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ABSTRACT
Complex network phenomena – such as information cascades
in online social networks – are hard to fully observe, model,
and forecast. In forecasting, a recent trend has been to forgo
the use of parsimonious models in favor of models with increasingly large degrees of freedom that are trained to learn
the behavior of a process from historical data. Extrapolating this trend into the future, eventually we would renounce
models all together. But is it possible to forecast the evolution of a complex stochastic process directly from the data
without a model? In this work we show that model-free forecasting is possible. We present SED, an algorithm that forecasts process statistics based on relationships of statistical
equivalence using two general axioms and historical data. To
the best of our knowledge, SED is the first method that can
perform axiomatic, model-free forecasts of complex stochastic processes. Our simulations using simple and complex
evolving processes and tests performed on a large real-world
dataset show promising results.

Categories and Subject Descriptors
H.2.8 [Database Management]: Database applications—
Data mining

General Terms
Algorithms; Measurement

Keywords
Model-free Forecasting; Cascade Forecast

1.

INTRODUCTION

Complex networked processes – such as information cascades and the spread of influence and viruses over online
social networks – are hard to fully observe, model, and forecast. Self-reinforcing and latent e↵ects can drive random
and deterministic amplifications that are hard to predict
without aggregate, large-population models. For instance,
the way people react to social and monetary incentives can
a↵ect how information cascades spread over online social
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networks [12]; individuals also have evolving social interests [19, 24].
In our work we focus on forecasting statistics of complex
network processes, such as the distribution of sizes of an epidemic process over a network. Recently, the availability of
large-sample historical data – that details the evolution of
similar processes in the past – has started a trend of forgoing parsimonious models in favor of models with increasingly
large degrees of freedom that are trained over this historical
data; these include latent Markovian infection models [24],
auto-regressive models [20, 21], distance-based models for
time series [14, 37], and classification-based approaches such
as logistic regression [4] and naı̈ve Bayes classifiers [13]. Hidden Markov models have also been proposed to replace parsimonious population models in ecology research [26].
Extrapolating this trend into the future, eventually we
could renounce models all together. But is this possible?
That is, can we forecast statistics of complex network processes directly from the data without the help of models?
Such forecasting algorithm would be the ultimate data-driven
method.

Contributions
In this work, we propose SED (Statistical Equivalence Digraph algorithm), an algorithm to forecast statistics of complex networked processes using general axioms that do not
entail a model. Our algorithm works by extracting statistical information contained in the historical data through two
axioms that define relationships of statistical equivalence between stochastic processes. To the best of our knowledge,
our algorithm is the first that can perform (true) model-free
forecast of network processes. Using simulation results and
also a large real-world dataset, we show that SED is able
to accurately forecast a variety of metrics under complex
scenarios. We also show that accurate unbiased forecasting is limited to time horizons less than twice of that of
the training data for a class of seemly simple infection processes. This proof further motivates our quest for forecasting
directly from the data.
An important property of SED is its ability to adjust predictions according to the amount of evidence. Consider forecasting the distribution of sizes of hashtag cascades #A and
#B on Twitter:
• We observe 20 hashtag seeds1 of #A: ten seeds get cascades of size one and ten get cascades of size at least ten.
1
Seeds are network nodes that are infected independently from
other already infected nodes.

• We also observe two seeds of #B generating cascades of
size one and of size greater than ten, respectively.
Should we make the same forecast for #A and #B? As
#B has less samples than #A we are more uncertain about
#B’s behavior. The lack of evidence prompts SED to assign
greater uncertainty when forecasting metrics of #B, automatically adjusting forecasts to the amount of evidence.

Outline
Section 2 provides some definitions used throughout the paper. Section 3 explains the SED algorithm using the prediction of cascade statistics as an example. Section 4 presents
the theory behind our approach. Section 5 tests the accuracy of SED using simulated data and shows an application
of SED to forecast complex cascades over a large online social network dataset. Finally, Section 6 discusses the related
work and Section 7 presents our conclusions.

2.

DEFINITIONS

We first give a few definitions used throughout this work.
In this paper we also often simplify our exposition by describing what are really general stochastic processes as an
infection process on a network, a.k.a., a cascade process.
Definition 2.1. [Cascade Process] (i) 2 ⌦ is a cascade
process with ID i, i = 1, . . . , |⌦|. For each cascade process
(i)
2 ⌦ we observe a set of sample paths. The random
(i)
variable X t is a measure over the sample paths of (i)
over relative time interval [0, t], where time zero is the
time relative to the beginning of the cascade process. For
(i)
instance, X t may be a random variable that gives the size
of a cascade of (i) over time window [0, t].
(i)

The definition of X t allows us to be conservative and “mistakenly” merge two or more independent cascades of process
(i)
into a single larger cascade. This property is particularly useful when there is ambiguity to which independent
cascade seed is responsible to infect a set of nodes.
Definition 2.2. [Forecasting] The process to forecast (0) ,
(0,1)
(0,k )
(0)
has k0 observations x t1 , . . . , x t1 0 ⇠ X t1 over time window [0, t1 ], t1 > 0, where time zero represents the time
that the process starts. A forecast is an estimate of an statis(0)
tic of X t2 where t2 > t1 . A forecast assumes that all
processes in ⌦ have been observed for at least t2 time.
For instance, if (0) is a viral marketing campaign we may
want to forecast, using the observations of the first day of
the campaign, what will be the average number of infected
nodes per infected seed after a week, a statistic that predicts
the performance of the campaign in the first week per user
exposure.
Definition 2.3. [Historical Data] The historical data of
(i)
(i,1)
(i,k )
process (i) , i = 0, . . ., defined as X t = {x t , . . . , x t i ⇠
(i)
X t }, is the set of all available observations of process (i)
over time interval length t.
In what follows we illustrate the SED algorithm. The
theory behind the algorithm is explained in Section 4.

3.

