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Abstract. Shamir secret sharing lets a quorum of d + 1 parties recover a secret, while smaller
coalitions learn nothing. What if every party reveals one bit computed from its share? Our results
reach the so-called multiplication-friendly regime, where d is below half the number of parties, down
to any constant fraction of parties. Proving leakage resilience for Shamir sharing in this regime
has been challenging. We prove resilience to arbitrary single-bit-per-share leakage throughout this
regime. The party count may grow polynomially in the field’s bit length, with the permitted growth
exponent depending on the quorum fraction.

This guarantee holds for nearly every choice of public evaluation points over sufficiently large
prime fields. For each such choice, (2/π)(1−o(1))d bounds the distinguishing advantage between any
two secrets, even under the most damaging choice of local bit functions. This bound is essentially
tight: a known leakage strategy achieves distinguishing advantage (2/π)d.

The technical core is a new pseudorandomness theorem for Reed–Solomon codes, proved by com-
bining higher-order Fourier analysis with tools for describing these codes through local constraints.

1. Introduction

Shamir secret sharing gives a simple way to split a secret among several parties [Sha79]. A
quorum can recover the secret, while any smaller coalition learns nothing, even from its full shares.
Yet could a little leakage from every share reveal something about the secret?

The scheme is based on polynomial interpolation. Let p be an odd prime, write Fp = Z/pZ, and
choose m distinct nonzero public evaluation places a1, . . . , am ∈ Fp. Fix an integer 1 ⩽ d < m.
To share a secret s ∈ Fp, choose independent uniform R1, . . . , Rd ∈ Fp and give party i its share
Ps(ai), where

Ps(X) = s+
d∑︂

j=1

RjX
j .

Any d+ 1 shares recover the secret by polynomial interpolation. Any d shares are jointly uniform
and independent of the secret, by the usual Vandermonde argument [Sha79, pp. 612–613].

Leakage asks for only a little from each party, but it asks everyone. Suppose party i reveals
fi(Ps(ai)), where fi : Fp → {0, 1} is arbitrary. Together, these bits form the leakage profile(︂

fi(Ps(ai))
)︂m
i=1
.

Of course, any d of these bits still reveal nothing about the secret. But d + 1 bits may already
reveal something about the secret. The observer gets all m.

Benhamouda, Degwekar, Ishai, and Rabin proposed local leakage resilience to ask this question
precisely [BDIR18, BDIR21], a notion also implicit in the work of Goyal and Kumar [GK18]. The
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requirement is that the leakage profiles for any two secrets have small statistical distance,1 uniformly
over the allowed local functions. Since then, arbitrary one-bit leakage from Shamir sharing has
received sustained attention, but progress has been hard to come by [MNP+21, MNP+22, KK23,
Ngu24, Kas24].

We focus on the regime 0 < c < 1/2, with sharing degree d = ⌊cm⌋. Here, Shamir sharing has
the algebraic room needed to multiply shared secrets, a basic ingredient in many cryptographic
applications [BGW88].2 Yet guarantees against arbitrary one-bit leakage long remained confined
to c > 1/2, with a sequence of works bringing the sufficient relative threshold down to 0.668
under their respective field-size assumptions [BDIR18, BDIR21, KK23, Kas24]. Below one half,
guarantees largely covered physical-bit probing [MNP+21], highly biased leakage [KK23], or most
leakage functions [Ngu24]. But the adversary can choose any leakage functions it likes, including
the exceptions.

Even very simple leakage functions can reveal information about the secret. To see this, take the
first d+1 shares and write the secret as their weighted sum using public reconstruction coefficients.
Each of these parties leaks the least significant bit (LSB) of its weighted share; all remaining parties
leak constants. Here LSB means the parity of the representative in {0, . . . , p − 1}. This gives a
distinguishing advantage of at least (2/π)d (Appendix A; c.f., [MNP+22, Theorem 6, p. 16:7]).
These non-constant maps are highly structured, nearly balanced, and need not probe physical bits
of the original shares. Could this be just the tip of the iceberg, with other local bit functions
revealing much more about the secret?

Excitingly, very recent independent work by Sun andWootters [SW26] and Nguyen [Ngu26] broke
the one-half barrier for arbitrary one-bit leakage. Each proves resilience for every fixed relative
degree c > 1/2 − δ, for some absolute constant δ > 0, and for every valid choice of evaluation
places.3 Compared with these works, we reach every fixed 0 < c < 1/2, with a different tradeoff:
nearly all valid evaluation tuples are secure, with the party count growing as a small power of the
field’s bit length. Our guarantee uses the standard worst-case notion of security: the adversary
may choose the leakage functions after all evaluation places are public.

Summary: our result. For public evaluation places a = (a1, . . . , am) and local single-bit leakage

functions f = (f1, . . . , fm), let La,fs denote the leakage probability law for secret s. Following
Benhamouda, Degwekar, Ishai, and Rabin [BDIR18, BDIR21], we measure insecurity by the worst-
case statistical distinguishing advantage

Insec(a; d) = sup
f1,...,fm : Fp→{0,1}

max
s,s′∈Fp

SD
(︂
La,fs , La,fs′

)︂
.

Small insecurity means that the leakage profiles of any two secrets are statistically indistinguishable,
regardless of the chosen local leakage functions. The worst-case leakage is taken separately for each
public tuple a, allowing the leakage functions to be chosen after a is known.

Write n for the field’s bit length, so 2n−1 < p < 2n. Averages over a use uniform ordered tuples
of m distinct nonzero field elements. For every fixed 0 < c < 1/2, there is a positive exponent u∗(c)
such that the following holds. Fix 0 < u < u∗(c), and set m = ⌊nu⌋ and d = ⌊cm⌋. As n→ ∞, we
obtain the nearly optimal guarantee

E
a

[︃
Insec(a; d)

]︃
⩽

(︃
2

π

)︃(1−o(1))d

1The statistical distance between probability laws µ and ν on a finite set Ω is SD(µ , ν) = 1
2

∑︁
y∈Ω|µ(y)− ν(y)|.

Equivalently, it is the largest difference in the probabilities they assign to the same event.
2Multiplying two degree-d sharings gives evaluations of a polynomial of degree at most 2d. Thus any 2d+1 shares

suffice to reconstruct the product. Since d = ⌊cm⌋ and c < 1/2, we have 2d < m, so there are enough shares.
3Nguyen gives the explicit, unoptimized choice δ = 10−14 [Ngu26, Corollary 6]. Sun and Wootters leave their

constant unspecified; see [SW26, Theorem 1.3 and Appendix A].
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For 1/3 < c < 1/2, we may take u∗(c) = 1/2. For smaller c, choose an integer ℓ > 1/c; we give a fi-
nite exponent Θℓ > 0, allowing u∗(c) = Θ−1

ℓ . Incurring a further o(d) loss in the exponent, Markov’s

inequality shows that nearly every evaluation tuple also satisfies Insec(a; d) ⩽ (2/π)(1−o(1))d. The
reconstruction-based LSB attack above achieves advantage at least (2/π)d, so our upper bound is
optimal up to o(d) in the exponent. We state the precise bounds below.

Our approach. Our proof uses higher-order Fourier analysis, particularly Gowers uniformity
norms and nilsequences, together with tools for local constraints on Reed–Solomon codes. We
build on Leng’s PhD thesis [Len25] and papers by Levi, Mosheiff, and Shagrithaya [LMS25a] and
Krick, Pardo, and Sombra [KPS01]. The technical overview explains the specific ideas we draw
from these works and how they come together in our argument.

1.1. Our Contributions. We prove our results through a stronger comparison: local bits look
nearly the same on a random Reed–Solomon codeword as on independent uniform field elements.

For an integer 1 ⩽ r ⩽ m and x = (x0, . . . , xr−1) ∈ Fr
p, define the moment linear maps, which

compute the shares from the polynomial coefficient vector x:

Li : Fr
p → Fp, Li(x) =

r−1∑︂
h=0

xha
h
i (1 ⩽ i ⩽ m).

These evaluate the polynomial with coefficient vector x. The corresponding r-dimensional Reed–
Solomon code is

Cr(a) = {(Li(x))
m
i=1 : x ∈ Fr

p} ⊆ Fm
p .

If x is uniform in Fr
p, then (Li(x))i is a uniform codeword from Cr(a). Let U1, . . . , Um instead be

independent uniform elements of Fp. Define

codeword versus
independent-input

comparison
: ∆(a; r) = sup

f1,...,fm : Fp→{0,1}
SD

(︃
(fi(Li(x)))

m
i=1 , (fi(Ui))

m
i=1

)︃
(1)

This is the pseudorandomness property we need: the leaked bits should reveal very little about the
dependence among the codeword coordinates. For Shamir sharing, this measures how different the
leakage profile of shares of the 0 secret can look from that of independent uniform field elements.

Why this comparison suffices. Write Ps(X) = s+XQ(X), where Q is uniform among poly-

nomials of degree less than d. For fixed s and leakage maps fi, put ˜︁fi(z) = fi(s+aiz). The Shamir

leakage probability law is therefore the law of ˜︁f on a uniform codeword of Cd(a). Since every ai
is nonzero, the independent-input comparison law is (fi(Ui))

m
i=1 for every secret s. The triangle

inequality gives, for every fixed a,

Insec(a; d) ⩽ 2∆(a; d). (2)

Thus, a bound on Reed–Solomon pseudorandomness immediately gives a leakage-resilience bound
for Shamir sharing. See also [DLM+26, Lemma 6.8, p. 48].

Theorem 1 (Relative degrees above one third). Fix 1/3 < c < 1/2 and 0 < ε < 1. There are
constants Cc,ε,mc,ε > 0 such that, for m ⩾ mc,ε, d = ⌊cm⌋, and every odd prime satisfying

log p ⩾ Cc,ε ·m2 log(2m),

we have

E
a
∆(a; d) ⩽

(︃
2

π

)︃(1−ε)d

, E
a
Insec(a; d) ⩽ 2

(︃
2

π

)︃(1−ε)d

. (3)
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Consequently, for every fixed 0 < u < 1/2, if m = ⌊nu⌋ and 2n−1 < p < 2n, then, uniformly
over these primes,

E
a
∆(a; d) ⩽

(︃
2

π

)︃(1−o(1))d

, E
a
Insec(a; d) ⩽

(︃
2

π

)︃(1−o(1))d

, (4)

where o(1) → 0 as n → ∞ for fixed c, u. More generally, the same asymptotic conclusion
holds when m→ ∞ and log p/(m2 log(2m)) → ∞.

The restriction c > 1/3 comes from using quadratic structure. Using higher-order structure lets
us reach c > 1/ℓ for any fixed ℓ ⩾ 4. The exponential base stays 2/π; the required field grows.

Theorem 2 (Arbitrary positive relative degrees). For every fixed integer ℓ ⩾ 4, there is a
finite exponent Θℓ > 0 with the following property. Fix 1/ℓ < c < 1/2 and 0 < ε < 1, and
put d = ⌊cm⌋. There are constants Cc,ℓ,ε,mc,ℓ,ε > 0 such that, for every m ⩾ mc,ℓ,ε and
every prime p satisfying

log p ⩾ Cc,ℓ,ε ·mΘℓ log(2m),

we have

E
a
∆(a; d) ⩽

(︃
2

π

)︃(1−ε)d

, E
a
Insec(a; d) ⩽ 2

(︃
2

π

)︃(1−ε)d

. (5)

If m → ∞ and log p/
(︁
mΘℓ log(2m)

)︁
−→ ∞, both quantities are at most (2/π)(1−o(1))d. For

n-bit primes, this holds uniformly with m = ⌊nu⌋ and any fixed 0 < u < u0(ℓ) = 1/Θℓ; see
Equation 77 in Section 10 for a permissible Θℓ.

Nearly optimal security for almost every evaluation tuple. Put τ = 2/π and write our

asymptotic mean bound as Ea Insec(a; d) ⩽ τ (1−εm)d, where εm → 0. Markov’s inequality gives

Pr
a

[︂
Insec(a; d) > exp

(︁√
m
)︁
· τ (1−εm)d

]︂
⩽ exp

(︁
−
√
m
)︁
.

Since d = ⌊cm⌋ andm = ⌊nu⌋ for fixed c, u > 0, the threshold remains τ (1−o(1))d and the exceptional
fraction is negligible in n. Thus nearly every public evaluation tuple gives the nearly optimal security
bound simultaneously for every secret pair and every family of local leakage functions. The LSB
attack gives Insec(a; d) ⩾ τd for every valid evaluation tuple (Appendix A), so our bound is optimal
up to o(d) in the exponent.

The parameter tradeoff. The table compares arbitrary one-bit leakage under each result’s
respective field-size hypotheses. Our quadratic result requires log p ⩾ Cc,εm

2 log(2m). For smaller
fixed c, choose ℓ ⩾ 4 with 1/ℓ < c; the requirement becomes log p ⩾ Cc,ℓ,εm

Θℓ log(2m). For n-bit
primes and fixed c, the number of parties may grow as a small positive power of n.

Result Relative degree Evaluation places Field/party regime

Sun–Wootters [SW26];
Nguyen [Ngu26]

c > 1/2 − δ, absolute
δ > 0

Every valid tuple Any prime p > m

Our quadratic result Fixed 1/3 < c < 1/2 Nearly all valid
evaluation tuples

m = ⌊nu⌋, 0 < u < 1/2

Our higher-order result Fixed 0 < c < 1/2 Nearly all valid
evaluation tuples

m = ⌊nu⌋, 1/ℓ < c, 0 < u < Θ−1
ℓ

For example, with c = 0.4, we may take d = ⌊cm⌋ and m =
⌊︁
n0.49

⌋︁
. For c = 0.2, choose ℓ = 6

and take d = ⌊cm⌋ and m = ⌊nu⌋ for any fixed 0 < u < Θ−1
6 . Both choices give security for all

sufficiently large n, uniformly over n-bit primes.
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Related work. Our question concerns a scheme that is already in use: how much protection does
Shamir sharing itself provide? There is also a substantial literature on designing new secret-sharing
schemes specifically for leakage resilience [SV19, ADN+19, KMS19, MPSW21, CKOS21, CKOS22].
In this direction, Doron, Leonov, Mosheiff, Navas, Resch, and Ribeiro [DLM+26, Theorem 6.5,
pp. 46–47] use discrepancy bounds for random linear codes to construct locally leakage-resilient
linear ramp schemes with arbitrarily small fixed positive relative reconstruction thresholds. The
correlations among polynomial evaluations make Shamir sharing difficult to analyze. For additive
sharing, where the shares are linked by a single sum constraint, the corresponding question is
much better understood, with tight threshold estimates and refined leakage bounds in several
models [BDIR21, MNP+21, MNP+22, FMM+24, KA25, BHM+26].

1.2. Technical Overview. Our proof follows a simple chain. We first control structured leakage.
An approximation argument then gives Reed–Solomon pseudorandomness, and an affine change of
variables gives Shamir leakage resilience:

Technical
Core Lemma

Lemma 7.1 (Equation 6 below)
=⇒

Reed–Solomon
Pseudorandomness

Theorem 3
=⇒

Shamir
Local Leakage Resilience

Theorem 4

To explain the main ideas, we first prove the following bounds with a relaxed exponential rate.
Sections 2–8 establish these statements. Section 9 sharpens the rate to prove Theorem 1. And
Section 10 extends the argument to prove Theorem 2.

Working bounds for the overview

Theorem 3 (Reed–Solomon pseudorandomness). Fix 1/3 < c < 1/2 and put d = ⌊cm⌋.
There is a constant Cc > 0 such that for all sufficiently large m,

log p ⩾ Cc ·m2 log(2m) =⇒ E
a
[ ∆(a; d) ] ⩽ 2−d/4,

where a is uniform over the ordered distinct nonzero evaluation places.

Theorem 4 (Local leakage resilience of Shamir sharing). Under the hypotheses of Theorem 3,

E
a
Insec(a; d) ⩽ 2 · 2−d/4.

In particular, this holds for n-bit primes and m = ⌊nu⌋ whenever 0 < u < 1/2 is fixed and n
is sufficiently large.

Equation 2, proved in Section 1.1, gives the per-a insecurity bound from pseudorandomness. Taking
expectations gives Theorem 4 from Theorem 3.

The technical core. For the approximation argument, we allow a leakage function to take values
in [0, 1]: on input z, a probability map f outputs one with probability f(z). The outputs at different
shares are sampled independently conditional on their inputs. The original deterministic leakage
functions are exactly the maps taking values in {0, 1}.

