Algorithms and Growth of Functions

» Algorithms
» The growth of functions
» Complexity of Algorithms



Algorithms

» An algorithm is a finite sequence of
precise instructions for performing a
computation or for solving a problem.

An algorithm

» is defined on specified inputs and
generates an output

» stops after finitely many instructions are
executed.



A Recipe is an Algorithm

e TR e

\RSACTAD ALY A LS PROCTSEE VK 65, PARTS Y T 0 A MO PR -
WO MADEINUSA 3
. D O Sop Rossant For e Vory Bt Ramen Nool S0u0.8




The set of steps to assemble a Piece of Furniture is




Properties of Algorithms
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Properties of Algorithms

1. Input
2. Output
o It must be
3. Definiteness possible to
4. Correctness pentarmieach
. step of an
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6. exactly and in a
finite amount
7. of time.




Properties of Algorithms

1. Input

2. Output

3. Definiteness An algorithm should

produce the desired

4. Correctness output after a finite
. (but perhaps large)

>. EffeCtlvenESS number of steps for

6 FiniteneSS any input in the set.
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Properties of Algorithms

1. Input
2. Output
3. Definiteness
The procedure
4. Correctness should be applicable
for all problems of
5. Effectiveness the desired form,
.. not just for a
6. Finiteness particular set of
. \ input values.
7. Generality




How to express an Algorithm

C code Java code Pseudo-code
Intis_prime(int  class Specialint procedure is_prime(m)
m) { for i:=2 tom-1do
{ int m; if mmodi=0
Inti; boolean is_prime() then return(false)
for (i=2; i<m;i++) ¢ endif
Iif (m % i ==0) for (i=2; i<m; i++) endfor

return O; if (m% 1==0) return(true)
return 1; return false;  end is_prime
} return true;

I



Psuedocode

» Psuedocode is an intermediate between
an English description and an
implementation in a particular language
of an algorithm.



Advantages of using pseudo-code

» Pseudo-code has a structure similar
to most computer languages.

» No need to worry about the precise
syntax.

» Not specific to any particular
computer language.



Example

» Example: Write an algorithm that finds
the largest element in a finite sequence

S1, Sy, e+ 4 S

procedure find_large(s, n)
large :=s,
|:=2
while i< n do
if s,> large then large := s, endif
l:=1i+1
endwhile
return(large)
end find_large



Search Algorithms

» Search

» Find a given element in a list. Return the location of the
element in the list (index), or O if not found.

» Linear Search

» Compare key (element being searched for) with each element
in the list until a match is found, or the end of the list is
reached.

» Binary Search

» Compare key only with elements in certain locations. Split list
in half at each comparison. Requires list to be sorted.



Linear Search

» Find the location of an element X in an array of possible
unsorted items

ALGORITHM 2 The Linear Search Algorithm.

procedure [inear search(x: integer, ay, az, ..., ay: distinct integers)
=1
while (1 = n and x # a;)
=141
if 1 < n then location .=
else location := 0
return locafion{location is the subscript of the term that equals x, or is 0 if x is not found}



Linear Search Exercise

19,1,17,2,11,13,7,9, 10,5, 15, 6, 14, 20, 16, 12,4, 18, 3, 8

» How many comparisons to find:
» 177
» 217



Binary Search

» Find the location of an element X in an
array of sorted items

ALGORITHM 3 The Binary Search Algorithm.

procedure binary search (x: integer, a;, a», ..., dy: INCreasing integers)
i := 1{i is left endpoint of search interval
J :=n {J is right endpoint of search interval}
while 1 < j
m:= |{i+j)/2]
if x = ay then: :==m 4+ 1
else j :=m
if x = a; then location .= 1
else [ocation == 1)
return location{location is the subscript 1 of the term a; equal to x, or 0 if x is not found}



Binary Search Exercise

1,2,3,4,5,6,7,8,9,10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20

» How many comparisons to find:
» Find 7
» Find 21



» Put the elements of a list in ascending order

» Bubble Sort

» Compare every element to its neighbor and swap
them if they are out of order. Repeat until list is
sorted.

» Insertion Sort

» For each element of the unsorted portion of the
list, insert it in sorted order in the sorted portion of
the list.



