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Deep learning has seen tremendous success over the past decade in computer vision, machine translation,
and gameplay. This success rests in crucial ways on gradient-descent optimization and the ability to “learn”
parameters of a neural network by backpropagating observed errors. However, neural network architectures
are growing increasingly sophisticated and diverse, which motivates an emerging quest for even more general
forms of differentiable programming, where arbitrary parameterized computations can be trained by gradient
descent. In this paper, we take a fresh look at automatic differentiation (AD) techniques, and especially aim to
demystify the reverse-mode form of AD that generalizes backpropagation in neural networks.

We uncover a tight connection between reverse-mode AD and delimited continuations, which permits
implementing reverse-mode AD purely via operator overloading and without any auxiliary data structures.
We further show how this formulation of AD can be fruitfully combined with multi-stage programming
(staging), leading to a highly efficient implementation that combines the performance benefits of deep learning
frameworks based on explicit reified computation graphs (e.g., TensorFlow) with the expressiveness of pure
library approaches (e.g., PyTorch).

1 INTRODUCTION
Under the label deep learning, artificial neural networks have seen a remarkable renaissance over
the last decade. After a series of rapid advances, they are now matching or surpassing human
performance in computer vision, machine translation, and gameplay. Common to all these break-
throughs is the underlying dependency on optimization by gradient descent: a neural network
“learns” by adjusting its parameters in a direction that minimizes the observed error on a training
set. Hence, a crucial ability is that of backpropagating errors through the network to compute
the gradient of its loss function [Rumelhart et al. 1986]. Beyond this commonality, however, deep
learning architectures vary widely (see Figure 1). In fact, many of the practical successes are fueled
by increasingly sophisticated and diverse network architectures that in many cases depart from the
traditional organization into layers of artificial neurons. For this reason, prominent deep learning
researchers have called for a paradigm shift from deep learning towards differentiable program-
ming12— essentially, functional programming with a first-class gradient operator — based on the
expectation that further advances in artificial intelligence will be enabled by the ability to “train”
arbitrary parameterized computations by gradient descent.
Programming language designers, key players in this vision, are faced with the challenge of

adding efficient and expressive program differentiation capabilities. Forms of automatic gradient
1http://colah.github.io/posts/2015-09-NN-Types-FP/
2https://www.facebook.com/yann.lecun/posts/10155003011462143
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computation that generalize the classic backpropagation algorithm are provided by all contemporary
deep learning frameworks, including TensorFlow and PyTorch. These implementations, however,
are ad hoc, and each framework comes with its own set of trade-offs and restrictions. In the academic
world, automatic differentiation (AD) [Speelpenning 1980; Wengert 1964] is the subject of study of
an entire community. Unfortunately, results disseminate only slowly between communities, and
differences in terminology make typical descriptions of AD appear mysterious to PL researchers,
especially those concerning the reverse-mode flavor of AD that generalizes backpropagation. A
notable exception is the seminal work of Pearlmutter and Siskind [2008], which has cast AD in a
functional programming framework and laid the groundwork for first-class, unrestricted, gradient
operators in a functional language.
The goal of the present paper is to further demystify differentiable programming and AD

for a PL audience, and to reconstruct the forward- and reverse-mode AD approaches based on
well-understood program transformation techniques. We describe forward-mode AD as symbolic
differentiation of ANF-transformed programs, and reverse-mode AD as a specific form of symbolic
differentiation of CPS-transformed programs. In doing so, we uncover a deep connection between
reverse-mode AD and delimited continuations.

In contrast to previous descriptions, this formulation suggests a novel view of reverse-mode AD
as a purely local program transformation which can be realized entirely using operator overloading
in a language that supports shift/reset [Danvy and Filinski 1990] or equivalent delimited control
operators3. By contrast, previous descriptions require non-local program transformations to care-
fully manage auxiliary data structures (often called a tape, trace, orWengert-list [Wengert 1964]),
either represented explicitly, or in a refunctionalized form as in Pearlmutter and Siskind [2008].

We further show how this implementation can be combined with staging, using the LMS (Light-
weight Modular Staging) framework [Rompf and Odersky 2010]. The result is a highly efficient and
expressive DSL, dubbed Lantern, that reifies computation graphs at runtime in the style of Tensor-
Flow [Abadi et al. 2016], but also supports unrestricted control flow in the style of PyTorch [Paszke
et al. 2017a]. Thus, our approach combines the strengths of these systems without their respective
weaknesses, and explains the essence of deep learning frameworks as the combination of two
well-understood and orthogonal ideas: staging and delimited continuations.

The rest of this paper is organized around our contributions as follows:

• We derive forward-mode AD from high-school symbolic differentiation rules in an effort to
provide accessibility to PL researchers at large (Section 2).
• We then present our reverse-mode AD transformation based on delimited continuations and
contrast it with existing methods (Section 3).
• We combine our reverse-mode AD implementation in an orthogonal way with staging,
removing interpretive overhead from differentiation (Section 4).
• We present Lantern, a deep learning DSL implemented using these techniques, and evaluate it
on several case studies, including recurrent and convolutional neural networks, tree-recursive
networks, and memory cells (Section 5).

Finally, Section 6 discusses related work, and Section 7 offers concluding thoughts.

3Our description reinforces the functional “Lambda, the ultimate backpropagator” view of Pearlmutter and Siskind [2008]
with an alternative encoding based on delimited continuations, where control operators like shift/reset act as a powerful
front-end over λ-terms in CPS — hence, as the “penultimate backpropagator”.
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Fig. 1. Different deep learning models and components: (a) fully connected neural network (b) convolutional
neural network (c) ResNet with identity mapping (d) Inception module (e) simple recurrent neural network
(RNN) (f) Long short-termmemory (LSTM) (g) neural Turingmachine (h) tree-structured LSTM. See Section 5.1
for details.
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2 DIFFERENTIABLE PROGRAMMING BASICS
Figure 1 shows various neural network architectures and modules that are in common use today.
We postpone a detailed discussion of these architectures until Section 5.1, and instead first focus
on the use of gradient-based optimization. Broadly speaking, a neural network is a special kind
of parameterized function approximator f̂w . The training process optimizes the parametersw to
improve the approximation of an uncomputable ground truth function f based on training data.

f : A→ B f̂w : A→ B w ∈ P

For training, we take observed input/output samples (a, f (a)) ∈ A×B and updatew according to a
learning rule. In typical cases where the functions f and f̂w are maps Rn → Rm andw is in the form
of Rk , we want to find the weightsw that achieve the smallest error or loss L(w ) = f (a) − f̂w (a)


on a given training set, in the hope that the training set is representative enough that the quality of
the approximation of f̂w will generalize to other inputs of f .
While there exist many ways to update w , the method which has gained the most ground is

gradient descent. This is largely due to the fact that gradients can be efficiently computed even for
extremely large numbers of parameters. We briefly describe gradient descent, as follows:

Given a training sample (a, f (a)) ∈ A × B and some initialization ofw atw i , both the loss L(w i )
and the gradient ∇L(w i )4 can be computed: The gradient marks the direction which increases the
loss L(w i ) most rapidly, and the gradient descent algorithm dictates thatw should be updated in
the direction of the negative gradient by a small step defined by the learning rate r .

w i+1 = w i − r ∗ ∇L(w i )

This update step is iterated many times. In reality, however, gradient descent is almost never
used in this pure form. Most commonly used are stochastic gradient descent (SGD) flavors that
operate on batches of training samples at a time. Popular variants include momentum [Qian 1999],
adagrad [Duchi et al. 2011], and Adam [Kingma and Ba 2014].

An important property is that differentiability is compositional. For traditional neural networks
(i.e., those organized into layers), we have a simple function composition f̂w = f̂n,wn ◦ . . . ◦ f̂1,w1

where each f̂i,wi represents a layer. Other architectures similarly compose and enable end-to-end
training. A popular example demonstrating this is that of image captioning, which composes
convolutional neural networks (CNN) [LeCun et al. 1990] and recurrent neural networks (RNN)
[Elman 1990].
Imagine, however, that f̂w and by extension L(w ) is not just a simple sequence of function

composition, but is instead defined by a program, e.g., a λ-term with complex control flow. How,
then, should ∇L(w ) be computed?

2.1 From Symbolic Differentiation to Forward-Mode AD
Symbolic differentiation techniques to obtain the derivative of an expression are taught in high
schools around the world. Some of the well-known rules are shown in Figure 2 (we will get to
the one dealing with let expressions shortly). As such, this seems a candidate for a first approach.
However, we hit a problem: some of the rules may cause the code to explode, not only in size, but
also in terms of computation cost.

