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Abstract

In a recently proposed graphical compression algorithm [1], the following tree arose
in the course of the analysis. The root contains n balls that are consequently distributed
between two subtrees according to a simple rule: In each step, all balls independently move
down to the left subtree (say with probability p) or the right subtree (with probability
1—p). A new node is created as long as there is at least one ball in that node. Furthermore,
a nonnegative integer d is given, and at level d or greater one ball is removed from the
leftmost node before the balls move down to the next level. These steps are repeated
until all balls are removed (i.e., after n + d steps). Observe that when d = oo the
above tree can be modeled as a trie that stores n independent sequences generated by
a memoryless source with parameter p. Therefore, we coin the name (n, d)-tries for the
tree just described, and to which we often refer simply as d-tries. Parameters of such
a tree (e.g., path length, depth, size) are determined by an interesting two-dimensional
recurrence (in terms of n and d) that — to the best of our knowledge — was not analyzed
before. We study it, and show how much parameters of such a d-trie differ from the
corresponding parameters of regular tries. We use methods of analytic algorithmics, from
Mellin transforms to analytic poissonization.

1 Introduction

In [1] an algorithm was described to compress the structure of a graph. The main idea behind
the algorithm is quite simple: First, a vertex of a graph, say v1, is selected and the number of
neighbors of vy is stored in a binary string. Then the remaining n — 1 vertices are partitioned
into two sets: the neighbors of v1 and the non-neighbors of v1. This process continues by
selecting randomly a vertex, say vy, from the neighbors of v; and storing two numbers: the
number of neighbors of vo among each of the above two sets. Then the remaining n — 2
vertices are partitioned into four sets: the neighbors of both v; and vy, the neighbors of
v1 that are non-neighbors of v9, the non-neighbors of vy that are neighbors of vy, and the
non-neighbors of both v1 and ve. This procedure continues until all vertices are processed.
In the Erdds-Rényi model, a random graph has any pair of vertices connected by an edge
with probability p. It is proved in [1] that for large n our algorithm optimally compresses
any graph generated by the Erdés-Rényi model (and, in fact, it works well in practice even
for graphs not generated by the Erdés-Rényi model). To establish this asymptotic optimality
result, an interesting tree was used in the construction, that we describe next.
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Figure 1: A (6, 1)-trie with six balls and d = 1, in which the deleted ball is shown next to the node
where it was removed.

The root of such a tree contains n balls (vertices of the underlying graph) that are con-
sequently distributed between two subtrees according to a simple rule: In each step, all balls
independently move down to the left subtree (say with probability p) or the right subtree
(with probability 1 — p), and a new node is created as long as there is at least one ball in
that node. Finally, a non-negative integer d is given so that at level d or greater one ball is
removed from the leftmost node before the balls move down to the next level. These steps
are repeated until all balls are removed (i.e., after n+d steps). Of interest are such tree pa-
rameters as the depth, path length (sum of all depths), size, and so forth. This is illustrated
in Figure 1 in which the deleted ball is shown next to the node from where it was removed.

The tree just described falls between two digital trees, namely tries and digital search
trees. In fact, when d = oo the tree can be modeled as a trie that stores n independent
sequences generated by a memoryless source with parameter p. Hence, we coin the term
(n,d)-trie (or simply d-trie) for the tree just described. In [1] lower and upper bounds were
proved for parameters of interest, by using known results for tries and digital search trees
[3, 19]. In this paper, we establish precise asymptotic results. In particular, we show by how
much the path length of a d-trie differs from the path length of the corresponding regular
trie.

Many parameters of a d-trie can be described by the following two dimensional recurrence

a(n, +Z<>’“"’“ ak,d—1D) +an—kk+d—1), d>1, (1)

and the boundary equation
a(n+1,0) = +Z<>’“"’f a(k,0) + a(n — k, k)], (2)

for a known additive term f(n). For example, when f(n) = n, then a(n,d) represents the



path length. Recurrence (2) is equivalent to the following boundary condition
a(n,1) =a(n+1,0).

For d = oo recurrence (1) becomes a traditional recurrence arising in the analysis of tries
[19] whose solutions (exact and asymptotic) are well known. Thus, it is natural to study
the difference a(n,d) := a(n,d) — a(n,o0), and that is our objective. In passing, we should
point out that recurrence (2) resembles the one used to analyze another digital search tree,
known as a digital search tree. In this paper we prove, however, that a (n, d)-trie more closely
resembles a trie, rather than a digital search tree.