Bubble Sort

ALCORITHM 4 The Bubble Sort.

procedure bubblesort(ay. ....ay : real numbers withn = 2)
fori:=1ton—1
for j:=1ton —1
if a; = a;4 theninterchange a; and a4,
lay, ..., a, 1s in increasing order}



Bubble Sort Exercise

10,2, 1,5,3



Insertion Sort

ALCORITHM 5 The Insertion Sort.

procedure insertion sorf{ay, a>, ....ay: real numbers withn = 2)
for j:=2ton
=1
while a; = a;
=1+ 1
m = EI_J:
fork:=0to j —i1 — 1
Aj—f = Aj_g—
fdj == m
lay. ....aqn 15 in increasing order}



Insertion Sort Exercise

10,2, 1,5,3



Greedy Algorithms

The goal of an optimization problem is to
maximize or minimize an objective function.

One of the simplest approaches to solving
optimization problems is to select the “best”
choice at each step.



Greedy Change-Making

» Give an algorithm for making n cents change with
qguarters, dimes, nickels, and pennies, and using the least
total number of coins.

ALGORITHM & Greedy Change-Making Algorithm.

procedure change(cy, ¢z, ..., cr:. values of denominations of coins, where
C] = €2 = -+ = Cp) A 4 positive integer)
fori:=1tor
di := 0 {d; counts the coins of denomination ¢; used )
while n = ¢;
d; :=d; + 1 {add a coin of denomination c; }
n:=n-—c
[d; 15 the number of coins of denomination ¢; in the change fori = 1,2, ....r}



Make Change

69 cents:

56 cents:



The Halting Problem

Is there a procedure that does the following:

Takes as input a program and input to that
program and determines whether that program will
eventually stop when run on that input, for any
program and input

No, there is no such program.
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Algorithms

» An algorithm is a finite sequence of
precise instructions for performing a
computation or for solving a problem.

An algorithm

» is defined on specified inputs and
generates an output

» stops after finitely many instructions are
executed.



Search Algorithms

» Search

» Find a given element in a list. Return the location of the
element in the list (index), or O if not found.

» Linear Search

» Compare key (element being searched for) with each element
in the list until a matchis found, or the end of the list is
reached.

» Binary Search

» Compare key only with elements in certain locations. Split list
in half at each comparison. Requires list to be sorted.



» Put the elements of a list in ascending order

» Bubble Sort

» Compare every element to its neighbor and swap
them if they are out of order. Repeat until list is
sorted.

» Insertion Sort

» For each element of the unsorted portion of the
list, insert it in sorted order in the sorted portion of
the list.



Greedy Algorithms

The goal of an optimization problem is to
maximize or minimize an objective function.

One of the simplest approaches to solving
optimization problems is to select the “best”
choice at each step.



Greedy Change-Making

» Give an algorithm for making n cents change with
quarters, dimes, nickels, and pennies, and using the least
total number of coins.

ALGORITHM 6 Greedy Change-Making Algorithm.

procedure change(cy. c2. ..., cr: values of denominations of coins, where
c] = 2 = -+ = Cp, A 4 positive integer)
fori:=1tor
d; = 0 {d; counts the coins of denomination ¢; used )
while n = ¢;
d; :=d; + 1 {add a coin of denomination c; }
n:=n-—c;
{d; 15 the number of coins of denomination ¢; in the change fori = 1,2, ....r}



Make Change

56 cents:



The Halting Problem

Is there a procedure that does the following:

Takes as input a program and input to that
program and determines whether that program will
eventually stop when run on that input, for any
program and input

No, there is no such program.



The Growth of functions

» The time required to solve a problem using a
procedure depends on:
» Number of operations used
Depends on the size of the input
» Speed of the hardware and software
Does not depend on the size of the input
Can be accounted for using a constant multiplier

» The growth of functions refers to the number of
operations used by the function to solve the problem.



Complexity of Algorithms

The complexity of an algorithm refers to the
amount of time and space required to execute
the algorithm.

Computing the amount of time and space used
without having the actual program requires
one to focus on the essential features that
affect performance.



Analyzing algorithm find_largest

» Time of execution depends on the number
of iterations of the while loop.

» Performance does not generally depend
on the values of the elements.

» How many iterations are executed?
n-1

The time needed is linearly proportional to n.



Example

for i:==1 to n do
for j:=1 to n do
S; := S+

number of iterations executed: n?
time needed: proportional to n?



Big-O Notation

» Estimate the growth of a function without
worrying about constant multipliers or smaller
order terms.

