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Abstract

In online learning, a learner sequentially predicts labels over T rounds, incurring loss at
each step. The regret measures the learner’s total loss over T rounds relative to the best
expert from a given class. In this paper, we study the minimax regret with logarithmic loss
for a general class of experts including the probit function, under mild regularity conditions,
but with unbounded d-dimensional weights, a regime that has received comparatively little
attention in the literature. The minimax regret with logarithmic loss is fully characterized by
the Shtarkov sum, a fundamental complexity measure that we analyze precisely using tools
from analytic combinatorics. Our main results provide a sharp characterization of the average
Shtarkov sum and, consequently, of the average minimax regret with unbounded weights, up to
second-order asymptotics. For weights bounded by R ≤ T the average minimax regret grows
as d

2 log T + d−2
2 logR+O(log log T ). In particular, for R = Tα the leading term scales linearly

with α: the regret grows as
(
d
2 (1 + α) − α

)
log T for α ≤ 1, and undergoes a phase transition

at α = 1, beyond which the regret approaches d log T , independent of α. This solves the open
problem of Drmota et al. (2025), who derived the regret only for logistic regression and α ≤ 1/4.

1 Introduction

Sequential prediction under logarithmic loss lies at the junction of online learning and universal
coding: the minimax regret against a class of experts equals the logarithm of the Shtarkov sum
(Shtarkov, 1987), and for smooth d-parameter classes over a bounded parameter set it grows as
d
2 log

T
2π + log

∫
R

√
det I(w) dw + o(1) (Rissanen, 1996; Clarke and Barron, 1990) (see also Jacquet

and Szpankowski, 2004). This classical picture breaks down when the parameters are unbounded.
For generalized linear experts p(⟨w, x⟩) with ∥w∥ ≤ R, the Fisher-information integral diverges
as R → ∞ (for d ≥ 2). The regret is then known to move from d

2 log T for bounded weights to
d log T for R = ∞ (Drmota et al., 2026), yet how it moves between the two regimes, that is, its
second-order dependence on R, has so far been characterized only for logistic regression with R =
O(T 1/4) (Drmota et al., 2025). In this paper we describe the transition for all R = O(T/(log T )4.5)
and for a broad class of experts, including Gaussian-type tails such as probit, whose analysis
differs substantially from the logistic case. We show that the expected fixed-design regret equals
d
2 log T + d−2

2 logR+O(log log T ). Hence for R = Tα the growth rate d
2(1+α)−α increases linearly

in α over the whole range 0 < α < 1, which solves the open problem of Drmota et al. (2025).
To set the stage for our discussion, we recall that the online learning problem can be described as

a game between nature/environment and a learner/predictor. Broadly, the objective of the learner
is to process past observations to predict the next realization of nature’s labeling sequence. At each
round t ∈ N, the learner receives a d-dimensional data/feature vector xt ∈ Rd to make a prediction
ŷt ∈ [0, 1] of the true label yt ∈ {−1, 1}. Once a prediction is made, nature reveals the true label yt,
and the learner incurs some loss evaluated based on a predefined function ℓ : Ŷ × Y → R+ where
Ŷ = [0, 1] and Y = {−1, 1} are the prediction and label domains, respectively. In regret analysis,
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we are interested in comparing the accumulated loss of the learner with that of the best strategy
within a predefined class H of expert functions h : Rd 7→ Ŷ. After T rounds, the pointwise regret is

R(ŷT , yT ,H | xT ) =
T∑
t=1

ℓ(ŷt, yt)− inf
h∈H

T∑
t=1

ℓ(h(xt), yt),

where ŷt is the prediction based on prior observations yt−1 and xt. Throughout, we write yt =
(y1, . . . , yt) ∈ {−1, 1}t and xt = (x1, . . . , xt) for t ∈ [T ].

In this paper, we focus specifically on the logarithmic loss and consider the general hypothesis
class

Hp = {hw : w ∈ Rd}, hw(x) := p(⟨w, x⟩), x ∈ Rd, (1)

where p is a function R → [0, 1] and ⟨w, x⟩ is the scalar product of x and w. We do assume that
p satisfies some mild conditions discussed in the next section. For example, logistic regression
p(w) = (1 + e−w)−1 or the probit function p(⟨w, x⟩) = Φ(⟨w, x⟩), where Φ is the CDF of the
standard normal distribution, belong to Hp. However, we do not bound the weights w ∈ Rd, and
this seems to have rarely been analyzed in depth, with the exception of Drmota et al. (2026, 2025);
Qian et al. (2024). Specifically, we assume that ∥w∥ ≤ R ≤ ∞, where R can grow with T . We are
interested in the fixed design regret rRT (H | xT ) and its average r̄T (H), where the feature vector xT

is known in advance. Specifically, for any given H and xT we define

rRT (H | xT ) := inf
ŷT

sup
yT

R(ŷT , yT ,H | xT ), r̄T (H) := ExT

[
rT (H | xT )

]
. (2)

This notion of the fixed design regret is also known in the literature as transductive online learning
(Cesa-Bianchi and Shamir, 2011). We often write rT (x

T ) := rRT (H | xT ).
It is well known (Jacquet et al., 2021; Shamir and Szpankowski, 2021) that the minimax regret

rT (x
T ) can be studied through the so-called Shtarkov sum

SR(x
T ) =

∑
yT∈{−1,1}T

sup
∥w∥≤R

P (yT | xT , w), (3)

where P (yT | xT , w) =
∏T

t=1 p(yt⟨xt, w⟩), and then rRT (x
T ) = logSR(x

T ). However, for technical
reasons, to study second-order asymptotics we need to work with the regularized Shtarkov sum and
its corresponding regularized regret defined in Drmota et al. (2025) as

Sε(x
T ) =

∑
yT

sup
w

P (yT | xT , w)e−ε∥w∥2 , rεT (x
T ) = logSε(x

T ), (4)

where ε > 0. We apply a multi-dimensional Fourier analysis to extract precise asymptotics of the
regularized Shtarkov sum for any ε ≥ (log T )9/T 2. Furthermore, we use Lemma 1 from Drmota
et al. (2025) that connects the regularized regret rεT (x

T ) and the standard regret rT (x
T ), that is,

rε1T (xT ) ≤ rRT (x
T ) ≤ rε2T (xT ), ε1 =

2d log T

R2
, ε2 =

1

R2
. (5)

This demonstrates that the standard and regularized regrets grow at the same asymptotic rate for
R ≤ T . In short, precise asymptotics of the regularized regret allow us to extract second-order
terms of the standard regret. That is the route we take in this paper.
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[figure placeholder: fig_phase.pdf]

Figure 1: Phase transition of the regret growth constant β in rT ∼ βd log T for R = Tα. In this
paper we establish the red curve β = (α+ 1)/2− α/d in the range α ∈ [0, 1] for a general class H
with bounded Hessian. The lower thin green segment for α ∈ [0, 0.25] for logistic regression was
proved in Drmota et al. (2025). The blue horizontal line for α ≥ 1 was derived in Drmota et al.
(2026) for logistic regression.

Summary of contributions. In this paper, we present precise second-order asymptotics for the
average Shtarkov sum and the average minimax regret for a large class of logistic-like and probit-like
functions. Our contributions are threefold:

1. For a general class H of functions we derive precise second-order asymptotics of the average
regularized Shtarkov sum for ε = Ω((log T )9/T 2) of the form

E[Sε(x
T )] =

( T

2π

)d/2
∫
Rd

√
det(B(w)) e−ε∥w∥2 dw

(
1 +O(T−β(d))

)
for some β(d) > 0, where B(w) is a d × d matrix that depends on p(⟨x,w⟩) belonging to
the class H. We also obtain the corresponding expansion for the second moment E[Sε(x

T )2],
which allows us to show that E[logSε(x

T )] ∼ logE[Sε(x
T )].

2. By using a spectral decomposition of B(w) and corresponding asymptotics of the eigenvalues
we obtain asymptotics of det(B(w)) of the form ∼ C∥w∥−d−2 (for some C > 0), which
implies asymptotics of E[Sε(x

T )] in terms of T and ε. Due to the relation E[logSε(x
T )] ∼

logE[Sε(x
T )] this implies (for ε = Ω((log T )9/T 2))

rεT = E[logSε(x
T )] =

d

2
log T +

d− 2

4
log

1

ε
+ logCd(p) +O(T−β(d))

for some β(d) > 0 and some Cd(p) that depends on p ∈ H and hence on the structure of the
hypothesis class H.

3. By applying Lemma 1 from Drmota et al. (2025) and the asymptotic formula for rεT we obtain
the corresponding second-order terms for the average regret as a function of R, namely

d

2
log T +

d− 2

2
logR− d− 2

2
log(2d log T )+logCd(p) ≤ rRT ≤ d

2
log T +

d− 2

2
logR+logCd(p)

for R = O(T/(log T )4.5). Observe that even for the logistic regression class, we extend its
asymptotics from R = O(T 1/4) to R = O(T/(log T )4.5) (see also Figure 1). This solves the
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open problem posed in Drmota et al. (2025). In particular, for R = Tα with 0 < α < 1 we
obtain that the average regret grows linearly with α, that is, for α ≤ 1,

r̄RT =
(d
2
(1 + α)− α

)
log T +O(log log T ).

Previously, in Drmota et al. (2025) this expression was known only for logistic regression and
α ≤ 1/4, as graphically represented in Figure 1. We recall that for T ≤ R ≤ ∞ the behaviour
of the expected regret stays about d log T (Drmota et al., 2026), so we cover (almost) the
whole range (just excluding the change of behaviour around R ≈ T ).

Related work. In universal coding, the minimax regret under logarithmic loss is given by
the Shtarkov sum (Shtarkov, 1987). For smooth parametric classes over a bounded parameter
set it admits the precise expansion of Rissanen (1996); Clarke and Barron (1990), and analytic-
combinatorics refinements go back to Drmota and Szpankowski (2004). Logistic-type experts have
been studied extensively under various formulations of regret, mostly with bounded weights (Kakade
and Ng, 2005; McMahan and Streeter, 2012; Hazan et al., 2014; Rakhlin and Sridharan, 2015; Fos-
ter et al., 2018; Shamir, 2020; Bilodeau et al., 2020; Jézéquel et al., 2020; Agarwal et al., 2022; Wu
et al., 2022, 2026); see Cesa-Bianchi and Lugosi (2006) for background. For the sequential regret,
where both xT and yT are chosen adaptively, the minimax regret is at most d

2 log(TR
2/d) for any

weight range R (Foster et al., 2018; Shamir, 2020; Wu et al., 2022). This bound becomes vacuous as
R → ∞. Unbounded comparators are also central in parameter-free and scale-free online learning
(Orabona and Pál, 2016; Mayo et al., 2022), but not at the precision considered here. For the
fixed design (transductive) regret (Kakade and Kalai, 2005), lower bounds of order d

2 log(T/d
2),

independent of R, are known (Shamir, 2020; Wu et al., 2022; Mayo et al., 2022); related expected-
regret notions are studied in Wu et al. (2023). Recently, Drmota et al. (2026) showed that the
fixed design regret is at most 2d log T for a general monotone class even with R = ∞, and equals
(1 + o(1))d log(T/d) for logistic regression. The transition from d

2 log T to d log T as R grows has

been characterized precisely only in Drmota et al. (2025), for logistic regression and R = O(T 1/4).
Unbounded weights were also treated in Qian et al. (2024), though without precise asymptotics. To
the best of our knowledge, Drmota et al. (2025, 2026) are the only works giving precise fixed design
regret with unbounded weights. We extend these results to a general class of functions, including
probit, and to the full range R = O(T/(log T )4.5). This extension requires substantially sharper
tail estimates for the Fourier representation of the Shtarkov sum.