Let H be any nonempty family of such maps Fp → [0, 1]. For f = (f1, . . . , fm) ∈ Hm, let Pa,f be
the probability law of these bits on a uniform codeword of Cr(a), and let Qf be their probability
law on independent uniform inputs. Define

∆H(a; r) = sup
f1,...,fm∈H

SD( Pa,f , Qf ).

Taking H to be all deterministic functions recovers ∆(a; r). We will construct a fixed structured
family Gp,3 for which the following estimate holds.
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Technical core: Lemma 7.1. Fix 1/3 < c < 1/2 and b ∈ (0, 1), and let Gp,3 be the fixed
family described in Step 1 below. There are constants A,C > 0, depending only on b and
the family data fixed by c, such that, for all sufficiently large m,

log p ⩾ C ·m2 log(2m), bm ⩽ r < m =⇒ E
a
∆Gp,3(a; r) ⩽ A2−r/2. (6)

The supremum over the maps is inside the expectation over a.

From the technical core to pseudorandomness. For k ⩾ 2 and f : Fp → C, the Gowers
uniformity norm is defined by

∥f∥2
k

Uk = E
z,h1,...,hk∈Fp

∏︂
ω∈{0,1}k

C|ω|f

⎛⎝z + k∑︂
j=1

ωjhj

⎞⎠,
where C denotes complex conjugation, |ω| =

∑︁
j ωj , and all variables are independent and uniform.

Small U3 norm is the notion of quadratic uniformity used in our approximation.
The approximation described in Step 1 below lets us write each leakage function as fi = gi + hi,

where gi ∈ Gp,3 is the structured part and hi is a perturbation that is pseudorandom in the U3

sense: ∥hi∥U3 ⩽ η. Expanding the leakage probabilities gives products of structured factors and
perturbations. We split these terms according to how many perturbation factors they contain,
using a cutoff t.

For a suitably chosen threshold t, the terms with at least t perturbation factors are the easy part
to bound. Simultaneous Cauchy–Schwarz gains a factor ηt from t selected perturbations, making
their total contribution small when η is sufficiently small. This step requires m− t ⩽ 3(d− t).

As is typical in such estimates, the main difficulty lies in bounding the terms with few pertur-
bations. For a term with j < t perturbation factors, we condition on the field inputs at their
locations and delete those coordinates; we call this operation shortening. The remaining inputs
form a Reed–Solomon code of length m− j and dimension d− j, up to invertible affine changes in
each coordinate. The structured family is closed under these changes, so the remaining factors are
still structured maps. The technical core lemma then bounds the comparison in Equation 1 for the
shortened code, with the supremum restricted to structured leakage maps and the bound averaged
over the evaluation places.

Since c > 1/3, we may take t = ⌊αm⌋ for a sufficiently small fixed α > 0. Choosing α small
ensures the Cauchy–Schwarz condition and controls the number of terms with few perturbations.
Once α is fixed, choosing η small suppresses the terms with many perturbations. Together these
estimates give Ea∆(a; d) ⩽ 2−d/4, proving Theorem 3. The reduction is Lemma 2.1 in Section 2.

Four steps for the core estimate. The work in Sections 3–8 establishes the core estimate.
First, we fix the approximation family. Next, we see how the argument would work if its maps
already followed ordinary quadratic torus orbits. We then explain the two structural lemmas that
bring us to this model. Finally, we track the bounds to see how large the field must be.

Step 1. Fixing the approximation family. Nilsequences provide the structured models used
in higher-order Fourier analysis. For the background and quantitative conventions used here, see
Leng [Len25, Sections 2.2–2.3, pp. 17–36] and Green–Tao [GT12, Section 2 and Appendix A].
Ordinary quadratic phases are the simplest examples in the U3 setting; nilsequences also capture
bracket-type correlations. We write a nilsequence as F (g(z)Γ): the orbit point g(z)Γ moves on a
compact space G/Γ, and a smooth readout F turns its position into an output probability.

Fix c ∈ (1/3, 1/2) and the required accuracy η = η(c). Choose a finite collection N of nilmani-
folds of degree at most two, a dimension bound D, and a smoothness bound Q. With R = 2D+4,
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our family consists of maps

fnil(z) = F (g(z)Γ), F : G/Γ → [0, 1], ∥F∥CR ⩽ Q.

Here G/Γ ∈ N , and g(z)Γ is a p-periodic polynomial orbit of degree at most two. Periodicity
makes the map depend only on z mod p. The norm controls derivatives through order R in fixed
local coordinates. The data N , D,Q are fixed before choosing m, p, a or the leakage maps.

Periodic arithmetic regularity, followed by positive smoothing, gives the desired approxima-
tions [CS14, Theorem 3.4, p. 10]. Positive smoothing averages against a nonnegative smooth bump
function of total mass one, preserving the range [0, 1] while controlling the derivatives. The family
is closed under complements and invertible affine changes of the input, as needed for the outer
reduction. Section 3 and Section 4 give the definitions and the construction. In the sharp-rate
argument of Section 9, the chosen accuracy and hence the family data may also depend on ε.

One good set for all leakage choices. We will work on a Good set of evaluation tuples on which
the required certificate conclusions hold simultaneously for every allowed coefficient array, every
solution, and every required shortening. Its defining constraints are independent of the leakage
maps. Step 4 constructs this set and shows that its complement has exponentially small probability.

Step 2. Wishful Thinking. Let us dream for a moment.

Quadratic torus orbits. Keep the moment maps Li defined in Section 1.1. Write T = R/Z, so
TD = RD/ZD is the D-dimensional torus: its coordinates are real numbers taken modulo one.
Suppose our leakage maps (magically) already had the form4

fi(z) = Ai

(︃
βi,1z + βi,2z

2

p

)︃
, Ai : TD → [0, 1], βi,1, βi,2 ∈ FD

p .

For w ∈ Fp, the notation w/p ∈ T uses any integer representative of w; changing representatives
changes the quotient by an integer. Here Ai is the probability-valued readout on the torus, and
βi,1, βi,2 are the coefficient vectors of the linear and quadratic terms. Thus the input z determines
a point on the torus, and Ai reads that point to give the probability of leaking one.

We dream of quadratic orbits because we work with U3; for U ℓ, the analogous wishful model
uses polynomial orbits of degree at most (ℓ − 1). Suppose also that each Ai is a trigonometric
polynomial of cutoff T , meaning that

Ai(θ) =
∑︂

k∈[−T,T ]D∩ZD

ˆ︁Ai(k) exp(2πık · θ), θ ∈ TD,

for an integer T ⩾ 1 with log T = O(m log(2m)). In other words, the high frequencies have already
been truncated, while the readout still takes values in [0, 1]. By translating Ai, we may take the
torus orbit to have zero constant term. The original nilmanifolds are drawn from the fixed catalog
N , chosen using only c and the approximation accuracy. The readouts and orbit coefficients may
depend on a and the leakage, within uniform dimension and cutoff bounds. Steps 3 and 4 will
justify this picture, up to a small perturbation of the leakage probability laws.

Local Fourier weights. The torus map Ai : TD → [0, 1] and coefficient vectors βi,1, βi,2 ∈ FD
p define

a function Bi : F2
p → [0, 1] by

Bi(s, t) = Ai

(︃
βi,1s+ βi,2t

p

)︃
.

4We use the same dimension D at every share: if a map originally uses fewer coordinates, pad its coefficient vectors
with zeros and let Ai ignore the extra coordinates.
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Here we let the linear and quadratic inputs vary independently; the leakage map is recovered by
setting (s, t) = (z, z2): fi(z) = Bi(z, z

2). We use the normalized Fourier transform on F2
p:ˆ︁Bi(u, v) = E

s,t∈Fp

Bi(s, t)ep(−us− vt), ep(w) = exp(2πıw/p).

We now expand Bi in these characters. Writing λi = (ui, vi) ∈ F2
p, we get

fi(z) = Bi(z, z
2) =

∑︂
λi∈F2

p

ˆ︁Bi(λi)ep(uiz + viz
2).

To compute ˆ︁Bi(ui, vi), we collect all integer frequencies of Ai that produce the pair (ui, vi):ˆ︁Bi(ui, vi) =
∑︂

k∈ZD, ∥k∥∞⩽T
k·βi,1=ui, k·βi,2=vi

ˆ︁Ai(k),

where the equalities in the summation condition are taken in Fp. If ˆ︁Bi(ui, vi) ̸= 0, this sum must
contain at least one nonzero term. Thus (ui, vi) has an integer representative k with ∥k∥∞ ⩽ T .
Here ∥k∥∞ is the largest absolute coordinate of k; such a vector k is a short integer lift of the
frequency pair. These short lifts will let us apply the moment certificate, Lemma 6.1, to bound
the span of the supported Fourier relations below. The probability maps for leaking one and zero
are represented by Bi and 1 − Bi, respectively, restricted to (s, t) = (z, z2). To account for both
possible outputs of the leaked bit, define

µi(λi) :=
⃓⃓⃓ ˆ︁Bi(λi)

⃓⃓⃓
+
⃓⃓⃓
ˆ︂(1−Bi)(λi)

⃓⃓⃓
=

{︄
1, λi = 0,

2| ˆ︁Bi(λi)|, λi ̸= 0.

At zero frequency, the two averages sum to one; at nonzero frequencies, the coefficients have equal
magnitudes. The set of frequencies with positive weight will be important. Define the local Fourier
support by

Si = suppµi := {λi ∈ F2
p : µi(λi) > 0}.

Thus Si contains the zero frequency, since µi(0) = 1, and exactly those nonzero frequencies that
occur in the local Fourier expansion. Parseval, positivity, and conjugate symmetry give∑︂

λi

µi(λi)
2 ⩽ 2, µi(λi) ⩽ σ := 2−1/2 (λi ̸= 0), |Si| ⩽ N := (2T + 1)D.

Why the full dual space is too large. For x ∈ Fr
p, a frequency tuple λ = ((ui, vi))

m
i=1 ∈ (F2

p)
m

produces the phase

Qλ(x) =
∑︂
i

(uiLi(x) + viLi(x)
2), R = {λ : Qλ ≡ 0}.

Here Qλ ≡ 0 means that this polynomial vanishes identically. Writing u = (ui)i and v = (vi)i,
these are dual Reed–Solomon relations: u annihilates evaluations of polynomials of degree less than
r, and v annihilates those of degree less than 2r − 1. A relation uses share i when (ui, vi) ̸= (0, 0).
Every nonzero relation uses at least r + 1 shares, by the Vandermonde property. Each such share
contributes a factor at most σ. The dual code Cr(a)

⊥ consists of the vectors u ∈ Fm
p with

∑︁
i uici = 0

for every c = (ci)i ∈ Cr(a). Even if we restrict to relations with v = 0, every dual codeword
u ∈ Cr(a)

⊥ gives such a relation. There are already pm−r − 1 nonzero relations of this form.
Bounding each contribution by σr+1 therefore gives

(pm−r − 1)σr+1,

which grows with p rather than giving the decay we need. A large support makes each relation’s
contribution small; we must also control the total Fourier weight of all contributing relations.

8



Only supported relations contribute. This brings us to the local-constraints viewpoint of Levi–
Mosheiff–Shagrithaya [LMS25a]: study Reed–Solomon relations subject to restrictions at each
share. Here the restriction is λi ∈ Si: a relation contributes only if each coordinate occurs in the
corresponding local Fourier expansion. These supported relations need not form a vector space. To
use linear-algebraic tools, we take their Fp-linear span:

V0 = SpanFp

(︂
R∩

∏︂
i
Si

)︂
, s0 = dimFp V0.

Taking the span may introduce unsupported relations, but their Fourier weights are zero, so the
sum we must bound is unchanged. The space R is determined by the code, while Si and V0 also
depend on the chosen leakage maps from the family fixed by c. Although these objects vary with
a and (fi)i, we will prove

dimFp V0 = Oc,b(1)

simultaneously for every a ∈ Good and every choice of leakage maps, including choices made after
seeing a.

Example: A relation that contributes nothing. Take r = d = 2 and any prime p ⩾ 5, and consider
Li(x, y) = x + iy for i = 1, 2, 3, corresponding to evaluations of linear polynomials at 1, 2, 3. Let
each leakage map be fi(z) = (1 + cos(2πz/p))/2, with Bi(s, t) = fi(s). Then Si = {(0, 0), (±1, 0)}.
The identity L1 − 2L2 + L3 = 0 gives

λ⋆ = ((1, 0), (−2, 0), (1, 0)) ∈ R, but λ⋆ /∈ S1 × S2 × S3.

The middle map has no frequency −2, so this relation has zero Fourier weight. In fact, R is the
line spanned by λ⋆, and none of its nonzero vectors is supported. Thus dimR = 1, but s0 = 0.

Now change only the middle map to f2(z) = (1+cos(4πz/p))/2. Its nonzero frequencies are now
±2, so ±λ⋆ are supported and s0 = 1. The code and its full relation space stay the same, while the
local Fourier supports determine which relations contribute. This is why we study Reed–Solomon
relations subject to local constraints.

Bounding the supported span. Our moment certificate, Lemma 6.1, uses the short integer lifts
to prove s0 = O(1) on Good, uniformly over all leakage choices. Step 3 explains the certificate
mechanism, and Step 4 tracks its field-size requirement.

Two small sets of shares determine every relation in V0. An information set for V0 is a set of shares
whose coordinates determine every vector in V0. Since s0 is bounded and every nonzero relation
uses at least r+1 shares, for sufficiently large m we can choose two disjoint information sets I1, I2,
each of size at most s0. Outside their union, every nonzero relation has at least r+1− 2s0 nonzero
coordinates, each of weight at most σ. Cauchy–Schwarz and Parseval on the two information sets
give ∑︂

λ∈V0\{0}

∏︂
i

µi(λi) ⩽ 2s0σr+1−2s0 = Oc,b

(︂
2−r/2

)︂
.

This is the standard two-information-set argument [BDIR19, Lemma 4.20 and its proof, pp. 31–
33]. The bounded dimension controls the summation cost; the remaining coordinates supply the
exponential decay.

The remaining quadratic phases. Write P = Pa,f and Q = Qf for the two leakage probability laws.
Their all-zero Fourier terms agree. On the code, every tuple outside R produces a nonconstant
phase of degree at most two. Its average is zero if it is linear and has magnitude at most p−1/2

otherwise, by the quadratic Gauss-sum estimate [TV06, Lemma 4.14 and its proof, p. 162]. On
independent inputs, every nonzero tuple also produces a nonconstant phase of degree at most two
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and satisfies the same bound. Since every contributing relation lies in V0, we get

SD(P , Q) ⩽
1

2

∑︂
λ∈R\{0}

∏︂
i

µi(λi) + p−1/2
∏︂
i

∑︂
λi

µi(λi)

=
1

2

∑︂
λ∈V0\{0}

∏︂
i

µi(λi) + p−1/2
∏︂
i

∑︂
λi

µi(λi)

⩽ O
(︂
2−r/2

)︂
+ p−1/2(2N)m/2.

For the last term, we used
∑︁

λi
µi(λi) ⩽

√
2N , where N = (2T + 1)D is the upper bound on each

local Fourier support size |Si| established above. The desired bound follows once p is large enough
to absorb this Gauss-sum contribution.

Recovering the sharp rate. The sharp coefficient bound from Lemma 9.1 is

µi(λi) ⩽Mp :=
1

p sin(π/(2p))
=

2

π
+O

(︁
p−2
)︁

(λi ̸= 0).

Replacing σ by Mp gives the structured rate O((2/π)r). Choosing a smaller fixed α in the cutoff
t = ⌊αm⌋ of the outer reduction then gives the nearly matching bound for arbitrary leakage
in Theorem 1. Section 9 proves the coefficient bound and explains its interval extremizers; see
also [Lev01] and Appendix A.

Step 3. Reaching the wishful model. General degree-two nilsequences need not follow or-
dinary quadratic torus orbits. Bringing their leakage analysis to the preceding model is the main
structural work. Our two principal lemmas and their sources fit together as follows.

Leng’s Thesis
[Len25]

Levi, Mosheiff, and Shagrithaya
[LMS25b, LMS25a]

Krick, Pardo, and Sombra
[KPS01]

Product Refinement
Lemma 5.1

Short Certificate
Lemma 6.1

Structured Estimate
Lemma 7.1

=⇒ =⇒
=⇒

=⇒ =⇒

Only the LMS branch uses randomness in the evaluation places: on Good, the argument holds for
each fixed a uniformly over the leakage maps, and averaging over a gives the structured estimate.

