3.1, Wednesday, Sept 4

puncement: Homework 2 released soon (tonight)
: September 16", 2019 @ 11:59PM on Gradescope




Example: T(n) = 4T(n/2)

Claim: T(n) = O(n?) -
Induction Hypothesis:
Assume T(k) < ck3 for all k

I(n) =4T(w/2) +n
<4c(n/2P+r1
= cn° - (Cn
< cn’

Need




Show that T(n) = O(n?) |

Claim: T(n) < cn?

T(n) = 4T(n/2) + n

<4c(n/2)?+n b

< cn?2

To show that
lower order-_ e




Claim: T(n) < ¢;n? - ¢,n, fc
> 2

Inductive hypothesis: T(k




Recursion Tree Metha

Use the recursion tree

recurrence -

* Tree represents a model
recursive algorithn
Getting a close can be
Insight obt:
initial guess




T(n) = 4T(/2) + 1

Work done at each level

e Level0:n @

e Level 1: 2n (4 inst

e Level 2: 4n (4°716

e Clicker Question: Hc
at Level 3?2
A.6n B.¢




T(n) = 4T(/2) + 1

Work done at each level

e Level0:n @

e Level 1: 2n (4 inst

e Level 2: 4n (4°716

e Clicker Question: Hc
at Level 3?2
A. 6n B




T(n) = 4T(n/2) + 1
Work done at each level
Level 0: n
Level 1: 2n (4 ins
Level 2: 4n (4>716

Level 3: 8n (4° insta
at level i, there are 4' in
results in Z '

y




Total work done at allf' v
tree '

at level 1 of the tree
e there are 4! noh_des, each
e resultsinn2! work fc

k i _ .
(=0 n 2 s, n

This gives T(n)
Prove this corre




More General Analysis

Merge Step Cost

T(n) ‘ n¢
T(n/b) < Z T(n/b) G-B)C a(n/b)c =nc(a/bc)
7 A
< — W a> e N ﬁ)
T(n/b?) T(n/b?) T(n/b?) T(n/b?) (ﬁ’:ﬁ a?(n/b?)¢ = n¢(a/bc)?
6"/ logyn
n<(a/be)k
T@) T@ [T@ 7@ [T@ T@ T@ [T@ | nc(aspeyoren
logp n an
ifn=1 T(n) < ne z (ﬁ)

1
< n -
T(n) = {a X T (E) + n¢ otherwise t=0

10
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A Helpful Identity

Fact: If y # 1 then

Observation 1:

Observation 2:

Observation 3:

Observation 4:

Ify=1thenl+y'+y?2..+y*=k+1€0k)

If0<y<1then1+y1+y2...+ykzﬁe@(l)

k+1

If 1 <ythenl+y!+y? ...+ykz];je®(yk)

Inour case k =logynandy = (%)

logpn

< Y (L) =nc (1 1‘{’;“)

i=0




More General Analysis

Merge Step Cost

A%T(n)\ | "
T(n/b) T(n/b) a(n/b)c =n<(a/bc)
T(n/b?) T(n/b?) T(n/b?) T(n/b?) nc(a/b¢)2
logy,n
n<(a/be)k
T(@) T2 'T@) T@) T@) T@) T2 T2 | nc(a/b)osn

1 if n=1 LA
I < {a X T(g) +n¢ otherwise Caseliy= (%) =1 T =n Z (F)

i=0
= 0(n°log, n)
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More General Analysis

Merge Step Cost

‘%T(n)\ | "
T(n/b) T(n/b) a(n/b)c =n<(a/bc)
T(n/b?) T(n/b?) T(n/b?) T(n/b?) nc(a/b¢)2
logy,n
n<(a/be)k
T(2) T(2) T2 T) T(2) T(2) 'T(2) T(2) | nc(a/bc)lossn
{ 1 ifn=1 1
T(n) < n c _ ogpn ;
axT(E)+n otherwise T(n) < nc z (%)
= o(n9)

Case 2:y = (%) <1
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More General Analysis

Merge Step Cost

‘%T(n)\ | "
T(n/b) T(n/b) a(n/b)c =n<(a/bc)
T(n/b?) T(n/b?) T(n/b?) T(n/b?) nc(a/b¢)2
logy,n
n<(a/be)k
T(@) T2 'T@) T@) T@) T@) T2 T2 | nc(a/b)osn

