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Abstract

In online learning, a learner receives data in rounds 1 < ¢ < 7" and at each round predicts a label
which is then compared to the true label resulting in a loss. The total loss over 7" rounds, when
compared to a loss over the best expert from a class of experts, is called the regret. We study
minimax regret for the best predictor and worst label sequence. This paper focuses on logarithmic
loss over a class of experts H,, parameterized by a d-dimensional weight vector w which can be
unbounded and increase with 7. For bounded weights it is known that the minimax regret can
grow no faster than (d/2)log(T'R?/d), hence the leading coefficient in front of log 7" can raise
untamed with growing R. However, in this paper, we demonstrate a phase transition showing that
the minimax regret for R > T and large d asymptotically becomes (d + 1) log T+ O(loglog T")
for a logistic-like expert class, which can naturally be generalized to a larger class of experts. We
prove our findings by introducing the so-called splitable label sequences that partition the weight
space into 7% regions (of equal sign for the scalar product of weights and features), powered with
analytic combinatorics (e.g., Mellin Transform, saddle point method) and discrete geometry.
Keywords: Online learning, minimax regret, discrete geometry, analytic combinatorics

1. Introduction

The problem of online learning under logarithmic loss and its regret analysis has been extensively
studied over the past decade Grunwald (2007); Rakhlin and Sridharan (2015); Foster et al. (2018);
Wu et al. (2022, 2023a). Nevertheless, even in the case of logistic regression, precise second-order
asymptotics for unbounded weights remain largely unexplored, with the notable exceptions of Jacquet
et al. (2021) and the recent works Drmota et al. (2024, 2025), which analyze scenarios where the
weights grow either sublinearly with the number of rounds or without bound (see also Qian et al.
(2024)). In this paper, we address the regime in which the weight growth rate exceeds the number of
rounds, revealing a sharp phase transition. Our analysis builds on several novel techniques, drawing
from analytic combinatorics and discrete geometry.

To set the stage of our discussion, we briefly recall that the online learning problem is often
phrased in terms of a game between nature/ environment and a learner/predictor. At each round
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t € N, the learner obtains a d dimensional data/ feature vector x; € R to make a prediction §); of the
true label y, € {—1, 1}. The learner makes the prediction ;. Once a prediction is made, the nature
reveals the true label y; and the learner incurs some loss evaluated based on a predefined function
?: j} x Y — RT, where 5) € Rand Y € {—1, 1} are the prediction and label domains, respectively.
In regret analysis, one compares the accumulated loss of the learner to the best strategy within a
predefined class of predictor functions & € H : R? +— R with bounded input ||x;|| < 1. After T
rounds, the pointwise regret is

T
Ry M) =Y ) — inf > k(). ve).
t=1

t=1
Throughout we write 5y = (y1,...,yr) and x* = (x1,...,X7).

In this paper we focus on logarithmic loss £ : Y x Y — RY that we write as ¢ (e, yr) = — log Ui,
if y, > 0, and £(9;, y:) = — log(1 — ¢;) otherwise. Furthermore, we restrict our study to the class of
experts:

Hpw ={h: R = R: h(x) = p((w[x)) : w,x € R}, (1)

where w is a d dimensional weight vector, (w|x) is the scalar product of x; and w, and p(w) with
w = (w|x) is a probability function. To ease the presentation, we mostly discuss the logistic
regression with p(w) = (1 + exp(—w))~! (see e.g., Hazan et al. (2014); Shamir (2020), and we
leave the extension to other functions to a forthcoming paper. Throughout, assume that x; lies on a
d-dimensional sphere S; while the weights ||w|| < R < oo with R possibly increasing with 7.

In the fixed design approach (also known as transductive online learning) analyzed here the
minimal regret for the worst realization of the label with the feature vector x’ known in advance is
defined as

r(xT) = r(H|xT) = inf sup R(g",y", H|xT). (2)

gt YT

To decouple it from the feature vector x; one either maximizes over all x; or takes the average over

the features. We study here the average fixed design minimax regret 77 (H) := E r[r(H|x")] as

well as 7% (H) = max,r 7(H|xT)] where feature vector x; is generated by an i.i.d distribution. The

importance of fixed-design regret lies in the fact that it is a universal lower bound for various regrets
discussed in the literature Wu et al. (2022, 2023b).

As discussed in Jacquet et al. (2021); Shamir (2020) the minimax regret (x”') can be studied
through the so called Shtarkov sum which for ||w|| < R becomes

S(XT) = Z sup P(yT\xT,w) 3)

T lIwll<r
where P(y”|x",w) = [1,,50p((xt, w)) [],,<0(1 — p({x¢,W))), and the regret is then r(x
log S(x”). In this paper, we investigate the Shtarkov sum and the minimax regret in the regime
of large R > T, revealing a phase transition as illustrated in Figure 1. Throughout, we denote
the Shtarkov sum and the minimax regret by S%(x”) and rf(x), respectively, to emphasize their
dependence on R.

T):

1.1. Related Work

Online learning under logarithmic loss can be viewed as universal compression (source coding) with
side information, as discussed in Barron et al. (1998); Takeuchi and Barron (2006) and Drmota and
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Szpankowski (2023); Jacquet and Szpankowski (2004); Szpankowski and Weinberger (2012); Xie
and Barron (1997, 2000). The logistic-type class of experts, as in (1), has been studied extensively in
Foster et al. (2018); Hazan et al. (2014); Rakhlin and Sridharan (2015); Shamir (2020); Wu et al.
(2022) under various formulations of regret. In particular, it is known that for any range R of the
weight vector w, the minimax regret can be upper bounded by (d/2) log(T R?/d) for the sequential
regret setting, where both x” and y” are selected sequentially Foster et al. (2018); Shamir (2020);
Wu et al. (2022).