Which products matter. To analyze the leakage laws Pa,f and Qf , we expand both output readouts,
for leaking zero or one, into Fourier components in their central degree-two directions and normalize
each nonzero component by its smoothness norm. Choose one normalized Fourier component at
each share, from either output readout, and write φi(z) for its value at input z ∈ Fp. We call the
resulting product significant if

max

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
⃓⃓⃓⃓
⃓ E
x∈Fr

p

m∏︂
i=1

φi(Li(x))

⃓⃓⃓⃓
⃓⏞ ⏟⏟ ⏞

codeword inputs

,

⃓⃓⃓⃓
⃓ E
U1,...,Um

m∏︂
i=1

φi(Ui)

⃓⃓⃓⃓
⃓⏞ ⏟⏟ ⏞

independent inputs

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭ ⩾ δ,

where x is uniform in Fr
p and U1, . . . , Um are independent uniform field elements. The second

average factors as
∏︁

i Ez∈Fp φi(z). Step 4 chooses δ exponentially small in m.

Finding global equations (Lemma 5.1). Our product refinement lemma is obtained by adapting
Leng’s degree-two argument and sharp bracket lemma, while keeping the product structure of the
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readout [Len25, Theorem 3.3.1 and proof, pp. 51–54; Lemma 4.2.1, p. 123]. The statement holds
for arbitrary linear forms, so it applies to any linear code, including Reed–Solomon codes. Each
local orbit has first-level torus coordinates, obtained by forgetting its degree-two directions. These
coordinates evolve affinely in the input. Writing these coordinates as θ ∈ Td1 , a first-level character
has the form

ξk(θ) = k · θ (mod 1), k ∈ Zd1 .

A product character adds one such character from each share. We call it short if its integer
coefficients have magnitude at most a common cutoff B, whose size is quantified in Step 4. For each
significant product, our lemma supplies short product characters that are constant modulo one on
the orbit. The lemma further guarantees that, for any two infinitesimal directions preserving these
equations, the sum of their vertical commutator contributions is zero. These equations therefore
control the non-commutative interactions relevant to that product.

A toy bracket calculation makes the short equation visible. Write e(t) = exp(2πıt), and let {t}c
denote the representative of t modulo one in (−1/2, 1/2]. For uniform h ∈ Fp, put th = {h/p}c.
Consider

F1(h) = e(8t2h), F2(h) = e(−4th{2th}c).
Factoring the combined phase gives

F1(h)F2(h) = e( 4th · (2th − {2th}c) ), EhF1(h)F2(h) =
1

2
+O

(︁
p−1
)︁
.

The bracket difference vanishes as a real number on the central arc |th| < 1/4, while the short torus
equation 2th −{2th}c = 0 (mod 1) holds everywhere. We chose the bracket arguments so that this
short relation is built in. The calculation illustrates the kind of relation that the general argument
must discover. The general argument works for any significant nilsequence product correlation
satisfying the hypotheses of Lemma 5.1: it first produces frequent bracket identities, from which
Leng’s sharp bracket lemma extracts short integer constraints.

Making global equations local (Lemma 6.1). For nearly every public Reed–Solomon evaluation tuple,
our short moment certificate lemma guarantees that every sufficiently large collection of short global
relations has a short integer combination, with coefficients not all zero, that vanishes separately
at every share. The local-profile theorem of Levi–Mosheiff–Shagrithaya supplies locality [LMS25a,
Proposition 6.1, pp. 28–29], while the arithmetic height bound of Krick–Pardo–Sombra keeps the
certificate short [KPS01, Corollary 2.11, author version p. 25].

To see where the moment equations come from, write the first-level orbit at share i as θi+βiz/p,
where βi ∈ Fhi

p and hi is the number of first-level coordinates. Padding the local vectors with zeros

when necessary, take βi ∈ FD
p and let ki ∈ ZD be the integer coefficient row at share i. The product

character is constant on the code orbit precisely when∑︂
i

ahi (ki · βi) = 0 (0 ⩽ h < r),

where each ki is reduced coordinate-wise modulo p before taking the dot product.
For a toy version, work over Fp with p > 5 and take five evaluation places ai = i. Define the

local spaces and choose vectors in them:

Vi =

{︄
Fp(2, 3)

⊺, i ⩽ 3,

Fp(1, 0)
⊺, i = 4, 5,

yi =

{︄
ti(2, 3)

⊺, i ⩽ 3,

si(1, 0)
⊺, i = 4, 5,

where t1, t2, t3, s4, s5 ∈ Fp. Thus yi ∈ Vi ⊆ F2
p. Suppose the global Reed–Solomon moment equations

hold:
5∑︂

i=1

yi = 0,
5∑︂

i=1

aiyi = 0.
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Choose the short integer certificate u = (3,−2)⊺. Its transpose annihilates the common direction
of the first three spaces, since u⊺(2, 3)⊺ = 0. Applying this row to the two global equations gives

0 = u⊺

(︄
5∑︂

i=1

yi

)︄
= 3(s4 + s5), 0 = u⊺

(︄
5∑︂

i=1

aiyi

)︄
= 3(4s4 + 5s5).

Dividing by 3 gives s4 + s5 = 0 and 4s4 + 5s5 = 0, hence s4 = s5 = 0. Thus the same certifi-
cate vanishes locally: u⊺yi = 0 at every share. The tuple (y1, . . . , y5) need not be zero: taking
(t1, t2, t3, s4, s5) = (1,−2, 1, 0, 0) gives a nonzero solution of both moment equations.

In general, KPS controls the certificate’s height, and LMS supplies locality at typical evaluation
places. Our Lemma 6.1 makes this uniform over the allowed coefficient arrays and solutions,
including those chosen after the public places are known.

First impose all sufficiently short equations that hold separately at each share. The certificate
shows that only a constant number of additional short global equations remain independent. The
product lemma and a block-diagonal rank argument then identify a common bounded set J of
exceptional shares: outside J , the components in every significant product are invariant under
local commutator translations. The same J works for every output profile. We can therefore
average the readouts over these translations outside J , changing both leakage laws only slightly.
We then shorten the code by revealing the field inputs in J and deleting those coordinates, reducing
its dimension by only a constant. The geometric reduction expresses the remaining leakage maps
using ordinary quadratic torus orbits. Finally, a second certificate application bounds dimFp V0,
allowing the Fourier argument from Step 2 to finish the proof.

Step 4. Tracking the field size. We now track why log p≫ m2 log(2m) suffices. For α, β, h ∈
Fp, differencing turns a quadratic phase into an affine-linear one:

Dhep(αz
2 + βz) = ep(2αhz + αh2 + βh), Dhf(z) = f(z + h)f(z).

After separating the readouts into degree-two Fourier components, the corresponding derivative
readouts live on ordinary tori of bounded local dimension. Fourier orthogonality then detects exact
slope relations.

Differencing also preserves products. For each normalized local derivative readout Ψi,h, uniform

smoothness gives a nonnegative Fourier envelope wi with
⃓⃓⃓ ˆ︁Ψi,h(k)

⃓⃓⃓
⩽ wi(k) for every h, and

∑︂
k1,...,km

∏︂
i

wi(ki) =
∏︂
i

⎛⎝∑︂
ki

wi(ki)

⎞⎠ ⩽ Cm
0 ,

where C0 depends only on the fixed family. At significance threshold δ = exp(−κm), with κ a
sufficiently large fixed constant, this gives an exact bracket identity on at least an exp(−O(m))
fraction of shifts. Leng’s sharp bracket lemma gives an integer coefficient bound B with logB =
O(m log(2m)) [Len25, Lemma 4.2.1, p. 123]. There are only (2B + 1)O(m) = exp(O

(︁
m2 log(2m)

)︁
)

possible short characters; our field-size bound lets us choose a line on which none of the non-constant
ones becomes constant. Thus the short equations found on that line hold on the full orbit.

From short equations to Fourier cutoffs. The moment certificate and Leng’s geometric estimates
make the local coordinate and regularity costs polynomial in B [Len25, Lemmas 2.3.11, 7.2.11,
and 7.2.15]. Positive Fourier approximation therefore gives a cutoff log T = O(m log(2m)), preserv-
ing the range [0, 1] and making the total approximation error exponentially small in m.

Keeping the certificates valid modulo p. The certificate proof turns qualitative confinement into
integer polynomial identities. Its explicit characteristic bound comes from a nonzero determinant
polynomial ∆C for each integer coefficient array C of height at most T , with

∥∆C∥coeff ⩽ (mD)!TmD.
12



Here the norm is the largest absolute coefficient. Taking p > (mD)!TmD keeps ∆C nonzero modulo
p; requiring ∆C(a) ̸= 0 then preserves the needed rank at a. The logarithm of the characteristic
bound is O

(︁
m2 log(2m)

)︁
.

One good set for every leakage choice. The defining polynomials have degree O
(︁
m2
)︁
, and their

family is fixed by the global parameters and cutoffs. A union bound over all coefficient arrays and
required shortenings gives

Pr
a
[a /∈ Good] ⩽ p−1 exp(O(m log(2T ) + log(2m))) ⩽ exp(−2m).

Increasing the constant in the field-size hypothesis also absorbs the Gauss-sum error from Step 2.
The good set therefore works simultaneously for every leakage choice, including choices made after
a is known.

Higher-order structure. In our wishful model, when using U3, we had (z, z2) terms. For U ℓ, the
torus model uses (z, z2, . . . , zℓ−1). The certificate and two-information-set argument still control
supported relations, while repeated differencing controls the remaining polynomial phases. The
larger field-size exponent comes from reaching this model: one difference need not produce linear
torus motion, and Leng’s general estimate (Imported Theorem 10.2) depends on the growing total
dimension. Successive restrictions and quotients also enlarge complexity. Section 10 tracks these
losses and proves the extension.

1.3. Organization of the Paper. We begin in Section 2 by reducing arbitrary one-bit leakage
to structured leakage and explaining where the threshold c > 1/3 enters. Section 3 introduces the
nilmanifold background, organized by its role in the proof, and Section 4 constructs the fixed family
of smooth approximations.

The next two sections establish the main structural inputs. Section 5 proves Lemma 5.1, extract-
ing short character equations from significant product averages while controlling the dependence
on the number of shares. Section 6 proves Lemma 6.1, which supplies a short combination of global
moment constraints that vanishes separately at every share. Section 7 develops the remaining geo-
metric and Fourier tools needed for Lemma 7.1. Section 8 then proves Lemma 7.1 by combining
these ingredients: it removes the relevant noncommutative contributions, passes to quadratic torus
orbits, and completes the Fourier argument.

Section 9 proves Theorem 1, sharpening the exponential base to 2/π. Section 10 proves Theo-
rem 2, extending the argument to c > 1/ℓ using U ℓ, with a stronger field-size requirement. Finally,
Appendix A proves the LSB lower bound using public reconstruction coefficients and explains its
connection to interval leakage.

1.4. AI Methodology. We usedGPT-6 Astra (Ultra) to help prepare and revise the manuscript,
find relevant literature, and develop proof ideas. In particular, it brought Leng’s thesis [Len25] to
our attention and suggested several ideas for turning the strategy outlined in Section 1.2 into the
technical arguments developed in Section 5, Section 6, Section 7, Section 8, and Section 10. We
have read and checked the arguments and revised the proofs to clarify the reasoning and make
the presentation accessible to a broader audience. The authors take full responsibility for the
correctness, originality, and attribution of the paper’s content, including its references.

2. Reduction from Arbitrary Leakage to Structured Leakage

This first step only needs an approximation class that is preserved by affine changes of the input.
This lets us isolate the reason for the threshold 1/3 before developing the structured estimate.

Retain the codeword and independent-input experiments from Section 1.2, with 1 ⩽ r < m. All
finite averages use the uniform probability measure. Write [m] = {1, . . . ,m}, Jc = [m] \ J , and
aJ = (ai)i∈J ; empty products are 1. Here P is uniform among polynomials of degree less than r,
and U has independent uniform coordinates.
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For a probability map f : Fp → [0, 1], write

Kf (1 | z) = f(z), Kf (0 | z) = 1− f(z).

The output bits are independent conditional on their inputs. Then

∆H (a; r) = sup
f1,...,fm∈H

1

2

∑︂
y∈{0,1}m

⃓⃓⃓⃓
⃓EP ∏︂

i

Kfi(yi | P (ai))− E
U

∏︂
i

Kfi(yi | Ui)

⃓⃓⃓⃓
⃓. (7)

The quantity ∆(a; r) is given by the same formula with the supremum taken over all maps fi : Fp →
{0, 1}.

For a finite abelian group A and a function h : A→ C, define the Gowers U3 norm by

∥h∥8U3(A) = E
x,u1,u2,u3∈A

∏︂
ω∈{0,1}3

C|ω| h(x+ ω1u1 + ω2u2 + ω3u3), (8)

where C denotes complex conjugation and |ω| = ω1 + ω2 + ω3. The notation ∥h∥∞ denotes the
supremum norm. This is the normalized convention in [GT10, Appendix B, p. 1816].

Lemma 2.1 (Simultaneous Cauchy–Schwarz). Fix η > 0. Let H be a class of probability maps
closed under bijective affine precomposition: if g ∈ H and θ(z) = λz + µ with λ ∈ F∗

p and µ ∈ Fp,
then g ◦ θ ∈ H . Assume that for every f : Fp → {0, 1} there is g ∈ H such that

∥f − g∥U3(Fp)
⩽ η.

For every ordered tuple a of distinct nonzero evaluation places, if t is an integer with 1 ⩽ t < r and
m− t ⩽ 3(r − t), then

∆(a; r) ⩽
∑︂

J⊆[m]
|J |<t

2|J | ∆H (aJc ; r − |J |) + 4mηt. (9)

Section 2.2 proves Lemma 2.1. Let us use it to prove Theorem 3 first. The reduction holds for
every fixed evaluation tuple a; only the structured estimate requires averaging over the places.

Throughout this section, we abbreviate Gp,3 to G. The class G supplied by Definition 4.1 in
Section 4.1 satisfies the approximation and affine-closure hypotheses above (Proposition 4.2 in
Section 4.2). Its defining geometric and smoothness bounds depend only on the fixed accuracy η,
hence only on c. The remaining input is the following bound from Lemma 7.1:

E
a
∆G(a; r

′) ⩽ A2−r′/2
(︁
bm′ ⩽ r′ < m′, log p ⩾ C(m′)2 log(2m′)

)︁
. (10)

Here 0 < b < 1 is fixed, and the estimate holds for all sufficiently large m′. The constants A,C
and the lower bound on m′ depend only on b and the fixed class. The tuple a is uniform among
ordered distinct nonzero m′-tuples. The codeword has length m′, which may be smaller than m.
Throughout, log is natural and log2 is binary. Later, we set H = G in Lemma 2.1.

2.1. Proof of Theorem 3 using Equation 10. Set d = ⌊cm⌋ and choose the approximation
parameters (all constants)

s =

(︃
c− 1

3

)︃
∈
(︃
0,

1

6

)︃
, α =

s2

8
∈
(︃
0,

1

288

)︃
, η = 2−3/α, b =

c

2
.

Choose G at accuracy η, fix the constants A,C and the length threshold in Equation 10, and put
t = ⌊αm⌋. Choose the constant Cc in Theorem 3 at least as large as C. Since 0 < α < c, we have
1 ⩽ t < d for sufficiently large m. Moreover, every shortened length m− j with 0 ⩽ j < t exceeds
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the threshold in Equation 10, since m − j > (1 − α)m. The remaining hypothesis of Lemma 2.1,
with r = d, is m− t ⩽ 3(d− t). Indeed,

3d− 2t−m ⩾ (3c− 2α− 1)m− 3 =

(︃
3s− s2

4

)︃
⏞ ⏟⏟ ⏞

>0

m− 3 > 0

for sufficiently large m. Thus Lemma 2.1, with H = G, gives

∆(a; d) ⩽
∑︂
|J |<t

2|J |∆G(aJc ; d− |J |) + 4mηt.