Consider the following example:

4The gradient ∇f of a function f : Rn → R is defined as the vector of partial derivatives of f with respect to each of its
parameters: ∇f (u ) = (

∂f (u )
∂u1

,
∂f (u )
∂u2

, ... ,
∂f (u )
∂un

)
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Syntax:
e ::= c
| x
| e + e
| e ∗ e

| let x = e in e

Symbolic differentiation rules:
d/dx ⟦c⟧ = 0
d/dx ⟦x⟧ = 1

d/dx ⟦e1 + e2⟧ = d/dx ⟦e1⟧ + d/dx ⟦e2⟧
d/dx ⟦e1 ∗ e2⟧ = d/dx ⟦e1⟧ ∗ e2 + e1 ∗ d/dx ⟦e2⟧

d/dx ⟦let y = e1 in e2⟧ = let y = e1 in
let y ′ = d/dx ⟦e1⟧ in
d/dx ⟦e2⟧

d/dx ⟦y⟧ = y ′ (y , x )

Fig. 2. Symbolic differentiation for a simple expression language, extended with let expressions.

d/dx ⟦e1 ∗ e2 ∗ ... ∗ en⟧ = d/dx ⟦e1⟧ ∗ e2 ∗ ... ∗ en +

e1 ∗ d/dx ⟦e2⟧ ∗ ... ∗ en +

... +

e1 ∗ e2 ∗ ... ∗ d/dx ⟦en⟧

The size-n term on the left-hand side is transformed into n size-n terms, which is a non-linear
increase. Worse, each ei is now evaluated n times.
This problem is well recognized in the AD space and often cited as major motivation for more

efficient approaches. In fact, many AD papers go to great lengths to explain that “AD is not symbolic
differentiation” [Baydin et al. 2018; Pearlmutter and Siskind 2008]. However, let us consider what
happens if we convert the program to administrative normal form (ANF) [Flanagan et al. 1993]
first, binding each intermediate result in a let expression:

d/dx ⟦ let y1 = ... in
...
let yn = ... in
let z1 = y1 ∗ y2 in
let z2 = z1 ∗ y3 in
...
let zn−1 = zn−2 ∗ yn in
zn−1 ⟧

= let y1 = ... in let y ′1 = ... in
...
let yn = ... in let y ′n = ... in
let z1 = y1 ∗ y2 in let z ′1 = y

′
1 ∗ y2 + y1 ∗ y

′
2 in

let z2 = z1 ∗ y3 in let z ′2 = z ′1 ∗ y3 + z1 ∗ y
′
3 in

...
let zn−1 = zn−2 ∗ yn in let z ′n−1 = z ′n−2 ∗ yn + zn−2 ∗ y

′
n in

z ′n−1

After ANF-conversion, the expression size increases only by a constant factor. The program structure
remains intact, and just acquires an additional let binding for each existing one. No expression is
evaluated more often than before.
This example uses the standard symbolic differentiation rules for addition and multiplication

but also makes key use of the let rule in Figure 2, which splits a binding let y = ... into let y = ...
and let y ′ = .... Following terminology from the AD community, we call y the primal and y ′ the
tangent. The rules in Figure 2 work with respect to a fixed x , which we assume by convention does
not occur bound in any let x = ... expression. All expressions are of type R, so a derivative can be
computed for any expression. We write d/dx ⟦e⟧ using syntax brackets to emphasize that symbolic
differentiation is a syntactic transformation.

For straight-line programs, applying ANF conversion and then symbolic differentiation achieves
exactly the same result as standard presentations of forward-mode AD. Hence, it seems to us that the
AD community has taken a too narrow view of symbolic differentiation, excluding the possibility
of let-bindings, and we believe that repeating the mantra “AD is not symbolic differentiation”
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e ::= . . . | λx . e | e e
τ ::= R | τ → τ

−−→
Dx ⟦c

R⟧ = (c, 0)
−−→
Dx ⟦x

R⟧ = (x , 1)
−−→
Dx ⟦y

R⟧ = (y,y′)
−−→
Dx ⟦y

τ,R⟧ = y

−−→
Dx ⟦e1 + e2⟧ =

let (a,a′) =
−−→
Dx ⟦e1⟧ in

let (b,b ′) =
−−→
Dx ⟦e2⟧ in

(a + b,a′ + b ′)
−−→
Dx ⟦e1 ∗ e2⟧ =

let (a,a′) =
−−→
Dx ⟦e1⟧ in

let (b,b ′) =
−−→
Dx ⟦e2⟧ in

(a ∗ b,a ∗ b ′ + a′ ∗ b)

−−→
Dx ⟦λy. e⟧ = λ

−−→
Dx ⟦y⟧.

−−→
Dx ⟦e⟧

−−→
Dx ⟦e1 e2⟧ =

−−→
Dx ⟦e1⟧

−−→
Dx ⟦e2⟧

−−→
Dx ⟦let y = e1 in e2⟧ =

let
−−→
Dx ⟦y⟧ =

−−→
Dx ⟦e1⟧ in

−−→
Dx ⟦e2⟧

−−→
Dx ⟦R⟧ = R × R
−−→
Dx ⟦τ1 → τ2⟧ =

−−→
Dx ⟦τ1⟧ →

−−→
Dx ⟦τ2⟧

Fig. 3. (a) formal grammar of enriched expression language, (b) gradients of the expressions in the enriched
formal grammar

is ultimately harmful and contributes to the mystical appearance of the field. We believe that
understanding sophisticated AD algorithms as specific forms of symbolic differentiation will overall
lead to a better understanding of these techniques.

2.2 Forward-Mode AD for Lambda Terms
We now proceed beyond straight-line programs and enrich our grammar with lambdas and applica-
tions in Figure 3. A consequence of this is having to distinguish between number-typed expressions
and function-typed expressions, where only numeric expressions are differentiable. We define a
new differentiation operator

−−→
Dx ⟦e

τ ⟧, where the arrow indicates forward mode and where τ is
the type associated with the expression e . We omit the τ for a cleaner presentation if τ is not
explicitly used. We use the same notation to transform variables in argument positions, and to
explain how types are transformed. The key strategy for numeric values is to always pair the primal
value with its tangent (

−−→
Dx ⟦R⟧ = R × R), including through function arguments and results. This

generalizes the paired let-bindings from Figure 2. Note that differentiation is still with respect to
a fixed x . Compared to the previous section, we no longer rely on an ANF-pre-transform pass.
Instead, the rules for addition and multiplication insert let bindings directly. It is important to note
that the resulting program may not be in ANF due to nested let-bindings, but code duplication is
still eliminated thanks to the strict pairing of primals and tangents.

Readers acquainted with forward-mode AD will note that this methodology is standard [Baydin
et al. 2018], though the presentation is not.

2.3 Implementation using Operator Overloading
Pairing the primal and tangent values for numeric expressions is quite convenient, because when
dealing with function application, the let-insertion needs both the primal and tangent of the
parameter for the tangent computation. Since the transformation is purely local, working with
pairs for numeric expressions makes it immediately clear that this strategy can be implemented
easily in standard programming languages by overloading operators. This is standard practice,
which we illustrate through our implementation in Scala (Figure 4).

The NumF class encloses both the primal as x and tangent as d, with operators overloaded to
compute primal and tangent values at the same time. To use the forward-mode AD implementation,
we still need to define an operator grad to compute the derivative of any function NumF => NumF

(Figure 4, top right). Internally, grad invokes its argument function with a tangent value of 1 at the
given position and returns the tangent field of the function result. In line with the previous sections,

6
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// differentiable number type

class NumF(val x: Double, val d: Double) {

def +(that: NumF) =

new NumF(this.x + that.x, this.d + that.d)

def *(that: NumF) =

new NumF(this.x * that.x,

this.d * that.x + that.d * this.x)

...

}

// differentiation operator

def grad(f: NumF => NumF)(x: Double) = {

val y = f(new NumF(x, 1.0))

y.d

}

// example

val df = grad(x => 2*x + x*x*x)

forAll { x =>

df(x) == 2 + 3*x*x }

Fig. 4. Forward-mode AD in Scala

we only handle scalar functions, but the approach generalizes to multidimensional functions as
well. An example using the grad operator is shown in the bottom right of Figure 4.

2.4 Nested Gradient Invocation and Perturbation Confusion
In the current implementation, we can compute the gradient of any functions in the typeNumF => NumF

at any given values using forward mode AD. However, our grad function is not yet truly first class,
since we cannot apply it in a nested fashion as in grad(grad(f)), which prevents us from computing
higher order derivatives, or solve nested min/max problems in the form of:

minxmaxy f (x ,y)

Yet, even this somewhat restricted operator gives rise to a few subtleties. There is a common
issue associated with functional implementations of AD that, like ours, expose a gradient operator
within the language. In the simple example shown below, the inner call to grad should return 1,
meaning that the outer grad should also return 1.

grad { x: NumF =>

val shouldBeOne = grad(y => x + y)(1) // evaluates to 2 instead of 1 !

val z = NumF(shouldBeOne, 0)

x * z

} (1)

However, this is not what happens. The inner grad function will also collect the tangent from x,
thus returning 2 as the gradient of y. The outer gradwill then give a result of 2 as gradient of x. This
issue is called perturbation confusion because the grad function is confusing the perturbation (i.e.,
derivative) of a free variable used within the closure with the perturbation of its own parameter.