Our main interest lies in solving recurrence (1) for d = O(1). In fact, for graph compres-
sion we only need d = 0, and we focus on this case. We shall show that the second term
in (1) becomes exponentially small for n large and d fixed. Then we shall approximate the
recurrence for the excess quantity a(n,d) by

n
n
a(n,d) =Y <k>pkq"_k&(k,d —1)
k=0

with an appropriate initial condition. The above we can solve asymptotically using Mellin
transform technique and depoissonization. In particular, for f(n) = n (that is, for the path
length in a d-trie) we prove that the excess quantity a(n, d) becomes asymptotically, as n — oo
and d = O(1),

1
log2n+élogn+ [—— +

ha
. oh T hlogp (7+1+—+\P(logpn))}logn

2hlogp 2h

where ¥(-) is the periodic function when log p/log(1 — p) is rational, and & is the entropy
rate.

Digital trees such as tries and digital search trees have been intensively studied for the last
thirty years [2, 3, 5, 7, 11, 12, 13, 16, 17, 18, 19]. However, our two-dimensional recurrence
seems to be new and harder to analyze. It somewhat resembles the profile recurrences for
digital trees, which were studied for tries in [15] and digital search trees in [4], and which are
known to also be challenging.

The paper is organized as follows. In the Section 2 we precisely formulate our problem
and analyze it for f(n) = n. Proofs are presented in Section 3, where we also discuss some
asymptotics for d — oo.

2 Problem Statement

In this section, we first formulate some recurrences describing (n,d)-tries, then summarize
our main results, discuss some extensions, and present numerical results.

2.1 Main Results
Let us consider a (n,d)-trie with n balls and parameter d > 0. First, we analyze the average

path length b(n,d). It satisfies the following recurrence equations

b(n+1,0) =n + znj <Z>pkq"_k [b(k,0) + b(n — k, k)], forn>2 (3)
k=0



and
nd—ﬂ—kZ()knk bk,d—1)+b(n—kk+d—1)], forn>2,d>1. (4)

Recurrence (3) follows from the fact that starting with n 4 1 balls in the root node, and
removing one ball, we are left with n balls passing through the root node. The root contributes
n since each time a ball moves down it adds 1 to the path length. Those n balls move down to
the left or the right subtrees. Let us assume k balls move down to the left subtree (the other
n — k balls must move down to the right subtree); this occurs with probability ( )pkq" k.
At level one, one ball is removed from those k balls in the root of the left subtree. This
contributes b(k,0). There will be no removal from n — k balls in the right subtree until all
k balls in the left subtree are removed. This contributes b(n — k, k). Similarly, for d > 0 we
arrive at recurrence (4).

Here 0 < p <1 and ¢ =1 — p, and we also use the boundary conditions
b(0,d) =b(1,d) =0, d>0; b2,0)=0. (5)

By setting d = 1 in (4) and comparing the result to (3) we can replace (3) by the simpler
boundary condition
b(n,1) =b(n+1,0), for n > 0. (6)

We are primarily interested in estimating b(n,0) for large n.
If we let d — oo in (4) and assume that b(n, d) tends to a limit b(n, co), then (4) becomes

bnoo-n—i—Z()k"k b(k,o0) + b(n — k,0)], (7)

with b(0,00) = b(1,00) = 0. This is the same as the recurrence for the mean path length in
a trie, which was analyzed, for example, in [12, 19]. One form of the solution is given by the
alternating sum

bn.oc) = S (1) (Z) — 0

=2

and an alternate form is given by the integral [19]

! I 1
- 2 [, e

(271)
where I'(+) is the Gamma function, Br is a vertical Bromwich contour on which —2 < R(s) <

eZ

sn+l1 dz, (9)

—1 and the z-integral is over a small loop about z = 0.
The asymptotic expansion of (9) as n — oo may be obtained by a combination of singu-
larity analysis and depoissonization arguments (see [7, 8, 19]) and we obtain

1 1 ho
b(n,o0) = Enlogn + — . {’y + o + ®(log, n)} n+ o(n), (10)
where h = —plogp — qlog q, hy = plog?p + qlog? ¢, ~ is the Euler constant, and ®(x) is the
periodic function

d(z) = . i r (—%ﬂ> e2kmriz (11)

log p



provided that log p/logq = r/s is rational, with r and s being integers with ged(r,s) = 1. If
log p/ log q is irrational, then the term with ® is absent from the O(n) term of (10). We shall
later use (10) to analyze the behavior of b(n,d) for n — oo and a fixed d.