2 Main result

The main goal of this paper is to estimate the average regret r̄RT for ∥w∥ < R. Throughout we
assume that the vectors x1, . . . , xT are i.i.d. random vectors X1, . . . , XT that follow a probability
distribution over bounded support. In what follows we assume that X is uniformly distributed in
the unit ball. This simplifies several of our computations.

We focus specifically on the logarithmic loss defined over a hypothesis class of experts Hp =
{hw : w ∈ Rd}, hw(x) := p(⟨w, x⟩), x ∈ Rd. We shall study a general class of functions p with
bounded first and second derivatives; for example, logistic regression p(w) = (1 + e−w)−1 or the
probit function p(w) = Φ(w) (where Φ is the CDF of the standard normal distribution). The logistic
case was discussed in Drmota et al. (2025). All necessary calculations for logistic-like functions can
also be done in a slightly more general framework:
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(H) The function p satisfies 1 − p(w) = p(−w) and − log p(w) is convex with bounded first and
second derivatives. Furthermore, ((log p(u))′u)′ ∼ −ce−αuuβ for u → ∞ for some c, α > 0,
β ≥ 1, ((log p(u))′u)′ ∼ γ for u → −∞ for some γ > 0, and ((log p(u))′u)′′ ̸= 0 at all zeros of
((log p(u))′u)′, which are only finitely many.

Clearly, the logistic functions p(w) = (1 + e−w)−1 satisfy all assumptions (with c = α = β = γ =
1). Note that the probit case p(w) = Φ(w) does not satisfy (H). It only satisfies the conditions
1−p(w) = p(−w) and that − log p(w) is convex. However, the derivatives are not bounded and the
other conditions are not satisfied either. Actually the tail behaviour of Φ is completely different
from the exponential tail behaviour for p that satisfy (H). This makes the analysis even more
challenging and interesting.

The main result of this paper is formulated next. We delay the proof to Section 3 for p that
satisfies (H), while the probit case is discussed in Appendix C.

Theorem 1. Let w ∈ Rd and ε > 0. Assume that the features xt are i.i.d., generated by a
uniform distribution over the d-dimensional unit ball Bd. Suppose further that p satisfies (H) or
that p(w) = Φ(w). Then for 1 ≤ R ≤ O(T/ log4.5 T ) we have for the expected minimax regret

r̄RT =
d

2
log T +

d− 2

2
logR+O(log log T ). (6)

The proof follows from two propositions that we state now and prove below and in the appen-
dices. The roadmap of the proof was partially outlined in the introduction: we first analyze the
generalized Shtarkov sum Sε(x

T ) defined in (4) using a multidimensional Fourier analysis, resulting
in the following proposition.

Proposition 2. Under the same assumptions as in Theorem 1, for ε = Ω((log T )9/T 2) there exists
β(d) > 0 such that

E[Sε(x
T )] =

( T

2π

)d/2
∫
Rd

√
det(B(w)) e−ε∥w∥2 dw

(
1 +O(T−β(d))

)
(7)

with

B(w) =
1

Vol(Bd)

∫
Bd

[p′(⟨w, x⟩)]2

p(⟨w, x⟩)p(−⟨w, x⟩)
x⊗ x dx, (8)

where x ⊗ x = xxτ is the tensor product of x with itself, τ denoting the transpose. Furthermore
(see Appendix B),

E[Sε(x
T )2] = E[Sε(x

T )]2
(
1 +O(T−β(d))

)
. (9)

Before we proceed, we briefly indicate how Proposition 2 establishes

E
[
logSε(X

T )
]
= logE[Sε(X

T )]
(
1 +O(T−β(d))

)
. (10)

To simplify the notation we set S = Sε(x
T ). By Jensen’s inequality we directly have E[logS] ≤

logE[S]. Thus, it is sufficient to obtain a lower bound. Observe that (9), proved in Appendix B,
implies Var[S] = O((E[S])2T−β). Then Chebyshev’s inequality

P
(∣∣∣ S

E[S]
− 1

∣∣∣ ≥ 1

2

)
≤ 4

Var[S]

(E[S])2
= O(T−β)

can be used to obtain the lower bound E[logS] ≥ logE[S](1 +O(T−β(d))).
The second main result needed to prove Theorem 1 is presented next.
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Proposition 3. Suppose that the matrix B(w) is given by (8). Then, as ∥w∥ → ∞, we have

det(B(w)) = Ad(p)∥w∥−d−2
(
1 +O(∥w∥−2)

)
, (11)

where

Ad(p) =
vd−1

vd

2d

(d+ 2)d−1
q∗(1)d−1q∗(3).

Here vd = πd/2/Γ(d2 + 1) = Vol(Bd) denotes the volume of the unit ball Bd and q∗(s) =∫∞
0 q(w)ws−1 dw the Mellin transform of the function q(w) = p′(w)2/(p(w)p(−w)). For example,

for the logistic function we have Ad(p) =
vd−1

vd
π2

3(d+2)d−1 .

Given Propositions 2 and 3 we show below how to establish the following asymptotic properties
(which then also lead to Theorem 1).

Proposition 4. Under the assumptions of Theorem 1 we have, as ε → 0 but ε ≫ (log T )9T−2,

E[Sε(x
T )] =


T d/2

(
Cd(p) ε

− d
4
+ 1

2 +O(1)
)(
1 +O(T−β(d))

)
, d ≥ 3,

T 1/2
(

1√
2π

∫∞
−∞B(w)1/2 dw +O(ε1/4)

)(
1 +O(T−β(1))

)
, d = 1,

T
(√

A2(p)

2 log ε−1 +O(1)
)(

1 +O(T−β(2))
)
, d = 2,

(12)

where

Cd(p) = (2π)−
d
2

√
Ad(p)

dvd
2

Γ
(d− 2

4

)
.

In particular, for d ≥ 3 and ε = Θ(T−2α) with 0 < α < 1, we have

r̄εT = E
[
logSε(X

T )
]
=

((1
2
+

α

2

)
d− α

)
log T +O(1). (13)

Proof. Proposition 4 follows from Propositions 2 and 3. We only do the calculations for d ≥ 3; the
cases d = 1 and d = 2 are simple variants. By Proposition 3 we have for ∥w∥ ≥ 1 det(B(w)) =
Ad(p)∥w∥−d−2(1+O(∥w∥−2)). Consequently we obtain (with sd = dvd denoting the surface measure
of the d-dimensional unit sphere)∫

Rd

√
detB(w) e−ε∥w∥2 dw =

∫
∥w∥≥1

√
detB(w) e−ε∥w∥2 dw +O(1)

=
√
Ad(p)

∫
∥w∥≥1

∥w∥−
d+2
2
(
1 +O(∥w∥−2)

)
e−ε∥w∥2 dw +O(1)

= sd
√
Ad(p)

∫ ∞

1
rd−1− d+2

2
(
1 +O(r−2)

)
e−εr2 dr +O(1)

=
sd
2

√
Ad(p) ε

− d
4
+ 1

2

∫ ∞

ε
v

d
4
− 3

2
(
1 +O(v−1ε)

)
e−v dv +O(1)

=
sd
2

√
Ad(p) ε

− d
4
+ 1

2

∫ ∞

0
v

d
4
− 3

2 e−v dv +O(1)

=
sd
2

√
Ad(p) Γ

(d− 2

4

)
ε−

d
4
+ 1

2 +O(1),

where we have used the substitution εr2 = v and the property that
∫ ε
0 v

d
4
− 3

2 e−v dv = O(ε
d
4
− 1

2 ).
This establishes (12), and with the help of (10) we directly get (13).

The proof of Theorem 1 is now immediate. We just use (13), and after setting ε = 1/R2 and
invoking (5) we are done.

6



3 Analysis and preliminary results

In order to prove Theorem 1 we just have to prove Propositions 2 and 3. Whereas Proposition 3
is a direct generalization of a corresponding property from Drmota et al. (2025), the proof of
Proposition 2 requires a lot of preliminaries. In what follows we comment on the main steps that
are used to obtain this result in the case where hypothesis (H) is satisfied (here we refer to Drmota
et al. (2025) for more details). The probit case (p(w) = Φ(w)) requires an even more technical
analysis since the tail of Φ is much smaller than in the case of hypothesis (H). This is detailed in
Appendix C.

Note that we significantly extend the results of Drmota et al. (2025). First we extend the
logistic case p(w) = 1/(1 + e−w) to hypothesis (H). More importantly, we extend the range from
ε = Ω(T−1/2) to ε = Ω((log T )9/T 2), which fills the gap that was left in Drmota et al. (2025).
Finally, we can also handle the probit case.

3.1 Fourier representation of the Shtarkov sum

Our objective is to find precise asymptotics for the generalized Shtarkov sum Sε(x
T ) defined in (4).

Note that for any yT and xT we have for any ε > 0

P (yT | xT , w) =
T∏
t=1

p(yt⟨xt, w⟩) and Pε(y
T | xT , w) =

T∏
t=1

p(yt⟨xt, w⟩) e−ε∥w∥2 . (14)

We define L(yT | xT , w) = − logP (yT | xT , w) and Lε(y
T | xT , w) = L(yT | xT , w) + ε∥w∥2. Then

∇Lε(y
T | xT , w) = −

T∑
t=1

p′(yt⟨xt, w⟩)
p(yt⟨xt, w⟩)

ytxt + 2εw

and

∇2Lε(y
T | xT , w) =

T∑
t=1

[p′(yt⟨xt, w⟩)]2 − p′′(yt⟨xt, w⟩)p(yt⟨xt, w⟩)
p2(yt⟨xt, w⟩)

xt ⊗ xt + 2εI, (15)

where x⊗ x denotes the matrix (xixj)1≤i,j≤d and I the identity matrix.
To study the Shtarkov sum, we need a better understanding of the optimal w∗

ε defined as w∗
ε =

argminw∈Rd Lε(y
T | xT , w), which is the (unique) solution of the equation ∇Lε(y

T | xT , w) = 0.
Similarly, for every a ∈ Rd the equation

∇Lε(y
T | xT , w) = a (16)

has a unique solution w∗
ε(a). This follows from hypothesis (H), namely from the convexity of

− log p and from the tail estimates. Furthermore, if we denote GyT |xT ,ε(w) := ∇Lε(y
T | xT , w),

then w∗
ε = G−1

yT |xT ,ε
(0).