For the fixed-design regret studied here, the precise dependence on the weight norm R is largely
unexplored. Several prior results, such as Shamir (2020); Wu et al. (2022); Mayo et al. (2022), show
that the regret lower bound grows as (d/2) log(T'/d?) (with no dependence on R), which can deviate
arbitrarily from the generic (d/2)log(T R?/d) upper bound for large R. Recently, Drmota et al.
(2024) proved that for fixed-design regret, the upper bound can be improved to 2d log T for a general
monotone class, even with R = co. But this bound is too rough, our aim is to precisely characterize
fixed-design regret in the transition region, which turns out to be between (d/2) log T and dlog T as
R increases as a function of T". Very recently, Drmota et al. (2025) partially addressed this challenge
by showing that when R = o(T1/4), the regret grows linearly from 0.5d log T to 0.625d log T (see
Figure 1). This paper fills the gap by focusing on the regime R > (7). In passing we also disprove
a conjecture in Drmota et al. (2024) which heuristically argued that the regret scales as dlogT
for R > +/T. Our analysis shows that this behavior is guaranteed only when R > T, while the
precise behavior in the intermediate region O(v/T) < R < Q(T') remains open. To the best of our
knowledge, Drmota et al. (2024, 2025) are the only works that provide a precise characterization of
fixed-design regret with unbounded weights (although Qian et al. (2024) also studied unbounded
weights, they did not address its precise behavior). We emphasize that analyzing the transition region
poses substantial technical challenges when a precise characterization is required (i.e., precise up to
the second-order asymptotics).

1.0f -
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Figure 1: Phase transition of the regret growth constant 3 in r7 ~ SBdlogT for R = T*. The
lower blue segment, given by 5 = «/2 + 1/2, was proved in Drmota et al. (2025). The
upper blue segment is established in this paper, while the red dashed segment remains
conjectural.



DRMOTA JACQUET WU SZPANKOWSKI

1.2. Summary of Contributions

In this paper, we present for the first time a precise second-order asymptotic characterization of
the transition region R > T'. In Theorems 5 and 6, we establish the following results, which we
summarize informally below:

Theorem 1 (Informal) (i) For T' < R < oo the following bounds hold for Shtarkov sum:
aT¥ ™ logT)~W=Y < B r[SE(xT)] < euT (log T)3@Y

for sufficiently large T and positive constants c1, co.
(i1) Uniformly for c3TlogT < R < oo the following bounds hold for the average minimax
regret

(d—1)logT — O(log T/ loglog T) < Exr[r(x")] < (d 4 1)1og T + O(loglog T)
for large T’ and a positive constants cs.

This indicates that a phase transition occurs around R ~ T, as illustrated in Figure 1. The
behavior of the regret in the intermediate regime 7'/ < R < T remains unknown; however, we
conjecture that it grows linearly with o for R = T'“ (see the red dashed line in Figure 1). Our
main proof technique builds on the notion of splittable sequences, first employed by Drmota et al.
(2024), combined with novel geometric covering lemmas for high-dimensional spheres (Lemma 3
and 4), which we believe are of independent interest. Moreover, our analysis of the upper bound
leverages powerful analytic tools from analytic combinatorics—such as Mellin transforms, generating
functions, and complex asymptotics.

2. Main Results

In this section, we first introduce the notion of splittable sequences, followed by key covering lemmas
for the unit sphere that enable us to derive general lower and upper bounds for the Shtarkov sum
and the minimax regret. We then present a concise overview of our two main results on the precise
asymptotics of the Shtarkov sum and regret, with full proofs deferred to the next section and the
Appendix.

Splitable Sequences. Given a feature sequence x’ = (xi,...,xr) (with x; € S%) a chamber

c is a cone of vectors w € R% where for each ¢ the quantity (w,x;) keeps the same sign over c.
Equivalently, we consider the 7" hyperplanes H; = {w € R? : (w,x;) =0},1 <t <T,and then a
chamber is just a connected component of the complement R \ Ule H,. Suppose that the set of
vectors x” is in general linear position; that is, every choice of d vectors are linearly independent.
Then the number M (T') of chambers is given by

My(T) = 2% (T,_ 1) = 2(5:11>(1 +0(1)T)) ~ 2(5:1)!.

This follows, for example, from an application of Zavlavsky’s theorem (Greene and Zaslavsky, 1983).
In all the other cases, My(T') is an upper bound for the number of chambers.



MINIMAX REGRET FOR LARGE WEIGHTS

A label sequence y” is called splitable if there exists w € R? such that y;(w,x;) > 0 for
t =1,...,T. We denote the set of splitable sequences as SP(x7), that is

SP(xT) = {y?: Iw e RVt € [T], ys(xs, w) > 0}. 4)

Such sequences partition R? \ Ule H, into chambers as illustrated in Figure 2 (for d = 2). Clearly
there is a bijection between chambers and splitable label sequences. Thus when the set x” is in
general linear position, the number of splitable sequences is precisely My(T).

Figure 2: Illustration to splitable sequences for 7' = 3 and d = 2 where the boundary of the chamber
are solutions (of w) to (x;,w) = 0 where x; = (%, %), Xy = (—%, %), X3 =
(—%, %)) There are six splitable sequences y> out of eight possible label sequences
(e.g., (—1,1,—1) is not splitable).

Now we fix a chamber c or equivalently a splitable sequence 3. Then a sequence 47 is called
k-splitable in c if exactly & indices from y” and y'T differ. Equivalently, this means that there are
exactly k indices ¢ such that y; and (w, x;) have different signs, where w € c.

A very simple observation is that for every chamber ¢ and the corresponding label sequence
yT we have supy,c, P(y|xT, W) = supye, ]_[th1 p(|[{(w, x¢)|) = 1 if R = oo. Thus, if the feature

sequence x' is in general linear position we find for R = oo

Tdfl

S5 (xT) > My(T) ~ Q(d —

and consequently 7°°(x) > (d— 1) log T + O(1) which was already proved in Drmota et al. (2024).
We now extend this idea to the regime R ~ T', which will require several technical covering lemmas,
as shown below.

Geometrization: Cover Lemmas. We call a discrete set U = {u; € Si.1<i<N } on
the sphere S? a §-cover if for every u € S¢ there exists i € {1,..., N} with ||u — w;|| < 4.
(Equivalently, the balls B(u;,d), 1 <i < N, cover the sphere Sd.) Similarly we call a discrete set
V ={v; € §%:1< i< N} on the sphere S¢ a §-packing if the balls B(v;,§), 1 < i < N, are
disjoint. In particular, the following can be found in Wainwright (2019).
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Lemma 2 For every 6 > 0 there exists a §-cover U = {u; € Sl.1<i< N} on the sphere Sd
with N < ¢46~ 4= where cq > 0 is a constant depending on the dimension d.

Furthermore, for every 6 > 0 there exists a -packing V.= {v; € S : 1 < i < N} on the
sphere S¢ with N > 0 —(d=1) \where ¢, > 0 is a constant depending on the dimension d.