Next we set ~
b(n,d) = b(n,oc0) + b(n,d) (12)

so that b(n,d) = b(n,d) — b(n,oc) measures how the path lengths in the d-trie differs from
those in a trie. From (4) and (7), we then obtain

k

b(n,d) =3 <">pkq"—k [B(k,d — D) +bn—kk+d— 1)} L forn>2d>1,  (13)
k=0

which unlike (4) is a homogeneous recurrence. Then from (6) and (12) we have the boundary
condition

b(n+1,0) —b(n,1) =b(n,00) —b(n+ 1,00). (14)

;From (5) and (7) we also have b(0,d) = b(1,d) = 0 for d > 0, and b(2,0) = 0.
We further define b,(n,d) to be the solution of

bu(n,d) = <Z>pkqn_kb*(k‘,d —1), forn>2d>1, (15)
k=0

and
bi(n+1,0) — bu(n,1) = b(n,00) — b(n + 1, 00). (16)

Note that (15) differs from (13) in that the former neglects the term involving b(n—k, k+d—1).
We will show that this term in (13) is asymptotically negligible for n — oo with d = O(1),
so that b(n,d) ~ b,(n,d). The recurrence (15) is much easier to solve by transform methods
[7, 19] than is (13).

We summarize our main result below. In Section 3 we establish Theorem 1 along with
some other exact and asymptotic results for (3)-(6) and (13)-(16).

Theorem 1 For n — oo and d = O(1) we have b(n,d) = O(log?n). More precisely

d 1 1 h
b(n,d) log? n + Elogn + {—— + hlogp (’y—i— 1+ 24 \I/(logpn))] logn + O(1),

~ 2hlogp 2h 2h
(17)
where W(-) is the periodic function
\Il(gj) = Z |:1 + k’7T’L7":| T (_M) e2k7r2rx (18)
he oo kit logp logp

and log p/log q = r/t is rational, as in (11). If logp/logq is irrational, the term involving ¥
in (17) is absent.

We see that b(n,d) — b(n,00) = O(log?n), which shows that the (n,d)-tries studied in
[1] are in some sense more similar to tries than to digital search trees (DST). In [1], it was
shown that b(n,0) was bounded above by average path lengths in tries and below by average
path lengths in DST’s. It was also conjectured that b(n,d) — b(n,o0) is O(n), but our result
shows that this difference is in fact much smaller.



2.2 Related Recurrence Equations

The method presented in the next section, allow us to analyze a class of recurrences of the
type (3) with inhomogeneous terms other than n. For example, suppose we define a(n, d) by

a(n, +Z( ) P Fla(k,d — 1) + a(n — k, k+d — 1)] (19)

where f(n) is a given sequence that grows algebraically or logarithmically for n — oco. The
boundary condition is again of the type (3), or equivalently,

a(n,1) =a(n+1,0), (20)

and we have a(0,d) = a(1,d) = 0. Also, let a(n, o) satisfy (19) with the second argument of
a(-,-) replaced by infinity. This recurrence can be solved by generating functions and Mellin
transforms, and we can then establish that a(n,d) — a(n,c0) = a(n,d), will satisfy

a(n,d)zznj<>pkq" Fa(k,d —1) +a(n — k,k+d—1)] (21)
o \F
and

a(n+1,0) —a(n,1) = a(n,o00) —a(n + 1,00). (22)

The asymptotic behavior of a(n,d) for d = O(1) and n — oo can be obtained in a manner
completely analogous to the case f(n) = n, discussed in the next section.
For example, the case
f(n) = [log(n +1)]
arose in analyzing the compression algorithm in [1]. In [1] it was shown that a(n,c0) has the
asymptotic form
n

a(n,o0) = EA*(_l) +o(n), n— o0 (23)

where

= [log(¢ +1)]
Au(—1) =S Lesltt DI
(=1) ; =1

if logp/log q is irrational. If log p/log ¢ = r/s is rational, the constant A,(—1) in (23) must
be replaced by the oscillatory function

2 .
A*(—l) i Z A < lk’ﬂ"”‘) e2k7rm" log, n (24)
k= o0,k#0 ogp

where

As)=> Mf(n + s).

|
"o n!

By analyzing (21) and (22) for n — oo we can show that the difference a(n,d) — a(n, c0) is
O(log n), and more precisely

A (~1)
h

a(n,0) = a(n,0) — a(n,00) ~ log n.

Again if log p/log ¢ is rational we must replace A,(—1) by the Fourier series in (24).



(a) b(n,0) and b(n, o) (b) b(n,0), bx(n,0), and asymptotic estimate of b(n, 0)
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Figure 2: Numerical values with p = 0.5.

2.3 Numerical Data

To confirm our results, we numerically computed some of the quantities discussed above for
n up to 1000, with p = 0.5. In Figure 2(a), we plot the values of b(n,0) and b(n,oc0). In
Figure 2(b), we plot the values of b(n, 0) (defined in (12)), b,(n,0) (defined by (15) and (16)),
and our asymptotic estimate of Z;(n, 0) shown in Theorem 1. We computed this asymptotic
estimate up to the logn term without the periodic function W(-), that is,

d 1 n 1 (

n —_——

2hlogp B8 2h hlogp

Finally, we plot b.(n,0) — b(n,0) in Figure 2(c), which confirms that b(n,0) ~ b.(n,0), and
suggests that the difference is O(1) for n — oo.