ALGORITHM

In this section, we present the SED Algorithm. Here we
focus on the “how-to” solution. Our description of SED focuses on cascade processes to simplify our exposition; the

Algorithm 1 The SED Algorithm
(i)

Input: Historical data X t , i = 1, . . . , |⌦|,
(0)
and X t1 ;
↵: Probability amplifier parameter;
n: Bootstrap resample size;
m: Number of bootstrap resamples;
(0)
Stat: Statistic of interest of X t2 .

t=

Output: Set of predicted observations of Stat(X
1: for i := 0 to |⌦| do
2:
3:
4:
5:
6:
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end for
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W
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~
W
~ k
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1

7: Ŷ ( [ ]
8: for j = 1 to m do
~ i , i 2 {1, . . . , |⌦|}.
9:
Sample i with probability W
(0)
(i)
10:
X̂ t2 ( BoostrapSampling(src = X t2 , size = n)
11:
Ŷ [j] ( Stat(X̂
12: end for
13: return Ŷ

(0)
t2 )

algorithm for general networked processes is presented in
Section 4, along with the justifications and the theory behind SED.
The SED algorithm (Algorithm 1) takes as input the set of
observations of each process (i) , over time interval lengths
t1 > 0 and t2 > t1 for i = 1, . . . , |⌦| and over interval
length t1 for the process we want to forecast i = 0. The
goal is to forecast a statistic of (0) over time interval length
t2 . The algorithm also requires a parameter ↵ that later
we describe how to automatically optimize. For now it is
enough to know that a large value of ↵ indicates that the
process to forecast behaves like an outlier in our dataset.
Two other parameters are related to bootstrap sampling, n
and m, where n = m = 100 should suffice for most applications but larger values always give more accurate results.
The final input is the statistic we wish to forecast.
Step 2 of Algorithm 1 applies a two-sample Kuiper’s test [16]
to get the probabilities that the observations of two processes
i and j, i 6= j, come from the same underlying distribution. Step 3 of Algorithm 1 computes the equivalence score
w(i ⇤ 0) between process (i) and the process to forecast
(0)
. We call this equivalence score the Equivalence Odds
Ratio (EOR), described in details in Section. 4.
~ at
With the EOR computed we build a weight vector W
step 5 of Algorithm 1, and normalize it using its L1-norm at
step 6. The probability amplifier ↵ (step 5) is a real number
that is chosen automatically by another algorithm that we
describe later. The next steps (9-11) forecast the statistic of
interest using a two-step bootstrapping process with m and
n resamples. These statistics may include, but are not limited to, the Complementary Cumulative Distribution Function (CCDF), mean, standard deviation and second moment
of cascade sizes. We start by randomly sampling a process
~ (step 9). At step 10
index i according to the weight in W
we perform bootstrap sampling from the long-term observa(i)
tion X t2 to obtain an estimate of the bootstrap resample

of X

(0)
t2 ,

where |X̂
(0)

(0)
t2 |

= n. Finally, the statistics of the
(0)

estimated X̂ t2 , e.g., the mean of X̂ t2 , are computed and
stored in the vector Ŷ (step 11). By repeating steps 9 to 11
m times we obtain the bootstrapped statistics, which pro(0)
vide the forecast of the statistic of interest over X t2 .

3.1

Choosing Amplifier ↵ and Sample Size n

To complete the algorithm, we also need to choose the
amplification factor ↵ and the sample size n. Larger values
of n make the forecast more accurate, thus n is only limited
by computational constraints. In our forecasts, however,
we would like to compare our prediction with the ground
(0)
(0)
truth of X t2 , thus, we set n = |X t2 | to make the comparison easy. Finally, we determine ↵ heuristically by minimizing the squared error in SED’s prediction of the value
(0)
of Stat(X t1 ), which we can easily get an estimate with
Stat(H

4.

(0)
t1 ).

THEORY

The framework of classical statistics, as developed by pioneers like R.A. Fisher [6], describes stochastic processes
using models as building blocks. For instance, a process can
be a Galton-Watson process, Markovian, auto-regressive, or
a hierarchical combination of processes and non-parametric
distributions. In 1933 Kolmogorov [15] laid the modern axiomatic foundations of probability theory that eliminated
the necessity of models, although models are still useful in
Kolmogorov’s framework. To the best of our knowledge, our
SED method is the first method able to perform forecasting
using axioms rather than models.
Roadmap: In what follows (Section 4.1) we detail our axiomatic forecast framework and our SED method. Section 4.2
takes an in-depth look at the problem providing forecast accuracy bounds for a class of stochastic processes, proving
that in some scenarios even for the best model cannot make
accurate long-term forecasts of seemly simple processes.

4.1

SED: Axiomatic Forecasting

In what follows, we describe our SED method. SED performs forecasts using the following two axioms in lieu of a
model. For the sake of conciseness and clarity, the definition
of dynamic networked processes is given later in the text in
Definition 4.1.
Axiom 4.1. The state of any dynamic networked process
is unique at any time t 0.
Axiom 4.1 guarantees that at any given time t there is no
ambiguity about the true state of the process, even if this
true state is not observable.
Axiom 4.2. Let ⌦ be a set of processes with historical
data and let (0) be the process that we wish to forecast.
Each process 0 2 ⌦, where ⌦0 = ⌦ [ { (0) }, with the exception of at most one process, is equivalent to one and only
one other process in ⌦0 besides itself according to a measure
: S ! R, where S is the appropriate -algebra.
Note that Axioms 4.1 and 4.2 do not entail a model. To
illustrate the use of Axiom 4.2 in our method consider the
following example. ⌦0 is the set of epidemic processes over
the same graph G = (V, E). We wish to forecast another