1 ifn=1 . logpm
T(n) = a X T(g) +n¢ otherwise Case 3ty = (ﬁ) >1 T(n) < Z n (F)

1=0
= @(nlogb a)

Cc alogp " h logp n logp a
n (F) = pclogy n X a =n

15
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Implications for Divide and Conquer Analysis

Merge Cost: O(n°) (want ¢ to be small)
Branching Factor: a (smaller branching factor > faster)

Reduction in Input Size: b (bigger is better)
Key Ratio: a/b¢

1 ifn=1
T(n) < n .

axT (B) + n® otherwise

Case 1: (=) < 1 T(n) = 0(n)
Case 2: vy = (—) =1 T(n) = 0(n‘logn)
Case 3: (=) >1  T(n) =0(n'o® )
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Clicker Question

T(n) = 4T (E

a. 9(n?) b.On3) c.®@(n2logn) d.o(n"*)

e. hone of the above

2

)+n2

Master Theorem

() < {a XT

Case 1. ( )<1

a
b€

Case 3: ( )>1

ifn=1

+ n¢ otherwise

T(n) = 0(n°)

T(n) =

Case 2.y = (—) =1 T(n) = 0(n‘logn)

@(nlogb a)




18

Clicker Question

T(n) = 4T (E

a. 9(n?) b.0On3) c. ©(n*logn) d.0(n"*)

e. hone of the above

2

)+n2

Master Theorem

T(n) < {a XT

Case 1. ( ) <1

Case 3: ( )>1

ifn=1

+ n¢ otherwise

T(n) = 0(n°)

T(n) =

Case 2.y = ( ) =1 T(n) = 6(n‘logn)

@(nlogb a)
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Implications for Divide and Conquer Analysis

Merge Cost: O(n°) (want ¢ to be small)
Branching Factor: a (smaller branching factor > faster)

Reduction in Input Size: b (bigger is better)
Key Ratio: a/b¢

1000000 ifn<100
T(n) = T (g + 50) +n¢  otherwise

Case 1: ( )< 1 T(n) = O(nc)
Case 2: vy = (—) =1 T(n) = 0(n‘logn)

Case 3: () >1 T(n) = 0(n'°8» %)
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Implications for Divide and Conquer Analysis

Merge Cost: O(n°) (want ¢ to be small)
Branching Factor: a (smaller branching factor > faster)

Reduction in Input Size: b (bigger is better)

Key Ratio: a/b¢ logya=>c e % >1
1000000 ifn<100  Assume
T < axT (g + 50) + f(n) otherwise f(m)=0

Case 1. f(n) = Q(ns“ogb “) T(n) = 0(f(n))

Case 2: f(n) = ©(n'°8»%loghn) T(n) = 0(n'°8 ¢ logh*1n)
(assumes k = 0)

Case 3: f(n) = O(nlogb a‘s) T(n) = @(nlogb a)
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Other Recurrences

. Tm)=T(h—1)+1 (Unroll: T(n) = 0(n))

. T =Th—-1)+1=Th-2)+1+1
=Tn—-3)+1+1+1=--=Th—-k)+Kk
=T(1)+n-1

. T(n) =2 X T(n—10) (Exponential)

Two branches o ,
Only constant reduction in input size



Other Recurrences

. T(n) =2 X T(n—10) (Exponential)

e

Two branches Only constant reduction in input size

T(n) = 0(c")
How to find ¢? [Trick]

>c= V2 ~1.07177
(Root of Characteristic Equation)

Must verify solution by induction



Other Recurrences

. MergeSort with Uneven Split: Split L into A, B of
sizes n/4 and 3n/4.

T(n) =T(%)+T(%)+n

A bit harder to Analyze with recursion tree

n

logn)

23 T(n) = O(nlogn)
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Other Recurrences

. MergeSort with Uneven Split: Split L into A, B of

sizes n/4 and 3n/4.
n 3n
T(l’l) — T(g) +T(T) +n

(19/20)n

‘0 Olleg ) (19/20y2n

(0]

19
T(n) < nz (%

=0

>i



Divicde and conquer algorithms

ear-time selectio
ine Problem

ximum Subarray
Counting inversions

25
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