0.912 0.70 1093.01 680.97 1.00

0.8 1.158 1.127 1.00 0.954 0.957 0.40 0.909 0.912 0.30 1268.80 680.97 1.00

1.0 1.240 1.128 1.00 0.958 0.957 0.60 0.913 0.912 0.60 1579.00 680.97 1.00

Under independence (𝜌 = 0), our method produces no detections,

while the WL baselines exhibit elevated false-positive rates despite

empirical calibration. As 𝜌 increases, the chi-squared test detects

dependence early because it is sensitive to label correlation alone. In

contrast, our method shows a sharper transition as joint structure–

label agreement becomes strong enough to exceed the calibrated

threshold. These results illustrate that structure-only and label-

only baselines capture complementary but incomplete aspects of

the dependence targeted by our test.

4.2 Protein Structures
4.2.1 Lipocalin Proteins. Complex biomolecules such as proteins

perform functions determined not only by their amino acid se-

quence but also by higher-order structures and interactions. Sequence-

based analyses, while indispensable, often obscure the fact that

proteins with high sequence similarity should also be examined

for conserved three-dimensional motifs to draw critical functional

conclusions, with lipocalins providing a well-known example [32].

Figure 2:Mutual information across Erdős–Rényi graph pairs.
Out of 12 graphs in total, a single correlated pair is included;
the spike corresponds to this correlated pair with 𝜌str = 𝜌

lab
=

0.7. The blue line is the threshold 𝜃∗ computed according to
(14).

Figure 3: Visualization of the correlated Erdős–Rényi graph
pair with 𝜌str = 𝜌

lab
= 0.7, showing representative subgraphs

from each graph for clarity.

Representing proteins as sparse residue networks—with amino

acids as labeled nodes and non-covalent interactions as edges—

offers a principled abstraction for uncovering such motifs. Within

this framework, conserved subgraph patterns capture recurring

topologies of residue contacts [21] together with correlated amino

acid labels, highlighting conservation that goes beyond either se-

quence or structure alone. Such motifs often mark functional re-

gions such as active sites or binding pockets. For example, conserved

motifs in these regions provide predictive markers of biochemi-

cal activity [22]. From this perspective, protein graphs exemplify

sparse, heterogeneous networks with non-random recurrent pat-

terns. Motif-centric analysis reveals hidden layers of conservation

central to protein evolution, function, and design, while also con-

necting molecular biology with universal properties of networked

systems [18].

We next demonstrate our theoretical framework on a dataset

drawn from the lipocalin superfamily, eachmodeled as a labeled, un-

weighted graph. For a protein chain, we construct𝐺 = (𝑉𝐺 , 𝐸𝐺 , ℓ𝐺 )
and 𝐻 = (𝑉𝐻 , 𝐸𝐻 , ℓ𝐻 ), where 𝑉𝐺 and 𝑉𝐻 are residues, 𝐸𝐺 and 𝐸𝐻
contain undirected edges between residues whose C𝛼 atoms lie

within 6 Å, and ℓ𝐺 , ℓ𝐻 assign amino acid identities from an alphabet

A of size 20. To avoid trivial backbone contacts, edges are omitted

whenever the sequence separation |𝑖 − 𝑗 | < 3.
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Figure 4: First protein in the most strongly correlated pair
identified among 100 protein pairs. Visualization shows
residue contacts.

Figure 5: Second protein in the most strongly correlated pair,
aligned via TM-align.

To compare two graphs, we require an alignment 𝜋 : 𝑉𝐺 → 𝑉𝐻
specifying residue correspondences. Biological graph alignment is

an active area of research, with recent work, for example, studying

learned approaches for identifying corresponding nodes across bio-

logical networks [27]. In practice, 𝜋 is obtained using TM-align, a

method based on three-dimensional structure. Our test then evalu-

ates this alignment jointly with respect to both structure and labels.