We analyze the Shtarkov sum via a multidimensional Fourier transform, which we can prove to
exist as in Drmota et al. (2025). For convenience we set

hyT |xT (a) = P
(
yT | xT , G−1

yT |xT (a)
)
e
−ε∥G−1

yT |xT
(a)∥2

.

By assumption (H) it follows that (for given yT , xT , and ε > 0)

lim sup
∥a∥→∞

∥G−1
yT |xT (a)∥
∥a∥

> 0. (17)

7



Actually this also holds in the probit case. Hence, the Fourier transform

h̃yT |xT (z) =

∫
Rd

hyT |xT (a)e−i⟨a,z⟩ da =

∫
Rd

exp
(
− Lε(y

T | xT , G−1
yT |xT ,ε

(a))
)
e−i⟨a,z⟩ da

of hyT |xT (a) exists and the inverse Fourier transform has an absolutely convergent inte-

gral hyT |xT (a) = (2π)−d
∫
Rd h̃yT |xT (z)ei⟨a,z⟩ dz. Actually we only need hyT |xT (0) since

supw∈Rd Pε(y
T | xT , w) = Pε(y

T | xT , G−1
yT |xT ,ε

(0)) = hyT |xT (0). Consequently we can evalu-

ate the Shtarkov sum as follows:

sup
w∈Rd

Pε(y
T | xT , w) = Pε

(
yT | xT , G−1

yT |xT ,ε
(0)

)
= exp

(
− L(yT | xT , G−1

yT |xT ,ε
(0))

)
= (2π)−d

∫
Rd

h̃yT |xT (z) dz = (2π)−d

∫
Rd

∫
Rd

hyT |xT (a)e−i⟨a,z⟩ da dz

= (2π)−d

∫
Rd

∫
Rd

exp
(
− Lε(y

T | xT , G−1
yT |xT ,ε

(a))
)
e−i⟨a,z⟩ da dz

= (2π)−d

∫
Rd

∫
Rd

P (yT | xT , w)e−i⟨∇L(yT |xT ,w),z⟩

× e−ε∥w∥2−2iε⟨w,z⟩ det
(
∇2Lε(y

T | xT , w)
)
dw dz,

where we have used the substitution a = GyT |xT ,ε(w) = ∇Lε(y
T | xT , w). To complete our deriva-

tion, we observe that the determinant det(∇2Lε(y
T | xT , w)) contains in each of its d2 entries a sum

of the form
∑T

t=1[. . . ]. In order to proceed further we use the explicit formula for the determinant
and expand all these d2 sums (where we have to use d2 different indices t = 1, . . . , T ). Nevertheless
each summand of the expanded determinant depends on at most d different yt’s. Thus, T − d of
the yt’s do not appear in this summand. Suppose that these are the first T − d components. Then,
by summing over yT−d we can use the following simplification:

∑
yT−d∈{−1,1}T−d

P (yT−d | xT−d, w) exp
(
− i⟨∇L(yT−d | xT−d, w), z⟩

)
=

T−d∏
t=1

f(w, xt, z),

where

f(w, x, z) = p(⟨x,w⟩) exp
(
− i

p′(⟨x,w⟩)
p(⟨x,w⟩)

⟨x, z⟩
)
+ p(−⟨x,w⟩) exp

(
i
p′(−⟨x,w⟩)
p(−⟨x,w⟩)

⟨x, z⟩
)
. (18)
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For example, for d = 1 this leads to the representation

Sε(x
T ) =

∑
yT

sup
w

P (yT | xT , w)e−εw2
(19)

=
1

2π

∫ ∞

−∞

∫ ∞

−∞

∑
yT

P (yT | xT , w)e−εw2
e−i ∂

∂w
Lε(yT |xT ,w)z ∂2

∂w2
Lε(y

T | xT , w) dw dz

=
T∑

s=1

1

2π

∫ ∞

−∞

∫ ∞

−∞

∑
yT

P (yT | xT , w)e−εw2
e−i ∂

∂w
Lε(yT |xT ,w)z

(p′(ysxsw)2
p(ysxsw)2

− p′′(ysxsw)

p(ysxsw)

)
x2s dw dz

+ 2ε
1

2π

∫ ∞

−∞

∫ ∞

−∞

∑
yT

P (yT | xT , w)e−εw2
e−i ∂

∂w
Lε(yT |xT ,w)z dw dz

=

T∑
s=1

1

2π

∫ ∞

−∞

∫ ∞

−∞

∏
t̸=s

f(xt, z, w)

× p(ysxsw) exp
(
i
p′(ysxsw)

p(ysxsw)
xsz

)
×
(p′(ysxsw)2
p(ysxsw)2

− p′′(ysxsw)

p(ysxsw)

)
x2s e

−εw2
e−2iεwz dw dz (20)

+ 2ε
1

2π

∫ ∞

−∞

∫ ∞

−∞

∏
1≤t≤T

f(xt, z, w) e
−εw2

e−2iεwz dw dz.

Assuming that XT = (X1, . . . , XT ) are i.i.d., we find for d = 1 the expected Shtarkov sum

E[Sε(X
T )] =

T

2π

∫ ∞

−∞

∫ ∞

−∞
f(w, z)T−1B(w, z)e−εw2

e−2iεwz dw dz

+
2ε

2π

∫ ∞

−∞

∫ ∞

−∞
f(w, z)T e−εw2

e−2iεwz dw dz,

(21)

where f(w, z) abbreviates

f(w, z) = E[f(X,w, z)] = E
[
p(Xw) exp

(
− i

p′(Xw)

p(Xw)
Xz

)
+ p(−Xw) exp

(
i
p′(−Xw)

p(−Xw)
Xz

)]
and B(w, z) is given by

B(w, z) = E
[
p(Xw) exp

(
− i

p′(Xw)

p(Xw)
Xz

)(p′(Xw)2

p(Xw)2
− p′′(Xw)

p(Xw)

)
X2

]
+ E

[
p(−Xw) exp

(
i
p′(−Xw)

p(−Xw)
Xz

)(p′(−Xw)2

p(−Xw)2
− p′′(−Xw)

p(−Xw)

)
X2

]
.

Note that

B(w, 0) = B(w) = E
[ p′(Xw)2

p(Xw)p(−Xw)
X2

]
. (22)

If d > 1, then a more complicated expansion holds. However, the first term is still of the form

T d

(2π)d

∫
Rd

∫
Rd

f(w, z)T−d det(B(w, z))e−ε∥w∥2e−2iε⟨w,z⟩ dw dz,

where f(w, z) = E[f(w,X, z)] and B(w, z) is a matrix-valued function with B(w, 0) = B(w). This
expression is the main tool that we use to study asymptotically the average minimax regret.
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3.2 Roadmap to the proof of Proposition 2

In order to keep the presentation as simple as possible we discuss here only the case d = 1 and
concentrate on functions p satisfying (H). We also refer to Drmota et al. (2025) for several technical
computations. However, as mentioned before, we generalize the results of Drmota et al. (2025) sig-
nificantly (we cover not only the range ε = Ω(1/

√
T ) but the range ε = Ω((log T )9/T 2)), including

the probit case (p(w) = Φ(w)), which needs even more technical refinements and is discussed in
Appendix C.

3.2.1 Convergence issues of the Fourier integral

We want to emphasize that the method described above has some convergence issues. The integral
in (20) has to be interpreted as an iterated integral. It is not an absolutely convergent double integral
on R×R. This comes from the direct use of the integral formula for the inverse Fourier transform.
Nevertheless, by taking expectation with respect to XT we find the integral representation (21),
which turns out to be an absolutely convergent integral on R×R—this is actually a kind of miracle.

In order to transfer the asymptotics from E[Sε(X
T )] to E[logSε(X

T )] we need the corresponding
asymptotic expansion for the second moment E[Sε(X

T )2] (compare with the comments following
Proposition 2). We can proceed formally very similarly to obtain an integral representation for
E[Sε(X

T )2]; however, at this stage this miracle does not happen. As discussed in Appendix B, we
need another regularizing parameter to cover this case.

3.2.2 Gaussian approximation

The integral (21) contains the factor fT−1. It is therefore natural to consider a local expansion
for f and apply a Laplace-like approximation in order to evaluate the integral (21) asymptotically.
Actually we have

f(w, z) = e−
1
2
z2B(w)

(
1 +O

(
z3min(1, |w|−4)

)
+O

(
z4min(1, |w|−6)

))
with B(w) from (22). Furthermore we have the property B(w) = Θ(min(1, |w|−3)). For example,
if we restrict ourselves to the range

R =
{
(w, z) ∈ R× R : |z| ≤ max(1, |w|)3/2T−1/2(log T )1/2

}
, (23)

then we directly obtain

T

2π

∫∫
R
f(w, z)T−1B(w, z)e−εw2

e−2iεwz dw dz

∼ T

2π

∫ ∞

−∞
B(w, 0)e−εw2

∫
|z|≤max(1,|w|)3/2T−1/2(log T )1/2

e−
T−1
2

B(w)z2 dz dw

∼
√
T√
2π

∫ ∞

−∞
B(w)1/2e−εw2

dw. (24)

This is exactly the asymptotic leading term (from Proposition 2). However, it is a non-trivial task
to show that the remaining parts of the integral (21) outside the range R of (23) are negligible.
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3.2.3 Asymptotic properties of f(z, w) and B(w, z)

The following lemmas collect some asymptotic properties of f(z, w) and B(w, z) under hypothesis
(H). They are used to upper bound the tails in the integral representation (20). Most of the
properties have already been stated in Drmota et al. (2025), but only for the logistic case. Proofs
of Lemmas 5–8 can be found in Appendix A.

Lemma 5. For |w| ≤ 1 we uniformly have |f(z, w)| ≤ min(1, C/|z|) for some constant C > 0.
Furthermore, for |w| ≥ 1 we have

|f(z, w)| ≤ min
(
1,

C1√
|wz|

+
C2e

|w|

|wz|

)
.