The root of this problem is that the two grad functions are associated with different final results;
their gradient updates should not be mixed. We do not provide any new solutions to perturbation
confusion, and hence consider this issue orthogonal to our work. Our implementation can be
easily extended to support known ways to prevent confusion of gradients, either based on dynamic
tagging, or through a type-based solution as realized in Haskell5, which lifts the tags into the
type system using rank-2 polymorphism, in the same way as the ST monad [Launchbury and
Peyton Jones 1994].

5http://conway.rutgers.edu/%7Eccshan/wiki/blog/posts/Differentiation/
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2.5 First-Class Gradient Operator
While not the main focus of our work, we outline one way in which our NumF definition can be
changed to support first-class gradient computation and to prevent perturbation confusion at the
same time. Inspired by DiffSharp [Baydin et al. 2016], we change the class signatures as shown
below. We unify NumF and Double in the same abstract class Num, and add a dynamic tag value tag.
The grad operator needs to assign a new tag for each invocation, and overloaded operators need to
take tag values into account so as not to confuse different ongoing invocations of grad.

abstract class Num

class NumV(val x: Double) extends Num

class NumF(val x: Num, val d: Num, val tag: Int) extends Num {...}

def grad(f: Num => Num)(x: Num): Num = {...}

Alternative implementations using parameterized types and type classes instead of OO-style
inheritance are also possible.
This concludes the core ideas of forward-mode automated differentiation (AD). Forward-mode

AD implementations using operator overloading exist in many languages, as it is a simple and
direct choice. As proposed previously, forward-mode AD can be viewed as a specific kind of
symbolic differentiation, either using standard differentiation rules after ANF-conversion, or using
transformation rules that insert let-bindings on the fly, operating on a pair composed of a value
and a gradient (or a primal and a tangent).

3 DIFFERENTIABLE PROGRAMMING IN REVERSE MODE
Forward-mode AD is straightforward to implement, preserves the temporal and spatial complexity
of a computation, and also generalizes to functions with multiple inputs and multiple outputs.
However, it is inefficient when the number of inputs is large, which is the case for loss functions
of neural networks. To compute the gradient of a function f : Rn → R, we have to compute n
forward derivatives either sequentially or simultaneously, but in either case leading to an O (n)
slowdown compared to the original program. Is there a better way?

We consider again f : Rn → R represented as a straight-line program in ANF, i.e., as a sequence
of let yj = ej expressions, with inputs xi and output ym . The basic intuition is that instead of
computing all n ∗m internal derivatives d/dxi yj as in forward mode, we would rather only compute
them+n derivatives d/dyj yn and d/dxi yn . For this, we need to find a way to compute these derivatives
starting with d/dyn yn = 1, and working our way backwards through the program until we reach
the inputs xi . Hence, this form of AD is called reverse mode, or backpropagation when referring to
neural networks. The approach generalizes to functions Rn → Rm with multiple outputs, and is
generally more efficient than forward-mode AD when n >> m.

The distinct feature of reverse-mode AD is the two phases of computations: the forward propa-
gation that computes all the primal values, and the backward propagation that computes all the
gradients (also called adjoints or sensitivities in the AD research community). This idea is illustrated
by the simple example of computing x4 via y = x ∗ x , z = y ∗ y below.

Forward pass:
let y = x ∗ x
let z = y ∗ y

Backward pass:
let z ′ = d/dz z = 1.0
let y ′ = d/dy z = 2 ∗ y
let x ′ = d/dx z = d/dx y ∗ d/dy z = 2 ∗ x ∗ y ′

= 4 ∗ x ∗ x ∗ x

The backward propagation depends in a crucial way on the chain rule:

8
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Forward pass:
let x ′0 = ref 0
let x1 = x11 ⊕ x12
let x ′1 = ref 0
let x2 = x21 ⊕ x22
let x ′2 = ref 0
...
let xn = xn1 ⊕ xn2
let x ′n = ref 0

Backward pass:
x ′n += 1
x ′n2 +=

d/dxn2 ⟦xn1 ⊕ xn2⟧ ∗ !x ′n
x ′n1 +=

d/dxn1 ⟦xn1 ⊕ xn2⟧ ∗ !x ′n
...
x ′22 +=

d/dx22 ⟦x21 ⊕ x22⟧ ∗ !x ′2
x ′21 +=

d/dx21 ⟦x21 ⊕ x12⟧ ∗ !x ′2
x ′12 +=

d/dx12 ⟦x11 ⊕ x12⟧ ∗ !x ′1
x ′11 +=

d/dx11 ⟦x11 ⊕ x12⟧ ∗ !x ′1

Fig. 5. Reverse-mode AD: general pattern for a straight-line program in ANF. The forward pass is the original
program, extended with allocating mutable variables to hold the adjoints. The adjoints are successively
computed by the backward pass.

d/dx f (д(x )) = let y = д(x ) in
let y ′ = d/dx д(x ) in
d/dx y ∗ d/dy f (y)

This rule is used in the last line to compose d/dx y with d/dy z for d/dx z.
A more general presentation of reverse-mode AD is given in Figure 5. Note that there are

several differences when compared with forward-mode AD. For one, because an intermediate
result may be used in multiple calculation steps, and one reverse propagation step can only capture
the partial gradient from the associated calculation, the gradients are typically stored in mutable
variables and modified by relevant reverse propagation steps. In addition to this, reverse-mode
also must remember values from the forward propagation – whether by additional data structure
such as graphs or stacks or other means – to support partial derivative computation in the reverse
propagations.
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3.1 Implementing Reverse-Mode AD with Continuations
The computation flows of forward mode and reverse mode are illustrated in Figure 6. In forward
mode, the computation is interleaving value calculations in squares and gradient calculations in
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triangles (Forward 1). It is easy to pair the neighboring value calculations and gradient calculations
(Forward 2) so that the forward mode can be achieved by operator overloading. In reverse mode,
the computation has to finish value calculations first, then carry out gradient calculations in
reverse order. It is tempting to simply “fold” the gradient calculations up in parallel with the
value calculations, to achieve a similar looking presentation (Reverse 2). Although we cannot
directly implement the Reverse 2 mode since the computation flows both down and up, we take
inspiration from “There and Back again” [Danvy and Goldberg 2005], and look for ways to model
the computation in a sequence of function calls, where the call path implements the forward pass
and the return path implements the backward path. With this intuition, it is not hard to see that a
transformation to continuation-passing style (CPS) provides exactly the right structure. We show
the central rules for a continuation-based transformation in Figure 7. In constrast to the standard
CPS rules for addition and multiplication, the continuation parameter k in the reverse AD rule
←−−
Dx ⟦e⟧k is a delimited continuation, since the adjoints are updated after the call to the continuation
returns. The Reverse 3 mode in Figure 6 depicts this scoped model.

Standard CPS transformation:
⟦x⟧k = k (x )

⟦e1 ∗ e2⟧k = ⟦e1⟧(λy1.⟦e2⟧(λy2.k (y1 ∗ y2)))

Reverse AD with CPS transformation:
←−−
Dx ⟦x⟧k = k (x )

←−−
Dx ⟦e1 ∗ e2⟧k =

←−−
Dx ⟦e1⟧(λ(y1,y

′
1).
←−−
Dx ⟦e2⟧(λ(y2,y

′
2).

let y = y1 ∗ y2 in
let y ′ = ref 0 in
k (y,y ′)
y ′1 += y2 ∗ !y ′
y ′2 += y1 ∗ !y ′))

Fig. 7. Reverse-mode AD: CPS transformation rules to implement the transform in Figure 5

3.2 Implementation Using Operator Overloading
Our first implementation in Scala is mechanical, following directly the rules in Figure 7. It is shown
in Figure 8. Just like in forward-mode AD, we associate the value and the gradient closely as
two fields of a class, here NumR. Each operator takes a delimited continuation which updates the
gradient using the value of the intermediate result. As shown in the computation flow Figure 6, the
continuation is then expected to handle the rest of the forward propagation after this computation
step, as well as the beginning of the backward propagation before this step. Once the continuation
returns, the operator updates the gradients of the dependent values as side effects.
However, it is still cumbersome to use this implementation. For a simple model such as y =

2 ∗ x + x ∗ x ∗ x , we have to explicitly construct delimited continuations for each step (last line in
Figure 8). Fortunately, delimited control operators exist that enable programming with delimited
continuations in a direct style, without making the continuations explicit.

3.3 Implementation using Control Operators
The shift and reset operators [Danvy and Filinski 1990] work together to capture a partial return
path up to a programmer-defined bound: in our case the remainder of the forward pass. In Figure 9,
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// differentiable number type

class NumR(val x: Double, var d: Double) {

def +(that: NumR) = { (k: NumR=>Unit) =>

val y = new NumR(x + that.x, 0.0)

k(y)

this.d += y.d

that.d += y.d

}

def *(that: NumR) = { (k: NumR=>Unit) =>

val y = new NumR(x * that.x, 0.0)

k(y)

this.d += that.x * y.d

that.d += this.x * y.d

}

...