2 h
log“n + — 7+1—|—2h logn.

3 Analysis

We first discuss some exact solutions of recurrence (4) for small values of n and arbitrary d,
the prove our Theorem 1, and finally provide solutions of (4) for other ranges of (n, d), where
d — oo.

3.1 Some Exact Solutions

We first consider (4) for small values of n and arbitrary d. Using (5) we rewrite (4) as
nd_n+z(> " Fb(k,d — 1) +Z<> "Fo(n —k,k+d—1). (25)

7



When n = 2, (25) yields b(2,d) = 2 + (p* + ¢*)b(2,d — 1) and since b(2,0) = 0 we have

b(2,d) = 1, (2 - i) (p* +¢»)? ! ford>1. (26)
pq pq

Note that b(2,00) = (pq)~! by (8). Setting n = 3 in (25) then yields
b(3,d) =3+ (p* + ¢*)b(3,d — 1) + 3p’gb(2,d — 1) + 3pg?b(2, d). (27)

Using (26) to evaluate the right side of (27) and noting that 5(3,0) = b(2,1) = 2 by (6), we
solve the difference equation (27) with respect to d to ultimately obtain

2 1
b(3,d) = — + 3(2pq2 ~ D@+ A+ (2 +— - 6Q) (p* +¢*)? for d > 0. (28)
pg ' pq pq

We can then continue solving b(n, d) for increasing n, and it is clear that b(n,d) will have

the form
n

b(n,d) = b(n,00) + > _ (p’ +¢’)'B(n, J), (29)
J=2

where b(n,o0) is the trie path length in (8) and (9). It follows that b(n,d) — b(n,00) =
0] {(p2 + q2)d} for n fixed and d — co. We can characterize the double sequence B(n,J) by
using (29) in (25) and equating coefficients of (p’ + ¢’)?. For J > 2 this leads to

B(n,J) =~ +qJ Z ( ) (r*a" " + " + ") Bk, J). (30)
(From (26) we have
1\ 1 1
50 = (250 ) g

and from (28)

3 1
B(3,2) = —(2p¢® — 1), B(3,3) = —(2pq+ 1 — 6pg?).
(3,2) pq( ) (3,3) pq( )

JFrom (6) and (29) we find that

n+1
b(n+1oo+ZBn+1J)—b(noo+ZBnJ(p +q7). (31)
J=2 J=2

For example, to compute B(4, J) we would first set n = 3 in (31) and since we already know
B(3,3) and B(3,2) we have an expression for the sum B(4,2) + B(4,3) + B(4,4). Then
setting J = 4 and n = 4 in (30) leads simply to B(4,4) = B(4,4), which is automatically
satisfied. Setting J = 2 and n = 4 expresses B(4, 2) in terms of B(2,2) and B(3,2), which we
computed already, and setting J = 3 and n = 4 expresses B(4,3) in terms of B(3,3). Then
B(4,4) follows from (31) with n = 3. We can thus get the B(n,J) recursively, but it does
not seem possible to obtain an explicit analytic expression for this double sequence.
We can transform (30) into another equation by introducing the generating function

ZBnJ ZBnJ : (32)



Using (32) in (30) leads to the functional equation

1

Fiz) = ———
J(Z) pJ+qJ

(fJ(pz)eqz + fJ(qz)ep(pJﬂJ)z) for J > 2. (33)
Then if F;(z) = e*Gj(z) we obtain

07 +47)Gs(2) = Gy(pz) + Gy(gz)eP@’ a7 =12, (34)

Again this appears difficult to solve explicitly (however, see [10]).
We can take the analysis somewhat further in the symmetric case where p = q = 1/2, as
then (34) simplifies to

6,277 =6, (5) (1+exn |2 = 3] ). (35)

Then setting G;(z) = 2/H(z) and noting that by (32) F(z) and G;(z) are O(z”) as z — 0,
we see that H ;(0) will be non-zero and finite. Thus (35) becomes

1
() = Hy (3) = (1 + exp {(21” - 1)3D (36)
2) 2 2
which can be solved by iteration to get the infinite product
0 (14 @77 -127 s
Hi(z) =Hs0) [] < 5 : (37)
L=0
Then inverting (32) we obtain for B(n,J) the representation
n! er X [14 @2
=0

Thus the double sequence B(n,J) is known up to the single sequence H ;(0) = B(J,J)/J!.
To determine B(J,J) we must still use (31). Thus putting (37) in (31) will lead to a single
variable recurrence for B(J,J), and we note that in the symmetric case B(2,2) = —4 and
B(3,3) = 3.