Next fix J with j = |J | < t, and put m′ = m− j and r′ = d− j. The actual lower-rank condition
in Equation 10 for this shortened tuple is r′ ⩾ bm′. The following stronger bound is convenient:

d− j − bm > d− t− bm

⩾

(︃
c

2
− s2

8

)︃
⏞ ⏟⏟ ⏞
=1/6+s(4−s)/8> 1/6

m− 1 > 0.

Hence r′ ⩾ bm ⩾ bm′, and r′ < m′ because d < m. Also, the original field bound implies
log p ⩾ C(m′)2 log(2m′), and the marginal tuple aJc is uniform among ordered distinct nonzero
m′-tuples. The constants A,C do not change because b and G are fixed. Applying Equation 10
after averaging over a therefore gives

E
a
∆(a; d) ⩽

∑︂
j<t

(︃
m

j

)︃
2jA2−(d−j)/2 + 4mηt

= A2−d/2
∑︂
j<t

(︃
m

j

)︃
23j/2 + 4mηt. (11)

Let h2(x) = −x log2 x− (1−x) log2(1−x), with 0 log2 0 = 0. The elementary binomial bound gives∑︂
j<t

(︃
m

j

)︃
23j/2 ⩽ 2m(h2(α)+3α/2) ⩽ 2m/25.

The last inequality follows from the monotonicity of h2(α) and 3α/2 and evaluating their sum at
α = 1/288. Consequently,

E
a
∆(a; d) ⩽ A2−d/2+m/25 + η−12−m ⩽ 2−d/4

for sufficiently large m.

2.2. Proof of Lemma 2.1.

Notation and roadmap. Identify a polynomial of degree less than r with its coefficient vector
x = (x0, . . . , xr−1) ∈ Fr

p, and write

Px(X) =

r−1∑︂
k=0

xkX
k, Li(x) = Px(ai), LJ = (Li)i∈J . (12)

For |J | ⩽ r, the map LJ : Fr
p → FJ

p is surjective by polynomial interpolation at distinct places.
Expand each leakage map into its structured approximation and its perturbation. For fewer than t
perturbations, condition on their input coordinates and interpolate the remaining polynomial. For
at least t perturbations, use repeated applications of Cauchy–Schwarz on vector variables, so that
all t selected perturbations contribute their small U3 norms at once.
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Imported Lemma 2.2 (Box Cauchy–Schwarz; [GT10, Lemma B.2, pp. 1812–1813; (B.7), p. 1814]).
The following form uses the normalized counting measure. Let T be a nonempty finite index set
and put A = FT

p . For H : A→ C and B1, B2, B3 : A
2 → C with ∥Bj∥∞ ⩽ 1,⃓⃓⃓⃓

E
z1,z2,z3∈A

H(z1 + z2 + z3)B1(z2, z3)B2(z1, z3)B3(z1, z2)

⃓⃓⃓⃓
⩽ ∥H∥U3(A) (13)

The additive identification is on p. 1816 of the cited paper. Indeed, three successive applications
of Cauchy–Schwarz bound the eighth power of the left-hand side by

E
z0j ,z

1
j∈A

1⩽j⩽3

∏︂
ω∈{0,1}3

C|ω|H(zω1
1 + zω2

2 + zω3
3 ) = ∥H∥8U3(A)

For the displayed equality, set x = z01+z
0
2+z

0
3 and uj = z1j −z0j ; these four variables are independent

and uniform in A. In particular, taking B1 = B2 = B3 = 1 gives |Ez∈AH(z)| ⩽ ∥H∥U3(A).

Proof of Lemma 2.1. Step 1: Expand the leakage probabilities. Fix one-bit leakage functions
f1, . . . , fm. Let us decompose each leakage function fi: choose gi ∈ H (called the (structured)
approximation of fi) and put vi = fi − gi (called its perturbation) such that

∥vi∥U3 ⩽ η, ∥vi∥∞ ⩽ 1.

For each output vector y ∈ {0, 1}m, expand the probabilities in the two experiments using

Kfi(yi|z) = Kgi(yi|z) + (2yi − 1)vi(z)

Thus Pa,f (y)−Qf (y) (the difference between probabilities that the leaked bits equal y on a uniform
codeword and on independent uniform inputs) can be written as Pa,f (y)− Qf (y) =

∑︁
J⊆[m]DJ(y)

where
DJ(y) = E

x∈Fr
p

[TJ(L1(x), . . . , Lm(x))]− E
U∈Fm

p

[TJ(U1, . . . , Um)].

where TJ(z) =
∏︁

i/∈J Kgi(yi | zi)
∏︁

i∈J(2yi− 1)vi(zi); note that averaging over x ∈ Fr
p is the same as

averaging over polynomials P , since x ↦→ Px (see Equation 12) is a bijection. Essentially, DJ(y) is
the contribution to Pa,f (y)−Qf (y) obtained by choosing the perturbation term (2yi−1)vi precisely
at the coordinates in J ⊆ [m]. The total variation distance (Equation 7) is then at most

1

2

∑︂
J⊆[m]

∑︂
y∈{0,1}m

|DJ(y)|.

Step 2: Few perturbations (condition and interpolate). Suppose first that |J | < t. In both
experiments, the inputs at the coordinates in J have the uniform law on FJ

p : for the codeword
experiment this follows from the surjectivity of LJ , since |J | < r. Condition on these inputs having
value u = (uj)j∈J . Every polynomial P of degree less than r with P (aj) = uj for j ∈ J has a
unique representation

P (X) = Pu(X) +MJ(X) ·Q(X), MJ(X) =
∏︂
j∈J

(X − aj), degQ < r − |J |,

where Pu is the interpolating polynomial of degree less than |J |. When J = ∅, set Pu = 0 and
MJ = 1. Conditional on u, the polynomial Q is uniform. For each i ̸∈ J , the affine map

θi,u(z) = Pu(ai) +MJ(ai)z

is bijective because MJ(ai) ̸= 0. For i /∈ J , put gi,u = gi ◦ θi,u ∈ H . Conditional on u, the
codeword experiment uses these maps on a uniform codeword of Cr−|J |(aJc). The independent-
input experiment has the same output law as these maps applied to independent uniform inputs,
because each θi,u is a bijection. Thus the statistical distance between the two conditional structured
output laws is at most ∆H (aJc ; r − |J |).
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Let DJ,u(yJc) be the difference between these conditional structured probabilities. Then,

DJ(y) = E
u∈FJ

p

⎡⎣⎛⎝∏︂
j∈J

(2yj − 1)vj(uj)

⎞⎠DJ,u(yJc)

⎤⎦.
The product multiplying DJ,u has magnitude at most one. Summing over the 2|J | choices of yJ
therefore gives

1

2

∑︂
y

|DJ(y)| ⩽ 2|J | E
u

[︄
1

2

∑︂
yJc

|DJ,u(yJc)|

]︄
⩽ 2|J |∆H (aJc ; r − |J |).

Step 3: Many perturbations (apply Cauchy–Schwarz simultaneously). Now suppose that
|J | ⩾ t. Choose T ⊆ J with |T | = t. The hypothesis m − t ⩽ 3(r − t) allows a disjoint partition
T c = I1 ⊔ I2 ⊔ I3 with |Ij | ⩽ r − t. Since |T ∪ Ij | ⩽ r, the evaluation map LT∪Ij is surjective.

Choose a linear right inverse Rj : F
T∪Ij
p → Fr

p and define

Wjz = Rj(z, 0Ij ).

Thus Wj : FT
p → Fr

p satisfies

LTWj = idFT
p
, LIjWj = 0.

Choose independently and uniformly x(0) ∈ Fr
p and three vectors

zj = (zj,i)i∈T ∈ FT
p (j = 1, 2, 3).

Here zj,i ∈ Fp is the ith coordinate of the jth vector. In the codeword average, use the substitution

x = x(0) +W1z1 +W2z2 +W3z3.

Averaging over x(0) preserves the uniform law of x. For each i ∈ T , the identities LTWj = idFT
p

give

Li(x) = Li(x
(0)) + z1,i + z2,i + z3,i.

For fixed x(0), define H : FT
p → [−1, 1] by

H(w) =
∏︂
i∈T

vi(Li(x
(0)) + wi), w = (wi)i∈T ∈ FT

p .

Thus the product of the selected perturbations is∏︂
i∈T

vi(Li(x)) = H(z1 + z2 + z3).

The corresponding factors in the expansion also have the constant sign
∏︁

i∈T (2yi − 1), which does
not affect their magnitude. Group the remaining factors according to I1, I2, I3. The product
associated with Ij is bounded in magnitude by one and is independent of the entire vector zj ,

because LIjWj = 0. For every fixed x(0), Equation 13 bounds the absolute value of the inner
average over z1, z2, z3 by

∥H∥U3(FT
p ) =

∏︂
i∈T

∥vi∥U3(Fp)
⩽ ηt.

The equality follows from translation invariance and the independence of the coordinates of each
cube variable in Equation 8. This bound is uniform in x(0). Averaging over x(0) and applying the
triangle inequality therefore gives the same bound for the codeword average. In the independent-
input experiment, the average factors over the coordinates, and its magnitude is at most∏︂

i∈T
|E vi| ⩽

∏︂
i∈T

∥vi∥U3(Fp)
⩽ ηt.
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Thus |DJ(y)| ⩽ 2ηt for every J with |J | ⩾ t and every output vector y. There are 2m output
vectors and at most 2m such subsets, so

1

2

∑︂
J⊆[m]
|J |⩾t

∑︂
y∈{0,1}m

|DJ(y)| ⩽
1

2
· 2m · 2m · 2ηt = 4mηt.

Combining the two cases and taking the supremum over the original one-bit leakage functions
proves Equation 9. □

2.3. Averages and conventions. All averages and integrals over compact groups use the Haar
probability measure; on a finite group, it is the uniform measure, and on a compact torus, it is the
unique translation-invariant regular Borel measure of total mass one (see [Rud62] for more details).

In particular, for f : A → C on a finite group or torus A, ∥f∥q = (Ez∈A |f(z)|q)1/q for 1 ⩽ q < ∞,

and we say ∥f∥∞ = supz∈A|f(z)| is the supremum norm.
Put T = R/Z and write e(t) = exp(2πıt) for t ∈ T and, for z ∈ Fp, ep(z) = e(˜︁z/p), where ˜︁z ∈ Z is

any integer satisfying ˜︁z mod p = z. The same convention interprets β/p ∈ (T)k for β ∈ Fk
p. For real

or integer coordinate vectors, ∥v∥∞ = maxj |vj | and ∥v∥1 =
∑︁

j |vj |. An unsubscripted coordinate

norm or coefficient size means the maximum norm by default; for example, ∥v∥ = ∥v∥∞. The
maximum norm of a matrix is the maximum absolute value of its entries. For φ : (T)s → C, its
torus Fourier coefficient is

ˆ︁φ(k) = ∫︂
(T)s

φ(t)e(−k · t) dt, k ∈ Zs. (14)

Here φ is integrable, and Supp(ˆ︁φ) = {k ∈ Zs : ˆ︁φ(k) ̸= 0} denotes its Fourier support. These
conventions also apply after choosing coordinates on any compact torus. The notation span denotes
linear span over the indicated field.

We write FJ
p for vectors indexed by J . The notations X ≪P Y and X = OP(Y ) allow constants

depending only on the displayed parameters P. The notation op→∞(1) denotes a quantity tending
to zero as p → ∞, with the other indicated data fixed. Constants denoted by C may change
between inequalities. Unless stated otherwise, after the local smooth class is fixed, constants may
depend on its data but not on m, p, a, or the chosen leakage maps.

3. The degree-two structure behind the proof

This section collects the degree-two nilmanifold background used in the proof. Our coordinates,
metrics, and rationality conventions follow Green–Tao [GT12, §2 and Appendix A], while our
treatment of periodic nilsequences and first-level characters follows Candela–Sisask [CS14, §§2,4].
The vertical Fourier expansion and derivative construction are degree-two specializations of the
framework in [GT12, §§3,7]. We spell out the coordinate identities needed later and organize the
material by where it enters the proof.

The geometric preliminaries are grouped by where they first enter the proof. They can be read
in the following order:

• Sections 3.1–3.2 give the nilmanifolds and periodic orbits needed to construct the smooth class
in Section 4.

• Sections 3.3–3.5 give the additional coordinates, characters, and derivative tori needed for the
product lemma in Section 5.

• Section 3.6 gives the rational-subgroup terminology needed for the local reduction in Section 7.

Thus the reader can proceed to Section 4 after Section 3.2, returning for the later blocks when
needed. Section 6 uses the character-to-equation translation from Section 3.4; its certificate proof
needs no additional nilmanifold geometry. Section 10 uses higher-degree analogues of these notions.
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3.1. For the smooth class: Nilmanifolds, Coordinates, and Complexity. A degree-two
filtered nilmanifold consists of a connected, simply connected nilpotent Lie group G, a discrete
cocompact subgroup Γ, and a filtration

G = G0 = G1 ⊇ G2 ⊇ G3 = {idG}, [Gi, Gj ] ⊆ Gi+j .

Here Gj = {idG} for j ⩾ 3, each Gj is closed and connected, and Γj = Γ ∩Gj is cocompact in Gj .
The group commutator is [u, v] = uvu−1v−1; for subgroups, [A,B] denotes the subgroup generated
by these commutators. In particular, G2 is central and contains [G,G].

Write Lie(G) for the Lie algebra, with Lie bracket [U, V ], and exp: Lie(G) → G for the expo-
nential map, whose inverse is log.

Put dG = dimG, d2 = dimG2, and h = dG − d2. An adapted Mal’cev basis X = (X1, . . . , XdG)
is an ordered basis of Lie(G) with the following properties. Every final span spanR{Xj , . . . , XdG}
is an ideal; the final d2 vectors span Lie(G2); and ordered exponentials give unique coordinates in
which the lattice is precisely the set of integer points:

ψ(exp(t1X1) · · · exp(tdGXdG)) = (t1, . . . , tdG), ψ(Γ) = ZdG . (15)

We call ψ : G → RdG the Mal’cev coordinate map associated with X , or simply the coordinate
map. Its components are the Mal’cev coordinates of the second kind. The ideal condition means
that bracketing a vector from a final span with any Lie-algebra vector stays in that span. The
coordinates in Equation 15 describe an ordered product; the coefficients of log g instead describe a
single exponential g = exp(

∑︁
j sjXj). These coordinate systems need not agree.5

Metrics and complexity. The metric dX is the largest right-invariant metric on G satisfying
dX (g, idG) ⩽ ∥ψ(g)∥∞. The quotient metric and Lipschitz norm are

dG/Γ(xΓ, yΓ) = inf
x′∈xΓ,
y′∈yΓ

dX (x
′, y′),

∥F∥Lip(X ) = ∥F∥∞ + sup
xΓ̸=yΓ

|F (xΓ)− F (yΓ)|
dG/Γ(xΓ, yΓ)

.

And we say a function F : G/Γ → C is Lipschitz if it is bounded and there is a constnat L such
that |F (xΓ)− F (yΓ)| ⩽ L · dG/Γ(xΓ, yΓ) for all x, y ∈ G (i.e. ∥F∥Lip(X ) < ∞). For a reduced

rational number a/b, b > 0, its height is max{|a|, b}. The structure constants are defined by
[Xi, Xj ] =

∑︁
k ci,j,kXk; the basis is M -rational when every ci,j,k has height at most M . Complexity

at mostM bounds dG, the filtration degree, and the rationality of the basis; for a nilsequence, it also
bounds the Lipschitz norm of its readout. The dimension bound D used below always means the
ordinary dimension dG. The total dimension of the filtration is dimG0+dimG1+dimG2 = 2dG+d2.

3.2. For the smooth class: Quadratic Orbits and Periodicity. A polynomial sequence of
degree at most two has the Taylor form

g(z) = g0g
z
1g
(z2)
2 , g0, g1 ∈ G, g2 ∈ G2. (16)

We use g ∈ poly(Z, G•) for precisely this form [CS14, Lemma 2.8, pp. 8–9].

5More precisely, these coordinate systems always share their first-level coordinates as ψ1(g) = (s1, . . . , sh), but
their central coordinates can differ by commutator corrections. For example, in the Heisenberg group, take a basis
(X,Y, Z) with [X,Y ] = Z and Z central. If g = exp(xX) exp(yY ) exp(tZ), then ψ(g) = (x, y, t), whereas the
Baker–Campbell–Hausdorff formula gives

log g = xX + yY +
(︂
t+

xy

2

)︂
Z.