}

// differentiation operator

def gradR(f:NumR => (NumR=>Unit)=>Unit )(x:Double)={

val z = new NumR(x, 0.0)

f(z)(r => r.d = 1.0)

z.d

}

// example: 2*x + x*x*x

val df = gradR { x =>

(2*x) (y1=> ( x*x )(y2=> (y2 *x )(y3=> y1 + y2)))

}

forAll { x =>

df(x) = 2 + 3*x*x

}

Fig. 8. Automatic Differentiation in Scala: (a) reverse-mode AD in continuation-passing style (b) grad function
definition and use case. Handling of continuations is highlighted.

the keyword shift provides access to a delimited continuation that reaches up the call chain to
the nearest enclosing reset. The Scala compiler transforms all the code in between accordingly
[Rompf et al. 2009]. The implementation of NumRwith shift/reset operators is almost identical to
NumR (modulo added shift). Note that the shift operator returns a CPS-annotated type NumR @diff,
where type diff is defined as cps[Unit].

It is important to note at this point that this method may appear similar to Pearlmutter and
Siskind [2008]. However, there are substantial differences despite the similarities and shared
goals. Pearlmutter and Siskind proposed an implementation which returns a pair of a value and
a backpropagator: x 7→ (v,dv/dy 7→ dx/dy). Doing this correctly requires a non-local program
transformation, and requires further tweaks if a lambda uses variables from an outer scope, in
which case a channel needs to be established that allows backpropagation for closed-over variables,
not just the function parameter.
Using delimited continuations with shift/reset operators, by contrast, enables reverse-mode

AD with only local transformations. Any underlying non-local transformations are taken care of
implicitly by shift and reset. Beyond this, it is also worth noting that our method can allocate
all closures and mutable variables on the stack, i.e, we never need to return closures that escape
their allocation scope. Indeed, our computation graph is never reified, but instead remains implicit
in the function call stack. A consequence of this is that tail calls become proper function calls.
The proposed implementation is also extremely concise, to the point of being able to serve as a
specification of reverse-mode AD and be used to teach AD to students.

3.4 Nested Invocations For High-Order Gradient
In a similar situation as with forward-mode AD in Section , we are interested in extending the
current implementation to support nested invocations of the grad operator. The only restriction
is that we cannot invoke reverse-mode AD within reverse-mode AD (i.e., reverse-reverse) due
to the fact that shift2, a theoretically well-understood construct [Danvy and Filinski 1990], is
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// differentiable number type

class NumR(val x: Double, var d: Double) {

def +(that: NumR) = shift {(k:NumR=>Unit)=>

val y = new NumR(x + that.x, 0.0)

k(y)

this.d += that.x * y.d

that.d += this.x * y.d

}

def *(that: NumR) = shift {(k:NumR=>Unit)=>

val y = new NumR(x * that.x, 0.0)

k(y)

this.d += that.x * y.d

that.d += this.x * y.d

}

...

}

// differentiation operator

def grad(f: NumR => NumR @cps[Unit] )(x: Double) = {

val z = new NumR(x, 0.0)

reset { f(z).d = 1.0 }

z.d

}

// example

val df = grad(x => 2*x + x*x*x)

forAll { x =>

df(x) = 2 + 3*x*x

}

Fig. 9. Automatic Differentiation in Scala: (a) reverse mode using delimited continuations, with shift/reset
operators (b) grad function definition and use case. Handling of continuations is confined to implementation
logic and does not leak into user code.

unavailable in Scala. However, it is still interesting to nest forward-mode AD with reverse-mode
AD for higher-order derivatives. For a typical Rn → R function, forward-reverse is particular
interesting for computing first-order gradient with reverse-mode, and second-order gradient with
forward mode. In particular, we can compute Hessians as the Jacobian of gradients [Baydin et al.
2018], and Hessian vector products in a single reverse pass [Christianson 1992].

This is done by unifying NumR under the same abstract Num from Section , and using the dynamic
tagging method previously described to address perturbation confusion bugs.

class NumR(val x: Num, var d: Num, tag: Int) extends Num {...}

4 IMPLEMENTATION IN LMS
CPS conversion puts our reverse-mode AD on a firm basis, rooted in programming language
concepts. Extending the Num type to tensors will provide all the necessary machinery for a deep
learning framework. However, running Scala code on a JVM will not be efficient for practical deep
learning tasks. For practical use, we obviously need to make use of the low-level implementations
that run on deep-learning-specific hardware such as GPUs, TPUs, etc.

One way to achieve this goal is to wrap the low-level implementations as Scala function calls in a
library. Doing so allows us to shift the burden of each tensor operation to a library function call. This
is very similar to frameworks such as Torch and PyTorch, which construct dynamic computation
graphs at runtime, and exploit efficient low-level implementations for tensor operations. This
paradigm has become quite popular due to its ease of use and flexibility in working with control
flow constructs such as branches, loops, and recursion.

A better way is to transform high level implementation in Scala to low-level code, via multi-stage
programming (staging). Modern staging tools such as Lightweight Modular Staging (LMS) [Rompf
and Odersky 2010] blend normal program execution with IR construction which is similar to but
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more general than computation graphs in TensorFlow. The flavor of LMS is shown in the following
example.

def totalScore(names: Rep[Vector[String]]) = {

val scores = for ((a,i) <- names.zipWithIndex) yield (i * nameScore(a))

scores.sum

}

def nameScore(name: Rep[String]) = {

name.map(c => c - 64).sum

}

Here, a simple score is computed for a vector of strings. The types Rep[Vector[String]] and
Rep[String] are the only giveaways that an IR is constructed. The implementation crucially relies
on type inference and advanced operator overloading capabilities, which extend to built-in control
flow constructs like if, for, and while so that normal syntax can be used. As shown in the exam-
ple, an expression for ((a,i) <- names) yield ... becomes a series of method calls with closure
arguments names.map((a,i) => ...).
Staging our reverse-mode AD with LMS will not face fundamental challenges, because it is a

well-known insight that a multi-stage program that uses continuations can generate code in CPS
[Biernacka et al. 2005]. LMS can also be set up to generate low-level code such as C++, allowing
efficient back-ends. This makes our framework similar to frameworks such as TensorFlow or
Theano. The main benefit of these approaches is that they offer a larger surface for analysis and
optimization, much like in an aggressive whole-program compiler. High-level optimization among
tensor operations can be applied to make training and inference more efficient.

The apparent downsides of TensorFlow and Theano, however, are the rather clunky programming
interface offered by current frameworks, the absence of sophisticated control flow constructs, and
the inability to use standard debugging facilities. However, our system largely avoids the downsides
of the current static frameworks by using the idea of staging (in particular, the LMS framework).
Of course, TensorFlow can be viewed as utilizing staging as well, but the staged language is a
restricted dataflow model. On the other hand, LMS provides a rich staged language that includes
subroutines, recursion, and so on.

We show below how LMS is added to our CPS-based autodiff system, and demonstrate cases of
employing branches, loops, and recursion in a natural form. One added intellectual benefit of this
is the achievement of actual code transformations from an unmodified API.

4.1 Staging Straight-Line Programs
We begin by looking at how we can stage and perform AD on straight-line programs (i.e., those
without loops, branches, or recursion). We already have the basic Num class definition with operators
in CPS which can support straight-line programs. Therefore, all that is required is the labeling of
some types T as Rep[T] for staging in LMS. One choice that can be ruled out quickly is Rep[Num],
because it means that the generated code has to maintain Num class and objects. An obvious
suggestion may be as follows:
class Num(val x: Rep[Double], var d: Rep[Double]) {...}

This works for straight-line programs, but poses challenges for programs with nested scopes.
As has already been discussed in Section 3, a destination-passing style is needed in which we can
pass a reference of the gradient field to the nested scope. Ergo, the proper solution is to wrap the
gradient d as a staged variable:
class Num(val x: Rep[Double], val d: Rep[Var[Double]]) {...}
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Here, the Rep[Var[Double]] is generating a pointer to double in C++, which allows us to pass the
gradient d by reference, following destination-passing style. Given this basic setting of Rep types,
we will then refer to general types (A, B, C) in the following part of this section, to illustrate the
abstraction of branches, loops, and recursion.

4.2 Staging Programs with Branches
We cannot simply use the overridden if operator in LMS for branches because we need to manage
continuations usingshiftoperators. Thus, we define a standalone IF function, taking aRep[Boolean],
and two (=> Rep[A]@cps[Rep[B]]) typed parameters for the then-branch and else-branch respec-
tively. In Scala, => T typed parameters are passed by name, so that the parameters are evaluated
lazily in the function body. The IF function, just like the operators in the Num class, is a shift

construct taking a delimited continuation k. The function needs to invoke the continuation either
with the then-branch parameter or the else-branch parameter, based on the value of the condition.
Note that we have to encase both branches with reset:

def fun(f: Rep[A] => Rep[B]): Rep[A => B] // LMS support for staging a function

def IF(c: Rep[Boolean])(a: =>Rep[A] @cps[Rep[B]])(b: =>Rep[A] @cps[Rep[B]]): Rep[A] @cps[Rep[B]] =

shift { k:(Rep[A] => Rep[B]) =>

val k1 = fun(k) // generate lambda for k

if (c) reset(k1(a)) else reset(k1(b))

}

If we simply pass k to the if statement without generating k1 as a lambda, we will have code
duplication in both branches. The code increase can be exponential, given multiple consecutive IF
invocations.