epidemic (0) using multiple independent sample paths of
the processes in ⌦0 . Let ( ) as defined in Axiom 4.2 count
the number of infected nodes in a sample path 2 S. The
example also works if is another non-trivial metric, such
as the cumulative number of infected nodes, the Wiener index, the reproduction number at time t > 0. Axiom 4.2
guarantees that the set of all observed infection processes
⌦0 is such that for any process 0 2 ⌦0 there is one and only
one other process 00 2 ⌦0 for which the distribution of the
number of infected nodes is exactly the same.
Unless stated otherwise in what follows we simplify our
exposition assuming that ⌦0 has an even number of elements.
Our method also can be readily extended to support : S !
Rn , n > 1, to incorporate complex features of the process.
As we see later, the scenario with n > 1 requires the use of
kernel two-sample tests [10] for the forecast. In what follows
we consider : S ! R unless stated otherwise.
Intuition: Axiom 4.2 goes at the heart of what it means
to forecast the evolution of a process using historical data.
We can only predict the future if, somehow, the present
mimics what has happened in the past. When aided by
models, there is a notion of behavior distance (e.g. likelihood function), which helps us find which processes in the
past look similar to the process we are trying to forecast
and use them to predict the future. Because models often
have trouble assigning measures of similarity between two
significantly di↵erent processes, many modern methods only
consider “close enough distances”, creating a manifold that
is then used in the forecast. One of the challenges in manifold learning is determining a close enough distance where
the model empirically works without being fooled by the
data. Axiom 4.2 makes this distance precisely zero, which
brings some advantages. First, the forecast does not need
to learn parameters, often a computationally intensive task.
Second, in a complex scenario it is probably better to state
ignorance about process behavior than being very wrong.
Network processes can be hard to forecast. In Section 4.2
we show that the statistical information used in the forecast
of a seemly simple process cannot be extrapolated by models
beyond the time horizon of the dataset ( t2 ).
Choice of : The measure can be thought of as a “fingerprint” of process behavior. With a bad choice of , too
many “unrelated” processes have similar (but not equivalent)
statistics, which in turn makes it hard to empirically distinguish them. In these cases SED assigns similar weights to
most processes, and forecasting is performed conservatively
(large confidence intervals). If the process to forecast has
too few observations, SED also acts conservatively to reflect
the uncertainty in the limited number of observations.
Violating Axiom 4.2: If no process in the historical
data is equivalent to the process we wish to forecast (a reality in some scenarios), then one of two things can happen. If
the process to forecast and most processes in the historical
data have similar processes but not an equal process, then
Axiom 4.2 provides a robust metric of process similarity. It
is robust because it does not assume how processes behave
and cannot be fooled by data. This shows well in our experiments with a real dataset. If most processes in the historical
data are equal and the process to forecast is an outlier, SED
will forecast in an uninformative way with large confidence
intervals. This outlier status is easy to spot and stating the
lack of confidence in the prediction is highly desirable.

Formal Definitions: In what follows, we use Random
Marked Point Processes (RMPP) to formalize the networked
process. Note that RMPPs allow us to avoid describing how
the process evolves and, thus, no model is described. Let
G = (V, E) be a directed graph with node set V and edge
set E ✓ V ⇥ V . Let LV and LE denote an arbitrary set of
node and edge labels that will be used to define the state
of the process at any time. As an example, in an epidemic
process LV = {infected, susceptible} and LE = ;. The following generalization takes into account the complexity of
real-world cascading processes.
(i)
Definition 4.1. [Cascade Process] Let Zk ✓ V ⇥ LV ⇥
E ⇥ LE denote the state of the i-th process after k > 0
(i)
events. Let Wk > 0 be the time between the k-th and
the k + 1-st events. A dynamic networked process (i) is
a simple Random Marked Point Process (RMPP) (i) =
(i)
(i)
{(Zk , Wk )}k2Z? operating over V ⇥ LV ⇥ E ⇥ LE , where
?
Z is the set of non-negative integers. By convention,
(i)

(i)

0 = T 0 < T1 < · · ·
are the successive times at which the process evolves with
(i)
(i)
(i)
Wk := Tk+1 Tk , k 0.
Note that the dynamic networked process need not follow
the edges of G. RMPPs are versatile stochastic models that
allow arbitrary spatial and temporal correlations in process
evolution. Also note that in real life we only have a finite
number of realizations of the processes and, thus, we may
not be able to distinguish some of them. In what follows,
we define the measure precisely and introduce the notion
of -stochastic equivalence.
Definition 4.2 ( -stochastic Equivalence). We define two stochastic processes (a) and (b) as equivalent according to a Lebesgue measure : S ! R at time window
(a) d
(b)
(k)
( t)
[0, t], t 2 (0, 1), if X t = X t , where X t ⌘ ( k )
(k)
(k)
(k)
is a random variable, k = {(Zi , Wi ) : 0  Ti  t}
is a sample path of the stochastic process (k) , k 2 {a, b}, S
d

is the appropriate -algebra, and the operator = defines the
random variables are equal in distribution.
In what follows, we use Axioms 4.1 and 4.2 and the definition of -stochastic equivalence to build an equivalence
digraph representing the equivalence relationships between
all processes in ⌦0 .

4.1.1

Stochastic Equivalence Digraph

Axioms 4.1 and 4.2 state that the cascade process
2
⌦0 – e.g., the process of spreading a Twitter hashtagover
the Twitter network – has one and only one -stochastic
equivalent process 0 2 ⌦0 . To create our forecast, all we
need to do is to identify this process. This idea yields a
simple statement wherein lies the answer to our practical
forecasting problem:
Theorem 4.1. Any two-sample hypothesis test can be used
to determine whether two processes (i) , (j) 2 ⌦0 are stochastic equivalent at time interval t > 0.
Proof. Axiom 4.1 states that sample paths are simple
and thus admit a stochastic equivalence measure . From
Axiom 4.2, we know that all processes in ⌦0 have a stochastic equivalent process (except at most one process if
|⌦0 | is odd). The set of sample paths of (i) and (j) entail

(i)
(i)
t and X t ). Thus,
(i) d
(i)
X t = X t . A two-sample

a set of independent observations of X

-stochastic equivalence yields
hypothesis test assesses whether independent observations
(i)
(i)
of the random variables X t and X t are drawings of the
same underlying distribution. Hence, a two-sample hypothesis test is a tool to determine whether (i) and (j) are
-stochastic equivalent at time t > 0.
Interestingly, a test with low statistical power forces us to
make conservative forecasts with large confidence intervals.
The forecast uncertainty reflects the lack of statistical information. In such case, we can identify the problem as the
test says that all processes in ⌦0 have a similar p-value. An
interesting consequence of Axiom 4.2 and Theorem 4.1 is our
ability to create a complete digraph whose nodes are the processes in ⌦0 and the weights represent the probability that
they are -stochastic equivalent. We call the weights of the
edges in this digraph the Equivalence Odds Ratio (EOR),
defined as follows.
Definition 4.3. [Equivalence Odds Ratio (EOR)] The EOR,
denoted wt (i ⇤ j), i 6= j, under n observations
(i)
(i,1)
(i,n)
(i)
X t = {x t , . . . , x t } of X t and m observations
(j)
(j,1)
(j,m)
(j)
X t = {x t , . . . , x t } of X t is
wt (i ⇤ j) = |⌦0 | P