The core of aligned residues is defined as: C = {(𝑢, 𝑣) : 𝑢 ∈ 𝑉𝐺 , 𝑣 ∈
𝑉𝐻 , 𝑢 ↔ 𝑣 via TM-align}. Restricting to the induced subgraphs on

C yields𝐻1 = 𝐺 [𝑉𝐺 (C)] and𝐻2 = 𝐻 [𝑉𝐻 (C)], where testing is per-
formed. In our dataset, the core size |C| typically ranges between

100 and 200 residues.

For computational tractability, we select candidate pairs using

simple global signatures and a relaxed length-ratio filter. Among the

many pairs evaluated, a subset of 100 is presented for visualization,

with several exceeding the significance threshold and one emerging

as the strongest signal.

Figures 4 and 5 illustrate this most strongly correlated pair, while

Figure 6 reports the corresponding mutual information spike com-

pared with the null pairs.

4.2.2 ComPPI. Beyond individual protein structures, protein – pro-
tein interaction (PPI) networks provide a complementary view

of cellular organization [5] by encoding functional relationships

among proteins at the systems level. As in the structural setting,

representing such systems as sparse, labeled graphs offers a prin-

cipled abstraction for identifying conserved motifs. Here, nodes

correspond to proteins and edges represent physical interactions,

while node labels capture higher-level functional attributes such as

subcellular localization and signaling pathway participation.

Figure 6: Mutual information values across 100 protein pairs.
Several pairs exceed the threshold, with the spike correspond-
ing to the most strongly correlated pair detected by the pro-
posed test. The blue line is the threshold 𝜃∗ computed accord-
ing to (14).

Within this framework, conserved subgraph patterns correspond

to recurring interaction motifs whose structure is coupled with cor-

related functional annotations, revealing conservation that extends

beyond either network topology or individual protein features alone.

Such motifs often reflect biologically meaningful modules, includ-

ing protein complexes and pathway-specific interaction patterns.

In this subsection, we apply our statistical framework to the

ComPPI interactome [34] to assess the significance of structurally

and label-wise correlated subgraphs. Starting from a seed subgraph

that defines a reference motif, we identify candidate subgraphs

across the network that are structurally similar and exhibit corre-

lated node labels. To ensure connectivity, candidate subgraphs are

generated using Breadth-First Search–based procedures.

We retain protein–protein interactions with confidence scores of

at least 0.5, representing the likelihood of physical interaction. Each

node is labeled with subcellular localization information provided

by ComPPI, together with signaling cascade annotations obtained

from [33] and Gene Ontology (GO) [3]. We evaluate multiple pairs

consisting of a ComPPI seed subgraph and candidate subgraphs

within the network. A representative subset of 100 such pairs is

visualized below, with one pair exceeding the statistical significance

threshold and yielding the strongest signal. In particular, Figure 7 il-

lustrates the ComPPI seed subgraph together with its best-matched

candidate subgraph identified by the proposed method. Figure 8

reports the corresponding structure–weighted mutual information

values compared against the statistical significance threshold.

Figure 7: Seed subgraph in the ComPPI interactome (left) and
its best-matched candidate subgraph identified (right).
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Figure 8: Mutual information values for a representative set
of ComPPI subgraph pairs. The spike corresponds to the
unique correlated pair. The black line is the threshold 𝜃∗

computed according to (14).

These experiments demonstrate that the proposed framework

effectively detects structurally correlated subgraphs in PPI net-

works, capturing joint relationships among protein interactions,

subcellular localization, and signaling pathway participation.

(a) Seed subgraph selected from
the Cora citation network, cho-
sen to ensure both connectivity
and label diversity.

(b) Best correlated candidate sub-
graph identified in Cora, show-
ing structural and thematic simi-
larity to the seed.

Figure 9: Seed subgraph (left) and its most correlated candi-
date (right) in the Cora citation network.

4.3 Cora Dataset
Finally, we apply our framework to the Cora citation network [28],

a benchmark dataset with 2,708 nodes and 5,429 edges. Each node

corresponds to a scientific paper, and edges represent citation links.