Lemma 6. Suppose that c1 > 0 is a given constant. Then there exists c2 > 0 such that

|f(z, w)| ≤ 1− c2max{1, log(|z|/|w|)}
|w|

uniformly for |z| ≥ c1|w|.

Lemma 7. Suppose that c1 > 0 is a given constant. Then

f(z, w) = 1− k(z/w)

w
+O

( z

w
e−w

)
(25)

uniformly for |w| ≥ 1 and |z|/|w| ≥ c1, where

k(v) =

∫ ∞

−∞
p(u)

(
1− exp

(
i
p′(u)

p(u)
uv

))
du

satisfies k(v) = log v+ log log v+O(1) and k′(v) = O(|v|−1) as |v| → ∞. Furthermore we have the
upper bound ∂

∂zf(z, w) = O
(

1
|zw|

)
.

Lemma 8. We uniformly have

|B(z, w)| = O
(
min(1, |w|−3)

)
, B(w) = Θ

(
min(1, |w|−3)

)
,

B(z, w) = B(w) +O
(
z2min(1, |w|−5)

)
.

More precisely,

B(w) =
p′(0)2

3p(0)2
+O(w2) (w → 0), B(w) =

1

2|w|3

∫ ∞

−∞

v2p′(v)2

p(v)(1− p(v))
dv+O(w−4) (w → ∞).

Furthermore, for some constant c1 > 0,

f(w, z) = 1−Θ
(
z2min(1, |w|−3)

)
(for |z| ≤ max(1, c1|w|))

= 1− z2

2
B(w) +O

(
z3min(1, |w|−4)

)
= e−

1
2
z2B(w)

(
1 +O

(
z3min(1, |w|−4)

)
+O

(
z4min(1, |w|−6)

))
.

Finally, suppose that |z| ≥ c1|w| for some c1 > 0. Then we have uniformly ∂
∂zB(w, z) = O

(
1

w3z

)
.
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3.2.4 Some key estimates

We recall that E[Sε(X
T )] can be represented as TJ0+2εJ1, where J0 and J1 are double integrals that

look very similar (see (21)). We have already seen that the range |z| ≤ max(1, |w|)3/2T−1/2(log T )1/2

in the double integral J0 provides the (proposed) asymptotic leading term for E[Sε(X
T )]. The main

issue is to provide proper upper bounds for the tails. More precisely, we split up the integrals in
(21) into three parts (for the sake of brevity, we only deal with J0), where we focus on the second
and third parts, in which we have to use the upper bounds for B(w, z) and f(w, z) in a proper way.

A: The case |w| ≤ 1. Here we proceed as in Drmota et al. (2025).

B: The case 1 ≤ |w| ≤ ηT , where η = η(T ) = c6(log T )
−3 → 0 and c6 is sufficiently large. The

range |z| ≤ c1|w| can again be handled as in Drmota et al. (2025), so we do not repeat it. However,
if |z| ≥ c1|w| we argue in a more precise way (in order to cover also the range ε = Ω((log T )9/T 2)
and not only the range ε = Ω(1/

√
T )).

First suppose that c1|w| ≤ z ≤ e2w
2
. Here we use the formula (a direct consequence of

Lemma 10) ∫
I
H(z)e−2iεzw dz = O

( 1

εw

(
max
z∈I

|H(z)|+
∫
I
|H ′(z)| dz

))
(26)

for the function H(z) = B(w, z)f(w, z)T−1 and the interval I = [c1|w|, e2w
2
]. By Lemmas 8 and 6

we find maxz∈I |B(w, z)f(w, z)T−1| = O(w−3e−cT/w) for some constant c > 0. For the derivative
we thus have the upper bound

|H ′(z)| ≤ |Bz||f |T−1 + |B|(T − 1)|f |T−2|fz|

= O
(e−cT/w

w3z

)
+O

( T

w3
e−c′T log(z/w)

w
1

zw

)
(for some constants c, c′ > 0), which leads to∫ e2w

2

c1|w|
|H ′(z)| dz = O

(e−cT/|w|

w3
log

(
e2w

2))
+O

( 1

|w|3
e
−c′T

log c1
|w|

)
= O

(
e−cT/|w|).

Consequently, we obtain

J21 =
1

2π

∫
1≤|w|≤ηT

∫ e2w
2

c1|w|
B(w, z)f(w, z)T−1e−εw2−2iεwz dz dw

= O
(∫ ηT

1
e−cT/w−εw2

dw
)

= O
(∫ (T/ε)1/3

1
e−cT 2/3ε1/3 dw +

∫ ηT

(T/ε)1/3
e−εw2

dw
)

= O
(
e−(c/2)T 2/3ε1/3

)
= O

( 1

T

)
as long as ε ≥ c′′T−2(log T )9 for a proper constant c′′ > 0.

In the range |z| ≥ e2w
2
we use the upper bound |f(z, w)| ≤ C2 exp(e

|w|)/z and find∫ ∞

e2w2

∣∣B(w, z)f(w, z)T−1
∣∣ dz = O

(w−3

T
e(T−1)w2−2(T−2)w2

)
= O

( 1

T
e−Tw2/2

)
,
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and consequently

J22 =
1

2π

∫
1≤|w|≤ηT

∫
|z|≥e2w2

B(w, z)f(w, z)T−1e−εw2−2iεwz dz dw = O
( 1

T

)
.

We note that it was essential to use inequality (26). Had we upper bounded the corresponding
integral by

∫
I |H(z)| dz, it would have been impossible to cover the range ε = Ω((log T )9/T 2). The

same comment applies to the third range C.

C: The case |w| ≥ ηT . We partition the integration with respect to z into three ranges: |z| ≤
c1|w|, c1|w| ≤ |z| ≤ e2w

2
, and |z| ≥ e2w

2
. In the first case we use the trivial estimate BfT−1 =

O(w−3) and obtain

J31 =
1

2π

∫
|w|≥ηT

∫
|z|≤c1|w|

B(w, z)f(w, z)T−1e−εw2−2iεwz dz dw

= O
(∫ ∞

ηT
w−2e−εw2

dw
)
= O

( 1

η3T 3
e−εη2T 2

)
= O

(
e−c(log T )3

)
.

For the second case we setH(z) = B(w, z)f(w, z)T−1 and use the property that max
c1|w|≤z≤e2w2 |H(z)|+∫ e2w

2

c1|w| |H
′(z)| dz = O(e−cT/|w|) for some c > 0, which leads to

∫ e2w
2

c1|w| B(w, z)f(w, z)T−1e−2iεzw dz =

O
(

1
ε|w|e

−cT/|w|). Thus,
J32 =

1

2π

∫
|w|≥ηT

∫
c1|w|≤|z|≤e2w2

B(w, z)f(w, z)T−1e−εw2−2iεwz dz dw

= O
(∫ ∞

ηT

1

ε|w|
e−cT/|w|e−εw2

dw
)
= O

( 1

εηT
e−εη2T 2

)
= O

(
e−c(log T )3

)
.

Finally, for |z| ≥ e2w
2
we use (as above) the upper bound |f(w, z)| ≤ C2e

e|w|
/|z| and the resulting

bound
∫∞
e2w2 |B(w, z)f(w, z)T−1| dz = O( 1

T e
−2Tw2

) to obtain

J33 =
1

2π

∫
|w|≥ηT

∫
|z|≥e2w2

B(w, z)f(w, z)T−1e−εw2−2iεwz dz dw

= O
(∫ ∞

ηT

1

T
e−Tw2

e−εw2
dw

)
= O

(
e−η3T 3)

,

which is certainly negligible.

3.2.5 The case d > 1

In principle, the case d > 1 can be handled very similarly to the case d = 1. For example, there is
the same kind of Gaussian approximation

f(w, z) = exp
(
− 1

2
zτB(w)z

)
×


(
1 +O(∥z∥3 + ∥z∥4)

)
for ∥w∥ ≤ 1,(

1 +O
(

∥z∥3
∥w∥4 + ∥z∥2| sinφ|2

∥w∥

))
for ∥w∥ > 1,
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that leads to the asymptotic leading term for E[Sε(X
T )]. However, most parts of the 2d-dimensional

integral do not contribute to the asymptotic leading term and have to be upper bounded. For
example, instead of Lemma 5 we have an upper bound of the form (compare with Drmota et al.,
2025)

|f(z, w)| ≤ min
(
1, C1

log ∥z∥
∥z∥

)
(27)

if ∥w∥ ≤ 1 (for some constant C1 > 0), and

|f(z, w)| ≤ min
(
1, C2

log(∥z∥ ∥w∥) + e∥w∥√
∥z∥ ∥w∥

)
(28)

if ∥w∥ ≥ 1 (for some constant C2 > 0). We do not repeat the technical details but refer (again)
to Drmota et al. (2025), where the d-dimensional case was worked out for the logistic case p(w) =
(1 + e−w)−1.

3.3 Proof of Proposition 3

We recall the notation Bd for the d-dimensional unit ball. Its d-dimensional volume is vd =
πd/2/Γ(d2 + 1). We also note that Sd denotes the corresponding sphere, which has ((d − 1)-

dimensional) surface measure sd = dvd = 2πd/2/Γ(d2). We now provide the spectral decomposition
of B(w).

Lemma 9. (i) Suppose that d ≥ 2, let u = w/∥w∥ and set q(w) = p′(w)2

p(w)p(−w) . Then

B(w) = ϕ(w)(Id − u⊗ u) + λ(w)u⊗ u,

where Id is the identity operator on Rd (thus Id − u⊗ u is the identity operator on the hyperplane
orthogonal to u), with

λ(w) =
vd−1

vd

∫ π

0
cos(θ)2 sin(θ)d q(cos(θ)∥w∥) dθ (29)

and

ϕ(w) =
1

d+ 2

∫ π

0
sin(θ)d+2 q(cos(θ)∥w∥) dθ (30)

the eigenvalues of B(w), with multiplicity 1 and d− 1 respectively.
(ii) The eigenvalue λ(w) is asymptotically λ(w) =

2vd−1

vd
q∗(3)∥w∥−3(1+O(∥w∥−2)), where q∗(s)

denotes the Mellin transform of q. Furthermore, the eigenvalue ϕ(w) is asymptotically ϕ(w) =
2

d+2
q∗(1)
∥w∥ (1 +O(∥w∥−2)). Consequently

detB(w) = λ(w)ϕd−1(w) =
vd−1

vd

2d

(d+ 2)d−1
q∗(1)d−1q∗(3)∥w∥−d−2

(
1 +O(∥w∥−2)

)
.

The proof of the spectral decomposition is the same as in Drmota et al. (2025). Only the proof
of the asymptotics for λ(w) and ϕ(w) needs a small modification. Since λ(w) and ϕ(w) depend
only on the norm w = ∥w∥ we also use the shorthand notation λ(w) and ϕ(w).