(j)
(i)
t ,X t)
(i)
(h)
(h) 2⌦0 \{ (j) } PKuiper (X t , X t )

PKuiper (X

(1)

where PKuiper (·, ·) is the p-value of a two-sample Kuiper’s
test [16, 32], X (h) are the observations of process (h) , and
(i)
(j)
with ⌦0 is as defined in Axiom 4.2 and X t , X t as in
Definition 4.2.
The Equivalence Odds Ratio (EOR) wt (i ⇤ j) is the ratio
(i)
(j)
between p(X t , X t ) and the average p-value when i is compared to all other cascades in ⌦0 \{ (j) }. The EOR is not to
be confused with a likelihood-ratio test, which compares the
likelihood of two models given the data. In our framework
there are no models.
Definition 4.4 (Stochastic Equivalence Digraph).
Let GX t be a simple (no loops) complete digraph that connects all processes in ⌦0 with directed edge weights. For any
two cascade processes (i) , (j) 2 ⌦0 , i 6= j, the weight of
edge i ! j is the EOR wt (i ⇤ j).
An EOR wt (i⇤j) > 1 suggests that process (i) is wt (i⇤j)
times more likely to be -stochastic equivalent to (j) than
a random process selected from ⌦0 \{ (j) }. Note that the
equivalence odds ratio is not symmetric, i.e., there can be
processes (i) and (j) such that wt (i ⇤ j) 6= wt (j ⇤ i). Note
that Definition 4.4 does not impose the one-to-one equivalence required by Axiom 4.2. This is because the one-to-one
equivalence is unnecessary and computationally expensive if
⌦0 is large, thus we assume we can safely approximate it
through probabilistic matching. The Kuiper test in PKuiper
can be also replaced by any two-sample hypothesis test such
as Kolmogorov-Smirnov’s test or extend our method to include Pkernel [10] that allows the use of a multi-dimensional
through kernel two-sample tests. In one dimension, we
choose Kuiper’s test over Kolmogorov-Smirnov’s test because the former gives equal importance to all domain values
while the latter tends to be most sensitive around the median value [16, 32].
Next, we show how to use the stochastic equivalence digraph GX t to make predictions of cascade characteristics.

4.1.2

Forecasting Procedure in Time

Using the stochastic equivalence digraph GX
(i)

t1

we can

forecast (i) using an of estimate P [X t2 > x], 0 <
t2 , obtained by the mixture
(i)
P [X t2 > x] =
X
1
(j)
w t1 (j ⇤ i)P [X t2 > x],
C (j) 0
(i)
P

2⌦ \{

t1 <

}

where C = j2⌦0 w t1 (j ⇤ i) is a normalization constant.
The above equation gives the first iteration of Sinkhorn’s algorithm that finds probabilistic pairwise matches in a weighted
graph [31]. For computational reasons we limit our matching to a single iteration. Sinkhorn’s algorithm converges to
a doubly stochastic matrix that defines the probability of
pairwise matchings in a weighted graph, widely used in soft
matching problems [40]. If the SED adjacency matrix is irreducible then the probabilistic matching is unique [31]. To
increase estimation accuracy when ⌦0 is large, we can add
an exponential amplification factor:
(i)

P [X t2 > x] =
X
1
C↵ (j) 0

w

t1 (j

⇤ i)↵ P [X

(j)
t2

> x],

2⌦ \{ (i) }

P
↵
where C↵ =
and ↵ is chosen as to
j2⌦0 w t1 (j ⇤ i)
minimize a regret function over the estimated distribution
(i)
P [X t0 > x] for t02 ⇡ t1 . Note that even for historical
2

cascades (j) 2 ⌦0 \{ (i) }, we do not have the true function
(j)
P [X t2 > x] that is used inside the sum. Therefore, we
estimate P [X
(j)

(b)
t2

> x] by bootstrapping the observations of

X t2 in the historical cascades. In Section 5.2 we show that
the estimates have good accuracy in practice.

4.2

A Big Data Forecast Paradox

In what follows we present a seemly simple forecasting
problem and prove that under conditions common to large
social networks, no model or procedure is capable of extrapolating accurate unbiased cascade statistics beyond the time
horizons of the historical data. This inability of models to
extrapolate cascade statistics beyond what is already in the
historical (training) data indicate that model-free forecasts
can do as well as forecasts with perfect models.
Moreover, we also show the following paradox: As a the
size of a power law network scales and increases both the
historical data and the maximum cascade sizes, forecasts beyond the historical data horizon get more inaccurate while
forecasts within the horizon get more accurate. This paradox poses a great challenge for big data analytics, where
short-term forecasts can get increasingly better as the system and the historical data grow while long-term forecasts
get worse.
This paradox happens because the present is a biased
view of the future. More precisely, in the historical data we
are more likely to see at least one infection from a cascade
that will be larger in the future than a cascade that will be
smaller. This bias is related to the inspection paradox [36]
and depends on the observation window. The bias is so hard
to correct for power law distributions that it denies us the
ability to forecast beyond historical data horizons, where we
have not yet recorded the bias. Moreover, our results are not
confined to power laws; we consider all distributions (Type

I, II, and III). The results apply to statistics such as the
unbiased average of cascade sizes and the cascade size distribution.
Model: We collect data during time interval [0, T ] and seek
to forecast statistics for interval [0, cT ], c > 1. Consider
n independent cascades. Cascade infections arrive according to a constant-rate Poisson process with possibly distinct
rates in the interval [0, cT ]. The size of a cascade at time cT
has distribution ⇤(cT ) ⇠ ✓, where ✓ is a distribution with
support {1, . . . , W }. Our initial goal is to estimate an unbiased average of the cascade sizes over the interval [0, cT ],
c > 1. At first inspection the forecasting problem looks
like a simple task and the impossibility results stated above
seem surprising. We choose the Poisson process in our illustration precisely because its simplicity allows us to clearly
understand why the forecasting problem is hard.
Our use of the Poisson process is also of interest because
it connects the axiomatic framework with the classic modelbased one. Poisson processes are arguably among the simplest and most widely used stochastic processes. Let Nt be
the number of events in the time interval [0, t]. A Poisson
process {⇤( t)} with constant rate is defined as an arrival
process that satisfies the following three axioms:
A1. lim✏!0 P [⇤( t) ⇤( t + ✏) = 1] = ✏ + o(✏), and
lim t!0 P [Nt Nt+ t > 1] = o( t); that is, no two
events can happen at the same time;
A2. for all t, s > 0, Nt+s Nt is independent of the history
up to t, {Nu , u  t};
A3. for all t, s > 0, Nt+s

Nt is independent of t.