Every paper is labeled by one of seven research areas: case–based

reasoning, genetic algorithms, neural networks, probabilistic meth-

ods, reinforcement learning, rule learning, and theory.

Our experimental setup is designed to identify approximate copies
of subgraphs within the citation network. We begin by extracting

a connected seed subgraph of prescribed size, chosen so that it

contains papers from multiple subject areas. The search then pro-

ceeds by sampling connected candidate subgraphs of the same size

elsewhere in the network and aligning them to the seed. By com-

paring candidates to the seed, we can detect recurring modules

whose structural and thematic patterns are too consistent to arise

by chance. To avoid trivial matches, the seed–construction process

explicitly favors neighbors with different subject labels, ensuring

that the starting point is both connected and label–diverse.

Figure 10: Mutual information across 100 candidate sub-
graphs in Cora. The spike corresponds to the unique cor-
related pair, while the remaining candidates serve as null
comparisons. The blue line is the threshold 𝜃∗ computed ac-
cording to (14).

Among thousands of sampled candidates, we highlight a sub-

graph that our test identifies as correlated with the seed. Figures 9a

and 9b illustrate the seed together with this highlighted candidate,

while Figure 10 shows the corresponding mutual information spike

against the background of uncorrelated candidates.

4.4 Scalability Evaluation on ogbn-arxiv
To assess scalability beyond the smaller synthetic and real-data

examples above, we also evaluate the method on the ogbn-arxiv

citation network [20], which contains over 10
5
nodes. We extract

aligned subgraphs of size |𝑉 | = 1000 and generate noisy aligned

copies by randomly perturbing edges and node labels. The agree-

ment level controls the probability with which structure and labels

are preserved between the two aligned graphs.

Table 2: Scalability evaluation on ogbn-arxiv. Detection (Det.)
denotes the fraction of trials where 𝐼 (𝑄̂) > 𝜃∗.

Agreement level 𝐼 (𝑄̂ ) 𝜃∗ Det.

0.30 0.238 0.440 0.00

0.50 0.325 0.424 0.05

0.70 0.466 0.427 0.60

0.80 0.492 0.433 0.55

0.90 0.592 0.433 0.70

0.95 0.846 0.429 0.85

As agreement increases, 𝐼 (𝑄̂) rises while 𝜃∗ remains stable, lead-

ing to higher detection rates. This suggests that the method remains

stable on larger subgraphs and retains an interpretable decision

rule in a heterogeneous real-world network.

5 Conclusion
We presented a framework for testing statistical dependence in

labeled graphs using a structure-weighted joint label distribution

and mutual information. The method yields computable thresholds

that control false positives under structural and label independence.

Experiments on synthetic graphs, biological and citation networks,

and larger subgraphs show that the statistic detects joint structure–

label dependencewhile remaining interpretable and practical. These

results support its use as a calibrated post-hoc validation tool for

graph mining with noisy or imperfect alignments.
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A Proof of Lemma 2.1
Proof. From (1), we have

1 −𝑤𝑢 =
1

𝑛



A𝐺
𝑢 − A𝐻

𝜋 (𝑢 )



1
.

Substituting this into (4) yields

𝑀̂ =
1

2𝑛

∑︁
𝑢∈𝑉1

(1 −𝑤𝑢 ). (16)

By the definitions of 𝑃 and 𝑄̂ for some (𝑎, 𝑏) ∈ A × A, we obtain

𝑃 (𝑎, 𝑏) − 𝑄̂ (𝑎, 𝑏) = 1

𝑛

∑︁
𝑢∈𝑉1

(1 −𝑤𝑢 ) 1ℓ𝐺 (𝑢 )=𝑎 1ℓ𝐻 (𝜋 (𝑢 ) )=𝑏 .