With the help of Lemma 2 we construct a subset A7 of the ball B(0,7T) = {w € R? : |w| < T}
of size |Ap| < T4 such that

ATz{;}uz-:lgng% 1§z'§Td—1+“},

where the set U = {u; : 1 <4 < T971*} ¢ S9is a §-cover with

1

§=c, T A (5)

We now consider the set of chambers C'(x”) that corresponds to a feature sequence x*. We call
cell the intersection of a chamber ¢ € C'(xT) with $% and we denote by C' = C(x”) the set of all
cells (related to x7'). The next two covering lemmas are crucial to establish upper and lower bounds
for the Shtarkov sum and regret.

Lemma 3 Suppose that the vectors x;, 1 < t < T, of a feature sequence are uniformly and
independently distributed on S°. Suppose further that 0 < o < d and that U = {u; € §¢:1<i <
T4=1%Y is a §-cover on S with § as in (5). Then with probability > 1 — O(T~2%)

max ‘B(ui, | = ( log T)%~ 1)
1§i§Td_l+a

where all estimates are uniform for 0 < o < d.

Proof We first consider a ball B(u,d) = {v € S%: |ju— v|| <4} on S? and want to estimate
the number of cells (or chambers) of C(xT) that intersect with B(u,d). Note that § is related
to the maximal angle 6 between u and v by 6 = 2sin 5 9. For this purpose, we first observe that
H; = {w € R?: (w,x;) = 0} intersects B(u,2sin ¢ ) 1f and only if |(u,x;)| < sin 6. Hence, the
number of cells (or chambers) that intersect with B(u 2sin 3 ) depends solely on the number

mr(u) = {1 <t <T:|(u,x)| <sinb},
In particular, by Zavlavsky’s theorem (Greene and Zaslavsky, 1983), we have
|B(u,2sin(6/2)) N C(XT)’ = O(1 + mr(u)®t)
Note that

T
Z 1 [[{u,x¢)|<sin 6]
t=1

is a sum of iid indicator function and has a binomial distribution Bi(7T’, p) with parameter

1 0
p = P([{u,x,)| <sinf) = / (cost)™Ldt < IT1m
Sd Jo

6
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for some constant ¢/; > 0. It’s moment generating function is then given by
E[ef™ W] = (1 + (£ — 1)p)T < ele* e
and by an application of Chernov’s bound we obtain (by choosing £ = 4d and s = logT)
P (mr(u) >logT) < e $18T(1 4 (e — 1)p)T = O(T~49).
Finally by applying the union bound it follows that
p (Eli e {1,..., T Lmg () > 1ogT) < oi-itep—id < p-2,
Thus, with probability > 1 — 7~2¢ we have

max ‘B(ui, 5N C(XT){ =0 ((log T)d_1>

1§7;STd— 14+

as desired. [ |

Lemma 4 Suppose that the vectors x;, 1 < t < T, of a feature sequence are uniformly and
independently distributed on S%. Suppose further that

log(ci logT)/logT < a<d—1

for a properly chosen constant cj > 0 (depending on d) and that V' = {v; € Sd:1<i<TiTlmy
is a 6-packing on S with
§ = (¢) Tt

Then with probability > 1 — T 24

max |V Nel <1.
ceC(xT)

Proof For v,w ¢ S? we denote by § = 6(v,w) = arccos({v,w)) the angle between v and w.
Then a random hyperplane H; separates v and w with probability
0
P (H; separates v and w) = M
™
Hence, the probability g7 (6) that none of the T hyperplanes H; (1 < ¢t < T) separates the pair v
and w (with angle ) is given by

6 T
qr(0) = <1 - ) < e To/m,
T

Actually, this is precisely the probability that v and w are contained in the same chamber (or
cell). In particular, if # > 26 (for some § > 0) then ¢7(8) < e 27%/7  Suppose now that
V ={v;:1<i<T%17%}is a -packing with

5= () T,
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Since ||v; — v;|| > 26 for i # j we find
T2d—1-a) ,~2T6 /7

IN

P (Ji # j : v; and v; lie in the same chamber )

Tz(d_1_a)€_2(c;l)*d*31Td%1/7r

T—2d

VANVAN

for (d — 1) log(c// log T)/log T < a < d — 1 and a properly chosen constant

4d+ 1 1
dy > "D gyt

Therefore, with probability > 1 — 724 each chamber contains at most one element of V. |

Intuitively, Lemma 3 shows that, with high probability (over the randomness of x*), the ball
B(u;, d) centered at any covering point u; with radius 0 cannot intersect many chambers induced by
x”'. On the other hand, Lemma 4 shows that, with high probability, no chamber can intersect with
many packing points as well. These two lemmas allow us to concentrate our analysis on (fixed) finite
packing and covering sets of the parameter space, independent of x”, which will then be used in
deriving our lower and upper bounds, respectively.

Lower Bound for Average Shtarkov Sum. We now derive a lower bound for the Shtarkov
sum E[S®(xT)] for R > T. By the monotonicity of Shtarkov sum, we only need to prove a
lower bound for R = T'. The idea is to lower bound the Shtarkov sum only over the splittable
sequences and to choose w in an appropriate way (any choice of w yields a lower bound). We fix
a=(d—1)log(c)logT)/(logT) andlet V = {v; : 1 < i < T917%} be a §-packing of 5% with
§ = (c&)—l/(d—l)T—Ha/(d—l).

Let y(c)” be a splitable sequence associated with chamber c. By Lemma 4 we have [V N¢| < 1
for all ¢ € C(xT) with probability > 1 — T~2%, Thus,

STxTy > Z max P(y(c)'|xT,w)

wee, |w|<T
ceOxT) [w|<

> Y P, Tv)

ceC(xT) vieVne

= Y PO TV

ISZ'STd—lfa
T
1
= 2 i ©)
—TI(xe,va)l?
i1 121 1+e ¢

holds with probability > 1 — 729, where (%) follows by Lemma 4. This implies that

E[s7(x7)] = 0 (Td—l—a (E [MDT) |

Since E [ =1— % (14 0(1)), it follows that

1
14+e—TI{xVv)]

E[ST(xT)] = Q (Td—l—a) o) (Td—l(log T)—d+1) .