4.3 Staging with Loops or Traversing Sequences
Sometimes, deep learning deals with sequential data of different lengths using recurrent neural
networks (RNN), such as words viewed as an array of characters or audio streams viewed as a
sequence of floats. As a differentiable programming framework, it is only natural to support loop
construct. How do we handle loop generation with CPS? For sure, we cannot directly use the while
or for operators in Scala.
It is clear that the a loop needs to be transformed into a recursive function in CPS. In LMS,

recursive functions can be constructed by:

def f: Rep[A => B] = fun { x => ... f(...) ... }

A loop construct takes at least an initial value Rep[A], a loop guard and a loop body of type
Rep[A] => Rep[A]@cps[Rep[B]]as parameters. The loop guard can be eitherRep[A] => Rep[Boolean],
like a while construct, or simply a Rep[Int], like a for construct. The actual loop logic can be de-
scribed as follows: if the loop guard is true, call the loop body; else call the continuation. The WHILE
construct is defined below, mimicking the standard while loop.

def WHILE(init: Rep[A])(c: Rep[A] => Rep[Boolean])(b: Rep[A] => Rep[A] @cps[Rep[B]]):

Rep[A] @cps[Rep[B]] = shift {

k:(Rep[A] => Rep[B]) =>

lazy val loop: Rep[A] => Rep[B] = fun { (x: Rep[A]) =>

if (c(x)) RST(loop(b(x))) else RST(k(x))

}

loop(init)

}
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4.4 Staging with Recursion or Traversing Structural Data
As a differentiable programming framework, we would also like to handle more general forms of
recursion. This is also very useful in deep learning, for processing structural data such as language
parse trees. The standard TensorFlow framework cannot process parse trees with different sizes
and shapes due to a lack of expressivity of its computation graph construction.
Before rushing into our recursion abstraction, it may be beneficial to build an intuition about

how to manage recursion in CPS. We begin by examining a simple recursive program on a list.

def compute(a: Int, b: Int): Int = ...

def traverseList(l: List) = {

if (l.isEmpty) 0

else compute(traverseList(l.tail), l.head)

}

In this example, the traverseList function is not tail-recursive. In continuation-passing style,
we must form a lambda as (x => compute(x, l.head)), and put this lambda before the continuation
that comes after. This is the support we want to build first (as shown in FUN), which takes a function
of type Rep[A] => Rep[B] @cps[Rep[C]], and returns a function of the same type. Inside FUN, the
parameter f is squeezed between the continuation k and the initial value x.
With that support, implementing a tree traversal in TREE is straightforward. Here, the Rep[A]

type in FUN is Rep[Tree]. For empty trees, the init is directly passed along. For non-empty trees,
the result of the left child and right child are composed by the b function supplied by the user.

def FUN(f: Rep[A] => Rep[B] @cps[Rep[C]]): {

val f1 = fun((x, k) => reset(k(f(x)))) // put f in between k and x

{ (x: Rep[A]) => shift { k: (Rep[B] => Rep[C]) => f1((x, fun(k)))}}

}

def TREE(init: Rep[B])(t: Rep[Tree])(b: (Rep[B], Rep[B]) => Rep[B] @cps[Rep[C]]):

Rep[B] @cps[Rep[C]] = {

def f = FUN { tree: Rep[Tree] =>

if (tree.isEmpty) init

else b(f(tree.left), f(tree.right))

}

f(t)

}

With all of the above implementations in place, we have established a framework capable of
supporting branches, loops, and recursion. Although building these control flow operators takes
some engineering, this is simply providing abstraction through which we may generate CPS code.

This framework provides a highly expressive programming interface in the style of PyTorch, as
well as generating an intermediate representation free fromAD logic. This allows pure manipulation
of Doubles or Tensors, which in turn allows extensive optimization in the style of TensorFlow.
We note in passing that while it is, naturally, an option to implement CPS at the LMS IR level,

we choose to forgo this route in favor of the presented implementation simply for clarity and
accessibility.

5 IMPLEMENTATION AND CASE STUDIES
Up to this point, we have shown both how to do reverse-mode AD using delimited continuations
and how to do this efficiently using staging. In this section, we delve into “real” deep learning. We
present the implementation and evaluation of a prototype system called Lantern which extends
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the material presented in preceding sections by providing a staged tensor API with functionality
similar to that of standard deep learning frameworks. As we demonstrate in this section, Lantern
performs competitively on cutting edge deep learning applications which push the boundaries of
existing frameworks in various dimensions, i.e., expressivity or performance.

A snippet is shown here for the basic structure of the staged tensor API. Our Tensor class holds
a Rep[Array[Double]] and any number of dimensions in Array[Int], and handles all tensor-level
computations including element-wise operations, matrix multiplications and convolution. The
TensorR class takes two Tensors, one as the value, the other as the gradient. Operators in TensorR are
overloaded with shift constructs, providing entry to delimited continuations. By comparing with
the CPS-style implementation in Section 3, the Tensor class is equivalent to Double, and TensorR is
equivalent to NumR.

class Tensor(val data: Rep[Array[Double]], val shape: Array[Int]) {...}

class TensorR(val x: Tensor, val d: Tensor){...}

Note that Lantern’s staged tensor API implements tensor operations in naive for loops, and
is not yet optimized on the Tensor IR. A more complete way is to interface Lantern’s tensor IR
with standard tensor compiler pipelines (e.g. XLA, NNVM) [Distributed (Deep) Machine Learning
Community 2018; TensorFlow team 2018] or to purpose-built compiler frameworks that directly
extend LMS (e.g. Delite and OptiML [Sujeeth et al. 2014, 2011]). However, even with its relatively
simple tensor API, Lantern already achieves performance competitive with modern deep learning
frameworks such as PyTorch and TensorFlow.

5.1 Deep Learning Basics
For completeness, we present a small overview of deep learning basics for an audience unfamiliar
with the subject. Experts are invited to move directly to Section 5.2.

5.1.1 Simple Layered Neural Networks Using Fully Connected Layers. Most deep learning models
are built on different kinds of neural networks. Inspired by neural cells in human brains, which
individually have the capacity to compose incoming signals and fire outgoing signals in a non-linear
manner, neural networks are composed of neural nodes that each takes some number of inputs and
provides one output by a non-linear transformation. Traditional neural networks are arranged by
computation layers (Figure 1a), with one input layer, one output layer, and several hidden layers
in between. Nodes in each layer linearly compose the information from all nodes in the previous
layer, then feed the output to the next layer after a nonlinear transformation (e.g. tanh, sigmoid, or
ReLU). Among the deep learning community, these are often called fully-connected (FC) layers.
Actual implementations use vectors to represent FC layers, and matrices as linear weights

connecting two layers, as in Out = tanh(Weiдht ∗ In + Bias ).
Note that the nonlinear transformation after each layer is critical, otherwise the whole neural

network can be collapsed into one linear transformation (this is easy to see given a linear algebra
formula). Layered neural networks are essentially composed nonlinear functions, each having
similar functional structure, but different and adjustable parameters. Together, multiple composed
functions can emulate a wide range of complex nonlinear functions.

Neural networks use gradient descent to search for proper parameters in a vast parameter space.
Given a set of training data with inputs and targets, the difference between function outputs and
targets can be quantified as one numerical value, called “loss”. Partial derivatives are computed
for all parameters with regard to the loss, and parameters are modified towards the direction of
negative partial derivatives by a small step (also called learning rate in deep learning terminology).
With many iterations, a proper set of parameters can be found. The partial derivatives are normally
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produced by reverse-mode automated differentiation (AD), which is presented in detail in previous
sections.

By stacking many hidden layers (hence, deep learning), the neural networks are able to emulate
generic functions to a very high level of complexity. However, naively stacking hidden layers
creates difficulties in training and learning, and too many parameters used inefficiently leads to
overly large models and overfitting to training data. The deep learning community has come up
with various neural network architectures to address this problem and also to adapt to specific
tasks. For instance, convolutional layers (CONV) [LeCun et al. 1990] are used mostly in image
processing (Figure 1b).