Thus the central coordinate in the ordered product differs from the corresponding coefficient of log g by a commutator
correction.
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The sequence is p-periodic modulo Γ when

g(z + p)Γ = g(z)Γ (z ∈ Z). (17)

For odd p, this is equivalent to the exact coefficient conditions

gp1 ∈ Γ, gp2 ∈ Γ2. (18)

Indeed, centrality gives

g(z)−1g(z + p) = gp1g
pz+(p2)
2 .

If these elements lie in Γ, their values at z = 0, 1 first give gp2 ∈ Γ2, and then gp1 ∈ Γ, since(︁
p
2

)︁
= p(p− 1)/2. The converse follows from the same identity. Since we use cosets of the form gΓ,

periodicity is equivalent to g(z)−1g(z+p) ∈ Γ. The expression g(z+p)g(z)−1 is a conjugate of this
element and need not belong to Γ, because Γ need not be normal.

A periodic nilsequence is the scalar function z ↦→ F (g(z)Γ) where F : G/Γ → C is a Lipschitz
function, and we call this function F the readout function. We reserve g for the group-valued
sequence and fnil for a scalar approximation to a leakage map. The probability-valued readouts
used below take values in [0, 1].

Affine restriction. For integers ℓ0, ℓ1,

g(ℓ0 + ℓ1z) = g(ℓ0)

(︃
gℓ11 g

ℓ0ℓ1+(ℓ12 )
2

)︃z(︂
g
ℓ21
2

)︂(z2)
.

Thus affine restriction preserves degree two and p-periodicity. If p | ℓ1, then ℓ0 + ℓ1z ≡ ℓ0 (mod p)
for every z ∈ Z, so p-periodicity gives

g(ℓ0 + ℓ1z)Γ = g(ℓ0)Γ (z ∈ Z).
This is all the orbit information needed for the class definition. The compact normalization used

in Section 5 is recorded in Section 3.3 below.

3.3. For the product lemma: Coordinates and Normalization. Split ψ = (ψ1, ψcen) into
its first h and final d2 coordinates. The first-level map ψ1 is additive and identifies G/G2 with
Rh. On G2, the map ψ2 = ψcen|G2

is additive as well; it is the second-level coordinate map of
Candela–Sisask [CS14, p. 12, before Lemma 4.4]. Under multiplication, the first-level coordinates
add, while the central coordinates acquire a bilinear correction. Thus the full coordinate map ψ
need not be additive.6

Representatives and elementary identities. The fractional part of g is {g} = g[g]−1, where its
integral part [g] ∈ Γ is uniquely determined by the requirement ψ({g}) ∈ [0, 1)dG . For real numbers
let {t}c denote the representative in (−1/2, 1/2] modulo Z, and use this notation coordinate-wise.
There is also a centered decomposition

g = crepγrep, γrep ∈ Γ, ψ(crep) ∈ (−1/2, 1/2]dG .

Additivity at the first level gives

ψ1(γrep) = ψ1(g)− {ψ1(g)}c.
Neither ψ({g}) nor ψ(crep) is in general obtained by taking coordinate-wise fractional parts of the
full vector ψ(g): the central coordinates include multiplication corrections.

6More precisely, there is a bilinear map β : Rh × Rh → Rd2 , determined by the chosen basis, such that

ψcen(gg
′) = ψcen(g) + ψcen(g

′) + β(ψ1(g), ψ1(g
′)).

The correction records the central commutators produced when rearranging the product into ordered exponential
form. For g, g′ ∈ G2, both first-level coordinates vanish, so the correction is zero. This explains why ψ2 = ψcen|G2

is

additive.
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For the quadratic orbit in Equation 16, the real Mal’cev coordinates have the shape

ψ(g(n)) =

(︃
u0 + nu1, v0 + nv1 +

(︃
n

2

)︃
v2

)︃
, u0, u1 ∈ Rh, v0, v1, v2 ∈ Rd2 .

The vectors v1, v2 include central multiplication corrections. They need not be the central coor-
dinates of g1, g2. Coordinates on a fundamental domain are obtained only after replacing g(n) by
{g(n)}.
Commutators. The degree-two filtration gives

[Lie(G),Lie(G)] ⊆ Lie(G2), [Lie(G),Lie(G2)] = {0}.
Thus the Lie bracket of two vectors may be nonzero, but it lies in the central subspace Lie(G2).
Bracketing any vector in this subspace with another vector gives zero. In particular, all nested
brackets involving three or more vectors vanish. Consequently, for U, V ∈ Lie(G), the Baker–
Campbell–Hausdorff commutator formula gives the exact identity [Len25, §2.2.1, equation (2.2.2),
p. 20]

exp(U) exp(V ) exp(−U) exp(−V ) = exp([U, V ]). (19)

We next record the group identities used to rearrange products and powers in the compact
normalization below. Here [u, v] = uvu−1v−1 denotes the group commutator; its relation to the
Lie bracket is given by Equation 19. Since group commutators lie in the central subgroup G2, for
u, v, w ∈ G and j, k ∈ Z we have

[uv,w] = [u,w][v, w], [uj , vk] = [u, v]jk, (uv)j = uj [v, u](
j
2)vj .

Also uvu−1 = [u, v]v. These identities follow by commuting adjacent factors and collecting central
commutators. In particular, conjugation acts trivially on G/G2, and conjugation by a lattice
element preserves Γ. On products, order the Mal’cev bases by filtration level, with all G2-directions
last.

Compact normalization. For crep ∈ G, write Fcrep(uΓ) = F (crepuΓ). Decomposing g0 =
crepγrep absorbs the compact factor into this readout and the lattice factor by conjugating the
remaining sequence. The group identities above also replace the linear Taylor coefficient by a
compact representative, at the cost of changing the central quadratic coefficient. Both operations
preserve the scalar nilsequence. The proof of Lemma 5.1 will spell out this normalization when it
is used.

3.4. For the product lemma: First-level Equations and Vertical Frequencies. A first-
level character is a continuous homomorphism ξ : G→ R, meaning that ξ(uv) = ξ(u) + ξ(v) for all
u, v ∈ G, that vanishes on G2 and is integer-valued on Γ. In first-level coordinates, it has the form

ξ(g) = k · ψ1(g), k ∈ Zh.

We define its complexity by

comp(ξ) = ∥k∥1 =
h∑︂

j=1

|kj |.

The associated torus isG/(G2Γ) ≃ Th. It can be smaller than the usual horizontal torusG/([G,G]Γ);
every short equation below (in the degree-two argument7) uses a first-level character. In Candela–
Sisask’s notation, G∇

1 = G2 and G∇
2 = [G,G] [CS14, Definition 4.2, Lemma 4.4, and Definition 4.5,

p. 12].
On a quadratic orbit, each first-level character evolves affinely:

ξ(g(z)) = ξ(g0) + zξ(g1),

7Section 10 uses broader horizontal characters, which need not annihilate G2
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with initial value ξ(g0) and slope ξ(g1). It is therefore constant modulo 1 precisely when its slope
is an integer.

For a p-periodic quadratic orbit, the first-level coordinates take the form

ψ1(g(z)) = θ +
zβ

p
(mod Zh), θ ∈ Th, β ∈ Fh

p .

The initial position is θ = ψ1(g0) (mod Zh). The slope β/p is the displacement at each step. Here β
is the reduction modulo p of the integer vector pψ1(g1), whose integrality follows from Equation 18.

For local groups G(i), set hi = dimG(i) − dimG
(i)
2 . A product first-level character is

ξ((gi)i) =
∑︂
i

ki · ψ(i)
1 (gi), ki ∈ Zhi , comp(ξ) =

∑︂
i

∥ki∥1.

We now specialize to the Reed–Solomon code orbit. Recall that a1, . . . , am are the fixed evalua-
tion places and

Li(x) =

r−1∑︂
j=0

ajixj .

The ith local sequence is evaluated at Li(x). We next express constancy of a product character on
this orbit as a system of moment equations. Writing θi and βi/p for the local initial positions and
first-level slopes, respectively, its value on the code orbit is

γξ +
λξ · x
p

(mod 1), γξ =
∑︂
i

ki · θi, (λξ)j =
∑︂
i

aji (ki · βi) (0 ⩽ j < r).

Here γξ ∈ T and λξ ∈ Fr
p. Thus constancy on the code orbit is exactly λξ = 0. On the independent-

input orbit, it is exactly ki · βi = 0 for every i.

The real kernel of a family of equations. The differential of a character at the identity is

dξ(v) =
d

dt
ξ(exp(tv))

⃓⃓⃓⃓
t=0

, v ∈ Lie(G). (20)

Let v =
∑︁

j ujXj and ξ = k ·ψ1. By the Baker–Campbell–Hausdorff formula, exp v differs from the

ordered product exp(u1X1) · · · exp(udGXdG) by a factor in G2. But since ψ1 is additive and factors
through G/G2 (i.e. vanishes on G2), these two elements have the same first-level coordinates which
are, by Equation 15, ψ1(exp v) = (u1, . . . , uh). Hence, ξ(exp v) =

∑︁
j⩽h kjuj . Replacing v by tv and

differentiating at t = 0 gives the same value for dξ(v), and thus ξ(exp v) = dξ(v) and dξ vanishes
on Lie(G2). For product characters ξ1, . . . , ξt, their common real kernel is

K0 =
t⋂︂

ℓ=1

ker(dξℓ) =

{︄
v ∈

⨁︂
i

Lie(G(i)) : dξℓ(v) = 0 for every 1 ⩽ ℓ ⩽ t

}︄
. (21)

When t = 0, the common kernel is the entire space
⨁︁

i Lie(G
(i)). If kℓ,i,j are the character coeffi-

cients, these are the exact real equations∑︂
i

hi∑︂
j=1

kℓ,i,jui,j = 0 (1 ⩽ ℓ ⩽ t).

Constancy modulo 1 means that each character ξℓ has the same value modulo Z at every point of
the orbit; its real values may differ by integers. Membership in K0 means that a Lie algebra vector
v satisfies the exact real equalities dξℓ(v) = 0 for every ℓ. Later, our product lemma produces
characters that are constant modulo 1 on the orbit and establishes a commutator constraint on
their common real kernel K0.
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Fourier expansion in the central layer. The vertical torus

T2 = G2/Γ2 ≃ Td2

parametrizes central motion on G/Γ: moving a point by an element of T2 leaves its first-level
position unchanged. We apply ordinary Fourier analysis along these central directions.

A vertical frequency is a continuous homomorphism ν : T2 → T. In central Mal’cev coordinates,
it has the form

ν(uΓ2) = kν · ψ2(u) (mod 1), kν ∈ Zd2 .

For continuous F : G/Γ → C, its component at frequency ν is

Fν(x) =

∫︂
T2

F (ux)e(−ν(u)) du, x ∈ G/Γ,

where du is normalized Haar measure on T2. Thus, at each point x, we take the usual Fourier
coefficient of the function u ↦→ F (ux). The resulting function has a single central frequency:

Fν(ux) = e(ν(u))Fν(x), u ∈ T2.

In particular, central translation changes its phase but preserves its magnitude.
For differentiation, we also use ν to denote the corresponding real homomorphism on G2:

ν(u) = kν · ψ2(u), u ∈ G2.

This is the unique real lift of the frequency pulled back to G2, and it is integer-valued on Γ2. For

a central direction z =
∑︁d2

j=1 zjXh+j , its differential is

dν(z) =
d

dt
ν(exp(tz))

⃓⃓⃓⃓
t=0

=

d2∑︂
j=1

(kν)jzj .

The same frequency also measures the central displacement produced by commutators. Since
[v, w] ∈ Lie(G2), we obtain the alternating bilinear form

(v, w) ↦−→ dν([v, w]), v, w ∈ Lie(G).

A subspace W ⊆ Lie(G) is isotropic for this form if

dν([v, w]) = 0 for every v, w ∈W.

This means that the frequency detects no commutator displacement between directions in W ; the
commutators themselves need not vanish.

Our vertical frequencies need not be second-level characters in the sense of Candela–Sisask [CS14,
Definition 4.2, p. 12]. Those characters must vanish on G∇

2 = [G,G], which would make the
commutator form identically zero. Here we allow a nonzero form and study the subspaces on which
it vanishes.

3.5. For the product lemma: the derivative torus and bracket relations. To compare
group elements with the same first-level coordinates, define the fiber product (or relative square as
[GT12, Lemma 7.4] refers it to) and its lattice by

G□ = {(u, v) ∈ G×G : uv−1 ∈ G2}, Γ□ = G□ ∩ (Γ× Γ).

The condition uv−1 ∈ G2 says that u and v differ only by a central displacement. Thus every pair
has a unique expression

(u, v) = (zv, v), z = uv−1 ∈ G2.

Here z records their relative central displacement, while v specifies their common first-level position
and a central position.

First, we identify the quotient that records the common first-level position modulo the lattice.
The first-level coordinate map ψ1 : G → Rh is a continuous surjective homomorphism with kernel
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ker(ψ1) = G2 and ψ1(Γ) = Zh. Consequently, G2Γ = ψ−1
1 (Zh). Indeed, if ψ1(g) ∈ Zh, choose γ ∈ Γ

with ψ1(γ) = ψ1(g). Then gγ
−1 ∈ G2, so g ∈ G2Γ. The reverse inclusion is immediate. Because Zh

is a closed normal subgroup of the additive group Rh, its preimage is closed and normal. Hence,

G/(G2Γ) ≃ Rh/Zh = Th.

We now remove simultaneous central motion of both entries. Define the diagonal central subgroup

diagG2 = {(z, z) : z ∈ G2}.
Multiplying (u, v) by (z, z) leaves both the relative displacement uv−1 and the common first-level
position unchanged. After also quotienting by the lattice, we obtain the derivative torus

T□ = G□/(diagG2 · Γ□) ≃ (G2/Γ2)×G/(G2Γ).

Explicitly, the above isomorphism is induced by the continuous surjective homomorphism Π: G□ →
(G2/Γ2)×G/(G2Γ),

(u, v) ↦−→ (uv−1Γ2, v(G2Γ)).

The first factor records the relative central displacement modulo the central lattice; the second
records the shared first-level position modulo its lattice. Centrality of G2 makes the map Π a
homomorphism, and its kernel is exactly diagG2 · Γ□. Consequently,

dimT□ = d2 + (dG − d2) = dG.

Let Φ: G/Γ → C be a continuous readout with vertical frequency ν, meaning that

Φ(zx) = e(ν(z))Φ(x) (z ∈ G2, x ∈ G/Γ).

For example, Φ may be the Fourier component Fν defined above. Fix crep ∈ G. We construct a
new readout on the derivative torus by multiplying one evaluation of Φ by the complex conjugate
of another. For the fixed translation crep, define

Ψcrep(u, v) = Φ(crepuΓ)Φ(vΓ), (u, v) ∈ G□.

We next check that this function is well-defined on T□. This function compares the values of Φ at
two points using a complex conjugate, so that their common central phase cancels.

Indeed, right multiplication by Γ□ preserves both cosets. Also, since G2 is central, simultaneous
translation by z ∈ G2 gives

Ψcrep(zu, zv) = e(ν(z))e(−ν(z))Ψcrep(u, v) = Ψcrep(u, v).

Thus Ψcrep is unchanged by the identifications defining T□, and hence defines a function on this
torus.

Translating only the first entry retains one vertical phase:

Ψcrep(zu, v) = e(ν(z))Ψcrep(u, v).

This translation changes the relative central displacement uv−1 while leaving the shared first-level
position fixed. Consequently, as a function on

T□ ≃ (G2/Γ2)×G/(G2Γ),

the function Ψcrep has frequency ν in the first factor.

More explicitly, every Fourier character of T□ has the form

(u, v) ↦−→ χ(v) + µ(uv−1) (mod 1),

where χ is a first-level character and µ is a vertical frequency. The transformation rule above and
Fourier orthogonality on G2/Γ2 imply that its Fourier coefficient vanishes unless µ = ν. Thus the
only characters that can occur are

(u, v) ↦−→ χ(v) + ν(uv−1) (mod 1).
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We have therefore passed to ordinary Fourier analysis on a torus while retaining the original vertical
frequency ν. This is the frequency used to track the commutator pairing dν([·, ·]) in the product
lemma.