8
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Lower Bound for Average Minimax Regret. Note that the averaged minimax regret equals
E[log S (x™)]. Unfortunately, this cannot be directly lower bounded by E[S*(x”)], since Jensen’s
inequality goes in the opposite direction. To overcome this difficulty, we instead establish a high-

probability lower bound on S (x”') for a slightly larger radius R = (ﬁ Tlog T). From (6) we
have, wp > 1 — T2 forall R > T, that

T
1
R/, T
> —_— 7 .
stz ) H1+€—R\<Xt,vi>\
1<i<Td-1-a t=1

For every v; € V, the distribution of the inner product (x;, v;) has the density (see, e.g., White
(1953); Costa (2015))

hle) = ﬁrig/_?)n/m“ —HEEE s

Note that
I'(d/2) d

~ A —

JaT(d-1)/2) " Vor

Thus, for § < %,
P (|(x,vi)| < 6) < C1Vd6

for some (absolute) constant C'; > 0. We now consider the random variable
Y; = ‘{t €{1,...,T} : log(1 + e~ RUbetvidly > 1/T}‘
that is the sum of 7" independent Bernoulli random variables with
po= E[Y]
- TP (log(l + e Blbvaly > 1/T)

TP ([(x1,vi)| < (logT)/R)

ﬁTlogT
— 7

IN

IN

Cy
Note that log(1 4 e~ #IC1vill) > 1 /T implies |(x1, v;)| < (log T)/R. Consequently, by setting

R=CeVdTlogT

and by applying Lemma 13 of Appendix A we obtain for y > 1

Yy
P(Y;>y) < (ecl\/ngogT> < evlogy,
[ — Ry =

Hence, by setting y = 3dlogT'/(loglog T') we arrive at

—ylogy _ _—3dlogT(1—(loglogT)/(logloglogT)) <
€ =€ = T2
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for sufficiently large 7. Thus, with probability > 1 — 72 we obtain

d 1 1
H N 6—(T—y)/T—ylog2 > 7T—(3log2)d/(log10gT)'

-R sy Vi - -
t=11+6 [(x¢,vi)l e

Applying the union bound, it follows that with probability > 1 — 7%,
SR(XT) -0 ((log T)—(d—l)Td—l T—(SlogQ)d/(loglogT)) ]
Consequently, with probability > 1 — 7%, we have

PR(xT) > (d—1)log T — O (‘“OgT>

7
loglogT @

for sufficiently large T, where the O-constant does not depend on x” . This further implies that the
expected regret is of the same order, since the regret is nonnegative.

Upper Bound for Shtarkov Sum. Here we only give general ideas for the upper bound on the
Shtarkov sum, delaying the detailed proof to Section 3 and the Appendix. We first recall that the
following upper bound, proved in Drmota et al. (2024) (see also Appendix B for complete proof)
holds
5°(xT) = O(T?%), 8)

and will be used several times in this paper.

By the monotonicity of the Shtarkov sum, it suffices to derive an upper bound for S*°(x
which then automatically applies to S%(x”) for any R.

We distinguish between three cases, where the optimum is obtained for some w* with ||w*| <
Wo, where Wy < ||w*|| < Wi, and where ||w*|| > W1, with

)

>

Wo=T"21 and W;=T, ©9)
where log(¢ log T)
og(cy log
=(d-1)—2——+ 10
o= (d—1)EL R (10)
and ¢} is sufficiently large (just depending on the dimension d). We set
ST = Y. max P(y"x",w), (11)
T 7 Iwli<Wo
Yy 6{—1,1}
590 (xT) = Z max  P(yT|xT,w) (12)
JTel11)T Wo<||wl||<Wi
sy = Y sup PyTxT,w). (13)

yTe{—1,11T llwl|>W1

Clearly, we have then
§%(xT) < 83°(x") + S7°(x") + 55 (xT).
We will show that
T 1og 7)Y < B[S®(xT)] < e (log T3¢~

uniformly holds for all sufficiently large 7" and suitable positive constants cy, ca.

10
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Summary of Main Theorems. We are now in a position to state our main results.

Theorem 5 Suppose that the vectors x;, 1 < t < T, of a feature sequence are uniformly and
independently distributed on S®. Then, uniformly for T < R < oo, we have

T (log T) "1 < B[SH(xT)] < 2T (log T)*@—Y)
for sufficiently large T" and suitable positive constants cy, ca.

A corresponding result for the regret holds in a slightly smaller range. Note that we have already
established the lower bound in (7). The upper bound follows from Theorem 5 together with Jensen’s
inequality:

Erfix))=E [log SR(XT)] < logE[ST(x1)],

which holds for all R > 0.

Theorem 6 Suppose that the vectors x;, 1 < t < T, of a feature sequence are uniformly and
independently distributed on S%. Then, uniformly for c3Tlog T < R < 0o, we have

(d—1)logT — O(log T/ loglog T) < E[rf(x1)] < (d +1)log T + O(loglog T')

for sufficiently large T’ and suitable positive constants cs.

3. Analysis

In this section, we focus on proving Theorem 5, in particular the upper bound given in (11)—(13).
Before proceeding, we first present some auxiliary results concerning the average behavior of the
logistic function and its concentration.

3.1. Concentration of the Logistic Function

We start with asymptotic results for the average (over x) of the logistic function.

Lemma 7 Suppose that x is a random variable that is uniformly distributed on S* and w € R%.
Then the expected values

[=I(|w|) = E [log(1 + €_|<W,Xt>\)] and J=J(|w||)=E [e—l<WvXt>\]

only depend on the length w = ||w|| and are asymptotically given by

7T2

1
_ -2 _ -2
=~ Tossw O(w™") and J(w)= S0 +O(w™ ),

I(w)

where

~

2((d+1)/2)  2d

11

P i, VA2
sd—/o (cos0) " db =
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Proof We first write [(w) = I(||w||) explicitly as follows

1 /2 .
I(w) = Sd/o log(1 + e~ %) (cos )~ 1do

with the normalizing factor s4 as above. We now apply the powerful Mellin transform (Szpankowski,
2001) to analyze I(w) for large w. We first recall definition the Mellin transform I*(w) of I(w)
which is I*(s) = [~ I(w)w*~'dw for some complex s. We find

I*(s) = /000 I(w)w® tdw

1 /2 oo )
= (cos G)d_ldﬁ/ log(1 + eSS~y
Sd Jo 0
1 w/2 00
= (cos )~ 1dA(sin §)~* / log(1 + e “)v tdv.
Sd Jo 0

We now observe that the latter integral is the Mellin transform of log(1 + e~") which becomes

/Ooo log(1+ e “)v¥ tdv = T(s)n(s + 1)

where I'(s) is the Euler gamma function and

X 1\n+l
n(s) = Z (11)3’ R(s) > 0.

n=1
Furthermore,
[(d/2)T(1/2 + s/2)
2U(d/2 +s/2+1/2)"

/2
/ (sin 0)*(cos 0)4"1dh =
0
Putting everything together we find

1 T(d/2)T(1/2 — 5/2)
Do) = S0+ D oprn =51 /)

0<R(s) < 1.