Next we return to general p, ¢ and estimate B(n,2) in (30) for n — oco. Let us set
C(n) = B(n,2) and we recall that, by (29),

b(n,d) ~ C(n)(p* +¢*)?% d—o0, n=0(1). (39)

While we mainly want to estimate b(n, d) for n — oo and d = O(1), it is useful to try to
understand the full asymptotic structure of b(n,d), for n and/or d large.

We thus examine how (39) behaves when n also becomes large. Setting J = 2 in (30)
leads to

n n—2
P +)Cn) =Y (Z)pkqn"“(f(k) + <Z>p’“q""“(p2 +q)"Cn—k)  (40)

k=2 k=0

for n >3 with C(2) = (2 -p~'¢")/(P* +¢*) = —p ¢ ".



We argue intuitively that C'(n) will behave algebraically for n — oo (we shall prove this
fact shortly). Then we use the fact that the “kernel” in (40) behaves

(Z)pkq”_k — d(k —np), n— o0

where §(-) is the delta function. Then for algebraically or logarithmically varying smooth
f(k) (for k — o0) we have (see [6, 9] for rigorous proofs)

n

> <Z>p’“q""“f(k) — f(np) + Olnf"(np), n — ox. (41)

k=0

Then the term involving (p? 4 ¢%)*C(n — k) will lead to terms that are exponentially smaller
than those arising from C'(k), and (40) may be replaced by the asymptotic relation

C(n)(p* + ¢*) ~ C(np), n — <. (42)
A general solution to (42) has the form
C(n) =n"C(n) (43)
where C(np) = C(n) and p” = p® + ¢* so that

_ log(p* +¢?)

0. 44
log p = (44)

Thus C(-) is a periodic function of log,, n of period 1, which we can write as the Fourier series

C«( ) (0)( )_|_ Z C(Z)(p)e%r%logpn‘ (45)
I=—00,0£0

It again appears difficult to identify explicitly the Fourier coefficients e (p), but we can do
this in the symmetric case p = ¢ = 1/2. Then we set > o>, C(n)z"/n! = Fa(z) as in (32) and

from (38) obtain
—2n! 1+e 22"
Cn) = —— ?{ - H < dz. (46)

To obtain the large n behavior of the integral in (46) we first expand the integral for z — oo
and apply a depoissonization argument. Setting £ = log, z + J we have 2¢ = 272 and

142" 1+4e 22"
L, [ 1
1;[ ( exp Z e
i [e'e) 1 ) J— 1
= exp Z log +e
| J=1-log, =
1 —_92— J—1 1 _2J71
J=1 2
[ 1+e 277" = _gJ-1
~ exp log( )(10g2z—1 —1—210 — +Z(1+e )
L J=0 J=1
- K,
z

10



where

1+ =2’ a _oJ-1
K, H< )Hexp(1+e2 ):1.
J=1
Thus C(n) ~ —4n!/(n — 1)! = —4n as n — co. This shows that ¢(?)(1/2) = —4 and a more
careful calculation can be used to identify the other Fourier coefficients ¢(¥)(1/2) in (45) (then
we would set £ = |log, z| + J = logy z + J — {log, z} so that 2¢ = 272211222} We omit the
details.

In Table 1 we consider various values of p and estimate C'(n) ~ ¢ (p) numerically, by
computing C(n)n~" from (40), for large n. This shows that as a function of p, |c(?(p)| is
minimal when p is between 0.6 and 0.7, and becomes large as either p — 0 or p — 1. For
p — 0 the oscillatory terms in (45) become more numerically significant. Table 1 indicates
this when p = 0.1, by giving a range of values of C'(n)n™"

Table 1: Values of the zeroth Fourier coefficient.

p | Cn)n "] ~ O (p)

0.5 4

0.4 -5.664
0.3 -9.728
0.25 -14.03
0.2 2925
0.1 -98 to -105
0.6 -3.331
0.7 -3.976
0.75 -3.479
0.8 -3.903
0.9 -6.423

To justify the approximation in (42) we first inductively show that for all n
C(n) < An¥*e (47)

for all e > 0 and A > 0. By isolating the terms in the sums in (40) with £k =n and k = 0 we
obtain, for n > 2,

n—1
C(n) = — 21 . n[z<k> ¢" Ok Z()’f"’“p +H)EC(n—k)|.

PP+ —pt—q" |5 )
48

Assuming inductively that (47) holds for C'(k) for k =1,2,---,n — 1 we then have

n—1 n—1
n n
Z <k> pkqn—kc(k) < Z <k>pkqn—kAku+e
k=2 k=2
< A(np)u+6.

