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\Symptotic Notation

= 2000n + n?
=10nlogn

the following claims are true?

( f (n)) A. Cla%m 4 only
. (f(n)) B. Claim 1 & 2 only
3 -- C.Claims 1,2 and 3
| h(n) E Q(f (n)) D. All claims are true

. " h(n) = O(g (n)) E. None of them



n the subproblems by
ol g them recursively.

subproblem solutions.



. up problem of size n in 0 two equal parts of size g

o parts recursively.
ne two solutions into overall solution in linear time.

onsequence.
= Brute force: n2
= Divide-and-conquer: n log n. - Julius Caesar




ANElysis: Divide and Conquer

Recurrences):
1e to solve problem of size n (worst-

pose we sp 1T
ocursively solve s
e the solutions.

BF(n) < 3T (g

X into 3 equal size parts A, B and
problems A, B and C and then

) + #Steps(Merge)

“tness?
- Induction!
= Prove that algorithm is correct on small inputs (e.g., n <

2)
"~ » Prove that merge algorithm et (QED)



yu should learn?

e associated with divide and

Jue lgo 11

> that a divide and ¢ onquer algorithm is

ve: Design efficient divide and conquer

Build intuition about when the divide and conquer
approach will work.



ergesort

—
[—
[—
_—
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v

two halves.

half.
Jon von Neumann (1945)
e sorted whole.

e two halve

BN EEENEEE Dvide o0

BN EENEE st 27/
-

BN Mese O

T(n) < 2- T(g) +0n)



lerging

ine two pre-sorted lists into a sorted whole.

‘Challenge for the bored. In-place merge.

I

using only a constant amount of extra storage



Viergesort

1. A and B are sorted.

__ " : L is sorted.

Sort(L) {
iIT list L has one element
return O and the list L
Divide the list into two (equal) halves A and B
A « Sort(A)
B « Sort(B)
L <« Merge(A, B)

return L



"'r"gesort Correctness

esort correctly sorts all lists L of

Sort(L) {
IT list L has one element
return O and the list L

Divide the list into two (equal) halves A and B
A « Sort(A)
B « Sort(B)
L <« Merge(A, B)

return L



M Correctness

2sort correctly sorts all lists L of

b

ng Inductive Hypothesis: P(k) holds for all k <
‘correct on any list of length <n

tive Step:

jorithm splits input L into A and B

A <« Sort(A), B « Sort(B)

» both A and B both sorted correctly

= Therefore, algorithm 1s correct (as long
as merge step 1s 1mplemented correctly)
QED



lecurrence Relation

number of comparisons to mergesort an input

0 if n=1
T(n) < T(|_n/2_|) + T(|_n/2J) + n  otherwise

%/—J .
solve left half solve right half ~ Merging

5 Assorted proofs. We describe several ways to prove this
- recurrence. Initially we assume n is a power of 2 and
replace < with =.



isfies this recurrence, then T(n) = n log, n.
f

assumes n is a power of 2

0 If n=1
2T(n/2) + n otherwise

— —
sorting both halves Merging

ase: n=1.
ive hypothesis: T(n) = nlog, n.

2T(n) + 2n
= 2nlog,n + 2n

2n(log,(2n)-1) + 2n
2nlog, (2n)



dlysis of Mergesort
- Recurrence

_satisfies the following recurrence,

Al

‘ 0 if n=1
T() <3 T(In/2]) + T(In/2]) + n  otherwise

solve lefthalf ~ solve right half ~ Merging

= Basecase: n=1.
- = Definen, = In/ 2], n,=[n/2l
= Induction step: assume true for1, 2, ..., n-1.



= Recurrence
satisfies the following
T(n) <nllIgnl|

a (10N O

e case: n=1.

inen,=ln /2], n,= |_n/2—|

luction step: assume true forl, 2, ..., n-1.

n/2]|

|_2ﬂ9n1/2-‘

T(n) + T(n,) + n
n1|_lgn1_|+ n2|_lgn2_|+ n
n1|_lgn2_|+ n2|_lgn2_|+ n

n|_lgn2_|+ n
n(|_lgn_|—1) +n

n|_lg n_|

_ ollanfjp _ oflgn 1

| VAN | N VAN VAR VAN

=Ilgn,<[Ign -1




ompute a”, n>0. Minimize

Itiplications.

Exp(a,n) {
If n=0 return 1
else 1T n=1 return a
else if n 1Is even
b « Exp(a,n/2)
return b x b
else // n>1 1s odd
b « Exp(a,(n-1)/2)
return b x b x a






- Clicker Question

Exp(a,n) {
iIf n=0 return 1
else 1f n=1 return a
else 1f n 1s even
b « Exp(a,n/2)
return b x b
else // n>1 is odd

b « Exp(a,(n-1)/2)
return b x b x a

the following recurrences describes the number of
ations in the above algorithm?

. T(n—1)+1 D. T(n) <3T(n/3)+1

BIMST/2+2 1) <1(7) 402
C. T(n) < 4T(n/2) +n =



- Clicker Question

Exp(a,n) {
if n=0 return 1
else 1f n=1 return a
else 1f n 1s even
b « Exp(a,n/2)
return b x b
else // n>1 i1s odd

b « Exp(a,(n-1)/2)
return b x b x a

the following recurrences describes the number of
ations in the above algorithm?

. T(n—1)+1 D. T(n) <3T(n/3)+1

(%f T(n) < 4T(n/2) +n i <T (5) —,
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