We now apply the machinery of analytic combinatorics, especially Mellin transform asymptotics,
which can be learned from Flajolet and Sedgewick (2008) and Szpankowski (2001). As in Drmota
et al. (2025) one uses the Mellin transforms

λ∗(s) =

∫ ∞

0
λ(w)ws−1 dw, ϕ∗(s) =

∫ ∞

0
ϕ(w)ws−1 dw.
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As in Drmota et al. (2025) it follows that

λ∗(s) =
2vd−1

vd

∫ 1

0
(1− y2)(d−1)/2y2

∫ ∞

0
q(yw)ws−1 dw dy

=
2vd−1

vd
q∗(s)

∫ 1

0
(1− y2)(d−1)/2y2−s dy =

2vd−1

vd
q∗(s)β∗

1(3− s),

where q∗(s) =
∫∞
0 q(w)ws−1 dw is the Mellin transform of q and

β∗
1(s) =

Γ(d+1
2 )Γ( s2)

2Γ(d+1+s
2 )

is the Mellin transform of the function (1 − y2)(d−1)/2 defined over [0, 1]. As usual Γ denotes
the Euler gamma function. Note that q∗(s) and β∗

1(s) are analytic for Re(s) > 0. Thus, the
dominating singularity of λ∗(s) is a simple pole at s = 3 (coming from Γ(3−s

2 )) with residue

res(λ∗, s = 3) = −2vd−1

vd
q∗(3). This implies that λ(w) = λ(∥w∥) = 2vd−1

vd
q∗(3)∥w∥−3(1 +O(∥w∥−2))

as w → ∞, since s = 5 is the next pole of λ∗(s).
We can make a similar analysis for ϕ∗(s) and arrive at ϕ∗(s) = 2

d+2q
∗(s)β∗

2(1− s), where β∗
2(s)

is the Mellin transform of the function (1− y2)(d+1)/2. Hence,

ϕ∗(s) =
1

d+ 2
q∗(s)

Γ(d+3
2 )Γ(1−s

2 )

Γ(d+4−s
2 )

.

Here the dominating singularity is a simple pole at s = 1 with residue res(ϕ∗, s = 1) = − 2
d+2q

∗(1).

The next pole is s = 3. Thus, we have ϕ(w) = ϕ(∥w∥) = 2
d+2

q∗(1)
∥w∥ (1+O(∥w∥−2)), and consequently

detB(w) = λ(w)ϕ(w)d−1 =
vd−1

vd

2d

(d+ 2)d−1
q∗(1)d−1q∗(3)∥w∥−d−2

(
1 +O(∥w∥−2)

)
,

as proposed.
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A Proofs of Lemmas 5–8

The proofs of Lemmas 5–8 rely mainly on the following two properties (which can be found in
Huxley, 1996). Lemma 10 is used more frequently; Lemma 11 is only used when Lemma 10 does
not apply.

Lemma 10. Let β1 < β2 be real numbers. Assume that h is continuously differentiable on [β1, β2]
and has a monotone nonvanishing derivative. Then for each continuous function H of bounded
variation we have ∣∣∣ ∫ β2

β1

H(x)eih(x) dx
∣∣∣ ≤ 2

max[β1,β2] |H|+ V β2

β1
(H)

min[β1,β2] |h′|
, (31)

where V β2

β1
(H) denotes the total variation of H on [β1, β2].

Lemma 11. Let β1 < β2 be real numbers. Assume that h is twice continuously differentiable on
[β1, β2] such that the second derivative is non-zero. Then for each continuous function H of bounded
variation we have ∣∣∣ ∫ β2

β1

H(x)eih(x) dx
∣∣∣ ≤ 8

max[β1,β2] |H|+ V β2

β1
(H)

min[β1,β2]

√
|h′′|

. (32)

The proof of Lemma 5 is actually the same as that given in Drmota et al. (2025). Instead of the
explicit logistic function p(w) = (1 + e−w)−1 we use the properties stated in (H). More precisely,

we set h(x) = xz p′(xw)
p(xw) , which gives h′(x) = z

(
(log p(u))′u

)′
(with u = xw). If ((log p(u))′u)′ ̸= 0

then we apply Lemma 10, and if we are close to the zeros of the function ((log p(u))′u)′, where
Lemma 10 does not apply, we use the property that ((log p(u))′u)′′ ̸= 0 in a small neighborhood of
the zero, so that Lemma 11 applies.

Lemma 6 is an extension of a corresponding property in Drmota et al. (2025), where it was only
proved that |f(w, z)| ≤ 1− c2

|w| for some constant c2 > 0 if |z| ≥ c1|w|. Suppose that w > 0. Then

we first have
∣∣ ∫ 1

0 p(−xw)eih(x) dx
∣∣ = O

(
1
|z|
)
. Similarly to the proof of Lemma 10 we have∣∣∣ ∫ 1

0
p(xw)eih(−x) dx

∣∣∣ = ∣∣∣( ∫ 1/w

0
+

∫ (|u0|+η)/w

1/w
+

∫ c/w

(|u0|+η)/w
+

∫ 1

c/w

)
p(xw)eih(−x) dx

∣∣∣
≤ 1− c

w
+O

( 1

|z|
+

1√
|zw|

+
ec

|z|c

)
,

where c > |u0| + η and u0 denotes the zero of ((log p(u))′u)′. By setting c = max{1, log(|z|/|w|)}
we thus obtain

|f(z, w)| ≤ 1− max{1, log(|z|/|w|)}
w

+O
(max{1, log(|z|/|w|)}

|z|
+

1√
|zw|

)
.

Thus, if |z| ≥ c′1w for a sufficiently large constant c′1, we have |f(z, w)| ≤ 1− c2 max{1,log(|z|/|w|)}
w for

some constant c2 > 0. Finally, the case c1w ≤ |z| ≤ c′1w follows as in Drmota et al. (2025).
Lemma 7 is a more precise form of Lemma 6 and relies first on the computation

f(w, z) =
1

2

∫ 1

−1

(
p(xw)e

ixz
p′(xw)
p(xw) + p(−xw)e

−ixz
p′(−xw)
p(−xw)

)
dx

= 1−
∫ 1

−1
p(xw)

(
1− e

ixz
p′(xw)
p(xw)

)
dx

= 1− k(z/w)

w
+

∫
|x|≥1

p(xw)
(
1− e

ixz
p′(xw)
p(xw)

)
dx.
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It remains to upper bound the remaining integral. This can be done with the help of the tail
estimates provided by hypothesis (H), for which we need the asymptotic property k(v) = log v +
log log v+O(1) and the upper bound for ∂

∂zf(w, z). For both properties one uses again Lemma 10
(we omit the easy details).

Finally, Lemma 8 is a direct analogue of corresponding properties from Drmota et al. (2025)
for the logistic case. We only added an upper bound for ∂

∂zB(w, z), which is immediate from the
integral representation of B(w, z) and a direct application of Lemma 10.

B The second moment

The main difference from the first moment is that the second moment E[Sε(x
T )2] cannot be explic-

itly represented as a convergent multi-dimensional integral. In order to handle this problem we use
a regularized version of Sε(x

T ) of the form

Sν
ε (x

T ) =
1

2π

∫
R

∫
R

T∏
t=1

f(w, xt, z) e
−εw2−2iεwz ∇2Lε(y

T | xT , w) e−νz2 dw dz, (33)

which is absolutely convergent as a double integral if ν > 0 and has the property that Sε(x
T ) =

limν→0 S
ν
ε (x

T ). As in Drmota et al. (2025) it follows that∣∣Sε(x
T )− Sν

ε (x
T )
∣∣ = O

(( ν

ε2
+

ν1/2

ε3/2

)
eO(T 2/ε)

)
,

and consequently (since E[Sε(x
T )] = O(

√
T ))∣∣E[Sε(x

T )2]− E[Sν
ε (x

T )2]
∣∣ = O

(( ν

ε2
+

ν1/2

ε3/2

)
eO(T 2/ε)

)
.

In particular, if we choose
ν = e−CT 2/ε > 0 (34)

for a sufficiently large constant C, we find∣∣E[Sε(x
T )2]− E[Sν

ε (x
T )2]

∣∣ = O
(
ε−2e−C′T 2/ε

)
= O

(
Te−C′(log T )9

)
if ε ≫ (log T )9T−2.

Thus, it suffices to compute E[Sν
ε (x

T )2]. Since ν > 0, Sν
ε (x

T ) is represented as an abso-
lutely convergent double integral (33), and by dominated convergence we obtain, writing Ξ =
e−ε(w2

1+w2
2)−2iε(w1z1−w2z2)e−ν(z21+z22) and dv = dw1 dw2 dz1 dz2,

E[Sν
ε (x

T )2] =
1

(2π)2

∫
R4

E
[ T∏
t=1

(
f(w1, xt, z1)f(w2, xt, z2)

)
∇2Lε(y

T | xT , w1)∇2Lε(y
T | xT , w2)

]
Ξ dv

=
T 2 − T

(2π)2

∫
R4

f(w1, w2, z1, z2)
T−1B(z1, w1)B(z2, w2) Ξ dv

+
T

(2π)2

∫
R4

f(w1, w2, z1, z2)
T−1B2(z1, z2, w1, w2) Ξ dv

+ 2
2εT

(2π)2

∫
R4

f(w1, w2, z1, z2)
T−1f(w1, z1)B(z2, w2) Ξ dv

+
(2ε)2

(2π)2

∫
R4

f(w1, w2, z1, z2)
T Ξ dv

= (T 2 − T ) · Jν
0 + T · Jν

0,2 + 2εT · Jν
1 + (2ε)2Jν

2 ,
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where

f(w1, w2, z1, z2) = E
[
f(w1, X, z1)f(w2, X, z2)

]
=

1

2

∫ 1

−1

(e−ixz1/(1+exw1 )

1 + e−xw1
+

eixz1/(1+e−xw1 )

1 + exw1

)(eixz2/(1+exw2 )

1 + e−xw2
+

e−ixz2/(1+e−xw2 )

1 + exw2

)
dx

(written here for the logistic case) and

B2(z1, z2, w1, w2) = E
[
f(w1, X, z1)f(w2, X, z2) p(Xw1)p(−Xw1)p(Xw2)p(−Xw2)X

4
]
.