The main singularity of I*(s) is at s = 1 with residue 175; since 7(2) = w2/12and I'((1 — 5)/2) ~

2/(1 — s). By inverse Mellin transform, we find for large w

2

o

w2

I(w)

).

- 12s4w
The asymptotics of J(w) follows the same pattern except that the starting point is
L[ ing d—1
J(w) = e VS (cos 0)do
with the Mellin transform

o1 T(d/2)T(1)2 - 5/2)
T = T O)sran =2 12)

12
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leading to

J(w) = Sdlw +O(1/u?)

for large w. u
Next we prove some concentration results of the sum of logistic functions.

Lemma 8 Set .
Ip(w,x") = Zlog (1 + 6_‘<W’Xt>|> ;
t=1

where xT = (X1,...,xr) are iid on S®. Then for sufficiently small ¢ > 0 there exist a constant

B = (6\/&) such that for every w € R?
P (Ir(w,x") ¢ [(1 — )TI(|[w]). (1 + &)L (}w])]) = O (exp (—ﬂ”WTH>> |

Similarly, if we set

Jr(w,xT) = 3 emlwxl,

t=1

then we also have

P (Jr(w,xT) & [(1 - )T (|w]), (1 + )T ([w])]) = O (exp (—5T))

wi
for B =Q (5\/&)
Proof We first study the moment generating function
B[] = f(wl]l.&)"

with
1 w/2 )
fw, &) = / (1 + e s (cos 0)41d6.
Sd Jo
The Mellin transform of the mapping w — f(w, ) — 1 is defined for $(s) > 0 and is given by

T(d/2)T(1/2 — 5/2)

M(f(w,f)—l,s) :g*(s’g)QF(d/2—s/2+1/2)’

where g*(s, §) is the Mellin transform of the mapping
z (1+e @8 —1

that exists for all £ and for all s with R(s) > 0. Thus, the smallest singularities of M (f(w, &) — 1, s)
are at s = 1 and s = 3 (assuming that d > 2). This implies that f(w, £) behaves like

f(w,ﬁ):1+l(w)§+hf)—|—0<;>

13
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with

h(§) = /OOO ((1 + e*I)f —1—1log(1+ e*w)) de = apé? + 0(63),

where ag = [ (log(1 + e~*))?dx. Note that these expansions only hold for ¢ = O(1).
By Chernoff’s inequality we have for any random variable

P(X > A) < e *E[*Y]  (£>0)

and
P(X < B) <e *BE[] (£ <0).

Thus, we get (for & > 0)

P (Ir(w,x") > (14 &)T I(w)) < e 6T 1(@)+Ta28/w(1+0()
and (for £ < 0)

P (Ir(w,x") < (1 — )T I(w)) < &7t /u1+0(©)

We just choose
E=4 el /2

for a sufficiently small constant ¢ > 0 and have completed the first part of the proof.
Next we set (for |{] < 1)

1 w/2

g(w,§) = — exp (fe*wsmg) (cos0)?1dg
Sd Jo

1 /2 w sin 0 d—1 52 —2w sin 0

= 14— Ee~ (cos0)**dh + O cos 0 df
Sd Jo Sd Jo

2

-1 fvo(L).

Sqw Sqw

Thus, we are in the completely same situation as for f(w, &) and thus obtain the same kind of
estimates. |

We end this subsection with some deterministic estimates on the sum of logistic functions.

Lemma 9 We have
T
S [loa(1 + etwxl) — log(1 4 ¢liwaxd >\<||wlfwz||Z —min(l(w bl 20D (1)

Proof Since
log(1 +e™)'| = <e®  (z20)

we have
‘log(l +e ) —log(l+ efy)‘ < e~ min(z,y) |z — y| (x,y > 0).

14
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This implies
log(1 + e [tW1x0)ly _log(1 + e W2l | < J](wy, %) — [(wa, x¢)|| e~ minUwLxa) L [ (waxe)l),
However, we also have

(W1, %) | = [(Wa, %) || < [(W1, x¢) = (Wa, %¢)| < [[wr — wal|.

So, (14) follows immediately. |
In the sequel we will use Lemma 9 in a 2-step approximation. First, we apply a scaling, that is,
consider w; = wyu and wy = wyu with u € S%. Then
T

> [tog(1 + eIl —tog(1 4 eI x) | < 7wy — wol. (15)
t=1

Secondly if ||w1|| = ||[wz|, that is, if w; = wu; and wo = wuy with uy, us € S% Then
T T
Z ‘log(l + e—l(W17Xt>\) —log(1 + €—|<W2axt)|) < w||u; —uy| Z e~ wmin(|{ur,x¢)[, | (uz, %)) (16)
— t=1
for any w.

3.2. Proof of Upper Bound

We now prove the upper bound of Theorem 5 by considering three parts of the Shtarkov sum as
expressed in (11)-(13).

3.2.1. UPPER BOUND FOR S5°(x7)

For given features x* let C'(xT') be the set of chambers. Furthermore we denote by y* (¢) the splitable
label sequence that corresponds to ¢ € C(x?'). Moreover, if .J, is a subset of size k of {1,...,7T}
then y” (¢, J)) denotes the k-splitable label sequence that is obtained from y” () by changing the
signs at the indices J. We denote by w*(c, J;,) a vector that maximizes P(y” (c, Ji,)|x?, w) in the
closure ¢ of ¢ with |[w*(c, Ji)|| < Wy where W) is defined in (9). Thus

max  P(yT(c, Jp)|xT,w) = Pyl (c, Jp)|xT, w*(c, Jy)).
weg, |w||[<Woy

We then clearly have

Z ZZP (e, ) |IxT, w*(c, Ji)).