An equivalent constructive
way to define the same process
P
is: P [Nt
k] = P [ ki=1 Xi < t], where {X1 , . . . , Xk } are
independent and identically distributed (i.i.d.) exponential
random variables with parameter .
Forecast Problem Definition. Let OT denote the set of indices of the cascades in the historical data observed during
interval [0, T ]. The forecasting problem is defined as follows:
We observe the cascades during time window [0, T ] and wish
to forecast the average number of events we will observe in
P
(i)
the window [0, cT ], mcT = n
i=1 NcT /n.

4.2.1

Forecast Accuracy Bounds

In the following theorem, we prove that forecasting the
average number of events in our mixture Poisson process is
a hard problem.
(i)
(i)
Theorem 4.2. Let {NcT }n
i=1 , NcT ⇠ (✓1 , . . . , ✓W ), be a
set of observed events of a mixture of n Poisson processes
during time interval [0, cT ]. Let |OT | denote the number of
processes with at least one arrival in the interval [0, T ]. Assume we are given the best unbiased forecast function mcT |T
of the average number of events mcT , where mcT |T takes
as input the observations over time interval [0, T ]. Then,
the following conditions regarding the mean squared error
M SE(mcT |T ) = E[(mcT |T mcT )2 ] hold:
1. If ✓W decreases faster than exponentially in W , i.e.,
log ✓W = !(W ), then MSE(mcT |T ) = ⌦(1/|OT |).
2. If ✓W decreases exponentially in W , i.e., log ✓W = W log b+
o(W ) for some 0 < b < 1, then
(a) log[MSE(mcT |T )] = ⌦(W
1 + 1/b,

log |OT |), provided c >

(b) MSE(mcT |T ) = ⌦(W/|OT |), provided c = 1 + 1/b,
(c) MSE(mcT |T ) = ⌦(1/|OT |), provided c < 1 + 1/b.

3. If ✓W decreases more slowly than exponential, i.e.,
log ✓W = o(W ), then

(a) log[MSE(mcT |T )] = ⌦(W log |OT |),
provided c > 2,
(b) MSE(mcT |T ) = !(1/|OT |), provided c = 2 and
PW 2
j=1 j ✓j = !(1),
(c) MSE(mcT |T ) = ⌦(1/|OT |), provided either c < 2 or
P
2
c = 2 and W
j=1 j ✓j = O(1).

Proof of Theorem 4.2. Our proof of Theorem 4.2 shows
that the forecasting mixtures of Poisson processes can be
mapped into the set size distribution estimation problem;
we then use our results on the hardness of estimating set
size distributions from sampling [23] to prove the theorem.
We start by showing how to map the forecasting mixtures
of Poisson processes into the set size distribution estimation
(i)
(i)
problem. Let P [NT = k|NcT ] be the probability that k
events happen in the time window [0, T ] given the number
(i)
of events at time cT is NcT , c > 1. The distribution of
(i)
(i)
P [NT = k|NcT ] is given in the following lemma.
Lemma 4.1. If NcT is the number of events of a Poisson
process at time cT and NT0 is the number of events that
happened between [0, T ], c > 1, then P [NT0 = k|NcT ] =
NcT
c k (1 1/c)NcT k .
k
Proof. A Poisson process is defined as an arrival process that satisfies the three axioms listed above. Axiom A3
states that 8t, s > 0, Nt+s Nt is independent of t. Thus,
the counts of the number of events at a time interval [0, T ] is
independent of the number of events at time interval (T, cT ]
(axiom A2). Our Poisson process is time-homogeneous and
thus the probability that an event lands in [0, T ] is proportional to T /(cT ) = 1/c (axiom A1). As the number of
events between [0, T ] and (T, cT ] are independent, we have
P [NT0 = k|NcT ] = NkcT c k (1 1/c)NcT k .
In what follows, we show that the timestamps of the past
events in the interval [0, T ] are not relevant in the forecast.
Lemma 4.2. The event counts in the historical data provide all the statistical information collected in the interval
(i)
[0, T ] w.r.t. the counts {NcT }n
i=1 in the interval [0, cT ].
Proof. Axiom A2 states that the exact timestamps of
the events in the interval [0, T ] gives no statistical information about future events in (T, cT ].
We are now ready for theorem that connects the forecast
with an estimation problem that is known to be hard.
Theorem 4.3. The problem of forecasting any function
(i)
g({NcT }n
i=1 ) of the mixture Poisson sample paths described
in Section 4.2 is equivalent to the set size estimation problem [23], where elements are randomly sampled from a collection of non-overlapping sets and we seek to recover the
original set size distribution from the samples.
Proof. We prove the theorem by mapping the forecast(i)
ing problem into the set size estimation problem. Let {NcT }n
i=1
be the sizes of n sets, whose elements are sampled independently with probability 1/c > 0, leading to sampled set sizes
that are binomially distributed as in Lemma 4.1. Finally,
Lemma 4.2 shows that these non-zero sampled set sizes are
the only information available to forecast the process.

Theorem 4.3 shows that the present is a biased view of the
future, as the set size problem su↵ers from the inspection
paradox [23]. In what follows we prove our main theorem.
Proof of Theorem 4.2. Using Theorem 4.3 we can construct a perfect map between the forecasting problem and
the set size distribution problem. Theorem 4.2 follows from
using Theorem 4.3 of our previous work (Murai et al. [23])
to this mapping, where we analytically compute the inverse
of the Fisher information matrix of the data, giving rise to
the error bounds in the theorem (through the Cramér-Rao
bound).
Theorem 4.2 shows clear limitations of forecasting with models. In realistic scenarios, where event sizes are large and
have heavier-than-exponential distributions, no algorithm
can obtain accurate unbiased forecasts of the average number of events beyond time interval [T, 2T ] if the dataset is
limited to time horizon [0, T ]. Fortunately, SED is not impacted by this problem as it limits its forecasts to the time
horizons in the historical data. These results inspire the following apparent paradox.