Integer equations from bracket relations. We first introduce the terminology needed for
Leng’s sharp bracket lemma [Len25, Lemma 4.2.1, p. 123], whose exact periodic form we state as
Imported Lemma 5.2. This result converts a bracket relation holding on many inputs into linear
relations with bounded integer coefficients. For a real subspace W ⊆ RNlin , W ⊥ is its orthogonal
complement for the usual dot product. Two integer-vector families are complementary orthogonal
families when each is linearly independent over R, every vector in one is orthogonal to every vector
in the other, and their sizes add to Nlin. Their real spans are then orthogonal complements; no
assertion about bases of integer lattices is intended. An integer vector has height at most Pbr when
every coordinate has magnitude at most Pbr; its ℓ1 norm is then at most NlinPbr.

An exact bracket relation is a congruence

γbr + abr · {zϑ}c = 0 (mod 1), γbr ∈ R, abr ∈ RNlin , ϑ ∈ p−1ZNlin .

Its density is the proportion of z ∈ Fp on which it holds. Here the word “bracket” refers to the
fractional-part expression.

3.6. For the structured estimate: rational subgroups. The local reduction in Section 7
restricts an orbit to a subgroup defined by local character equations. We need this subgroup to
give a compact nilmanifold, and we need quantitative control of its description in the ambient
coordinates.

A connected subgroup H ⩽ G is rational if

H/(H ∩ Γ)

is compact; equivalently, H ∩ Γ is a cocompact lattice in H. In coordinates, this means that
Lie(H) has a basis Y1, . . . , YdimH that are rational linear combinations of the adapted Mal’cev
basis X = (X1, . . . , XdG) of Lie(G),

Yℓ =

dG∑︂
j=1

bℓjXj , bℓj ∈ Q.

Thus rationality requires rational coefficients for a basis of directions spanning Lie(H) over R. For
example, in G = R2 with Γ = Z2, the line H = R(1, 2) is rational: its lattice is Z(1, 2), and the
quotient is a circle.

For M ⩾ 1, we call H M -rational relative to X if Lie(H) has a basis whose vectors, when
expanded in the ambient basis X , use only rational coefficients of height at mostM . Here the height
of a reduced fraction r/q, with q > 0, is max{|r|, q}. Thus M bounds both the numerators and
denominators needed to describe these directions [GT12, Definition 1.10, p. 471; Definitions 2.3–2.5,
pp. 479–480].

These coefficients describe how Lie(H) sits inside Lie(G). The rationality bound for the ambient
basis X , defined in Section 3.1, instead bounds the structure constants in the brackets [Xi, Xj ].
When the coefficients bℓj are integers, the height bound is simply |bℓj | ⩽ M , as in the conventions
of Section 3.5.

4. A fixed class of smooth approximations

We now construct the fixed approximation family described in the introduction. Periodic arith-
metic regularity gives the initial approximations [CS14, Theorem 3.4, p. 10]; positive smoothing
preserves their range [0, 1] and gives uniform derivative bounds. All geometric and smoothness
data are fixed before m, p, and the leakage maps are chosen.
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The Fourier and central-averaging arguments follow the vertical Fourier framework of [GT12,
Definitions 3.4–3.5 and the proof of Lemma 3.7, pp. 485–486]. The subsections have the following
roles:

• Section 4.1 defines the class from a fixed finite collection of nilmanifolds and a fixed smoothness
bound.

• Section 4.2 chooses these data and proves the approximation and closure properties required by
the reduction in Section 2.

• Section 4.3 gives the Fourier envelopes and shift identities used by the product lemma in Section 5.
• Section 4.4 gives the vertical decomposition and central averaging used in the structured estimate
of Section 7.

4.1. The smooth class. Fix a nonempty finite collection N of degree-two filtered nilmanifolds
(G/Γ, G•,X ) with adapted Mal’cev bases. Let D ⩾ 1 be an integer bounding their ordinary
dimensions, and fix Q ⩾ 1. For differentiable F and X ∈ Lie(G), put

DXF (xΓ) =
d

dt
F (exp(tX)xΓ)

⃓⃓⃓⃓
t=0

.

Think of X as specifying a direction of motion. Then DXF (xΓ) measures the slope of F at xΓ
along the curve t ↦→ exp(tX)xΓ, just as a directional derivative measures slope in Euclidean space.
For a nonnegative integer R, let CR(G/Γ;C) denote the space of complex-valued functions on G/Γ
that are R times continuously differentiable. We write CR(G/Γ; [0, 1]) for those functions whose
values lie in [0, 1]. For F ∈ CR(G/Γ;C), define

∥F∥CR(X ) = max
0⩽j⩽R

Xi1
,...,Xij

∈X

⃦⃦⃦
DXi1

· · ·DXij
F
⃦⃦⃦
∞
,

where the order-zero derivative is F itself. Thus ∥F∥CR(X ) ⩽ Q means that F and all its iterated

directional derivatives of order at most R are uniformly bounded in absolute value by Q. Informally,
this controls both the size of the readout and how rapidly it varies along the basis directions. Set

K = D + 2, R = 2D + 4.

We use K derivatives for Fourier analysis on the derivative tori, and the additional R−K = D+2
derivatives to make the vertical components summable in the CK norm.

For the fixed finite collection N , there exists a constant CLip ⩾ 1 such that

∥F∥Lip(X ) ⩽ CLip∥F∥C1(X ) ⩽ CLip∥F∥CR(X ).

By [GT12, Lemma A.2, Lemma A.4], whenever dX (x, y) is sufficiently small, the vector Z =
log(xy−1) satisfies x = exp(Z)y and

∥Z∥1 ≪
⃦⃦
ψ(xy−1)

⃦⃦
∞ ≪ dX (xy

−1, idG) = dX (x, y),

where ∥Z∥1 is the sum of the absolute values of its coefficients in X . Consequently,

|F (xΓ)− F (yΓ)| ⩽
∫︂ 1

0
|DZF (exp(sZ)yΓ)|ds

⩽ ∥F∥C1(X )∥Z∥1
≪ ∥F∥C1(X )dX (x, y).

For distances above the fixed local threshold, the same estimate follows from |F (xΓ)− F (yΓ)| ⩽
2∥F∥∞. Taking the infimum over representatives gives the Lipschitz bound for the quotient metric.
Including the supremum norm proves the first inequality and the second follows from R ⩾ 1. Since
N is finite, the constant CLip can be chosen uniformly. Section 4.2 will choose N , D,Q depending
only on c so that the resulting class approximates every one-bit leakage function.
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For z ∈ Z, write z = z + pZ ∈ Fp for its residue class modulo p.

Definition 4.1 (Class Gp,3). For an odd prime p, with N , R,Q fixed, let G = Gp,3 consist of all
probability maps fnil : Fp → [0, 1] of the form

fnil(z) = F

(︃
g0g

z
1g
(z2)
2 Γ

)︃
,

where (G/Γ, G•,X ) ∈ N and

g0, g1 ∈ G, g2 ∈ G2, gp1 ∈ Γ, gp2 ∈ Γ2,

while F ∈ CR(G/Γ; [0, 1]) and ∥F∥CR(X ) ⩽ Q. The two power conditions make this independent of

the integer representative z of z. The subscript 3 records the U3 norm; the corresponding structured
approximations use nilmanifolds of filtration degree at most 3− 1 = 2.

4.2. For the reduction: approximation and closure. We apply Candela–Sisask’s periodic
regularity lemma [CS14, Theorem 3.4, p. 10], then smooth the readouts and verify the required
closure properties, with all bounds depending only on c. Recall the choices

α =
(c− 1/3)2

8
, η = 2−3/α = 2−24/(c−1/3)2 .

Proposition 4.2 (Approximation and closure). There is a choice of N , D,Q, depending only on
c, such that for every odd prime p and every one-bit leakage function f : Fp → {0, 1}, there is
fnil ∈ Gp,3 with

∥f − fnil∥U3 < η.

The class is closed under complements and bijective affine precompositions. These closure properties
hold for every choice of the class data with Q ⩾ 1.

Proof roadmap. Periodic arithmetic regularity first gives a Lipschitz approximation on a nil-
manifold of bounded complexity. There are only finitely many possible based nilmanifolds at that
complexity. Positive smoothing then gives a uniform CR bound while preserving the range [0, 1].

Imported Theorem 4.3 (Periodic arithmetic regularity; [CS14, Theorem 3.4, p. 10]). Fix ε > 0
and a growth function F : R>0 → R>0. There exists M0 =M0(ε,F) such that, for every odd prime
p and every function f : Fp → [0, 1], there is a number 0 < Mf < M0 and a decomposition

f = fnil + fsml + funf , ∥fsml∥2 ⩽ ε, ∥funf∥U3 ⩽ 1/F(Mf ).

The function fnil is a p-periodic polynomial nilsequence of degree at most two and complexity at
most Mf , taking values in [0, 1]. The bound M0 is independent of p and f.

This is the s = 2 case over the characteristic-zero family of prime moduli; see Definition 3.1 and
Theorem 3.3 on p. 10 of the same source. Its complexity conventions are Definitions 2.5 and 2.9,
pp. 7 and 9.

Imported Lemma 4.4 (Gowers norm versus L2; [ET12, equations (5)–(6), p. 3]). For a finite
abelian group A with normalized counting measure, ∥h∥U3(A) ⩽ ∥h∥2.

Proof of Proposition 4.2. Step 1: Choose the geometric data. Apply periodic arithmetic regularity
with

s = 2, εreg = η/4, Freg(t) = 4(1 + t)/η. (22)

Let M0 =M0(c) be the bound supplied by this application. The regularity lemma is deduced from
the periodic inverse theorem, [CS14, Theorem 3.3 and the discussion preceding Theorem 3.4, p. 10];
in particular, M0 is fixed independently of m, p and the leakage maps.
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The conclusion we use is the following. For every odd prime p and every one-bit leakage function
f : Fp → {0, 1} there is a decomposition

f = fnil + fsml + funf , ∥fsml∥2 ⩽
η

4
, ∥funf∥U3 ⩽

η

4(1 +Mf )
.

in which fnil(z) = F0(g(z)Γ) is a p-periodic nilsequence of degree at most two and complexity at
most M0. Here F0 : G/Γ → C is the Lipschitz readout supplied by the regularity lemma, with
∥F0∥Lip(X ) ⩽M0. The subscript distinguishes it from the smooth readout F constructed in Step 2.

Thus, the dimension and the rationality of the adapted Mal’cev basis, as well as ∥F0∥Lip(X ), are

at most M0; see [CS14, Definitions 2.5 and 2.9, pp. 7, 9]. By [CS14, Theorem 3.4(iv), p. 10],
F0(g(z)Γ) ∈ [0, 1] for every z.

The range condition holds along the orbit, but need not hold elsewhere on G/Γ. We therefore
clip the readout, replacing F0 by

xΓ ↦−→ min{1,max{0,Re(F0(xΓ))}}, x ∈ G.

Clipping fixes every value already in [0, 1], so it leaves the orbit values unchanged. It also does not
increase the supremum norm or the Lipschitz constant. Keeping the notation F0 for the clipped
readout, we now have F0 : G/Γ → [0, 1] on the whole nilmanifold. Clipping need not preserve
differentiability; the required smoothness will be obtained in Step 2.

Consequently,

∥f − fnil∥U3 ⩽ ∥fsml∥2 + ∥funf∥U3 ⩽
η

4
+

η

4(1 +Mf )
<
η

2
.

There are only finitely many filtered nilmanifolds of complexity at most M0, up to isomorphisms
preserving the adapted Mal’cev basis X = (X1, . . . , XdG). Indeed, the dimension satisfies dG ⩽M0,
and each structure constant in

[Xi, Xj ] =
∑︂
k

ci,j,kXk

is a rational number whose numerator and denominator have absolute value at mostM0. Thus there
are only finitely many possible bracket tables. Each valid table determines the connected, simply
connected Lie group G together with its specified basis X , up to a basis-preserving isomorphism.
Here, valid table means a table that is antisymmetric, satisfies the Jacobi identity, defines a Lie
algebra and hence determines the connected, simply connected Lie group G together with its basis
X , up to basis-preserving isomorphism.

There are also only finitely many filtration choices: in degree two, Lie(G2) is the span of the
final d2 basis vectors of X for some 0 ⩽ d2 ⩽ dG. The lattice introduces no further choice. If X is
adapted to Γ, then by the adapted-basis convention that the lattice consists exactly of the points
with integer Mal’cev coordinates, by Equation 15,

Γ = {exp(n1X1) · · · exp(ndGXdG) : n1, . . . , ndG ∈ Z},

so Γ is determined by X , by the adapted-basis convention that the lattice consists exactly of the
points with integer Mal’cev coordinates [CS14, Definition 2.5, p. 7; Definition A.1, p. 27].

Fix a finite collection N containing one representative of each such isomorphism class of degree
at most two, and put

D = max{1, ⌈M0⌉}, L = max{1,M0}. (23)

Then D bounds the dimensions of these nilmanifolds, and L bounds the Lipschitz norms of the
clipped readouts F0. This bound controls differences between function values and does not require
differentiability. All these choices depend only on c. The finiteness of N will let us choose the
smoothing constants over N uniformly in Step 2. Only the smoothness bound Q remains to be
chosen.
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Step 2: Choose the smoothness bound. We smooth F0 by taking weighted averages of nearby
values. For each member of N , choose a nonnegative smooth bump on G supported near the
identity. For 0 < τ ⩽ 1, shrink its support by a factor of τ in Mal’cev coordinates and divide by
its Haar integral. The resulting smooth kernel κτ satisfies

κτ ⩾ 0,

∫︂
G
κτ (u) du = 1,

where du denotes left Haar measure on G. These conditions ensure that averaging values in [0, 1]
keeps the result in [0, 1]. Define

(SτF0)(xΓ) =

∫︂
G
κτ (u)F0(u

−1xΓ) du.

Then Sτ1 = 1 and 0 ⩽ SτF0 ⩽ 1. For u ∈ Supp(κτ ), right invariance and symmetry of dX give

dG/Γ

(︁
u−1xΓ, xΓ

)︁
⩽dX

(︁
u−1x, x

)︁
=dX (idG, u) = dX (u, idG)

⩽∥ψ(u)∥∞ = O(τ).

The Lipschitz bound therefore gives ∥SτF0 − F0∥∞ = O(Lτ). For differentiation, the substitution
u = exp(tX)v, justified by left invariance of Haar measure, gives

(SτF0)(exp(tX)xΓ) =

∫︂
G
κτ (exp(tX)v)F0(v

−1xΓ)dv.

Thus, differentiation falls entirely on the smooth kernel. Repeating this argument transfers all iter-
ated derivatives to the kernel, whose derivatives of order j have L1(G) norm Oj(τ

−j) by coordinate
rescaling.

Hence, there are constants csm, Csm,R ⩾ 1, depending on the fixed geometric data and chosen
bump functions (and also on R for Csm,R), independent of τ and uniform over the finite collection
N , such that

∥SτF0 − F0∥∞ ⩽ csmLτ, ∥SτF0∥CR(X ) ⩽ Csm,Rτ
−R.

Take

τ =
η

4csmL
, Q =

⌈︄
Csm,R

(︃
4csmL

η

)︃R
⌉︄
, F = SτF0.

The quadratic Taylor expansion and the periodicity criterion from Section 3.2 show that g has
the form and periodicity required in the definition of G. The nilmanifold belongs to N , and
the smoothed readout F takes values in [0, 1] with ∥F∥CR(X ) ⩽ Q. Thus the probability map

z̄ ↦→ F (g(z)Γ) belongs to G. Moreover,

∥f − F (g(·)Γ)∥U3 ⩽ ∥f − fnil∥U3 + ∥F − F0∥∞ <
η

2
+
η

4
< η.

Thus every one-bit leakage function has the required approximation in G. All data defining the
class depend only on c.

Step 3: Check the closure properties. For complements, replace F by 1−F . Its order-zero norm
is at most 1 ⩽ Q, and every positive-order derivative changes only its sign. For a bijective affine
precomposition, replace g(z) by g(az + b), where a, b ∈ Z and p ∤ a. By Section 3.2, this orbit
is still quadratic and p-periodic. The readout F , its norm, and the underlying nilmanifold are
unchanged. □

From now on, fix the class data supplied by this proposition. All implicit constants below may
depend on these data, but not on m, p, the evaluation places, or the chosen leakage maps.
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4.3. For the product lemma: Fourier envelopes and shift correlations. The product lemma
turns a large average into shift correlations, then applies ordinary Fourier analysis to each local
factor. The derivative tori have dimension at most D. We record the Fourier bounds needed for
this argument; the choice K = D + 2 will suffice.