CEC(XT) k‘ 0 Jk
By definition then
P(y" (e, Jy)[x", w* (e, Jy))

T
(1 erlowtemxil) ey | = 37wt (e, 1), )]
t=1 j€Jk
T
= exp —Zlog(1+e“< “(erdk)xe) ) Z| (¢, Jk), x4)]
t=1 jeJk

15
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We now take the best approximation vector w*(c, Ji) € Ar so that (by Lemma 9)

P(yT(c Jk)\XT w* (e, Jx))

(exp Zlog( (W (e, Jie) xe) ) Z’ (¢, Jk), %)

JE€Jk

xexp( <1+T dlZe*| “(edr), xt'—i—;%—kT fil>>>

-0 (exp (—IT(vv*(c, J),xT) + 0 (T*ﬁJT(vv*(c, ), xT)))
= ¥ : _ 2a
xexp [ (e )l X [sin(0y)] + 0 (k77 )
J€Jk
where « is given in (10) and 6; denotes the co-angle between w*(c, Ji) € Ap and x;:

<V~V* (C, Jk))? Xt)
W (e, Ju)l|

sin Gt =

We now apply Lemma 8 and obtain that with probability
d+1+a T —2d
s1-o(r exp | —Bo— :1—0(T )
Wo

(1—e)TI(W) < Ip(w,x") < (1 +¢&)T I(W)

leading to

and
(1 —e)T J(W) < Jp(W,xT) < (14 ¢)T J(W)

/s

for all w € A7. Note that we have used the assumption that ¢}’ is sufficiently large so that

T
Td+1+a exp <_5OVI/O> < T_Qd.
Thus, we have with high probability
P(yT(Ca Jk)|XT’ W*(Ca Jk))
0 <exp (—(1 — T I(%* (e, Jy)) + O (Tl—ﬁ J(W* (e, Jk))>>

xexp | —||[W*(c, Jg) HZ|sm |+O( Td_z(f) >

Jj€Jx

=0 [ exp [ —(1 = 26)Tn?/ (654l w* (c, Jo)||) — [IW* (e, J)|| D Isin(6; |+o(m 1)
J€Jx

16
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By a (very) simple computation, we also find

T 2
(1 —26)Tw?/ (650" (e, Ji) + @ (e, i) Y [sinb] > 2 | (1 —26) =~ 3~ [sing,].
teJy 6Sd teJy

Thus, we obtain (with high probability) the upper bound
P(yT(Ca Jk)|XT7 w* (Ca Jk))

B (1 —2e)Tw? , _ 2a
=0 [exp | —2(1—2¢) B Y teZJ |siné;| + O (k:T d*l)
k

We now apply Lemma 3 which implies that with high probability w € Ap is at most O(1) times the
best approximation of a vector w* (¢, Ji)) (uniformly for every &k and Ji). Thus,

T
se) = oot Y SN

weAp k=0 Jg

1 — 2e)Tr? —2a

exp | —2 ﬂg |sin9t]+0<de31) ,
654

teJy

where 0, denotes the co-angle between w* € Ar and x;.

Our goal is to get upper bounds for the expected value E[S5°(xT)]. We distinguish between
two cases. In the first case, where Lemma 3 cannot be applied, we use the general upper bound
S5°(xT) = O(T?), but this occurs in the worst case with probability O(7~2?). In the second case
we just apply the above upper bound and obtain

Bisy ()] = 01

/T
+(log Tyt ottty - (k>E

k=0

exp (_2(1 - 2E)J % > Isindy| + O (deZl))] )

teJy

Hence, by applying Lemma 10 we finally arrive at

2a k

1 (2k)! [ 30T 1)
Tk k| 272(1 — 2¢)

T
E[S(())O(XT)] = 0O|1+ (log T)d_lTa+d+l Z (i)
k=0

= O (T (log )21
as desired.

3.2.2. UPPER BOUND FOR S{°(x7)

We start in the same way as for S5°(x7'), However, we denote now by w*(c, Ji,) € Ar a vector that
maximizes P(y” (¢, Ji,)|x*, w) in the closure ¢ of ¢ when Wy < ||w| < W; where W is defined
in (9):

max PT (¢, Jo)|xT,w) = P(yT(c, J)|xT, w*(c, Ji)).
wee, Wo<||wl||<W (™ (e, Ji)] ) (y" (e Ji)| (¢, Jk))

17
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As above we then have
T

SN < Y0 DS P (e )X w (e, Ji)).

ceC(xT) k=0 Jj
We recall that

P(yT(c, Jk) |XT, w*(c, Jg))
T

(e - e
t=1 JEJL
T
= exp —Zlog (1—1—6_‘< "(endi) e ) Z\ (¢ Jk), %)
t=1 Jj€Jx

As above we now take the best approximation vector w*(c, Ji) € Ar so that

Py (e, Ji)Ix", W*(C )

<exp Zlog (1 + e~ [W(edr)xe) ) Z (W™ (c, k), x)]

J€Jk
T k
-5 —[(%*(c,J),xt)|
xexp(O(lJerlZ +T+k:Td1)>>
t=1
— 329 —I%* (¢, Ji) ||| sin(6:)] R (.
:0( 10T Wilsin@o!) M. 150" (e, 1) in(6,)] eom—a/w—n))
—[[w*(c,J sin(0 —||w*(c,J, sin(6,; ’
by 1 + e~ IIW*(c,Jk)|l] sin(6:)] jejk1+€ W (c,J) |l sin(6;)]

where 0; denotes the co-angle between w*(c, Ji) € Ap and x;. We then apply Lemma 3 and obtain

T
se) = oot Y Y

weAr k=0 Jp
1+0 (T‘ﬁe‘”‘*’*”‘ Sin(gt)‘) o115 [ sin(6;)]

|5 * in(6 H R (0. (&
i@ 1 + e—lIW=lllsin(6:)] iel, 1 4+ e~ lIW* |l sin(6;)]

o(kTa/(dl))>

Again we distinguish two cases. In the first case, where Lemma 3 cannot be applied, we use the
general upper bound S§°(xT) = O(T?9) (as proved in Appendix B), but this occurs in the worst

18
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case with probability O(7~29). In the second case we just apply the above upper bound and obtain

T
T
E (o' T — d—1mpoa+d+1
[52°(x1)] O<1+(logT) T > L
k=0
max E H 1+O(T_ﬁe_msm(9")l) e~ Pyl eO(kT_“/(d_l))>
~ —w| sin(6, —w| sin(0;
woswewy | 41 1+ e—@lsin(00)] ey lte [sin(0;)]
Tor
= O(1+ (logT)4- '+ ( >
(1+ toe) > (4

14+0 (T—ﬁe—ﬁdsin(&ﬂ) E e~ W] sin(;)] eO(kT‘“/(d_1>)
1+ e—W|sin(6y)] 1+ e—w|sin(0;)| !
J€Jk

mex ]
Wo<w<Wy
t&Jy,

By Lemma 11 and by Lemma 12 (applied to w; = w) we have

1+O(T—ﬁ67ﬁ)|sin(9tﬂ) . log 2 <1+O( )+O(T da1>>.