11



Using a similar estimate for the second sum in (48) we are led to

A
PP+ —pt—q
P’ + ¢ . P+ A+
PP+ —pt—q" PP+ —p—q"

C(n)

= )+ 00 + %) + )7

= AnpVte

; (49)

as C(n—k) < A(n — k)T < An¥*€ and p¥ = p® + ¢%. Since p(p® + ¢*) + ¢ < p+q =1, the
second term in (49) is asymptotically negligible for n large and (47) follows by induction.

We have thus obtained some exact expressions for b(n,d) for small values of n, a general
asymptotic result for d — oo with n = O(1), and then examined how this result behaves
when n also becomes large. However, this cannot be used to infer the behavior of b(n, d) for
n — oo with d = O(1), which we examine next.

3.2 Main Asymptotic Result for b(n,d)

We first give an intuitive derivation of the asymptotics of b(n,d) for fixed d > 0 and n — oo,
and in particular of b(n,0). Starting from (13) we again argue that the second sum is negligible
for n — oo and that the first is asymptotic to b(np,d — 1) so that (13) becomes

b(n,d) ~ b(np,d —1), n — oo (50)

and, in particular, ~ .

which when added to (14) leads to
b(n +1,0) — b(np,0) ~ b(n,c0) — b(n + 1,00). (52)

The right side of (52) may be estimated from (10) or by (9). Using (9) we can show that term
by term differentiating of the asymptotic series in (10) is permissible, and thus (52) becomes,
for n — oo,

- ~ 1 1 h 1
b(n+ 1,0) — b(np,0) = —7 logn — 7 (’Y +1+ i) - Ew(logp n)+o(1), (53)

where 1(+) is the periodic function

> 2kri 2kri .
Pa) = Y [1 + W] r (——W) ePhire, (54)
ke=—00,k£0 logp logp

where we note that, in view of (11), ¢(z) = ®(z) + (logp) ™' &' (x).
Now (53) suggests that b(n,0) admits an asymptotic expansion of the form

b(n,0) = Alog?n + Blogn + O(1), n — oo (55)
and then

b(n +1,0) — b(np,0) = —2A(log p) logn — Alog? p — Blogp + o(1). (56)

12



Comparing (53) to (56) we conclude that A = (2hlogp)~! and then

1 1 ho
B=—— +—— 1+ —= 1 .
2h+h10gp v+ —|—2h+¢( 0g,n) (57)
We have thus formally derived the result in Theorem 1 for b(n,0). For any fixed d > 0 we
can extend this argument by asymptotically solving (50) by an expansion of the form

b(n,d) = A(d)log?n + B(d)logn + O(1) (58)

to find from (50) that A(d) = A(d — 1) and B(d) = B(d — 1) + 2logpA(d — 1). Then
using (58) in (52) or (53) we find that A(d) = A(0) = (2hlogp)~! and B(d) — B(d — 1) =
2log pA(d — 1) = h=! so that B(d) = B(0) + h~'d, where B(0) = B is as in (57).

We proceed to provide a rigorous derivation of the theorem. Using arguments completely
analogous to (47)—(49), we can inductively establish the bound

b(n,d) < Agn"(p* +¢*)% n>2,d > 0 (59)

where again v is given by (44). Using the bound in (59) we thus estimate the second sum
(13) by

n—2 n

n = n
> (k>p’fq"—’fb<n —kk+d—1) < Ao (n—k)"T P+ )t (k,)
k=0 k=0

IN

A (g + Y (Z) P+ )]
k=0
= At + ¢ g+ p(? + 67

which is o(b(n,d)) (by an exponentially small factor). It follows from comparing (13) and
(15) that b(n,d) ~ b.(n,d) for n — oo. We proceed to analyze (15), with (16), and thus
re-establish Theorem 1.

Introducing the exponential generating function

= Z b*(n,d)%r; =e“A4(2), (60)

where b, (n,d) is defined from (15), we find that

Bi(z) = Bj_1(pz)e” (61)

or, since Aq(z) = Bj(z)e”?,
Ag(z) = Ag_1(p2). (62)

This can be solved by iteration to yield
Ag(z) = Ap(p?z). (63)

Then setting
Z b(n,c0) Z—' (64)
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and noting that

S ba(nt1, 0);—7 = d%BS(Z% (65)
(16) leads to
< Bi(2) - Bi(2) = Gu(z) — 0L(2). (66)

If G.(z) = e*G(z), from the integral representation in (9) we conclude that the Mellin trans-

form of G(z) is
® e, T(s+1)
/0 G(e)z Mz = = (67)