Summing over all (𝑎, 𝑏) ∈ A × A gives∑︁
(𝑎,𝑏 ) ∈A×A

(
𝑃 (𝑎, 𝑏) − 𝑄̂ (𝑎, 𝑏)

)
=

1

𝑛

∑︁
𝑢∈𝑉1

(1 −𝑤𝑢 ) . (17)

Comparing with (16) establishes the claim. □

B Proof of Proposition 3.1
Proof. We start by bounding the mismatches for any individual

node 𝑢 as follows:

𝑀min ≤


A𝐺

𝑢 − A𝐻
𝜋 (𝑢 )




1
≤ 𝑀max,

which is much more useful in practice. Thus:

𝑀min

𝑛
≤ 1 −𝑤𝑢 ≤ 𝑀max

𝑛
.

Therefore, we can estimate 𝑃 (𝑎, 𝑏) − 𝑄̂ (𝑎, 𝑏) as follows:

𝑃 (𝑎, 𝑏) − 𝑄̂ (𝑎, 𝑏) = 1

𝑛

∑︁
𝑢∈𝑉1

(1 −𝑤𝑢 ) 1ℓ𝐺 (𝑢 )=𝑎 1ℓ𝐻 (𝜋 (𝑢 ) )=𝑏

leading to

𝑀min

𝑛
𝑃 (𝑎, 𝑏) ≤ 𝑃 (𝑎, 𝑏) − 𝑄̂ (𝑎, 𝑏) ≤ 𝑀max

𝑛
𝑃 (𝑎, 𝑏) ⇒(

1 − 𝑀max

𝑛

)
𝑃 (𝑎, 𝑏) ≤ 𝑄̂ (𝑎, 𝑏) ≤

(
1 − 𝑀min

𝑛

)
𝑃 (𝑎, 𝑏) .

Summing over all 𝑏 ∈ A we obtain:(
1 − 𝑀max

𝑛

)
𝑃𝐺 (𝑎) ≤ 𝑄̂𝐺 (𝑎) ≤

(
1 − 𝑀min

𝑛

)
𝑃𝐺 (𝑎)

and we can do the same for 𝑎 ∈ A. In conclusion, we find

log

𝑄̂ (𝑎, 𝑏)
𝑄̂𝐺 (𝑎)𝑄̂𝐻 (𝑏)

≤ log

©­­«
(
1 − 𝑀min

𝑛

)
𝑃 (𝑎, 𝑏)(

1 − 𝑀max

𝑛

)
2

𝑃𝐺 (𝑎)𝑃𝐻 (𝑏)

ª®®¬ ⇒

log

𝑄̂ (𝑎, 𝑏)
𝑄̂𝐺 (𝑎)𝑄̂𝐻 (𝑏)

≤ log

𝑃 (𝑎, 𝑏)
𝑃𝐺 (𝑎)𝑃𝐻 (𝑏)

+ log

©­­«
1 − 𝑀min

𝑛(
1 − 𝑀max

𝑛

)
2

ª®®¬ .
Now we are in position to estimate 𝐼 (𝑄̂) − 𝐼 (𝑃) as follows:

𝐼 (𝑄̂) − 𝐼 (𝑃) =
∑︁

(𝑎,𝑏 ) ∈A×A

(
𝑄̂ (𝑎, 𝑏) log 𝑄̂ (𝑎, 𝑏)

𝑄̂𝐺 (𝑎)𝑄̂𝐻 (𝑏)

− 𝑃 (𝑎, 𝑏) log 𝑃 (𝑎, 𝑏)
𝑃𝐺 (𝑎)𝑃𝐻 (𝑏)

)
+ 𝑄̂ (★,★) log

(
1

𝑄̂ (★,★)

)
.

with

𝑄̂ (★,★) log
(

1

𝑄̂ (★,★)

)
= 2𝑀̂ log

(
1

2𝑀̂

)
.