5.1.2 Variants of Convolutional Neural Networks. Instead of connecting with every node in the
previous layer, nodes in convolutional layers only connect with a small block of the previous layer
using small parameter blocks called “kernels”. Each kernel scans the previous layer to generate the
next layer, and multiple kernels generate multiple layers (or “channels”, in deep learning terms).
Compared to FC layers, CONV layers use parameters more efficiently by utilizing the concept of
“weight tying”. Since kernels can pick up local patterns in the previous layer, their performance in
image processing has historically been very good.
Although better than the FC layers, very deep CONV layers also showed deteriorating perfor-

mance even on training losses. The understanding is that although a deeper neural network is (in
theory) more powerful than a shallower one, it is actually very hard for a deeper neural network
to emulated a shallower neural network, since identity mapping is hard to learn for nonlinear
transformations in the neural network layers. To overcome this problem, ResNet was introduced
(Figure 1c). In ResNet, an identity mapping was added to send unchanged data to two layers
downstream just before the nonlinear transformation (such as ReLU). By passing data unchanged,
a very deep ResNet can be trained with good performance [He et al. 2016].
Another variety of CONV layer is an inception layer (Figure 1d). In inception neural networks

[Szegedy et al. 2017], a previous layer can be mapped to the next layer by different CONV layers,
thus avoiding having to choose hyperparameters for convolution operations. Inception layers also
reduce the number of parameters using 1 × 1 CONV layers that shrink the previous layers in the
dimension of channels, thus allowing parameters to be used more efficiently.

5.1.3 Variants of Recurrent and Recursive Neural Networks. Although CONV layers and variants
achieve good performance in image processing, a big missing ability is sequential context. A
convolutional neural network (CNN) may analyze each frame of a movie well, but can never form
connections between frames. To handle inputs where sequential context is important – such as
speech recognition or language translation – we need another class of neural networks called
recurrent neural networks (RNN) [Kombrink et al. 2011]. The simplest class of RNN, also called a
“vanilla RNN” (Figure 1e), has a defining feature of persistent internal memory, called a “hidden
layer” (h0, h1, and h2 in the figure). Initialized to zero, the hidden layer is used together with the
inputs (x1 and x2) to produce the next hidden layer, which in turn is used to generate output (o1 and
o2) and maintain a persistent memory about all previous inputs. Even the simplest RNN can achieve
academically interesting results such as language modeling by characters (details in Section 5.2).
It is theoretically possible for a vanilla RNN to learn patterns from sequences of any length.

However, training a vanilla RNN for long sequences in practice faces issues such as exploding
and vanishing gradients. A simple intuition is that when the same linear transformation is reused
multiple times, the values will either get very big or very small, just like multiplying with a number
repeatedly. This issue is addressed by Long Short Term Memory (LSTM) (Figure 1f) in a similar
fashion as ResNet’s identity mapping.
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LSTM [Hochreiter and Schmidhuber 1997] uses two types of persistent memory: the hidden
layer, and the cell state. While the hidden layer (Ht−1) is often concatenated with the input layer
(Xt ) for computation (just like in a vanilla RNN), the cell state is only linearly modified by a forget
gate f and an input gate i . The updated cell state is then used to generate new hidden layer and
output layer, through an output gate o. Detailed equations can be found in Section 5.3, but the key
take-way point is that learning long sequences becomes easier by using cell states.
In practice, LSTM is widely used as the basic RNN building block, while vanilla RNNs are

generally only used in small examples like tutorials. One avenue for exploiting LSTM for more
complicated tasks is to supply an external memory for LSTM to read from and write to, as in the
case of Neural Turing Machine (NTM) (Figure 1g). In order to make the whole system differentiable,
the reading and writing operations are applied to the entire memory space, just to varying extents
(this is called the “attention mechanism” in deep learning terminology). Given training data, NTM
learns basic programming abilities such as copy, sort, and associative recall. Note that the NTM
also uses other types of neural networks as the controller [Graves et al. 2014].
Another use case for LSTM is to handle structural data such as language parse tree (Figure 1h).

Unlike a sequence of data where the LSTM processes each element one by one, in TreeLSTM the
LSTM block needs to traverse the tree in an order such that states of the children are fed into the
parent as previous states [Tai et al. 2015]. Thus, given a tree-structured data, the LSTM usually
must traverse it in a recursive way, thereby gaining the name recursive neural networks. Recursive
neural networks performs better than recurrent neural networks for tree-structured input, but
pose interesting challenges for the expressivity of the deep learning framework. We evaluated
TreeLSTM in Section 5.4.

5.2 Vanilla RNN Implementation and Evaluation
We begin our evaluation with a vanilla RNN implementation, min-char-rnn.6 This vanilla RNN
model analyzes a paragraph character by character, and builds a language model predicting the
frequency distribution of the next character given the sequence of passed characters. The characters
are simply embedded as one-hot vectors, and the hidden vector and loss are updated by simple
rules as shown below. Note that ∗ represents matrix vector multiplication, and xi and yi are the
one-hot embeddings of the input character and the target character.

hi+1 = tanh(W1 ∗ xi +W2 ∗ hi + b1)
ei+1 = exp(W3 ∗ hi+1 + b2)
pi+1 = ei+1/sum(ei+1)
loss −= log(pi+1 dot yi )

Implementation of min-char-rnn in Lantern (Figure 10) is very similar to the Numpy implementa-
tion provided at the url givenin the footnote below. The recurrent nature of the neural network was
realized by the LOOP construct, which is simply build on the WHILE using a Rep[Int] index counter as
loop guard. We do not have to explicitly provide code for gradient calculations, unlike the Numpy
implementation. The training loop is almost identical, with the only difference being that Lantern
(similar to PyTorch) must clear the gradient after each training step.

Implementations in PyTorch and TensorFlow are very straightforward, with simple tutorials
widely available online. PyTorch’s implementation follows the general rule of putting all parameters
and forward propagation logic in the torch.nn.Module class, and then allowing a torch.nn.optim
object to handle gradient descent. TensorFlow, meanwhile, has more encapsulated BasicRNNCell

6https://gist.github.com/karpathy/d4dee566867f8291f086
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val pars = ... // all trainable parameters

def lossFun(inputs: Rep[Array[Int]], targets: Rep[Array[Int]]) = {

val in = (init_loss, init_hidden_vector)

val out = LOOP(in)(inputs.length){i => in =>

val xi, yi = ... // one-hot encoding of inputs(i) and targets(i)

val new_hidden = ((pars(0) dot xi) + (pars(1) dot in._2) + pars(2)).tanh()

val unnormalized_prob = ((pars(3) dot new_hidden) + pars(4)).exp()

val normalized_prob = unnormalized_prob / unnormalized_prob.sum()

val new_loss = in._1 - (normalized_prob dot yi).log()

(new_loss, new_hidden)

}

out(0)

}

for (n <- (0 until maxIter): Rep[Range]) {

val inputs, targets = next_training_data()

// grad_loss returns the final result of the forward propagation

val loss = grad_loss(lossFun(inputs, targets))

for (par <- pars) {

par.x -= par.d * learning_rate

par.clear_grad()

}

}

Fig. 10. Code snippet of vanilla RNN implementation in Lantern

and AdagradOptimizer interfaces. Both systems offer insights about how Lantern can be optimized
for ease of use.
When it comes to runtime performance, Lantern’s generated and compiled C++ code outstrips

the competition somewhat handily, running 5000 iterations in approximately 2.6 seconds. with the
closest existing implementation being Numpy, at around 7 seconds. TensorFlow’s implementation,
on the other hand, takes around 18 seconds, with PyTorch running for more than 40 seconds
(Figure 11 b). 7 We note here that we distinguish runtime for model training and preparation
(everything other than the training loop, including initialization of library and model, data loading,
and model compilation as in TensorFold). The runtime comparison in general is unsurprising;
both Lantern and Numpy use transformed programs which flatten out the AD logic as simple
calculations and function calls. In the meantime, full-fledged systems easily have more overhead
since they support more features, and are expected to appear inefficient when competing on very
small models. TensorFlow particularly has a longer preparation time in general, due to initialization
of Curl library.
We also plot the training loss by training steps (Figure 11 a), to show that all systems reduce

training loss at a similar pace. It indicates that Lantern’s implementation is correctly doing gradient
descent.
We note that for all evaluations presented, we are exclusively concerned with expressivity,

training loss reduction, and training time. Whether the model generalizes well to testing data is the

7All experiments were run using a single thread on a laptop with a dual-core AMD A9-9410 RADEON CPU @1.70GHz and
8GB of SODIMM Synchronous 2400 MHz RAM.
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Fig. 11. (a) Training loss of Vanilla RNN model in different frameworks, (b) Training time of Vanilla RNN
model in different frameworks

problem of the model or the algorithm, not the concern of the framework, and thus out of scope
for this evaluation.

5.3 LSTM Implementation and Evaluation
By simple adaptation, we can implement LSTM model based on the Vanilla RNN model. As briefly
mentioned in section 5.1, LSTM address the exploding and vanishing gradient problem of Vanilla
RNN, with a more sophisticated gate-based model and a stable cell state for learning long-distance
dependency in sequences. The detailed equations are shown below.

ft = σ (Wf ∗ [ht−1,xt ] + bf )
it = σ (Wi ∗ [ht−1,xt ] + bi )
ot = σ (Wo ∗ [ht−1,xt ] + bo )
c̃t = tanh(Wc ∗ [ht−1,xt ] + bc )
ct = ft ⊙ ct−1 + it ⊙ c̃t
ht = ot ⊙ tanh(ct )

In the above equations, σ represents the sigmoid operation, [ht−1,xt ]means simple concatenation
of the two vectors, and ⊙ means element-wise multiplication. As shown in the equations, the cell
state ct is only modified by “forgetting” some information controlled by the forget gate ft , and
adding some new information controlled by the input gate it . The output gate ot controls which
part of the cell state is used for generating hidden state ht . Both cell state ct and hidden state ht
need to be passed to the next recurrence.