From averages to shift correlations. For a test function Ftest : Fp → C, define itsmultiplicative
derivative at shift h ∈ Fp by

DhFtest(z) = Ftest(z + h)Ftest(z).

This compares values at two inputs separated by h. The operator Dh is distinct from the differential
operator DX . Since (z, z+h) is a uniformly distributed pair when z, h are independent and uniform
in Fp, we have ⃓⃓⃓⃓

E
z∈Fp

Ftest(z)

⃓⃓⃓⃓2
= E

h∈Fp

E
z∈Fp

DhFtest(z).

Thus, a large average gives a large average of the shift correlations. For the nilsequence factors in
the product lemma, the construction in Section 3.5 expresses these correlations using readouts on
derivative tori.

A Fourier bound uniform over the shifts. For each h ∈ Fp, let φh : Tdtor → C, where
dtor ⩽ D. In the application, these are the local derivative readouts, one for each shift h. Assume
that their coordinate derivatives through order K, including the functions themselves, are bounded
by a common constant independent of h.

Their Fourier coefficients are

ˆ︂φh(k) =

∫︂
Tdtor

φh(t)e(−k · t) dt, k ∈ Zdtor ,

where dt is the Haar probability measure. A Fourier envelope is a single nonnegative function
w : Zdtor → [0,∞) that bounds these coefficients for every shift:

|ˆ︂φh(k)| ⩽ w(k) for every h ∈ Fp, k ∈ Zdtor .

Smoothness supplies such an envelope. For k ̸= 0, choose a coordinate j with |kj | = ∥k∥∞.
Integrating by parts K times in that coordinate gives

|ˆ︂φh(k)| ⩽

⃦⃦⃦
∂Kj φh

⃦⃦⃦
∞

(2π∥k∥∞)K
.

The zero coefficient is bounded by ∥φh∥∞. Consequently, for a suitable constant C independent of
h, we may take

w(k) = C(1 + ∥k∥∞)−K .

Since there are O
(︁
rdtor−1

)︁
integer frequencies with ∥k∥∞ = r, summing over these shells gives∑︂

k

w(k) ≪ 1,
∑︂

∥k∥∞>Tder

w(k) ≪ T dtor−K
der ⩽ T−2

der (Tder ⩾ 1).

The last inequality uses dtor ⩽ D and K = D + 2. Thus the total Fourier mass is uniformly
bounded, and discarding frequencies above Tder costs at most O

(︁
T−2
der

)︁
in the supremum norm.

The constants depend only on the common derivative bound and the fixed torus geometry. The
Fourier series therefore converge absolutely and uniformly, so finite products may be expanded and
averaged term by term.
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To apply these estimates to the derivative readouts from Section 3.5, we verify the required
coordinate-derivative bound explicitly. For a readout Φ ∈ CK(G/Γ) with vertical frequency ν, put

a(t) = exp(t1X1) · · · exp(thXh), z(s) = exp

(︄
d2∑︂
k=1

skXh+k

)︄
,

where t ∈ Rh and s ∈ Rd2 . Under the product-torus identification of Section 3.5, the pair

(z(s)a(t), a(t))

represents the coordinates
(︁
s mod Zd2 , t mod Zh

)︁
. Consequently, the derivative readout has the

ZdG-periodic lift ˜︁Ψcrep(s, t) = Φ(crepz(s)a(t)Γ)Φ(a(t)Γ).

Let C ⊆ G be a fixed compact set containing the chosen shift representatives crep. For crep ∈ C
and (s, t) ∈ [0, 1]dG , the maps appearing in the expression above have uniformly bounded deriva-
tives with respect to (s, t). Expressing their derivatives in the smooth frames DX1 , . . . , DXdG

gives

coefficients whose required derivatives are uniformly bounded on this compact domain. Repeated
application of the product and chain rules yields

sup
crep∈C

max
|α|⩽K

⃦⃦⃦
∂α˜︁Ψcrep

⃦⃦⃦
∞

⩽ C∥Φ∥2CK(X ).

The constant depends only on the fixed geometric data, K and C, and can be chosen uniformly
over the finite collection N . Thus, for readouts with uniformly bounded CK(X ) norm, the required
coordinate-derivative bound is independent of the shift and the vertical frequency.

Averaging the Fourier modes. For a phase slope λph ∈ p−1Z, the function z ↦→ e(zλph) is
p-periodic. Character orthogonality gives

E
z∈Fp

e(zλph) =

{︄
1, λph ∈ Z,
0, λph /∈ Z.

Along a p-periodic affine-linear torus orbit, each Fourier mode has a fixed initial phase and a slope
of this form. Averaging retains the initial phase factor when the slope is integral, and gives zero
otherwise. This converts the Fourier expansion of the shift correlations into exact conditions on
the phase slopes.

4.4. For the structured estimate: Vertical Decomposition and Central Averaging. Sec-
tion 7 expands each readout into vertical components, applies the product lemma to normalized
components, and later averages over central subtori. The fixed CR bound makes the vertical com-
ponents summable in CK and is preserved under central averaging.

Summable vertical components. Use the vertical components Fν from Section 3.4, with ν
identified with its integer coefficient vector in the central Mal’cev coordinates. Then

F =
∑︂
ν

Fν ,
∑︂
ν

∥Fν∥CK(X ) ⩽ CN ,R · ∥F∥CR(X ), (24)

with convergence in CK . In particular, the sum is bounded uniformly for all readouts F in the
class.

To prove this, central derivatives commute with every DX . For any derivative of order at most
K and any nonzero ν, integrate by parts R −K = D + 2 times in a central coordinate attaining
∥ν∥∞. The resulting derivative of F has order at most R, so

∥Fν∥CK(X ) ≪N ,R ∥F∥CR(X )(1 + ∥ν∥∞)−(D+2).
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For ν = 0 the same estimate follows directly from the integral. Since dimT2 ⩽ D, these bounds
are summable. The Fourier series on each central fiber recovers F , and the derivative bounds give
convergence in CK . If T2 is trivial, the expansion has just its zero-frequency term.

Positive central averaging. Let Z ⩽ T2 be a closed subgroup, equipped with Haar probability
measure, and define

(AZF )(xΓ) =

∫︂
Z
F (zxΓ) dz.

The action is well defined because G2 is central. Positivity and normalization give

0 ⩽ F ⩽ 1 =⇒ 0 ⩽ AZF ⩽ 1, AZ(1− F ) = 1−AZF.

Commuting eachDX with the central action also gives ∥AZF∥CR(X ) ⩽ ∥F∥CR(X ). Finally, character

orthogonality shows that AZ retains exactly the vertical components whose characters are trivial
on Z, meaning e(ν(z)) = 1 for every z ∈ Z:

AZF =
∑︂

ν : ν|Z=0

Fν .

These are the range, smoothness, and Fourier-support properties used when Section 7 averages over
commutator tori.

5. From a large product average to short equations

This section proves the product refinement lemma (Lemma 5.1) for arbitrary linear forms
Li : Fr

p → Fp. A large average of smooth readouts, each with a single vertical frequency, forces
short first-level character equations on the whole orbit. Their common real kernel is isotropic for
the combined commutator form from Section 3.4. This constrains the combined vertical phase;
the individual commutators need not vanish. For Reed–Solomon evaluation forms, Lemma 6.1 will
turn suitable combinations of these global equations into local equations.

Technical approach summary. We adapt Leng’s degree-two argument [Len25, proof of Theo-
rem 3.3.1, pp. 52–54; Corollary 3.2.9 and its proof, pp. 49–50], using his sharp bracket lemma [Len25,
Lemma 4.2.1, p. 123]. Our refinement is quantitative. Applying the general dimension-dependent
bounds directly would give only an unspecified positive range 0 < u < u0. By exploiting the
product structure, we obtain the range 0 < u < 1/2.

We take one multiplicative derivative and apply ordinary Fourier estimates separately to the
derivative readout formed from each local factor Φi. Each such readout lives on a torus of dimension
at most D, independent of m. This gives a fixed Fourier cost per factor, which we track across the
m factors.

The argument takes place on a carefully chosen line: the product average remains large there,
and every relevant short character that is non-constant on the full orbit remains non-constant on
the line. Consequently, any short character equation obtained on this line already holds on the
entire orbit. For correlation thresholds satisfying log(1/δ) = O(m), these bounds give the field-size
requirement

log p≫ m2 log(2m).

Lemma statement. Fix the finite collection N from Section 4. Each local group has dimension
at most D, and K = D+2. We state the lemma for arbitrary linear forms. Its applications will use

the code forms Li(x) =
∑︁

j<r a
j
ixj and the coordinate projections on Fm

p for independent inputs.
The code application requires no randomness in the evaluation places.

Lemma 5.1 (Product refinement). Let r ⩾ 1 and let L1, . . . , Lm : Fr
p → Fp be arbitrary linear

forms. For each i ∈ [m], choose (G(i)/Γ(i), G
(i)
• ,X (i)) ∈ N . Let Φi : G

(i)/Γ(i) → C have vertical

frequency νi and satisfy ∥Φi∥CK(X (i)) ⩽ 1. Let g(i) ∈ poly(Z, G(i)
• ) be p-periodic modulo Γ(i), and

32



let 0 < δ ⩽ 1/10. There is a constant C, depending only on the fixed local data and independent of
r and the forms Li, such that the following holds. Suppose⃓⃓⃓⃓

⃓ E
x∈Fr

p

m∏︂
i=1

Φi

(︂
g(i)(Li(x))Γ

(i)
)︂⃓⃓⃓⃓⃓ ⩾ δ (25)

and

log p ⩾ C
(︁
m2 log(2m) +m log(1/δ)

)︁
. (26)

Then there are product first-level characters ξ1, . . . , ξt, with 0 ⩽ t ⩽ Dm, each constant modulo 1
on the orbit (︂

g(i)(Li(x))Γ
(i)
)︂
i∈[m]

, x ∈ Fr
p,

and each of complexity at most

B = exp(C(m log(2m) + log(1/δ))), (27)

such that their common real kernel

K0 =
t⋂︂

j=1

ker(dξj) ⊆
m⨁︂
i=1

Lie(G(i))

satisfies
m∑︂
i=1

dνi([vi, wi]) = 0 for every v = (vi)i, w = (wi)i ∈ K0. (28)

For t = 0, the intersection means the whole direct sum. Integer representatives may be chosen
arbitrarily when evaluating the group-valued sequences at field elements: periodicity makes the cosets
well-defined.

The external bracket lemma. Our proof uses an exact periodic specialization of Leng’s sharp
bracket lemma [Len25, Lemma 4.2.1, p. 123] in Step 5 below. It converts a fractional-part relation
holding for many shifts into two complementary orthogonal families of integer vectors. The key
quantitative feature is the bound on their heights, whose exponent is independent of the dimension.
We fixed the terminology of orthogonal families and height at the end of Section 3.

Imported Lemma 5.2 (Exact periodic sharp bracket lemma). Let Nlin ⩾ 1, Mbr ⩾ 1, and
0 < κ < 1/10. Suppose

ϑ ∈ p−1ZNlin , abr ∈ RNlin , ∥abr∥∞ ⩽Mbr, γbr ∈ R

satisfy

γbr + abr · {hϑ}c = 0 (mod 1)

for at least κp residues h ∈ Fp. Then, for some 0 ⩽ ℓ ⩽ Nlin, there are integer-vector families

w1, . . . , wℓ ∈ ZNlin , e1, . . . , eNlin−ℓ ∈ ZNlin ,

each linearly independent over R, such that

ws · abr = 0, ej · ϑ ∈ Z, ws · ej = 0

for every 1 ⩽ s ⩽ ℓ and 1 ⩽ j ⩽ Nlin − ℓ. Thus the real spans of the two families are orthogonal
complements. Every vector has height at most

Pbr =
(︁
κ−1(2Nlin)

NlinMbr

)︁Cbr ,

where Cbr > 0 is an absolute constant.
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Why the specialization is exact. Leng’s finite-interval lemma gives approximate relations,
with vector heights bounded independently of the interval length. Periodicity lets us repeat our
exact input relation on arbitrarily long intervals. The approximation bounds then tend to zero,
while only finitely many output families are possible.

More precisely, fix all the data in the statement and put N = qp, where q is a positive integer.
Since pϑ ∈ ZNlin , the expression

γbr + abr · {hϑ}c
is p-periodic in h. Its exact congruence therefore holds for at least κN integers in [N ]. In particular,
at each of these integers,

∥γbr + abr · {hϑ}c∥R/Z = 0 <
2

N
.

Apply Leng’s lemma with its perturbation parameter set to 2. For sufficiently large q, neither
the small-interval alternative nor the alternative 2/N > 1/100 can occur. The lemma therefore
supplies two linearly independent integer-vector families of complementary sizes, orthogonal to one
another, with

|ws · abr| ⩽
A

N
, ∥ej · ϑ∥R/Z ⩽

A

N
.

Here A depends only on Nlin, Mbr, and κ, and is independent of q. The source’s height bounds are(︂
κ−1NNlin

lin Mbr

)︂O(1)
,

so every output vector has height at most Pbr after choosing the absolute constant Cbr sufficiently
large.

The vectors are integral and their height bound is independent of q, so only finitely many different
pairs of families can occur as q varies. Since there are infinitely many sufficiently large integers
q, one pair must recur infinitely often; restricting to those values gives a sequence qk → ∞ along
which ℓ and all the vectors in both families remain fixed. Along this sequence, the vectors are fixed
while A/N tends to zero. Hence

ws · abr = 0, ej · ϑ ∈ Z.

Linear independence and orthogonality already hold exactly for this fixed pair. This proves the
specialization, without requiring abr to be rational or imposing any further lower bound on p.

Proof of Lemma 5.1.

(Step 1) Choose a line that remembers all short characters. We reduce the r-variable average to a
one-variable average along an affine line. The line must retain a large product average, and any
short character equation that holds on it must already hold on the whole orbit. We choose the
direction first: the field-size hypothesis lets us avoid every direction that would make a relevant
nonconstant short character constant. Once this direction is fixed, averaging over the parallel
lines gives a starting point for which the product average still has magnitude at least δ.

Fix a sufficiently large constant Cline, depending only on the local data, and put

Bline = exp( Cline(m log(2m) + log(1/δ)) ).

The height calculation in Step 6 will fit every character we construct inside this bound. Write
Li(x) =

∑︁r−1
j=0 bijxj , with bij ∈ Fp. For a product character ξ, let ki be its local coefficient

vectors, and let θi, βi/p be the local initial positions and slope vectors from Section 3.4. Its
composition with the orbit is

γξ +
λξ · x
p

(mod 1), γξ =
∑︂
i

ki · θi, (λξ)j =
∑︂
i

bij(ki · βi) (0 ⩽ j < r).
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Here λξ ∈ Fr
p, and the character is constant modulo 1 on the whole orbit exactly when λξ = 0.

There are at most (2Bline + 1)Dm candidate characters. By Equation 26, after increasing C,

(2Bline + 1)Dm < p.

For each candidate with λξ ̸= 0, the directions on which its restriction becomes constant form the
hyperplane {v : λξ · v = 0}, of size pr−1. Fewer than p such hyperplanes cannot cover Fr

p. Each
excludes a fraction 1/p of all directions, regardless of r; the candidate count depends only on the
total local dimension, at most Dm. Choose a nonzero direction outside their union; if there are
no nonconstant candidates, choose any nonzero direction. For any function Ftest : Fr

p → C,⃓⃓⃓⃓
E
x
Ftest(x)

⃓⃓⃓⃓
≤ E

x

⃓⃓⃓⃓
E

z∈Fp

Ftest(x+ zv)

⃓⃓⃓⃓
,

by translation invariance and the triangle inequality. Apply this to the product in Equation 25.
Some x(0) ∈ Fr

p therefore satisfies⃓⃓⃓⃓
⃓ E
z∈Fp

∏︂
i

Φi

(︂
g(i)(Li(x

(0)) + zLi(v))Γ
(i)
)︂⃓⃓⃓⃓⃓ ⩾ δ.

By Section 3.2, the restricted sequences remain quadratic and p-periodic, including when Li(v) =

0. For Steps 2–6, write g(i) for these restricted sequences.

(Step 2) Put the local linear coefficients in a compact set. We use compact normalization to bound
the first-level slopes uniformly before forming the bracket relation.