4.2.2

A Big Network Data Paradox

When More Data Means Worse Forecasts. Theorem 4.2
creates an apparent paradox. The forecasting can become
more inaccurate as the dataset OT grows. The forecasting
is not just more inaccurate, the forecast simply breaks down;
as OT grows, and the data time horizon remains the same
[0, T ], there is nearly zero statistical (Fisher) information to
forecast beyond horizon [T, 2T ].
To showcase the impact of this paradox, consider a growing network where the distribution of the size of events (cascade sizes) is Pareto with parameter
> 1. Our results
hold generally but for illustration we use a scenario where
the number of seeds increases proportionally with network
size. In this scenario the relationship between the maximum number of eventspper seed W and the number of seeds
|OT |
1 is E[W ] ⇡
|OT | (
1), a known result from
extreme value theory [28]. Theorem 4.2 case 3(a) shows
that the MSE error is lower bounded by log[MSE(mcT |T )] =
p
⌦(W
log |OT |). As E[W ] /
|OT | and |OT | increases,
so does W . We p
can think of the MSE lower bound growing
roughly as exp( |OT |)/|OT |.
Thus, if the training data OT has time horizon [0, T ] and
event (cascade) sizes have a power law distribution, Theorem 4.2 cases 3(b-c) show that as the network grows the
estimate in the interval [T, 2T ] gets more accurate. However,
Theorem 4.2 case 3(a) shows that as the network grows the
estimation error in the interval (2T, cT ], c > 2, grows exponentially with network size.

5.

RESULTS

In this section we present our results. We start with our
simulation results in Section 5.1. Section 5.2 shows our results over a large Twitter dataset.

5.1

Forecasting Using Simulated Data

In this section, we test the forecasts of SED on synthetic
datasets. We test the performance of SED over two distinct models: the Poisson process and the Galton-Watson
process. Recall that ⌦0 = ⌦ [ { (0) } is the union of the
historical processes ⌦ and the process to forecast (0) . SED

(a) ID 10
(b) ID 60
(c) ID 160
Figure 1: Prediction for mixture Poisson processes (Scenario 1)
of the future CCDF, average, standard deviation, and second moment metrics. SED predictions match well the true future distributions and clearly outperform uninformed predictions.

(a) ID 0
(b) ID 10
(c) ID 60
Figure 2: Prediction for Galton-Watson processes (Scenario 2)
of the future CCDF, average, standard deviation, and second
moment metrics. SED predictions again match well the future
distributions and are clearly superior to uninformed predictions.

5.1.1
forecasts metrics of (0) at time interval t2 using data
from time interval t1 , t1 < t2 In addition to SED, we
also have two baseline naive predictors: uniformed prediction, and K-means prediction. Uninformed prediction returns the bootstrapped statistics at time interval t2 of a
randomly selected process in ⌦. Whereas, K-means prediction first clusters the set of historical cascades using K-means
algorithm and Euclidean distances between the CCDFs of
cascade metrics (probability density functions, PDFs, give
similar results). The number of cluster k is chosen using
the elbow method, without making the clusters too small (k
equals 10 for the two synthetic datasets, and 20 for the Twitter dataset). After that, given a new cascade (0) , K-means
prediction finds the cluster it belongs to, and returns the
bootstrapped statistics at time interval t2 of a randomly
selected process in that cluster.
For evaluation, we use violin plots to compare the predicted statistics with the bootstrap statistics from the groundtruth empirical distribution of (0) at t2 . A violin plot is
a box plot combined with a kernel density estimate of the
probability density function, giving a more detailed view of
the data’s variance. The box extends from the first quartile
Q1 to the third quartile Q3 of the data, with a line at the
median. The whiskers extend from the box to Q1 1.5⇤IQR
and Q3 +1.5⇤IQR, where IQR = Q3 Q1 is the inter-quartile
range. The violin plots show the spread.

Scenario 1: Mixture Poisson Processes

Our mixture Poisson process is a Poisson process with
random rate that has support (0, W ], W > 0.
Data Generation: The simulated historical data H is generated through simulations from time zero until t2 = 1
month from two sets of mixture Poisson processes. The first
2
set has n1 = 100 processes with rate distribution 1 /
and the second set has n2 = 100 processes with rate distri3
bution 2 /
. Poisson rates are measured in number of
events per month. Each process has 1, 000 infection seeds.
The process to forecast (0) belongs to one of two sets and
was observed from time zero until t1 = t2 /4, approximately one week. In what follows we test how well SED can
forecast (0) . In Section 4.2 we show that estimating the
Poisson rates is hard due to observation bias.
Results: For conciseness, Figure 1 shows only the results
for three processes, one per column: processes 10, 60 (type
1), and 160 (type 2). The remaining results can be found
in our technical report [29]. Four forecasts are evaluated:
forecasting the CCDFs, mean, standard deviation, and second moment. For comparison baselines we use uninformed
prediction – uniform matching weights – and matching using K-means with Euclidean distances, as the latter have
been extensively and successfully used in mining and classifying time series [37]. For each process we present the
true statistics at t1 (Present) and t2 (Future), and the
predicted statistics at t2 , including SED, uninformed, and

K-means predictions. The Figure 1 shows that SED is the
method that better represents, consistently, the true statistics at time t2 under all scenarios (Future).

5.1.2

Scenario 2: Galton-Watson Process

The Galton-Watson process is a branching process {Xn }
P n (n)
(n)
such that Xn+1 = X
⇠
j=1 j , where X0 = 1 and { j
P oisson( ) : n, j 2 N} is a set of i.i.d. natural number(n)
valued random variables [22]. Intuitively, i is the number
of male children of the j-th descendants, and Xn is the number of descendants in the n-th generation. The total number
of people
with the considered family name at time t would
P
be ti=0 Xt . A simple epidemic cascading on a network can
be modeled as a Galton-Watson process.
To make this model harder to forecast, we replace the
Poisson distribution of the number of children by a lognormal distribution. The purpose of the log-normal distribution is to skew the obtained distribution of the number of children, mimicking real life situation where the degree of a node in a network follows a heavy tail distribution. We call the values generated by the log-normal
distribution the descendant
of a node. Here is the
PbXe↵ect
(n)
nc
model we use Xn+1 =
j , where X0 = 1 and
j=1
(n)

{ j ⇠ log-normal(µ, 2 ) : n, j 2 N}. The operation bXn c
is to get an integer-valued number of descendants.