Using (61), (63), and the definitions of A4(-) and G(-), (66) becomes

Ap(2) + Ao(2) — Ao(pz) = =G/ (2). (68)

We introduce the Mellin transform of Ag(z)

= /0 - Ag(2)2°tdz (69)
and use (69) to obtain the functional equation
(5= DM(s — 1) + (- p™)M(s) = - Espj_ls)i(;f_s. (70)
Next we set
M(s) = ()N (s) (71)

with which (70) becomes

_N(S - 1) + (1 - p_S)N(S) = 1 pl—s _ ql—s (72)
To solve (72) we let
00 ph+2
II l pk_S] 1(s) (73)
k=0
and then (72) becomes
k $ s—1
Ni(s) = Ni(s — 1) = H[l—’“l]l— — (74)

Now, for s — —oo the right side of (74) behaves as (s — 1) [[32;(1 — p**1)~!, with an
exponentially small error. Letting

Nito) = “Co BT () + 4ats) 75
k=1
the equation for A5 () becomes
Na(s) = Npfs —1) = oL [ 1 [a-s 1| )
[I2 (A =p*h) [T =p'o =g
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whose right hand side is, unlike that of (74), exponentially small for s — —oo. The solution
o (76) is

| TR (1 — phet) s—1—i
Na(s) = Z% = 11+z s _ glties -1 T2, (1 — pFth)’ (77)

;From (60) we see that A4(z) = O(2?%) as z — 0 so that M(s) in (69) must be analytic
at s = —1. From (71) we then conclude that N'(—1) = 0. From (73) we have N7(—1) = 0
and from (75) and (77) we thus obtain an expression for Ny(—o0):

- P — 9 [T, (1 — k+l+1)_1 -0 78
) ] L= 20+ | = o =0. (78)

We have thus obtained the final expression for M(s) in (71) as

M(S) _ F(S) ) <3(32— 1) +5+i(8 i 1) [ HZO:1(1 _pk—s—l—‘i) _ 1‘|> ’ (79)
1=0

[1720(1 —pt=s 1 plti-s _giti-s

ﬁ N2 H k—l—l

can be computed from (78). Inverting the transforms in (60) and (69) we obtain

n! e
e

The final step is to expand by (n, d) (~ b(n,d)) for n — oo with d fixed. The integral over z
can be asymptotically evaluated by a standard depoissonization argument, which corresponds
to replacing z by n in the inner s-integral. The function M(s) in (79) has a triple pole at
s = 0, and there are other double poles on the imaginary s-axis if 1 — p'=* — ¢'~* has zeros
there, which occurs only if log p/log g is rational, say r/t where r and ¢ are integers. First
we compute the contribution from s = 0. Using the expansion I'(s) = [1 — vs 4+ O(s?)]/s as
s — 0, with v being the Euler constant, (79) becomes

! , /Br(pdz)_s./\/l(s)ds dz. (80)

2mi

1 o0
et 1 _
M(s) = —[L—7ys+0(s 1;[
X s—1 ﬁ(l_ k—s)_( _1)"'8(8_1)4-5
1 —pl—s _ ql—s Pt p S 5
) ) Hzozl(l _pk—s-H‘)
+ i:1(8 — 11— 1) [1 _ pl—l—i—s _ q1+i—s -1 . (81)
Now 1
L=p~* = slogp— 55*(logp)?* + O(s")
and

h
1—pl™ — ¢ = —hs — ?232 +0(s?).
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Also, using the expression in (78) to compute 8+ 1 the expansion of (81) for s — 0 becomes

= iy 1+ 3108+ 00 {2 [1- gk 007 w00
M(s) = 5 |14 logp+ O™ {25 [1 = 52+ 0(2)| + 0
11 1 y 1 he) 1 1
S L S - 1+22) 1 = 2. P
s3 hlogp * 52 [ hlogp hlogp( + 2h> + 2h] O<s> (82)

It follows that the integrand p~%2~°M(s) in (80) has the residue

(7—+1+ o > ! ]+O(1) (83)

log? d
sl z+—logz+logz

1
—ds _—s _ -
Ress=o {p : M(s)} - 2hlogp h [logp

h ' 2n2)  2h
where the O(1) refers to terms that are O(1) for z — oo, and these can be evaluated by
explicitly computing the O(s~!) term(s) in (82). Then the expansion of b(n,d) ~ b.(n,d)
follows by setting z = n in (83), and we have thus regained the formula in (17). If log p/log q
is rational we must also compute the contribution from the double poles along the imaginary
axis at such points p~* = ¢~* = 1 and p'~* + ¢!~ = 1. These poles lead to the oscillatory
terms in (17), as can be seen by computing their residues from (79).