1 + e—w|sin(0:)| SqW

Another application of Lemma 12 leads to

—w|sin(6;)] log 2 1
€ — ’ — Og~ 1 + O - .
1+ efw\ sin(6;)| SqW W2
Thus, we have to deal with

log 2 1 =k og2 1 b
max  (1-—22(140(—= ) +0(T %) 52 (140 (= )+0(r ) .
Wo<w<W) SqW w2 SqW w2

It is an easy exercise that the maximum is obtained for w = Wy if k > %Tﬁ. We just have to
consider the derivative with respect of w of the logarithm and to observe that it is asymptotically

( 82 L on )) 10‘3}22 (1+O(T—ﬁ>>.

sdw Sd

given by

Clearly if w > Wy = T'~7 this expression is negative. Thus, the maximum is obtained for

w = Wy
T log 2 1 o\ \
1-— 1 =
> () (-5 (o) o ()
k>1e2ra—1
Sd
log 2 1 _ o F
1 — T d-
<8dW0< +O<W02>+O( dl)))
1 =\ \"
= 1
0 ( +O<8dW3>+o< o ))

=0 (exp <T/(3dW(:)3) + Tliﬁ/WO))
= O(1).
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On the other hand, if 0 < k < %Tﬁ we have that the maximum is obtained for wgy =
T'log 2/(sqk) so that we are left with the sum

> (D(-Epo(re))  (A(vor=))

log2 g2y
k<827 d-1
<

k

TF vomr) (k+O(1)F
—o| x EewowmELO0)

log2 gy
k<=E8=Td-1
=5y

—o| > wwm|—o(re).

p<log2pasT
<=
Summing up, this implies

E[S» ") = O (1 + (log T)d-1otd+1 (1 + Td%))

= O (Td+1(log T)3(d_1)>

as desired.

3.2.3. UPPER BOUND FOR S5°(x7)

As in the previous case, we consider a chamber ¢, an integer & > 0, a subset J;, of {1,..., T} of size
k, and suppose that

sup  P(y" (¢, Jy)|x", w) = P(y" (¢, Ju)Ix", w*(c, Ji)),
wWEg, ||w||>W1

where ||[w*(c, Ji)|| > Wi. If k = 0 then we formally have to include the case |[w*(c, Ji)|| = oo
which leads to the trivial upper bound P(y® (c, J;.)|xT, w*(c, Ji)) = 1. We, thus, have

(") <[CED+ > ZZP (¢, Jo) X7, w* (e, Jp))

ceC(xT) k=1 Ji

that we will analyze in a similar way as above. Note that |C'(xT)| = O(T?~1). So we only have to
deal with the case k > 1.
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In this case, we certainly have ||w*(c, Ji)|| < oo. Furthermore, we can use the trivial inequality

Py (c, Ju)|xT, w*(c, i)
T

(1 +e (C,Jk)vxt>|)_1 exp Z | C Jk; >|

t=1 jEeJk

where
w*(c, Ji)

e ) = e gl

We now take a §-cover Ur = {u; : 1 < i < T4} of S with § = ¢y V(@d=1)p-1-3% (as in
Lemma 3), where o = (d — 1) log(c}} log T') /(log T') with a properly chosen constant ¢}’ > 0. We
proceed now very similarly as above to obtain

T
Se(xTy O T+ (log T4t Z ZZexp - Z |sin(6;)| + O(KT™ d- 1) )

uZEUT k=1 Jk _jEJk
where 0, denotes the co-angle between u; € Ur and x;. Recall that W, = T'. Since

. /2 .
E [e_Tsmﬂ = 1/ e 500 (cos 0)41dp < L
Sd T'sq

we, thus, obtain

E [55°(x")]

Il
Q
N

Q.

8

03
=

&
gl

/—\
\_/
@D
X
o)
/—\

?TA

~

Is%

L
N
o

= |7
=

ex
= O | T%" + (logT)" T4y
E>1

= 0 (Tdil(log T)Z(dfl))

which completes the proof of the upper bound of Theorem 5.
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Appendix A. Some Technical Lemma

We will need some of the following integral relations.
Lemma 10 For every constants ¢ > 0 and for every integer k > 0 we have, as T — o0,

) J =

(0,7 /2]*

where the O-constant depends on c.

k
iTZsin 0; | (cosBy - - cos Hk)d_ldel <o dly
S =

Proof We first use the substitution

T
xt:—sinHt (t:]_,,T)
Sd
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to find the following integral that we upper bound by

- dxy,
1 k1
= W . y'exp (—y/cy) dy.
The last integral is easy to compute:
o ew v dy = e ek ).
o1y ), ¥ erEvandy = gpmye ‘
R (2k)!
2 kT
This proves the lemma.
Lemma 11 We have w — oo
1 (™2 (cos)d1 9 log 2 0 1
sa)y Txewso®=1= 0 PO s )
0 d d
Proof By using the relations
1 e—wsine
1+e—wsin9 =T 1_|_e—wsin9
and
/2
/ (cos )1 db = sy
0

and by applying the subsitution x = w sin §, we have

1 w/2 (COSQ)dil 1 /2 e—wsin®

— ————df = 1-— —_— 9)4-1dg

sqd Jo 1+€—ws1n9 sa Jo 1+e—wsm9(cos )

1 w e~ 1’2 d22
= 1- / 1-— dx
sqw Jo 1+e® w?