Cascade Process Evolution: For each information cascade,
we use a birth rate to generate new seeds over time. Given
a single seed node (X0 = 1), the total descendant
Pt e↵ect up
to time t in a Galton-Watson process, i.e.,
i=0 Xi , will
be used as the cascade size at time t for this seed. As a
result, we obtain a sample of the cascade size per seed. To
add more complexity to the model, we allow the parameters
to change over time: µt = µ0 + t ⇤ µ , t = 0 + t ⇤
,
, where µt , t , t are the parameter values
t = 0 +t⇤
at time point t, and µ ,
,
are the amount of change
at each time step.
Table 1 shows our parameter settings. We create 9 di↵erent cascade types, each one containing 10 cascades spanning
a period of seven time units. These cascade types can be
grouped into three big groups – small, medium and large –
based on their mean µ in the log-normal distribution. Larger
cascades have a larger variation (larger ) and higher birth
rate . For each of these big groups, we generate three subgroups with di↵erent evolutionary trends: increasing in size
(inc), decreasing in size (dec), and constant size (const). Finally, we set t1 = 2 time units and t2 = 7 time units.
Results: Figure 2 shows the results of three processes: 0
(Small-inc), 10 (Small-dec) and 60 (Large-inc). We get similar results in the other processes. Note that the statistics
of Present and Future are significantly di↵erent. Figure 2
shows that the uninformed and k-means forecasts are far
from the truth that the confidence intervals do not fit in our
plot. Over the same scenario SED accurately forecasts the
mean, standard deviation and second moment as shown in
the last three rows of Figure 2.

5.2

Forecasting Twitter Cascades

We study the Twitter dataset collected by Yang et al. [39]2 ,
which contains 467 million Twitter posts from 20 million
2

http://snap.stanford.edu/data/twitter7.html

Parameters
Process Type
Small-inc
Small-dec
Small-const
Medium-inc
Medium-dec
Medium-const
Large-inc
Large-dec
Large-const

IDs
0..9
10..19
20..29
30..39
40..49
50..59
60..69
70..79
80..89

µ0

0

Temporal delta
0

1.5

1

300

2

2

500

3

2.5

700

µ

+0.2
-0.2
0
+0.2
-0.2
0
+0.2
-0.2
0

+0.1
-0.1
0
+0.1
-0.1
0
+0.1
-0.1
0

+30
-30
0
+30
-30
0
+30
-30
0

Table 1: Galton-Watson process simulation parameters.

users covering a 7-month period from June 1st to December
31st, 2009. The underlying Twitter follower-followee network is obtained from Kwak et al. [18]. The fact that this
Twitter dataset is only a sample of all tweets does not invalidate the dataset to test SED. SED is designed to make
predictions over general dissemination processes, including
sampled cascading processes such as our Twitter dataset.

Hashtag cascades
We are interested in the di↵usion of a hashtag over the Twitter online social network. When an individual uses a hashtag in her tweet at a given time, if neither she nor any of
her followees have tweeted the same hashtag for at least a
week prior to the post timestamp, we consider her as a seed.
The timestamp of the first tweet is the timestamp of a node
hashtag “infection”. Once the seed of a cascade has been
identified, we start tracking the cascade over time. Note
that our definition of seed is stringent and we may merge
almost unrelated cascades into a single cascade. From our
RMPP definition, metrics over merged cascade processes are
allowed and, thus, we can be conservative to define independent cascades in our dataset.
If a hashtag was not been used for more than a week,
we assume the cascade has ended. The first occurrence of
the same hashtag after that would mark the beginning of a
new cascade. Due to this one-week time window, hashtags
appearing for the first time in the dataset during the first
and last weeks of the monitored time frame are ignored.
The time di↵erence between the first and the last posts of an
information cascade is defined as the duration of the cascade.

Cascade metric
In our case study, we are interested in the distribution of the
number of infected descendants of a seed node for each hashtag in Twitter. In particular, given an infected seed node,
we quantify how many of its descendants are “infected” by a
hashtag complying with temporal infection order (infected
children in the branching process must be infected after their
parents). These quantities are obtained from the induced
subgraph of the infected nodes over the original followerfollowee network. Note that a user may have several followees who posted the same hashtag before she did. As a
result, simply counting the number of infected descendants
of an infected user does not guarantee the independence between samples required by our theory. To reduce the e↵ect of
these independence violations, we assume that two infected
parents of an infected node are evenly responsible for the
infection. Under this assumption we propose a normalized
metric as follows.

Figure 3: An example induced subgraphs of infected nodes and
cascade metric. Node infection timestamps are shown in red.

Definition 5.1. Given a time window length T , the number of normalized infected descendants (NNID) of a node v
are defined as:
X
N N ID(v) =
(v ! w)
T (v)
w2Ndes

T
Nin
(v)

T
Ndes
(v)

where
and
are the set of infected parents,
and infected descendants of node v within the time window
T respectively; (v ! v) = 1; (v ! w) is the amount of
infection spread from node v to w through all possible timeordering paths, and is defined recursively as follows:
P
T (w)\N T (v) (v ! u)
u2Nin
des
(v ! w) =
T
|Nin
(w)|
We assume that if a node v is infected at time point t, then
after time point t + T , its e↵ect on other nodes will diminish
to zero. Thus, the set of infected descendants of node v
do not contains nodes infected after time t + T . To get a
distribution of NNIDs for a cascade c at a given time point
t, we first extract the induced subgraph Gind = (Vind , Eind ),
where Vind is the set of infected nodes of c up to time t. In
addition, given two infected nodes u and v, if the edge (u !
v) 2 E and tinf ect (v) tinf ect (v)  T , then (u ! v) 2 Eind ,
where tinf ect (v) is the timestamp at which v is infected in
c. Next, for each seed node of the cascade, i.e., nodes with
no infected parents within a time window T , we compute its
NNID in Gind using Definition. 5.1. In the end, we obtain
a sample of NNID values, each for a seed in c, giving us an
empirical distribution of NNIDs of c.

