
Assignment 3
Randomization in Numerical Linear Algebra (PCMI)

1. Let A be an n × d matrix with n � d. (i) Give an example of a matrix A whose row leverage scores
are all equal. (ii) Give an example of a matrix A whose row leverage scores are equal to either zero or one;
to be precise, d of the n row leverage scores should be equal to one and the remaining n − d row leverage
scores should be equal to zero.

2. Let U be an n × d matrix with n � d, such that UTU = I (i.e., the columns of U are pairwise
orthogonal and normal). Sample r rows of U with probability proportional to their leverage scores (in r
independent, identically distributed trials); let S be the corresponding sampling and rescaling matrix (recall
the notation of slide 16). Prove that, with probability at least 0.9,∥∥∥UTSSTUT −UUT
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Hint. Use results from the randomized matrix multiplication lecture and homework.

3. In this problem, we will prove the first of the two inequalities (the first structural result) of slide 76,
subject to the two assumptions stated in slide 76.

1. First, let UA be the matrix of the left singular vectors of the tall-and-thin matrix A. Prove that

min
x∈Rd

‖Xb−XAx‖22 = min
z∈Rd

∥∥∥Xb⊥ −XUAz
∥∥∥2
2
.

2. Write an explicit formula for the vector

zopt = arg min
z∈Rd

∥∥∥Xb⊥ −XUAz
∥∥∥2
2

and prove that zopt = UT
AA (xopt − x̃opt). (See slides 72 and 73 for definitions of xopt and x̃opt.

3. Using the above facts as well as the assumptions in slide 76, prove that

‖zopt‖22 ≤ εZ
2
2 .

(See slide 70 for the definition of Z2
2 .)

4. Now prove that
‖b−Axopt‖2 ≤ ‖b−Ax̃opt‖2 ≤

(
1 +
√
ε
)
‖b−Axopt‖2 .
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