We have thus established (17) rigorously, though the intuitive derivation in (50)—(58) is

much simpler, and more revealing of the basic asymptotic structure of the equations (13) and
(14).

3.3 Other Asymptotic Ranges

Here we briefly discuss B(n,d) when n and d are simultaneously large, and try to identify
what ranges of n and d lead to different asymptotic expansions. We recall that (39) applies
for n fixed and d — oo, while (17) applies for d fixed and n — co. We confine ourselves here
to an intuitive discussion.

The form of the expansion in (39) (with C(n) given by (43) and (45)) suggests that an
important scale is n,d — oo with d —log; ,(n) = O(1). Note that then the algebraic growth
of n¥ as n — oo is balanced by the geometric decay of (p? + ¢?)? in (39). We introduce the
new variable £ with

d:blg(?%Jré, £=0(1) (84)
with
b(n,d) = B(n,&) = B(n,d — log, ,(n)), (85)
and we note that
b(np,d —1) = B(np,§). (86)

We again argue that for n — oo the second sum in (13) is negligible and approximate (13)
by
b(n,d) = b(np,d — 1) + O[nb"(np, d — 1)}, (87)

as in (41). In view of (85) and (86) a general asymptotic solution of (87) is any function that
satisfies B(n, &) = B(np, ) which we can write as a Fourier series, with

Bn€) = Bo(&)+ 3 B, (e) (88)
JA—
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Thus (88) gives an approximation to b(n,d) for n,d — co with & = O(1), but we cannot
explicitly determine the Fourier coefficients B,(&), which are now functions of £. If we require
B(n, &) to asymptotically match to (39), we would equate the large n behavior (39) to the
expansion of B(n,§) for £ — +oo, and this yields

Bo(€) ~ O eflosr+a) ¢ 4o, (89)

and a similar matching condition can be obtained for B,(&) for ¢ # 0, by comparing (88) and
(43) with (45). Thus (89) shows that By(§) will decay exponentially for & — +o0.

Next we examine b(n,d) for d = O(logn) by defining w from

d=wlogn, 0<w< (90)

1
log(1/p)

and then set }
b(n,d) = log?(n)F(w). (91)

Then we approximate (13) again by b(n,d) ~ b(np,d — 1) which in view of (91) becomes

d— 1 wlogp _
log?(n)F(w) ~ log? I(i)ml 1 2}'(— - o(l 2>.
og”(n)F(w) ~ log"(np) Tog(np) (logn+logp)°F (w ogn  logn T (log™"n)

(92)
;From (92) we obtain the following limiting ODE:
0= —F'(w)(1+ wlogp) + 2log pF(w). (93)
The solution to (93) is
F(w) = (1 +wlogp)®F. (94)

where F, is a constant. For w — 0, the expansion in (91) behaves as F log?(n) and if we
match the w-scale result to the d = O(1) result in Theorem 1, we conclude that

1

Finally, by asymptotically matching (91) as w — [log(1/p)]~! to the approximation in (85)
and (88), for & — —oo, we conclude that

Bo(6) ~ 5 log? (D)%, € = —ox. (95)

Note that £ and w are related by

1
1+wlogp:% (96)

so that when 0 < w < [log(1/p)]~! we have ¢ < 0.
To summarize the formal results in this subsection, our analysis suggests that the asymp-
totics of b(n,d) are different for the three cases:

(i) n=0(1),d — oo (where (39) holds),
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(ii) £ = d —logy,(n) = O(1) where (88) holds, and

(iii) d = O(logn) where b(n,d) ~ (2h)~*(1 4+ wlogp)?log?n with d = wlogn and 0 < w <
[log(1/p)]~*.

The result in Theorem 1 appears to be a limiting case of the d = O(logn) expansion,
when it is expanded for w — 0. However, Theorem 1 also gives the second term (O(logn))
in the asymptotic series for d = O(1).

We have only given the asymptotic behaviors of By(§) as & — oo (cf. (89) and (95)).
To get a more explicit expression for b(n,d) ~ B(n,£) in (88) we again argue that b(n,d) ~
bi(n,d) holds for £ = O(1) (in fact this relation fails only for n = O(1) and d — o0). If
instead of defining & from (84) we let

d = [logy,(n)] + ¢ =logyp(n) + & — {logy p(n)}, (97)

where {-} denotes the fractional part, then

p'n = p* exp[—dlog(1/p){log, s, (n)}]
and for n — oo with £, = O(1) the limiting form of (80) is

1 /
— —s¢ sd{log; ;,(n)}
o p % M(s)p Mg (98)

with M(+) as in (79). We therefore conjecture that the right side of (88) is given explicitly
by (98), with & in (88) replaced by ¢ in (97).
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