Adding these gates to Lantern is easy: we simply add more operations in the LOOP body (Figure 12).
The extra complexity does not pose any control flow challenges. For consistency, we evaluate using
the same training data as the vanilla RNN. Running the generated and compiled C++ code from
Lantern for 5000 iteration takes approximately 5 seconds, while the PyTorch and TensorFlow imple-
mentations runs for approximately 60 seconds and 25 seconds for the same workload (Figure 13 b).
We elect not to implement the Numpy version for this or the following experiments, as performing
manual differentiation is overwhelming for larger models, and thus infeasible in any practical
setting.
When examining training loss, all three frameworks reduced training loss in a similar pace,

which is reasonably faster than their vanilla RNN counterparts (Figure 13 a).
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val pars = ... // all trainable parameters

def lossFun(inputs: Rep[Array[Int]], targets: Rep[Array[Int]]) = {

val in = (init_loss, init_hidden, init_cell)

val out = LOOP(in)(inputs.length){i => in =>

val xi, yi = ... // one-hot encoding of inputs(i) and targets(i)

val f_i = ((pars(0) dot in._2) + (pars(1) dot xi) + pars(2)).sigmoid() // forget gate

val i_i = ((pars(3) dot in._2) + (pars(4) dot xi) + pars(5)).sigmoid() // input gate

val o_i = ((pars(6) dot in._2) + (pars(7) dot xi) + pars(8)).sigmoid() // output gate

val C_i = ((pars(9) dot in._2) + (pars(10) dot xi) + pars(11)).tanh() // cell update

val c_i = f_i * in._3 + i_i * C_i // new cell state

val h_i = o_i * c_i.tanh() // new hidden state

val e_i = ((pars(12) dot h_i) + pars(13)).exp() // unnormalized_prob

val p_i = e_i / e_i.sum() // normalized_prob

val loss = in._1 - (p_i dot yi).log() // new loss

(loss, h_i, c_i)

}

out(0) // return the final loss

}

Fig. 12. Code snippet of LSTM implementation in Lantern

Fig. 13. (a) Training loss of LSTM in different frameworks (b) Training time of LSTM in different frameworks

5.4 Tree-Structured LSTM Implementation and Evaluation
For handling structural data that is more complicated than sequences, tree-structured LSTM
(or TreeLSTM) is required. As briefly introduced in Section 5.1, TreeLSTM adapts its data flow
to structural data of different sizes and shapes and captures the structural information that is
otherwise missed by sequential NNs. As analyzed in detail in Section 4, a recursive control flow
can be implemented using the described TREE abstraction (Figure 14).

We implemented Sentiment Classification using the dataset from the Stanford Sentiment Treebank
[Chuang 2013] following the work of [Tai et al. 2015]. The dataset contains sentences for movie
reviews, with each sentence parsed into a tree. Each leaf node contains a word, and each non-leaf
node contains two children nodes but no word. All nodes have a label (0 to 4 in fine grained
subtasks) reflecting how positive the node is. The goal is to train a LSTM which analyzes the parse
tree in this manner:

hi = TreeLSTM(Embedding(word ),hi .left,hi .right)
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val pars = ... // all trainable parameters

def lossFun(node: Rep[Tree]) = {

val in = (init_loss, init_hidden, init_cell)

val out = TREE(in)(node) { (in_l, in_r) =>

val target = one_hot(node.score)

val embedding_tensor = IF (node.isLeaf) {Embedding(node.word)}{0}

val i_gata = IF (node.isLeaf)

{(pars(0) dot embedding_tensor) + pars(1)).sigmoid()}

{(pars(2) dot in_l._2 + pars(3) dot in_r._2 + pars(1)).sigmoid()}

val fl_gate = ... // IF branch

val fr_gate = ... // IF branch

val o_gate = ... // IF branch

val cell_update = ... // IF branch

val new_cell = i_gate * cell_update + fl_gate * in_l._3 + fr_gate * in_r._3

val new_hidden = o_gate * new_cell.tanh()

val prob = softmax(new_hidden)

val new_loss = in_l._1 + in_r._1 - (prob dot target).log()

(new_loss, new_hidden, new_cell)

}

out(0)

}

Fig. 14. Code snippet of TreeLSTM implementation in Lantern

Here hi is the hidden vector and the cell state (default when describing LSTM) associated with node
i , and the Embedding is a large lookup table which maps each word to a 300-sized array, reflecting
the semantic distances between all words in the vocabulary. TreeLSTM differs from simple LSTM
by taking two previous states, from both the left and right children. For leaf nodes, the previous
states are zero, as is the embedding for non-leaf nodes. The hidden vector from each node can be
used to compute a softmax of labels, thus generating a loss by comparing with the true label for
each node. By training, the total loss (or average loss per sentence) should be reduced; thus the
TreeLSTM learns to evaluate reviews in a parse-tree format.

Implementations of this task in PyTorch 8 and TensorFlow 9 are available online, and we perform
only minor adaptations for our experiments. Compared with these, Lantern’s implementation
(shown above) looks simpler by use of the TREE abstraction. In fact, it looks much like the LSTM
implementation, just with slightly more logic handling for whether the node is leaf or non-leaf.
It is interesting to note that implementing this task in PyTorch is not a big challenge, as Py-

Torch does not construct true computation graphs. For each training data, whether it is struc-
turally identical or different, PyTorch always constructs a new computation trace by linking
torch.autograd.Variables with operators. This is sometimes referred to as a dynamic computation
graph.
On the other hand, standard TensorFlow machinery cannot handle structural data of various

shapes, since it constructs static computation graphs that cannot adapt to different trees. Lantern’s
methodology is closer to this TensorFlow style, but thanks to a much richer staging language

8https://github.com/ttpro1995/TreeLSTMSentiment
9https://github.com/tensorflow/fold/blob/master/tensorflow_fold/g3doc/sentiment.ipynb
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provided by LMS, Lantern computation graphs can be expressed as recursive functions and function
closures, which handle structural data easily.

The TensorFlow implementations in evaluation actually depend on TensorFlow Fold [Looks et al.
2017], a library that compiles static TensorFlow models based on a given set of structural data.
As a somewhat ad hoc solution, this implementation may seem even more mysterious than the
already clunky standard TensorFlow. However, by extensively remodeling computation graphs
based on data, TensorFlow Fold can run TreeLSTM in batches, which is not supported by Lantern
or PyTorch.
For simplicity (and to see much quicker convergence), we use a smaller set of training data

(the dev-set, containing only 1101 sentences) in the experiment (Figure 15). Here we measure
runtime by epoch (one complete traversal of the training data), because TensorFlow Fold is using
different batch sizes. Lantern spends about 31 seconds per epoch, whereas PyTorch requires 75
seconds. TensorFlow Fold running on batch-size 20 is very efficient, using only 21 seconds per
epoch. However, forcing TensorFlow Fold to run at batch-size 1 is very slow, at 125 seconds per
epoch. It is worth noting that TensorFlow Fold uses a visible amount of preprocessing time due to
the extensive graph reconstruction by Fold.

Fig. 15. (a) Training loss of TreeLSTM in different frameworks (b) Running time of TreeLSTM in different
frameworks

The plot for training loss reduction diverges slightly among the frameworks. Both Lantern
and TensorFlow Fold at batch-size 1 achieve fast convergence, while PyTorch and TensorFlow
Fold at batch-size 20 lag behind. We are not fully clear why the training loss reduction is different
between Lantern and PyTorch, even after efforts to carefully unify the hyperparameters and training
conditions. TensorFlow Fold with larger batch-sizes may have a justification for learning slower,
as the parameters are not updated as frequently as the other frameworks/settings, though this is
simply intuition.

5.5 A Simple CNN
In order to evaluate Lantern on a simple convolutional neural network (CNN), we elect to use
the widely-used MNIST dataset. MNIST is a relatively simple computer vision dataset containing
handwritten digits (0-9). Neural networks are trained to classify these digits and correctly determine
which digit is shown.