1 & - 1
= 1- / C _dz+0 .
sqw Jo l+e® sqw3

This proves the lemma.
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Lemma 12 Suppose that w — co. Then we have uniformly for %w <w; < 2w

1 w/2 —w1 sin @ log 2 1 o
— ef.e(cos )4 1dg = 28210 < ) +0 <|w1w|>
sd Jo 1+ e~wsn Sd

Sqw Sqw3

Proof Again we use the substitution £ = w sin # and obtain as in the proof of Lemma 11

1 /2 —wi sin @ 1 0 o~ tw 1
—_— ﬁ(cos H)d_lde = / € = dﬂf + O < 3> .
sd Jo +e squw Jo l4+e Sqw

oo efux
U / dx
0 1 + e 7T

is continuously differentiable for % < u < 2 (even in a larger interval) which gives

Next we observe that the mapping

dr = d O(lu—1]) =log2+ O(lu — 1|).
| o=t | e+ 0(u=1) = o2+ 0(u—1)

Clearly we have
1
— ’wl — 1‘ \wl w\)

for %w < wy < 2w. This completes the proof of the lemma. |

We conclude this section with a (known) concentration lemma (whose proof we include for
completeness) that we have used in the proof of the lower bound.

Lemma 13 Let X,..., X7 be independent Bernoulli random variables, i.e., X; € {0,1}, and set

T T
S=>X;, and p=E[S]=) E[X
=1

i=1

Then for any s > ey, the following bound holds:

P(S>s) < (%>S.

S
Proof By Chernoft’s inequality we have for any A > 0,

E[e)‘s]
e/\s :

P(S>s) <

Since the X; are independent, we have

T T
)= TTB =TT (0 - p) +pic?).

=1

where p; = E[X;]. Using the inequality 1 — p; + p;e* < exp(p;(e* — 1)), we, thus, obtain
E[e*] < exp (u(e* - 1)) .
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and consequently
P(S>s) <exp (u(e)‘ -1) - )\s) .

In order to optimize the bound, we choose A to minimize the exponent. Setting the derivative of the

exponent to zero
d

™ [,u(e)‘—l)—)\s} = pet —s =0,

leads to e* = l% and thus A = log (i) Note that by assumption s > ey so that A > 1. This leads to

P(S > s) < exp (u <Z—1> —slog <Z>> — exp (5—M—slog <Z>)

and by dropping the factor e # < 1 it simplifies to

ps= (2

which in only significant if s > ep. |

Appendix B. Upper Bound for Monotone Classes

Let X be the feature space, we denote H C R? as the expert cl ass. We say a sequence x € X% is
pseudo-shattered by H witnessed by s? € R? if for any €? € {0, 1} there exists h € H such that
forall ¢t € [d]:

1. If ¢, = 1, then h(xy) > s¢;
2. If ¢, = 0, then h(Xt) < S.

The pseudo-dimension of  is defined to be the maximum number d such that there exist x¢ that can
be pseudo-shattered by #, denoted as P(H).

Lemma 14 Let H'™ = {hy(x) = (W, x) : w,x € R}, then
P(H'") < d.

Proof Suppose otherwise, there exists sequence x?*1 that can be pseudo-shattered by 7 witnessed
by s?*1. For any ¢! € {0, 1}9*!, we denote €+ to be the complement of ¢?*! such that for all
t €[d+ 1], =1 — €. Let wi, wo be the parameters corresponding to the functions in H'" that

witness €41 and €91 respectively. Taking w’ = w1 — wy, we have for all ¢ € [d + 1]

1. If ¢, = 1, then hy(x¢) > 0;

2. If ¢ = 0, then hy (x¢) < 05
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To see this, assume w.0.l.g. ¢, = 1, we have hyw, (x;) > s; while hw,(x;) < s;. Therefore, by
linearity, we have hy(X;) = hw, (X;) — hw,(x¢) > 0. This implies that the sequence x¢*+* is VC-
shattered by Hes = {1{(w,x) > 0} : w,x € R4}, This contradicts to the fact that VC-dimension
of s is upper bounded by d. [ |

We now define a new general monotone hypothesis class:
H™" .= {p((x|w)) : p is monotone increasing }.

The next lemma follows directly from the definition.

Lemma 15 Let 0 : R — R be an arbitrary monotone increasing function. For any class H, we
denote by H? = {o(h) : h € H}. Then

P(H?) < P(H).

Let # C [0, 1] be an arbitrary class with values in [0, 1]. Let .J C [0, 1] be a discretization of
[0, 1] with step size 2a > 0, i.e. , |J| < 1/2a. We define the discretized class

H = {(x) = argmin{la — h(x)]} : h € A},
a
where we break ties by choosing the /arger one.
Lemma 16 For any class H C [0, 1]%, we have P(H) < P(H).

Proof Let x? be the sequence that can be pseudo-shattered by H witnessed by s?. We enumerate
J = {0,2a,---,1}. For any t € [d], there must be some 7 such that 2iac < s; < 2(i + 1)a.
We take s, = (2i + 1)o.. We now claim that x? is pseudo-shattered by # witnessed by s'®. For
any €¢ € {0,1}%, we take h € H such that if ¢, = 1 then h(x;) > s; and h(x;) < s; otherwise.
Let h € H be any function with discretization 7. We have if iNz(xt) > s¢, then iL(Xt) > s, + a,
meaning that h(x;) > h(x;) — a > s,. If h(x;) < s then h(x;) < s; — . This implies
h(x¢) < h(x¢) + a < s}, where we used the fact that the discretization resolves ties by choosing the
larger one. This completes the proof. |

The following lemma bounds the size of the discretized class w.r.t. pseudo-dimension, which is
due to (Haussler and Long, 1995, Corollary 3).

Lemma 17 For any discretized class H C J* and xT € X7 we denote by 7:[XT the class of H
restricted on x". Then )
[Hyer| < (T]T])PCY.
We now state our main upper bound:
Lemma 18 For any xT' € R we have

ri(H™° | xT) < 2dlog T + 1.

27



DRMOTA JACQUET WU SZPANKOWSKI

Proof Let A be the discretization of H™°"® with step size 2/T". Note that # is an 1/T-cover of
H™"° meaning that 3
ri(H™ | xT) < rx(H | xT) + 1.

By the above Lemmas 15-17 , we have P() < d. By Lemma 15, we conclude that

rp(H [ xT) < log [Hyr|
< dlog(T|J|) < dlog(T?/2) < 2dlogT.

This completes the proof. |
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