By using corresponding upper bounds for f(w1, w2, z1, z2) (compare with Drmota et al., 2025)
one can handle the integrals Jν

0 , Jν
0,2, Jν

1 , Jν
2 . As in the case of the expected value it follows,

for example, that Jν
0 = J2

0 (1 + O(T−β)) + O((1 − κ)T log ν−1) for some β > 0 and some κ > 0.
Putting all these estimates together we finally obtain (by setting ν = exp(−CT 2/ε), see (34))
E[Sν

ε (x
T )2] = E[Sε(x

T )]2(1 +O(T−β)) and consequently

E[Sε(x
T )2] = E[Sε(x

T )]2
(
1 +O(T−β)

)
. (35)

C The probit class

We assume that d = 1, so that the Xt are i.i.d. and uniformly distributed on [−1, 1]. We also use
as p(w) the Gaussian distribution function (the probit case)

p(w) = Φ(w) =
1√
2π

∫ w

−∞
e−v2/2 dv.

Note that p satisfies 1− p(w) = p(−w). Since Φ′(w) = 1√
2π
e−w2/2 and Φ(w) > 1− e−w2/2/(

√
2π w)

(for w > 0), and more precisely

Φ(w) = 1− e−w2/2

√
2π w

+
e−w2/2

√
2π w3

(
1 +O(w−2)

)
(w → +∞),

p = Φ satisfies the properties (log p(w))′′ < 0 and (log(1− p(w)))′′ < 0 and

p′(w) = O(1), p′′(w) = O(1), p′′′(w) = O(1),

(log p)′ = O(w), (log p)′′ = O(w2), (log p)′′′ = O(w3),

and similarly (log(1 − p))′ = O(w), (log(1 − p))′′ = O(w2), (log(1 − p))′′′ = O(w3). It is also easy
to check that the property

lim sup
|a|→∞

|G−1
yT |xT (a)|
|a|

> 0 (36)

holds. Suppose that yT and xT are given and without loss of generality assume that w > 0. Then
GyT |xT (w) = w

∑
1≤t≤T, ytxt<0 x

2
t + 2εw + O(1/w). Thus, a = GyT |xT (w) ≥ (2ε + o(1))w, which

implies (36).
With the help of these properties of p = Φ it follows that the expected regularized Shtarkov

sum is given by

E[Sε(X
T )] =

T

2π

∫ ∞

−∞

∫ ∞

−∞
f(w, z)T−1B(w, z)e−εw2−2iεwz dw dz

+
2ε

2π

∫ ∞

−∞

∫ ∞

−∞
f(w, z)T e−εw2−2iεwz dw dz =: T · J0 + 2ε · J1,
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where

f(w, z) = E[f(w,X, z)]

=
1

2

∫ 1

−1

(
Φ(xw) exp

(
− i

e−x2w2/2

√
2πΦ(xw)

xz
)
+Φ(−xw) exp

(
i

e−x2w2/2

√
2πΦ(−xw)

xz
))

dx,
(37)

and where B(w, z) abbreviates

B(w, z) = E
[
Φ(Xw) exp

(
− i

e−X2w2/2

√
2πΦ(Xw)

Xz
)( e−X2w2

2πΦ(Xw)2
+

Xwe−X2w2/2

√
2πΦ(Xw)

)
X2

+Φ(−Xw) exp
(
i

e−X2w2/2

√
2πΦ(−Xw)

Xz
)( e−X2w2

2πΦ(−Xw)2
− Xwe−X2w2/2

√
2πΦ(−Xw)

)
X2

]
=

1

2

∫ 1

−1

(
exp

(
− i

e−x2w2/2

√
2πΦ(xw)

xz
)( e−x2w2

2πΦ(xw)
+

xwe−x2w2/2

√
2π

)
x2

+ exp
(
i

e−x2w2/2

√
2πΦ(−xw)

xz
)( e−x2w2

2πΦ(−xw)
− xwe−x2w2/2

√
2π

)
x2

)
dx.

We also set

B(w) = B(w, 0) = E
[ X2e−X2w2

2πΦ(Xw)Φ(−Xw)

]
=

1

2

∫ 1

−1

x2e−x2w2

2πΦ(xw)Φ(−xw)
dx.

Our goal is to give a full proof of the following asymptotic property that is the basis of all other
results, see Theorem 1 (we skip the corresponding computations for the second moment and for
d > 1; they are more involved but follow precisely the lines given here combined with the methods
of Drmota et al., 2025).

Proposition 12. Suppose that p = Φ and that the Xt are i.i.d. and uniformly distributed on [−1, 1].
Then we have uniformly for ε ≥ (log T )9/T 2

E[Sε(X
T )] =

√
T√
2π

∫ ∞

−∞
B(w)1/2e−εw2

dw +O
(
T− 1

2
−β

)
for some β > 0.

We start with some technical lemmas.

Lemma 13. We uniformly have

|B(z, w)| = O
(
min(1, |w|−3)

)
, B(w) = Θ

(
min(1, |w|−3)

)
,

B(z, w) = B(w) +O
(
|z|min(1, |w|−4)

)
.

More precisely,

B(w) =
2

3π
+O(w2) (w → 0), B(w) =

1

4πw3

∫ ∞

−∞

v2e−v2

Φ(v)Φ(−v)
dv+O

(
w−1e−w2/2

)
(w → ∞).

Furthermore, for some constant c1 > 0,

f(w, z) = 1−Θ
(
z2min(1, |w|−3)

)
(for |z| ≤ max(1, c1|w|))

= 1− z2

2
B(w) +O

(
z3min(1, |w|−4)

)
= e−

1
2
z2B(w)

(
1 +O

(
z3min(1, |w|−4)

)
+O

(
z4min(1, |w|−6)

))
.
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Proof. By symmetry we can rewrite the definition of f(w, z):

f(w, z) =

∫ 1

0

(
Φ(xw) exp

(
− i

e−x2w2/2

√
2πΦ(xw)

xz
)
+Φ(−xw) exp

(
i

e−x2w2/2

√
2πΦ(−xw)

xz
))

dx.

By differentiation we directly obtain f(w, 0) =
∫ 1
0 (Φ(xw) + Φ(−xw)) dx = 1,

∂f

∂z
(w, z) =

−i√
2π

∫ 1

0
xe−x2w2/2

(
exp

(
− i

e−x2w2/2

√
2πΦ(xw)

xz
)

− exp
(
i

e−x2w2/2

√
2πΦ(−xw)

xz
))

dx,

∂f

∂z
(w, 0) = 0,

∂2f

∂z2
(w, z) = − 1

2π

∫ 1

0
x2e−x2w2

( 1

Φ(xw)
exp

(
− i

e−x2w2/2

√
2πΦ(xw)

xz
)

+
1

Φ(−xw)
exp

(
i

e−x2w2/2

√
2πΦ(−xw)

xz
))

dx,

∂2f

∂z2
(w, 0) = − 1

2π

∫ 1

0

x2e−x2w2

Φ(xw)Φ(−xw)
dx = −B(w),

∂3f

∂z3
(w, z) =

i

2
√
2π

3

∫ 1

0
x3e−3x2w2/2

( 1

Φ(xw)2
exp

(
− i

e−x2w2/2

√
2πΦ(xw)

xz
)

− 1

Φ(−xw)2
exp

(
i

e−x2w2/2

√
2πΦ(−xw)

xz
))

dx.

Since Φ(xw)Φ(−xw) = Φ(0)2 +O(w2x2) and e−x2w2
= 1 +O(x2w2) we have (as w → 0)

B(w) =

∫ 1

−1

x2

4πΦ(0)2
dx+O

(∫ 1

−1
w2x4 dx

)
=

2

3π
+O(w2).

For w → ∞ we obtain

B(w) =
1

2

∫ 1

−1

x2e−x2w2

2πΦ(xw)Φ(−xw)
dx =

1

4πw3

∫ w

−w

v2e−v2

Φ(v)Φ(−v)
dv

=
1

4πw3

∫ ∞

−∞

v2e−v2

Φ(v)Φ(−v)
dv +O

(
w−3

∫ ∞

w
v3e−v2/2 dv

)
=

1

4πw3

∫ ∞

−∞

v2e−v2

Φ(v)Φ(−v)
dv +O

(
w−1e−w2/2

)
.

Putting these two properties together we also get B(w) = Θ(min(1, |w|−3)). Similarly it follows

that ∂3f
∂z3

(w, z) = O(1) as w → 0 (uniformly in z) and, as w → ∞,

∂3f

∂z3
(w, z) = O

(∫ 1

0
x3e−3x2w2/2

( 1

Φ(xw)2
+

1

Φ(−xw)2

)
dx

)
= O

(∫ ∞

0
x3(xw)2ex

2w2/2e−3x2w2/2 dx
)
= O(w−4).
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Thus it immediately follows that f(z, w) = 1 − z2

2 B(w) + O(z3min(1, |w|−4)), and by expanding

f(z, w) = elog f(z,w) we obtain the third representation for f(z, w) (where we use z4min(1, |w|−6)
as the order of z4B(w)2). Next, if |z| ≤ max(1, c1|w|) (for some sufficiently small constant c1 > 0)
it follows that z2B(w) ≥ z3min(1, |w|−4). Thus we also get f(w, z) = 1−Θ(z2min(1, |w|−3)).

Finally we consider B(w, z). Clearly we have B(w, z) = O(1) for w → 0 (uniformly in z). For
w → ∞ we argue similarly as above and obtain

|B(w, z)| ≤ 4

∫ ∞

0

( e−x2w2

2πΦ(−|xw|)
+

x|w|e−x2w2/2

√
2π

)
x2 dx

= O
(∫ ∞

0
wx3e−x2w2/2 dx

)
= O(w−3).

Finally we use the expansion eiu = 1+O(u) to obtain B(z, w) = B(w)+O(|z|min(1, |w|−4)), which
completes the proof of the lemma.

Lemma 14. There exists w0 > 0 with the following property. For |w| ≤ w0 we uniformly have
|f(z, w)| ≤ min(1, C/|z|) for some constant C > 0. Furthermore, for |w| ≥ w0 we have

|f(z, w)| ≤ min
(
1,

C1√
|wz|

+
C2e

|w|2/2

|w2z|

)
for some constants C1, C2 > 0.

Proof. We consider the function h(x) = e−x2w2/2
√
2πΦ(xw)

xz, which satisfies h′(x) = z h̄(xw), where

h̄(u) = − u2e−u2/2

√
2πΦ(u)

− ue−u2

2πΦ(u)2
+

e−u2/2

√
2πΦ(u)

.

We have the following three different asymptotic regimes:

h̄(u) ∼ −u2e−u2/2

√
2π

(u → ∞), h̄(u) ∼
√

2

π
(u → 0), h̄(u) ∼ −2u (u → −∞).

Furthermore there is a unique zero u0 > 0 of h̄, which satisfies h̄′(u0) < 0. Now, f(w, z) can be
represented as

f(w, z) =
1

2

∫ 1

−1
Φ(xw)eih(x) dx+

1

2

∫ 1

−1
Φ(−xw)eih(−x) dx.