Lantern implementation is shown in Figure 16. Both TensorFlow and PyTorch have publicly
available tutorials which operate over the MNIST dataset, though PyTorch’s implementation targets
a smaller model. For uniformity, we choose to use this smaller example, and have adapted the
TensorFlow tutorial accordingly. The training set is composed of 60,000 28 × 28 pixel grayscale
images, with the testing set containing an additional 10,000 images.
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val pars = ... // all trainable parameters

def trainFun(input: TensorR, target: Rep[Int]) = { (dummy: TensorR) =>

val resL1 = input.conv(pars(0)).maxPool(stride).relu()

val resL2 = resL1.conv(pars(1)).maxPool(stride).relu()

val resL3 = ((pars(2) dot resL2.resize(in3)) + pars(3)).relu().dropout(0.5f)

val resL4 = (pars(4) dot resL3) + pars(5)

val res = resL4.logSoftmax()

res.nllLoss(target)

}

Fig. 16. Code snippet of CNN implemented in Lantern

In order to evaluate Lantern using a CNN on the MNIST dataset, we must first build the model
used in PyTorch’s MNIST tutorial implementation. This model is composed of two convolutional
layers: the first with kernels of 5 × 5 and a 10-channel output, the second with kernels of 5 × 5
and a 20-channel output. Both layers have a max polling of stride 2, and use ReLU as an activation
function. These layers are followed by two linear layers (i.e., fully connected), between which we
have a dropout of 50%. The first of these linear layers receives 320 inputs and produces 50 outputs
which the second layer receives as inputs and ultimately produces 10 outputs of its own. Finally,
we elect to use the logSoftmax function in order to compute the prediction of our CNN. We present
the implementation of this as follows:
Once the gradient has been computed by our backpropagation, we use a stochastic gradient

descent (SGD) algorithm with a learning rate of 5 × 10−4 when given a batch of size 1, or 5 × 10−2
when given a batch of size 100.

With our model trained, we run the MNIST benchmark using Lantern, PyTorch, and TensorFlow
(Figure 17). Lantern does not currently support batches beyond size 1, but we include larger batch
sizes for PyTorch and TensorFlow for completeness. Lantern completes the benchmark with an
average time of 40 seconds per epoch (batch size 1). PyTorch, meanwhile, has an average of 140
seconds per epoch for batch size 1, and an average of 30 seconds for batch size 100. TensorFlow, on
the other hand, has an average of 200 seconds for batch size 1, and an average of 70 seconds for
batch size 100. The training loss reductions were similar in all frameworks/settings.

Fig. 17. (a) Training loss of CNN in different frameworks (b) Training time of CNN in different frameworks
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6 RELATEDWORK
Gradient-based optimization lies at the heart of machine learning. Backpropagation [Rumelhart
et al. 1986] can be viewed as a special case of reverse-mode AD, and is a key ingredient for gradient
descent, the primary family of algorithms used to train machine learning models. The fundamental
idea of automatic differentiation (AD) emerged in the 1950s, around the time when programs
emerged that had to perform calculations of derivatives [Beda et al. 1959; Nolan 1953]. A formal
introduction to forward-mode AD appeared in 1960s [Wengert 1964].
The application of gradient descent first arose in control theory [Bryson and Ho 1975; Bryson

and Denham 1962]. In the 1970s, Linnainmaa [1976] introduced the concept of reverse-mode
AD and the concept of computational graphs which are now widely used by modern machine
learning frameworks. Speelpenning [1980] implemented reverse-mode AD in a general-purpose
programming language in 1980, which is considered the first implementation of reverse-mode
AD that performed gradient computations automatically. At the same time, backpropagation was
invented and reinvented within the machine learning community [Parker et al. 1985; Rumelhart
et al. 1986; Werbos 1974]. This divergence continued until 1989 when Hecht-Nielsen [1988] cited
the work from both communities.
Most modern deep learning frameworks are required to compute gradients of training loss in

order to update weights in the neural network (backpropagation). Baydin et al. [2018] describe
how this can be done in two ways. The first is to have users define a computational graph using
some domain-specific language (DSL) and interpret operators along the graph at runtime. This
computational graph structure can help DSL compilers optimize the operator-interpreting process
for better performance while at the cost of the expressiveness of the DSL. This limit could make
developing neural network models challenging in terms of lack of code reuse, unintuitive control
structures, and difficulty in debugging. Many mainstream frameworks including Torch [Collobert
et al. 2011], Theano [Al-Rfou et al. 2016], Caffe [Jia et al. 2014], TensorFlow [Abadi et al. 2016],
and CNTK [Seide and Agarwal 2016] belong to this category. The other method proposed is to
integrate general-purpose programing languages and truly reverse-mode automatic differentiation,
of which PyTorch [Paszke et al. 2017a,b], MXNet [Chen et al. 2015], autograd [Maclaurin 2016],
and Chainer [Tokui et al. 2015] are well-known representatives. The tight integration between host
language and automatic differentiation of this category brings many benefits to users, including
flexible control statements and easy debugging. In fact, the gap between these two styles is being
bridged, with ONNX [ONNX working groups 2017] as some of the earliest known work. ONNX
allows users to convert their deep learning models from one framework to another and many
popular frameworks from both paradigms are developing ONNX support.
Differentiable programming is of joint interest to the machine learning and programming

language communities. As deep learning models becomes more and more sophisticated, researchers
have noticed that building blocks into a large neural network model is similar to using functions, and
that some powerful neural network patterns are analogous to higher-order functions in functional
programming [Fong et al. 2017; Olah 2015]. This is also thanks to the development of modern deep
learning frameworks which make defining neural networks “very much like a regular program”
[Abadi et al. 2017; LeCun 2018]. Some recent research demonstrates this direct mapping between
these two areas by implementing differentiable analogues of traditional data structures [Cortes et al.
2015], and with differentiable programming, neural networks could do more than expected [Graves
et al. 2014]. In the functional programming community, a similar effort is being undertaken. Siskind
and Pearlmutter implemented forward-mode AD as an operator [Siskind and Pearlmutter 2008]
and reverse-mode AD as lambda [Pearlmutter and Siskind 2008], all within a functional framework.
After this, they augmented a high-level language with first-class AD using operator overloading
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[Siskind and Pearlmutter 2016] and implemented a differentiable functional programming library
called DiffSharp [Baydin et al. 2016]. A Haskell implementation of forward-mode AD was proposed
by Elliott [2009]. For a thorough view of AD and deep learning from functional programming
perspective, we advise readers refer to this survey [Baydin et al. 2018].
The present work tries to find a balance between those two proposed methods from two or-

thogonal perspectives: introducing automatic differentiation using operator overloading, and
implementing a neural network model compiler without reducing the expressiveness of the host
language. Previous works have attempted implementing a source-to-source deep learning compiler,
but have always focused on only one of the two methods proposed by Baydin et al. [2018]. For
example, Tangent [van Merriënboer et al. 2017; Wiltschko 2017] implements a source-to-source
compiler in Python which supports automatic differentiation, but this framework constrains the
expressiveness of the host language to a limited subset of Python. DLVM [Wei et al. 2017a,b] focuses
more on the compiler side. It compiles deep learning code written in Swift into a domain-specific
IR, performs some specific code analysis and transformations on this IR and generate code via
LLVM targeting GPU.

Our transformation of high-level implementations of neural network models to low-level code is
fueled by the idea of multi-stage programming (staging). Already more than 30 years ago, Jørring
and Scherlis [1986] observed that many computations can be naturally separated into stages
delineated by frequency of execution or availability of data. The idea to treat staging as an explicit
programming model was popularized, among others, by Taha and Sheard [2000]. Since then, modern
staging approaches have been proposed which blend normal program execution with delayed
construction of an intermediate program representation (IR), which may be a computation graph
or a more customary abstract syntax tree (AST). An example is the Lightweight Modular Staging
(LMS) framework [Rompf and Odersky 2010], which provides a rather seamless implementation of
staging in the Scala language and has been utilized in a range of existing applications [Rompf and
Amin 2015; Rompf et al. 2015; Sujeeth et al. 2011]. Lantern, our deep learning framework which
is built on top of LMS, achieves a balance between source code expressiveness and target code
performance via this compiler building technique.
Lantern also relies on delimited continuations, as implemented in Scala [Rompf et al. 2009].

Our success here depends greatly upon delimited continuations in order to embed reverse-mode
automatic differentiation in an elegant way.

7 CONCLUSIONS
With this paper, we set out to demystify automatic differentiation by examining it through the lense
of program transformation. In doing so, we uncovered a tight connection between reverse-mode AD
and delimited continuations. With the help of delimited continuation control operators, we provided
an implementation of reverse-mode AD by pure local transformations via operator overloading and
without any auxiliary data structures. Our work follows on the functional “Lambda, the ultimate
backpropagator” view of Pearlmutter and Siskind [2008] with a powerful frontend over lambda
terms in CPS – hence building the “penultimate backpropagator.”
We further combined this formulation of AD with multi-stage programming (staging), which

leads to a highly efficient implementation that combines the performance benefits of deep learning
frameworks based on explicit reified computation graphs (e.g., TensorFlow) with the expressiveness
of pure library approaches (e.g., PyTorch).
Based on these two ideas, we built our deep learning framework prototype, which we named

Lantern, as another step towards practical differentiable programming. With a simple backend
that generates C++ code natively, we already show competitive performance based on a few deep
learning benchmarks such as vanilla RNN, LSTM, TreeLSTM, and CNN. With the perspective of
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plugging our front-end with known tensor IR processing back-end such as XLA, NNVM or Delite,
we provide the necessary core for deep learning frameworks emphasizing both efficiency and
expressivity.
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