» Do not need to worry about hardware or software
used

» Assume that different operations take the same
time.

» Addition is actually much faster than division, but for
the purposes of analysis we assume they take the
same time.



Let f and g be functions from the set of ntegers or the set of real numbers to the set of real
numbers. We say that f(x) 1s O(g(x)) 1f there are constants C and k such that

£ )] < Clalx)

whenever x > k. [This is read as * f (x) 1s big-oh of g(x).’



Example

Show that f(x) = x> + 2x + 1 is O(x?).

» X2+ 22X+ 1<=x%+2x%+ X2 for x >=1

» X2 + 2X2 + X2 = 4x?

» Withess
» C=4
» K=1

The part of the graph of f(x) = x>+ 2x + 1
that satisfies f(x) < 4x” is shown in blue.

242+ 1 <dxiforx> |




Example

Y . !
Show that n= 1s not O(n).

» Assume n?is O(n)

» Then 4 C,k V n>k, n2<=Cn
»n<=C

» But no constant is bigger than all n
» contradiction



Big-O for Polynomials



Example

» Give a big-O estimate for
» f(x) = 5x%-18x+20

» Solution

» 5x2—18x+20<5x%+20 for x>0
» 5x°4+20<5x%4+20x?for x>1

» 5x24+20x%2=25x°<Cg(x) for x>1
» Let g(x)=x?

» f(x)is 0(x?). C=25, k=1



Example

» Give a big-O estimate for the sum of the first n
positive integers

» Solution
» 142+ -+n<n+n+---+n=n?
» 1+2+---+n is 0O(n?), C=1,k=1



Example

» Give a big-O estimate for the factorial function f(n)=n!

» Give a big-O estimate for the logarithm of the
factorial function

» Solution
3 n!:1.2.3.....nSn.n.n.....n:nn
» nlis O(n")

» log(n!)<log(n™)=n logn
» log(n!)is O(n logn)



Basic Growth Functions

. ; Factorial O(n!)

i
4096
2048
1024
512 . Exponential O(n")
256 -
128
61 | n*  Polynomial O(n?)
2 F
6 L Py nlogn | inearithmic O(n log n)
8 - " Linear O(n)
j | ' e Logarithmic O(log n)
1 / ' Constant O(1)
] ] ] ] ] ]
2 3 4 5 6 7 8



Useful Big-O Estimates

o nCis O(nd), but n isnot 0(n¢), d > ¢ > 1
* (log, n)“is 0(n%), but n% is not 0((log, n)°),

\

b>1cd>0
» nis O(b™), but b™ is not O(nd), d>0b>1
o b"is0(c"), but c™isnot O(b"),c > b > 1




The Growth of Combinations of Functions

* Suppose f1(n) is 0(gy(n)) and f,(n) is 0(g,(n))

- (fy + f2)(n) is 0(max(g (n), g,(n)))
 If g1 (n) = g,(n) = g(n), then (f, + f,)() s 0(g(n))

- (f1f2)(n) is 0(gy(n)gz(n))



Example

» Give a big-0 estimate for
f(n) = 3nlog(n!) + (n* + 3)logn

» O(n? log n)



-3C,k Yn>k f(n) <Cg(n)
* Big- () (big omega)

-3C,k Yn>k f(n) > Cg(n)

— ( must be positive.

- f()isQg(n)) & gn) is 0(f ()
—“f(x) is bounded below by g(x)"



Example

» Show that 8x3 + 5x2% + 7 is Q(x3)

» 8x3+5x24+7>8x3 forx>0

» C=8, k=0



» Big- O (big theta)
» f(n)is O(g(n)) and Q(g(n))
» f(n)is O(g(n)) and g(n) is O(f(n))

 f(n) is ©(g(m)) < g(n) is O(f (m))

» 3C,C,k Vvn>k Cign) < f(n) < C,g(n)
» f(n) is of order g(n)

» f(n) and g(n) are of the same order



Example

» Show that 3x“ + 8xlog x is O(x?)

» Big-o
» 3x4 +8xlog x <= 11x*
» C=11,k=1

» Big-omega
» X2 <= 3x*+ 8x log x



Big-0 for Polynomials

» Let F(x) = ax™ + an_lxn—l + et ax +
Ao

» Then, f(x) is of order x™.
» “f (x) is bounded [above and below] by g(x)”

» Example:
» 3x8 +10x7 + 221x?% + 1444 is of order x8
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