Note that Φ(xw) is uniformly bounded and that its variation is uniformly bounded, too. Next we
set w0 = u0 − η for a sufficiently small η > 0 such that h̄′(u) ̸= 0 on the interval [u0 − η, u0 + η]. If
|w| ≤ w0 then we have |xw| ≤ u0 − η for |x| ≤ 1, so that |h′(x)| = |z||h̄(xw)| ≥ C ′|z| for |x| ≤ 1,
for some constant C ′ > 0. Hence, a direct application of Lemma 10 implies |f(w, z)| ≤ C/|z| for
some constant C > 0.

Next, if |w| ≥ w0 then we cut out the interval I0(w) := [u0−η
w , u0+η

w ] from the interval [−1, 1]
if there is a non-empty intersection. For x ∈ I0(w) (which is equivalent to xw ∈ [u0 − η, u0 + η])
we have h′′(x) = zw h̄′(xw) and consequently |h′′(x)| ≥ C ′′|wz| for x ∈ I0(w), for some constant
C ′′ > 0. Hence, by applying Lemma 11 we obtain an upper bound for the corresponding integral
of the form O(1/

√
|wz|). Finally, in the remaining part of the interval [−1, 1] we certainly have

h′(x) ̸= 0 and |h′(x)| ≥ C ′′′|z|w2e−w2/2 for some constant C ′′′ > 0. Thus, we can apply Lemma 10

again and obtain (for |w| ≥ w0) |f(z, w)| ≤ C1√
|wz|

+ C2e|w|2/2

|w2z| for proper constants C1, C2 > 0.

Finally, we note that we always have the trivial upper bound |f(z, w)| ≤ 1.
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Lemma 15. Suppose that c1 > 0 is a given constant. Then there exists c2 > 0 such that

|f(z, w)| ≤ 1−
c2max{1,

√
log(|z|/|w|)}

|w|

uniformly for |z| ≥ c1|w|.

Proof. We consider first the case |z| ≥ c′1|w|, where c′1 will be chosen sufficiently large. With-
out loss of generality we assume that w > 0. As in the proof of Lemma 13 it follows that∣∣2 ∫ 1

0 Φ(xw)eih(−x) dx
∣∣ = O(1/|z|) and that

∣∣∣ ∫ 1

0
Φ(−xw)eih(x) dx

∣∣∣ = ∣∣∣( ∫ (u0−η)/w

0
+

∫ (u0+η)/w

(u0−η)/w
+

∫ c/w

(u0+η)/w
+

∫ 1

c/w

)
Φ(−xw)eih(x) dx

∣∣∣
≤ 1− κc

w
+O

( 1

|z|
+

1√
|zw|

+
ec

2/2

|z|c2
)
,

where c > u0 + η and κ > 0 is a constant. By setting c = max{1, 2
√

log(|z|/|w|)} we thus obtain

|f(w, z)| ≤ 1−
κmax{1,

√
2 log(|z|/|w|)}
w

+O
(max{1,

√
log(|z|/|w|)}
|z|

+
1√
|zw|

)
+O

( 1

w log(|z|/|w|)

)
.

Thus, if |z| ≥ c′1w for a sufficiently large constant c′1, we have |f(z, w)| ≤ 1 − c2 max{1,
√

log(|z|/|w|)}
w

for some constant c2 > 0.
Finally we consider the interval c1w ≤ |z| ≤ c′1w. With c = |z/w| we have

f(z, w) =

∫ 1

0

(
Φ(xw) exp

(
− i

e−x2w2/2

√
2πΦ(xw)

xz
)
+Φ(−xw) exp

(
i

e−x2w2/2

√
2πΦ(−xw)

xz
))

dx

=
1

w

∫ w

0

(
Φ(v) exp

(
− i

e−v2/2

√
2πΦ(v)

vc
)
+Φ(−v) exp

(
i

e−v2/2

√
2πΦ(−v)

vc
))

dv.

By continuity it follows that, uniformly for c1 ≤ c ≤ c′1 and w ≥ w0,
∣∣ ∫ 1

0 Φ(v) exp
(
−

i e−v2/2
√
2πΦ(v)

vc
)
dv

∣∣ ≤
∫ 1
0 Φ(v) dv − c2

2 for some constant c2 > 0. Hence |f(z, w)| ≤ 1
w

∫ w
0 (Φ(v) +

Φ(−v)) dv − c2
w = 1− c2

w , as proposed. (The case w < 0 is completely the same.)

Lemma 16. Suppose that c1 > 0 is a given constant. Then

f(z, w) = 1− k(z/w)

w
+O

( z

w
e−w2/2

)
(38)

uniformly for |w| ≥ 1 and |z|/|w| ≥ c1, where

k(v) =

∫ ∞

−∞
Φ(u)

(
1− exp

(
i
e−u2/2u√
2πΦ(u)

v
))

du

satisfies k(v) =
√

2 log |v|+O(1) and k′(v) = O(|v|−1) as |v| → ∞. Furthermore we have the upper
bound ∂

∂zf(z, w) = O
(

1
|zw|

)
.

24



Proof. Due to symmetry we have

f(z, w) =

∫ 1

0

(
Φ(−xw) exp

(
i

e−x2w2/2

√
2πΦ(−xw)

xz
)
+Φ(xw) exp

(
− i

e−x2w2/2

√
2πΦ(xw)

xz
))

dx

= 1− 1

w

∫ w

0
Φ(−u)

(
1− exp

(
i

e−u2/2

√
2πΦ(−u)

u
z

w

))
du

− 1

w

∫ w

0
Φ(u)

(
1− exp

(
− i

e−u2/2

√
2πΦ(u)

u
z

w

))
du.

Furthermore we have∫ ∞

w
Φ(−u)

∣∣∣1− exp
(
i

e−u2/2

√
2πΦ(−u)

u
z

w

)∣∣∣ du = O
(∫ ∞

w

e−u2/2

u
du

)
= O

(
e−w2/2

)
and ∫ ∞

w
Φ(u)

∣∣∣1− exp
(
− i

e−u2/2

√
2πΦ(u)

u
z

w

)∣∣∣ du = O
( z

w

∫ ∞

w
e−u2/2u du

)
= O

( z

w
e−w2/2

)
.

Thus, (38) holds. Next we observe that (for v ≥ 1)∫ 1

−∞
Φ(u)

(
1− exp

(
i
e−u2/2u√
2πΦ(u)

v
))

du = O(1),∫ √
2 log v

1
Φ(u)

(
1− exp

(
i
e−u2/2u√
2πΦ(u)

v
))

du =

∫ √
2 log v

1
Φ(u) du−

∫ √
2 log v

1
Φ(u) exp

(
i
e−u2/2u√
2πΦ(u)

v
)
du

=
√
2 log v +O(1),∫ ∞

√
2 log v

Φ(u)
(
1− exp

(
i
e−u2/2u√
2πΦ(u)

v
))

du = O
(
v

∫ ∞

√
2 log v

e−u2/2u du
)
= O(1).

Note that
∣∣ ∂
∂u

e−u2/2u√
2πΦ(u)

v
∣∣ ≥ 1

20 for 1 ≤ u ≤
√
2 log v. Hence, we can apply Lemma 10 to get the

upper bound for the corresponding integral,
∫ √

2 log v
1 Φ(u) exp

(
i e−u2/2u√

2πΦ(u)
v
)
du = O(1). This shows

that k(v) =
√
2 log v +O(1) for v ≥ 1. The same arguments apply for v ≤ −1.

Finally, we have to deal with

k′(v) =
−i√
2π

∫ ∞

−∞
exp

(
i
e−u2/2u√
2πΦ(u)

v
)
e−u2/2u du,

where we again assume that v ≥ 1. Since
∫∞√

2 log v e
−u2/2u du = O(1/v) and, by Lemma 10,∫ 1

−1 exp
(
i e−u2/2u√

2πΦ(u)
v
)
e−u2/2u du = O(1/v), it remains to consider the range 1 ≤ |u| ≤

√
2 log v. By

another application of Lemma 10 it follows immediately that
∫ −1
−
√
2 log v exp

(
i e−u2/2
√
2πΦ(u)

v
)
e−u2/2 du =

O(1/v). Here we use the property that Φ(u) ∼ e−u2/2/(|u|
√
2π) as u → −∞, so that

∣∣ ∂
∂u

e−u2/2u√
2πΦ(u)

v
∣∣ ≥

v
20 for −

√
2 log v ≤ u ≤ −1. For the last integral we use the substitution e−u2/2 = U to obtain∫ √

2 log v

1
exp

(
i
e−u2/2u√
2πΦ(u)

v
)
e−u2/2u du

=

∫ 1/
√
e

1/v
exp

(
i

U
√
2 log(1/U)

√
2πΦ(

√
2 log(1/U))

v
)
dU.
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Since
∣∣ ∂
∂U

U
√

2 log(1/U)
√
2πΦ(

√
2 log(1/U))

v
∣∣ ≥ v

20 for 1/v ≤ U ≤ 1/
√
e, we can apply Lemma 10 another time and

obtain that this integral is O(1/v), which completes the proof of the upper bound for k′(v). The
upper bound for the derivative ∂

∂zf(z, w) follows in the same way (we omit the details).

Lemma 17. Suppose that |z| ≥ c1|w| for some c1 > 0. Then we have uniformly ∂
∂zB(w, z) =

O
(

1
w3z

)
.

Proof. By using the substitution u = xw we obtain the representation

B(w, z) = w−3

∫ w

−w
exp

(
− i

e−u2/2

√
2πΦ(u)

u
z

w

)( e−u2

2πΦ(u)
+

ue−u2/2

√
2π

)
u2 du

and consequently

∂B(w, z)

∂z
= −iw−4

∫ w

−w
exp

(
− i

e−u2/2

√
2πΦ(u)

u
z

w

)( ue−3u2/2

(2π)3/2Φ(u)2
+

u2e−u2

2πΦ(u)

)
u2 du.

With v = z/w, by Lemma 10 we certainly have∫ 1

−1
exp

(
− i

e−u2/2

√
2πΦ(u)

uv
)( ue−3u2/2

(2π)3/2Φ(u)2
+

u2e−u2

2πΦ(u)

)
u2 du = O

(1
v

)
.

Next, by using the substitution U = e−u2/2 and again Lemma 10 we obtain∫ w

1
exp

(
− i

e−u2/2

√
2πΦ(u)

uv
)( ue−3u2/2

(2π)3/2Φ(u)2
+

u2e−u2

2πΦ(u)

)
u2 du

=

∫ 1/
√
e

e−w2/2

exp
(
− i

U
√

2 log(1/U)
√
2πΦ(

√
2 log(1/U))

v
)

×
( 2 log(1/U)U2

(2π)3/2Φ(
√
2 log(1/U))2

+
(2 log(1/U))3/2U

2πΦ(
√

2 log(1/U))

)
dU

= O
(1
v

)
.