Example 1. An induced subgraph of infected nodes is
shown in Fig. 3. Given a time window T = 7, the descendant
set of C is {D, E, H}; the infected parent sets of D and E
are {B, C} and {C} respectively. Thus, (C ! D) = 12 , and
(C ! E) = 1. The infection from C can spread to H following two di↵erent paths: C ! D ! H, and C ! E ! H.
(C!E)
Thus, (C ! H) = (C!D)+
= 34 . Finally, the num2
ber of normalized descendants of C is N N ID(C) = (C !
D) + (C ! E) + (C ! H) = 12 + 1 + 34 = 94 .
Similarly, the set of seed nodes with no infected parents
within a time window T = 7 is {A, B, C, F , I}, which
gives a sample of NNIDs {1, 34 , 94 , 1, 1} accordingly.

Twitter Results
For our tests, we identify the Twitter hashtag cascades that
last at least 8 weeks. Using this dataset, we predict distribution of NNID (time window T = 1 week) at week 8
( t2 ) using data from the week 2 ( t1 ). To guarantee that
enough data is available for prediction, we only consider cascades that contain at least 300 infected users after 8 weeks
and at least 30 infected users after one week. In the end, we
are left with 1050 cascades split among the di↵erent hashtags. Similar to the simulations, besides the CCDF plots,

we use violin plots to compare the predicted statistics (SED
prediction and uninformed prediction) with the bootstrap
statistics from the ground-truth sample at t2 . It is worth
noting that the uninformed prediction simply returns the
average statistics of all cascades in ⌦ at time t2 .
The forecasting results for five Twitter hashtags are shown
in Figure 4. Our technical report shows all other hashtag
forecasts left out of this paper due to space constraints [29].
SED forecasts frequently outperform uninformed and k-means
predictions. For example, all #FORASARNEY statistics
di↵er considerably from those of uninformed and k-means
predictions. Whereas SED accurately forecasts the average
CCDFs and all three statistics, as observed by contrasting
SED forecast violin plots against those of the ground truth
(Future). For #H1N1, #FIERFOX and #SOUNDCLOUD,
the uninformed forecasts are rather uncertain of the values
of the mean, the standard deviation, and the second moment, leading to significantly lengthened violin plots. On
the other hand, the SED forecasts are, once again, close
to the ground truth. In the case of forecasting the mean
of #JQUERY (last column, second row), the true mean
(Future) is so close to the future average statistics (uninformed prediction), that SED shows no clear improvement
over naive approaches. We include this #JQUERY example to show that in hard-to-forecast cases SED does no worse
than uninformed and k-means. Note, however, that for standard deviation and the second moment of #JQUERY show
SED superior to uninformed and k-means.
It must be noted that the hashtag Twitter dataset that
we are using is noisy (cascades are not fully independent),
making our forecasting task very difficult. Moreover, for
many of the cascades in this dataset, the distribution at week
8 ( t2 ) is very close to the average prediction (uninformed
prediction). Thus, more challenging datasets and further
research are needed to further validate practical aspects of
our approach.

6.

RELATED WORK

Analyzing and predicting network processes in general,
and information cascades in particular, has attracted much
attention in recent years. Multiple works focus on building theoretical models (e.g., [8, 9, 38]) of dissemination processes. These models capture information di↵usion at nodes
through network topology as well as user interests and the
information content [7, 27, 38]. Wang et al. [35] uses partial
di↵erential equations to predict information di↵usion over
both temporal and spatial dimensions. One challenge in
this line of research is the gap between empirical data and
theory. Building parsimonious models is a complex task and
the resulting models are often not vetted against real data.
Most relevant to this paper are the works that predict
cascade popularity. Some of these works predict the volume
of aggregate activity, such as the number of votes on Digg
stories [33], or Twitter hashtag usage [20]. A few works
examine how information cascades grow in size depending
on its content [19, 30] and user interests [2]. Other works
make prediction using observations of a cascade during a
given fixed time interval [17, 20, 34]. The cascade size prediction task is seen as a regression problem in a variety of
works [3, 17, 33, 34]. Matsubara et al. [21] proposes a parsimonious model that captures the rise and fall patterns in
information di↵usion. In lieu of predicting the exact cascade
sizes, many studies bin the cascades sizes and solve a binary

(a) FORASARNEY

(b) H1N1
(c) FIREFOX
(d) SOUNDCLOUD
Figure 4: Predictions of statistics of NNID for five example hashtags in Twitter.

classification problem of whether or not a cascade becomes
viral [11, 13, 17] or if it doubles in size [4]. Instead of modeling the di↵usion process, Najar et al. [25] directly predicts
the final propagation state of the information given its initial
state. Outside cascade sizes, Cheng et al. [4] also predicts
structural features of the cascade sample paths. Our goal
is di↵erent as we do not perform binary classification of the
evolution of a sample path, or just predict cascade sizes.
We propose a general axiomatic forecasting framework that
is not tied to a specific set of cascade features or process and
can be used o↵-the-shelf in any similar forecasting scenario.
Since we predict cascade statistics, our work also relates to
research on fitting empirical data to parsimonious statistical
models [1, 5]. While the empirical data can be readily fitted to many known parsimonious models such as power laws,
log-normal, or exponential, there is no guarantee that the fitted model can be used to predict the tail of the distribution
or how the distribution changes with the observation window. Indeed, our experimental results using Twitter data
show that cascade statistics can significantly change over
time. Thus, the need to go beyond parsimonious models
to design a data-driven statistical approach using axiomatic
forecasting.

7.

(e) JQUERY

CONCLUSIONS

In this work we propose SED, a new algorithm for forecasting statistics of complex networked processes. SED is
the first of its kind, a (true) model-free approach that uses
axioms rather than models to extract statistical information from the data, pointing to a promising new direction
of axiomatic forecasting. More importantly, we provide the
underlying theory behind SED’s model-free axiomatic forecasting approach. We test SED on two synthetic datasets
and a large Twitter dataset, showing that SED can forecast
accurately a variety of statistics under complex scenarios.
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