Summing up, we obtain∑︁
(𝑎,𝑏 ) ∈A×A

(
𝑄̂ (𝑎, 𝑏) log 𝑄̂ (𝑎, 𝑏)

𝑄̂𝐺 (𝑎)𝑄̂𝐻 (𝑏)
− 𝑃 (𝑎, 𝑏) log 𝑃 (𝑎, 𝑏)

𝑃𝐺 (𝑎)𝑃𝐻 (𝑏)

)
≤

∑︁
(𝑎,𝑏 ) ∈A×A

( (
1 − 𝑀min

𝑛

)
𝑃 (𝑎, 𝑏)

(
log

𝑃 (𝑎, 𝑏)
𝑃𝐺 (𝑎)𝑃𝐻 (𝑏)

+ log
©­­«

1 − 𝑀min

𝑛(
1 − 𝑀max

𝑛

)
2

ª®®¬
)
− 𝑃 (𝑎, 𝑏) log 𝑃 (𝑎, 𝑏)

𝑃𝐺 (𝑎)𝑃𝐻 (𝑏)

)
=

−𝑀min

𝑛
𝐼 (𝑃) +

(
1 − 𝑀min

𝑛

)
log

©­­«
1 − 𝑀min

𝑛(
1 − 𝑀max

𝑛

)
2

ª®®¬
To simplify the logarithmic term, since 𝑀min/𝑛 = 𝑂 (1/𝑛), we

may use the approximation

log

(
1 − 𝑀min

𝑛

)
= −𝑀min

𝑛
+𝑂

(
1

𝑛2

)
.

Substituting the expansion for the𝑀min term yields

𝐼 (𝑄̂) − 𝐼 (𝑃) ≤ −𝑀min

𝑛
𝐼 (𝑃) +

(
1 − 𝑀min

𝑛

)
[
−𝑀min

𝑛
− 2 log

(
1 − 𝑀max

𝑛

)]
+ 2𝑀̂ log

(
1

2𝑀̂

)
.

□

C More Experimental Results
C.1 Additional Protein Structure Results
Here we present descriptive statistics from the protein pairwise

testing experiments. A pair is counted as statistically significant

when 𝐼 (𝑄̂) > 𝜃∗.

Table 3: Overall summary of protein pairwise testing results

Metric Value

Total number of pairs 4,828

Pairs with 𝐼 (𝑄̂) > 𝜃∗ 260

Fraction with 𝐼 (𝑄̂) > 𝜃∗ 5.4%

Mean 𝐼 (𝑄̂) 1.94

Median 𝐼 (𝑄̂) 1.82

Min 𝐼 (𝑄̂) 1.17

Max 𝐼 (𝑄̂) 4.25

11



Table 4: Distributional statistics of 𝐼 (𝑄̂) and 𝜃∗ across protein
pairs

Range of 𝐼 (𝑄̂) Count

1.167–1.681 417

1.681–2.194 4,003

2.194–2.707 136

2.707–3.220 12

3.220–3.733 64

3.733–4.247 196

Statistic Value

Mean 𝜃∗ 3.31

Median 𝜃∗ 3.36

Min 𝜃∗ 2.81

Max 𝜃∗ 4.89

C.2 Additional Cora Dataset Results
To assess robustness across different seed sizes, we conducted ex-

periments with multiple seeds in the Cora citation network. The

figures below present two representative cases—an 18-node seed

and a 30-node seed—illustrating that the proposed test consistently

identifies correlated candidates when the seed size varies.

Figure 11 shows the 18-node seed (left) and its most correlated

match (right). Despite the relatively small seed size, the method

highlights a candidate subgraph with structural and thematic simi-

larity.

(a) Seed subgraph with 18 nodes. (b) Best correlated match.

Figure 11: Representative example with an 18-node seed (left)
and its most correlated candidate (right) in the Cora citation
network.

As a complementary case, Figure 12 presents results for a 30-node

seed. Again, the test isolates a nontrivial match, demonstrating that

the approach remains effective for larger seeds.

(a) Seed subgraph with 30 nodes. (b) Best correlated match.

Figure 12: Representative example with a 30-node seed (left)
and its most correlated candidate (right) in the Cora citation
network.
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