Finally, a direct application of Lemma 10 (and the property Φ(u) ∼ e−u2/2/(
√
2π|u|) as u → −∞)

provides the same bound O(1/v) for the integral over [−w,−1] and completes the proof of the
lemma.

We recall the representation ESε(X
T ) = T · J0 + 2ε · J1, where

J1 =
1

2π

∫
R2

f(w, z)T e−εw2−2iεwz dw dz, J0 =
1

2π

∫
R2

B(z, w)f(w, z)T−1e−εw2−2iεwz dw dz.

The main challenge in the computation of the integrals J0 and J1 are the parts that correspond to
large w. We start with the integral J0.
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A: The case |w| ≤ 1. If |w| ≤ 1 then we have the uniform bound |f(z, w)| ≤ C/|z| by Lemma 14.
We first look at the case |z| ≤ 2C. Here we certainly have the uniform representation (see

Lemma 13) f(z, w) = e−
z2

2
B(w)(1 + O(z3)) and, by continuity, |f(z, w)| ≤ e−c1z2 for some con-

stant c1 > 0. If |z| ≥ 2C then we have the trivial estimate |f(z, w)| ≤ C/|z| ≤ 1/2. Consequently,

J0,1 =
1

2π

∫ ∞

−∞

∫ 1

−1
B(z, w)f(w, z)T−1e−εw2−2iεwz dw dz

=
1

2π

∫ 1

−1

∫
|z|≤T−1/3

e−TB(w) z
2

2
(
1 +O(z2 + Tz3)

)
e−εw2−2iεwz dz dw

+
1

2π

∫ 1

−1

∫
T−1/3≤|z|≤2C

O
(
e−c1Tz2

)
e−εw2

dz dw +
1

2π

∫ 1

−1

∫
|z|≥2C

(C/|z|)T e−εw2
dz dw

=

∫ 1

−1

B(w)1/2√
2πT

e−2ε2w2/(TB(w))e−εw2
dw +O(T−1) +O

(
e−c1T 1/3)

+O(2−T )

=
1√
2πT

∫ 1

−1
B(w)1/2e−εw2

dw +O(T−1).

B: The case 1 ≤ |w| ≤ ηT , where η = η(T ) = c6(log T )
−3 → 0 and c6 is sufficiently large. We di-

vide the integral over z into several parts. The first part is the interval |z| ≤ z1 = |w|3/2T−1/2η−1/6,
where we use Lemma 13:

f(z, w)T−1 = e−TB(w) z
2

2
+O(|z2/w3|+T |z3/w4|)+O(T |z4/w6|)

= e−TB(w) z
2

2
(
1 +O(|z2/w3|+ T |z3/w4|) +O(T |z4/w6|)

)
.

By using the substitution v = z(TB(w))1/2 = Θ(zT 1/2w−3/2) we have (with v1 = z1(TB(w))1/2 =
Θ(η−1/6))∫

|z|≤z1

e−TB(w) z
2

2
−2iεwz dz =

√
2π√

TB(w)
e−2ε2w2/(TB(w)) +O

( |w|3/2η1/6
T 1/2

e−cη−1/3
)

for some c > 0. Note that cη−1/3 = cc6 log T , so that e−cη−1/3
= T−cc6 is an arbitrarily large

negative power of T (when c6 is sufficiently large). Similarly we obtain∫
|z|≤z1

e−TB(w) z
2

2 |z2/w3| dz = O
( |w|3/2
T 3/2

)
,

∫
|z|≤z1

e−TB(w) z
2

2 T |z3/w4| dz = O
( |w|2

T

)
,

∫
|z|≤z1

e−TB(w) z
2

2 T |z4/w6| dz = O
( |w|3/2
T 3/2

)
.

Summing up we find

J0,21 =
1

2π

∫
1≤|w|≤ηT

∫
|z|≤z1

B(w, z)f(w, z)T−1e−εw2−2iεwz dw dz

=
1√
2πT

∫
|w|≥1

B(w)1/2e−2ε2w2/(TB(w))e−εw2
dw +O

(
T−1/2

∫ ∞

ηT
w−3/2e−εw2

dw
)

+O
(
T−3/2

∫ ηT

1
w−3/2e−εw2

dw
)
+O

(
T−1

∫ ηT

1
w−1e−εw2

dw
)

=
1√
2πT

∫
|w|≥1

B(w)1/2e−2ε2w2/(TB(w))e−εw2
dw +O

( log T
T

)
.
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Next suppose that z1 = |w|3/2T−1/2η−1/6 ≤ |z| ≤ c1|w|, where c1 is sufficiently small, which ensures

that (see Lemma 13) B(w) z
2

2 ≥ C
( |z|3
|w|4 + |z|4

|w|6
)
. Recall that B(w) = Θ(|w|−3) for |w| ≥ 1. Hence,

there exists a constant c > 0 such that |f(z, w)| ≤ e−cz2/|w|3 uniformly for z1 ≤ |z| ≤ c1|w|. This
implies that the corresponding integral is upper bounded by

J0,22 =
1

2π

∫
1≤|w|≤ηT

∫
z1≤|z|≤c1|w|

B(w, z)f(w, z)T−1e−εw2−2iεwz dw dz

= O
(η1/6e−cη−1/3

T 1/2

∫
1≤w≤ηT

w−3/2e−εw2
dw

)
= O

(η1/6e−cη−1/3

T 1/2

)
.

Next suppose that c1|w| ≤ |z| ≤ c′1|w| for an arbitrary constant c′1 > 1. By Lemma 15 we have the
upper bound |f(z, w)| ≤ 1 − c2/|w| ≤ e−c2/|w|, and so we have (provided that (T/ε)1/3 ≤ ηT , or
equivalently ε ≥ c−3

6 (log T )9/T 2)

J0,23 =
1

2π

∫
1≤|w|≤ηT

∫
c1|w|≤|z|≤c′1|w|

B(w, z)f(w, z)T−1e−εw2−2iεwz dz dw

= O
(∫

1≤w≤ηT
w−2e−c2T/|w|−εw2

dw
)

= O
(∫

1≤w≤(T/ε)1/3
w−2e−c2T/w dw

)
+O

(∫
(T/ε)1/3≤w≤ηT

e−
ε
2
w2

dw
)

= O
(
e−c2T 2/3ε1/3

)
= O

( 1

T

)
if c6 is sufficiently large.

Finally suppose that |z| ≥ c1|w| (for some c1 > 1). This range is split up into c1|w| ≤ |z| ≤ e|w|3

and |z| ≥ e|w|3 . In the first case we use (26) for the function H(z) = B(w, z)f(w, z)T−1 and the
interval I = [c1|w|, e|w|3 ]. Clearly we have maxz∈I |B(w, z)f(w, z)T−1| = O(w−3e−cT/|w|) for some
constant c > 0. For the derivative we have the upper bound

|H ′(z)| ≤ |Bz||f |T−1 + |B|(T − 1)|f |T−2|fz|

= O
(e−cT/|w|

w3z

)
+O

( T

w3
e
−c′T

√
2 log |z/w|

|w|

√
2 log |z/w|√

2 log |z/w| zw

)
(for some constants c, c′ > 0), which leads to∫ e|w|3

c1|w|
|H ′(z)| dz = O

(e−cT/|w|

w3
log

(
e|w|3))+O

( T

w3
e
−c′T

√
2 log c1
|w|

√
2 log e|w|3

)
= O

(
e−cT/|w|).

Thus, we obtain

J0,24 =
1

2π

∫
1≤|w|≤ηT

∫ e|w|3

c1|w|
B(w, z)f(w, z)T−1e−εw2−2iεwz dz dw

= O
(∫ ηT

1
e−cT/w−εw2

dw
)

= O
(∫ (T/ε)1/3

1
e−cT 2/3ε1/3 dw +

∫ ηT

(T/ε)1/3
e−εw2

dw
)

= O
(
e−(c/2)T 2/3ε1/3

)
= O

( 1

T

)
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as long as ε ≥ c′′(log T )3T−2 for a proper constant c′′ > 0. In the second case we get |f(z, w)| ≤
C2e

w2/2/|z| and∫ ∞

e|w|3

∣∣B(w, z)f(w, z)T−1
∣∣ dz = O

( |w|−3

T
e(T−1)w2/2−(T−2)|w|3

)
= O

( 1

T
e−T |w|3/2

)
,

and consequently

J0,25 =
1

2π

∫
1≤|w|≤ηT

∫
|z|≥e|w|3

B(w, z)f(w, z)T−1e−εw2−2iεwz dz dw = O
( 1

T

)
.

C: The case |w| ≥ ηT . We partition the integration with respect to z into three ranges: |z| ≤
c1|w|, c1|w| ≤ |z| ≤ e|w|3 , and |z| ≥ e|w|3 . In the first case we use the trivial estimate BfT−1 =
O(w−3) and obtain

J0,31 =
1

2π

∫
|w|≥ηT

∫
|z|≤c1|w|

B(w, z)f(w, z)T−1e−εw2−2iεwz dz dw

= O
(∫ ∞

ηT
w−2e−εw2

dw
)
= O

( 1

η3T 3
e−εη2T 2

)
= O

(
e−c(log T )3

)
.

For the second case we setH(z) = B(w, z)f(w, z)T−1 and use the property that max
c1|w|≤z≤e|w|3 |H(z)|+∫ e|w|3

c1|w| |H
′(z)| dz = O(e−cT/|w|) for some c > 0, which leads to

∫ e|w|3

c1|w| B(w, z)f(w, z)T−1e−2iεzw dz =

O
(

1
ε|w|e

−cT/|w|). Thus,
J0,32 =

1

2π

∫
|w|≥ηT

∫
c1|w|≤|z|≤e|w|3

B(w, z)f(w, z)T−1e−εw2−2iεwz dz dw

= O
(∫ ∞

ηT

1

ε|w|
e−cT/|w|e−εw2

dw
)
= O

( 1

εηT
e−εη2T 2

)
= O

(
e−c(log T )3

)
.

Finally, for |z| ≥ e|w|3 we use (as above) the upper bound |f(w, z)| ≤ C2e
w2/2/|z| and the resulting

bound
∫∞
e|w|3 |B(w, z)f(w, z)T−1| dz = O( 1

T e
−T |w|3/2) to obtain

J0,33 =
1

2π

∫
|w|≥ηT

∫
|z|≥e|w|3

B(w, z)f(w, z)T−1e−εw2−2iεwz dz dw

= O
(∫ ∞

ηT

1

T
e−T |w|3/2e−εw2

dw
)
= O

(
e−η3T 4/2

)
,

which is certainly negligible. This completes the proof. □
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