Using compact normalization from Section 3.3, write

g(i)(z) = uzi b
(z2)
i , bi ∈ G

(i)
2 ,

where ui lies in a fixed compact fundamental set. To remove the initial coefficient, translate
the readout by its compact representative and conjugate the remaining coefficients by its lattice
representative. For a linear coefficient cγ, the identity

(cγ)z = cz[γ, c](
z
2)γz,

removes the right lattice factor after changing the central coefficient. These operations preserve
the scalar sequence, vertical frequency, and first-level slopes modulo the integer lattice. The
readout’s CK norm grows by at most a fixed local factor. Conjugation also preserves first-level
coordinates and central commutators.

We henceforth denote the normalized readout and group-valued sequence by Φi and g(i),
respectively. The normalized coset orbit is a fixed left translate of the previous coset orbit, so it

remains p-periodic and Equation 18 applies. Put hi = dimG(i)−dimG
(i)
2 and ϑi = ψ

(i)
1 (ui) ∈ Rhi .

By Equation 18,

upi ∈ Γ(i), bpi ∈ Γ
(i)
2 , ϑi ∈ p−1Zhi , ∥ϑi∥∞ ≪ 1.

Here and below, the suppressed constants depend only on the fixed local data. We absorb the
fixed CK-norm increase into the Fourier-envelope constant C0 below.

(Step 3) Differentiate and pass to ordinary tori. We start with the normalized quadratic nilse-
quences and want to bring them within reach of ordinary Fourier analysis. The idea is to
compare each local sequence at z+h and z, multiplying one value by the conjugate of the other.
Just as differencing turns a quadratic polynomial into a linear one, this comparison removes the
common quadratic motion. What remains is a smooth function evaluated along an orbit on an
ordinary torus that is affine-linear in z for each fixed h. The next step will use this description
to extract exact frequency relations from the large product average.
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For a shift h ∈ Fp, choose an integer representative and write

uhi = ci,hγi,h, ψ(i)(ci,h) ∈ (−1/2, 1/2]dimG(i)
, γi,h ∈ Γ(i).

The derivative readout

Ψi,h(v, w) = Φi(ci,hvΓ
(i))Φi(wΓ(i))

descends to the derivative torus T□
i of Section 3.5. The multiplicative derivative Φi(g

(i)(z +

h)Γ(i))Φi(g(i)(z)Γ(i)) is obtained by evaluating Ψi,h at(︃
γi,hg

(i)(z)γ−1
i,h b

zh+(h2)
i , g(i)(z)

)︃
. (29)

Indeed, multiplying the first entry by ci,h gives the coset of g(i)(z + h), by the quadratic Taylor

formula. The relative central coordinate in Equation 29 is [γi,h, ui]
zb

zh+(h2)
i ; the second entry has

first-level coordinate zϑi. Both coordinates on T□
i are therefore affine-linear in z. This is the

degree-two differentiation used in [Len25, proof of Theorem 3.3.1, pp. 52–54].
In the product coordinates on T□

i , a supported Fourier character has the form

(v, w) ↦−→ χi(w) + νi(vw
−1) (mod 1),

where χi is a first-level character. Its slope on Equation 29 is

λi(h) = χi(ui) + hνi(bi) + νi([γi,h, ui]). (30)

Every term lies in p−1Z. For the commutator term, this follows from [γi,h, ui]
p = [γi,h, u

p
i ] ∈ Γ

(i)
2 .

Thus the average vanishes unless its slope is integral. When the slope is integral, the average
equals its initial phase and has modulus one.

(Step 4) Extract one exact relation from the Fourier expansion. We start with the large product
average and the description of each local multiplicative derivative on an ordinary torus. The
output is one fixed choice of Fourier modes k1, . . . , km, with ∥ki∥∞ ⩽ Tder, whose slopes satisfy∑︂

i

λi(h) ∈ Z

for at least κp shifts h ∈ Fp. For each such shift, the selected modes have a product that is
independent of z.

Write di = dimG(i) ⩽ D. Compactness of the ci,h and the Fourier-envelope estimate of

Section 4 give envelopes wi : Zdi → [0,∞) and a fixed C0 ⩾ 1 such that⃓⃓⃓ ˆ︁Ψi,h(k)
⃓⃓⃓
⩽ wi(k),

∑︂
k

wi(k) ⩽ C0,
∑︂

∥k∥∞>Tder

wi(k) ⩽ C0T
−2
der .

Set the envelope to zero off the vertical-frequency support just described. For Ftest(z) =∏︁
iΦi(g

(i)(z)Γ(i)), the shift-correlation identity in Section 4, followed by Fourier expansion and
orthogonality, gives

δ2 ⩽
∑︂

k1,...,km

∏︂
i

wi(ki) Pr
h∈Fp

[︄∑︂
i

λi(h) ∈ Z

]︄
.

Each Fourier tuple in this sum has its own collection of slopes. Choose Tder ⩾ 2 with mCm
0 T

−2
der ⩽

δ2/2 and log Tder ≪ m+ log(1/δ). The tuples with some ∥ki∥∞ > Tder have total envelope mass

at most mCm
0 T

−2
der . Since the remaining total mass is at most Cm

0 , one remaining tuple satisfies

Pr
h

[︄∑︂
i

λi(h) ∈ Z

]︄
⩾ κ, κ =

δ2

2Cm
0

<
1

10
. (31)
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Fix such a tuple. Its central Fourier coordinates are the integer coefficients of νi, so ∥νi∥∞ ≪ Tder;
here the norm is the maximum magnitude of those coefficients.

(Step 5) Write the relation in coordinates. We start with the fixed Fourier modes whose slopes
satisfy ∑︂

i

λi(h) ∈ Z

for at least κp shifts. The output is two complementary orthogonal families of integer vectors
of controlled height. One family gives exact integer relations among the orbit coefficients, with
one auxiliary coordinate; the other gives exact real relations for the coefficients describing the
combined commutator phase. These are the families from which the next step will construct the
required first-level character equations.

Put Nhor =
∑︁

i hi ⩽ Dm and concatenate the ϑi into ϑ ∈ p−1ZNhor . Let π1 :
⨁︁

i Lie(G
(i)) →

RNhor retain the first-level Lie-algebra coordinates. For each i, define the linear lift

ιi : Rhi −→ Lie(G(i)), ιi(t) =

hi∑︂
j=1

tjX
(i)
j .

This lift inserts t in the first-level positions of the Lie algebra and puts zero in its central positions.
For y = (yi)i and z = (zi)i in RNhor , put

Ω(y, z) =
∑︂
i

dνi([ιi(yi), ιi(zi)]).

The matrix of Ω is integral. Indeed, the basis elements expX
(i)
j lie in the lattice; their com-

mutators lie in Γ
(i)
2 , and Equation 19 identifies their values under νi with the matrix entries.

Moreover, ∥Ω∥∞ ≪ Tder.
The first-level coordinates of γi,h are hϑi − {hϑi}c. Their contribution to Equation 30 is

Ω(hϑ− {hϑ}c, ϑ) = Ω(ϑ, {hϑ}c). Thus Equation 31 gives

γbr + βbrh+Ω(ϑ, {hϑ}c) = 0 (mod 1) (32)

on at least κp shifts, where

γbr =
∑︂
i

χi(ui), βbr =
∑︂
i

νi(bi) ∈ p−1Z.

If Nhor = 0, every group is central and the conclusion holds with no characters. Assume hence-
forth that Nhor > 0. Define abr ∈ RNhor by abr · z = Ω(ϑ, z) and put

˜︁a = (abr, 1), ˜︁ϑ = (ϑ, βbr).

Because βbrh ≡ {hβbr}c (mod 1), Equation 32 is exactly the hypothesis of Imported Lemma 5.2,

applied to ˜︁a and ˜︁ϑ in Nhor + 1 coordinates. It gives complementary orthogonal integer families

ws = (qs, vs) (1 ⩽ s ⩽ ℓ), ej = (sj , tj) (1 ⩽ j ⩽ Nhor + 1− ℓ),

where qs, sj ∈ ZNhor and vs, tj ∈ Z, with

ws · ˜︁a = 0, ej · ˜︁ϑ ∈ Z.

Their heights are at most Pbr, where

logPbr ≪ Nhor log(2Nhor) + log(1/κ) + log(2 + ∥abr∥∞). (33)

The absolute exponent in the imported height bound is crucial here.
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(Step 6) Eliminate the auxiliary coordinate and obtain an isotropic kernel. We have the two com-
plementary orthogonal integer families from the previous step. We need to identify at most
Nhor ⩽ Dm first-level characters ξj , each of complexity at most Bline and constant on the se-
lected line. Their common real kernel K0 =

⋂︁
j ker(dξj) satisfies∑︂

i

dνi([vi, wi]) = 0 for all v, w ∈ K0.

Thus, motions preserving all the character equations produce no combined vertical phase through
their commutators.

We use the auxiliary-coordinate elimination from [Len25, Corollary 3.2.9 and its proof, pp. 49–
50]. At least one tj is nonzero. Otherwise (0, 1) is orthogonal to every ej , hence lies in the span
of the ws, contradicting ws · ˜︁a = 0 because (0, 1) · ˜︁a = 1. Relabel so t1 ̸= 0, and define integer
linear forms on RNhor by

ζj = tjs1 − t1sj (j > 1), ρs(z) = Ω(qs, z) (1 ⩽ s ⩽ ℓ).

Composing these forms with the product first-level coordinate map gives first-level characters.
They are constant modulo 1 on the selected line:

ζj · ϑ ∈ Z, ρs(ϑ) = −qs · abr = vs ∈ Z.

The first assertion eliminates βbr from the two integer relations e1 · ˜︁ϑ and ej · ˜︁ϑ.
It remains to check what these equations say about their real kernel. The qs are independent:

a relation among them gives a vector (0, v) in the span of the ws, and orthogonality to ˜︁a forces
v = 0; independence of the ws then forces all coefficients to vanish. The ζj are also independent,
since a relation among them gives⎛⎝∑︂

j>1

cjtj

⎞⎠e1 − t1
∑︂
j>1

cjej = 0.

Furthermore ζj · qs = 0, by orthogonality of the two input families. Their numbers add to Nhor,
so ⋂︂

j>1

ker ζj = spanR{qs : 1 ⩽ s ⩽ ℓ}.

Consequently,

K0 =
⋂︂
j>1

ker ζj ∩
⋂︂
s

ker ρs

is isotropic for Ω: its vectors are linear combinations of the qs and annihilate every Ω(qs, ·). The
corresponding common kernel in the full Lie algebra is K0 = π−1

1 (K0). For v = (vi)i in the full

Lie algebra, vi − ιi((π1v)i) ∈ Lie(G
(i)
2 ) is central. Hence, for any v, w in the full Lie algebra,∑︂

i

dνi([vi, wi]) = Ω(π1v, π1w).

Hence the isotropy of K0 is exactly the required identity Equation 28 for the full common kernel.
There are at most Nhor resulting characters. Their coefficient heights are bounded by 2P 2

br +
Nhor∥Ω∥∞Pbr; multiplying by Nhor bounds their complexities. Since ∥ϑ∥∞ ≪ 1, ∥abr∥∞ ≪
NhorTder. Together with Equation 31 and Equation 33, this gives

comp(ξj) ⩽ exp(C∗(m log(2m) + log(1/δ)))

for a constant C∗ depending only on the fixed local data. Choose Cline ⩾ C∗ in Step 1.
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(Step 7) Recover equations on the entire orbit. Every character just constructed has complexity at
most Bline and is constant on the chosen line. Step 1 ensured that a character in this range could
become constant on the line only if it was already constant on the full orbit. The normalization
preserved first-level slopes modulo the integer lattice and preserved central commutators. Thus
the same character conditions and the same common real kernel apply to the original data.
Increasing C gives both Equation 26 and Equation 27.

6. From moment equations to local equations

This section proves an algebraic certificate lemma for Reed–Solomon moment systems (Lemma 6.1).
For a system with bounded integer coefficient matrices, we seek a nonzero integer combination, with
controlled coefficients, that vanishes at each share separately for every solution of the moment equa-
tions. The conclusion holds with high probability over the public evaluation places; this is where
their randomness enters the proof. Our certificate lemma is independent of Lemma 5.1, and the
two results will be combined in Section 7 and Section 8.

The leakage maps may be chosen after the evaluation places are revealed, so the equations may
also depend on those places. We therefore need one good global event on which the conclusion holds
simultaneously for every bounded coefficient array and every solution of its moment equations. The
certificate associated with each array is chosen using that array alone.

The main coding-theoretic input comes from the local-constraints analysis of Levi–Mosheiff–
Shagrithaya, whose potential-maximization and quotient strategy we also follow [LMS25a, Propo-
sition 6.1 and the quotient argument, pp. 28–29]. Their local-profile theorem applies because the
Vandermonde moment matrix (ahi ) has a generalized Reed–Solomon code as its kernel. This is the
Reed–Solomon-specific probabilistic input, stated below as an imported vanishing theorem. We
supplement this framework with arithmetic height bounds to keep the integer certificates short and
a polynomial-identity argument to obtain an explicit field-size condition.

• Section 6.1 introduces the moment equations, explains their connection to the product lemma,
and states our certificate lemma (Lemma 6.1).

• Section 6.2 presents the geometric idea and the external inputs needed for the proof.
• Section 6.3 proves the certificate lemma.

6.1. Preliminaries: The Equations and the Desired Certificate. Fix a positive real number
b and a positive integer D. Here D bounds the number of local coordinates, and b denotes a fixed
lower bound on the ratio r/m of the number of moments to the number of shares. Let m be the
number of shares and r the number of moments, with bm ⩽ r < m. Set

q = ⌈4D/b⌉.

Thus q is a constant once b,D are fixed. It will be the number of global equations that we combine.
An array C = (Ci)

m
i=1 consists of integer matrices Ci ∈ Zq×D. Its height is the largest absolute

value of an entry. For column vectors xi ∈ FD
p , put yi = Cixi ∈ Fq

p, reducing the integer entries
modulo p. The moment equations are

m∑︂
i=1

ahi yi = 0 (0 ⩽ h < r). (34)

Each of these is a vector equation with q scalar coordinates. We want a nonzero integer column
uC ∈ Zq, the certificate, for which the same combination of those coordinates vanishes locally:

u⊺Cyi = 0 (1 ⩽ i ⩽ m).

The superscript ⊺ denotes transpose. The conclusion gives one common local equation; it need not
force the vectors yi themselves to vanish.
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From character equations to moment equations. Roughly speaking, for q dual codewords
represented locally by integer matrices with bounded entries, we give a short integer certificate
of their linear dependence. To explain how character equations give a moment system, suppose
ξ1, . . . , ξq are product first-level characters of complexity at most B that are constant on the moment
orbit.8 At coordinate i, place their integer coefficient rows in Ci, adding zero columns if the local
first-level dimension is smaller than D. By the affine-phase calculation in Section 3.4, constancy
on the moment orbit is exactly Equation 34, with xi equal to the local first-level slope numerator
βi, padded with zeros to length D. The row u⊺CCi then describes one integer combination of those
characters at coordinate i. If C has height at most B, its local height is bounded by⃦⃦

u⊺CCi

⃦⃦
∞ ⩽ qB∥uC∥∞. (35)

This is the quantity the next lemma controls.
Only the evaluation tuple is random. As before, write

Ap,m = {(a1, . . . , am) ∈ (F∗
p)

m : ai ̸= aj whenever i ̸= j}.

It is equipped with the uniform distribution.

Lemma 6.1 (Uniform short moment certificate). Fix b > 0 and D ∈ N, and put q = ⌈4D/b⌉. Let
bm ⩽ r < m, with m sufficiently large in terms of b,D. For every B ⩾ 2, there is a bound

H = (2B)Cb,D ,

where Cb,D > 0 depends only on b,D, with the following property. Suppose

p > max{H, (mD)!BmD,m(m+ 1)}. (36)

For each integer array C = (Ci)
m
i=1 of height at most B, one can choose a nonzero uC ∈ Zq, using

C alone, such that

qB∥uC∥∞ ⩽ H. (37)

Except on an event of probability at most

2Dm(r − 1)(2B + 1)qmD

p
, (38)

over a ∈ Ap,m, the implication[︄
m∑︂
i=1

ahi Cixi = 0 (0 ⩽ h < r)

]︄
=⇒ u⊺CCixi = 0 (i ∈ [m]) (39)

holds simultaneously for every such array and every choice of xi ∈ FD
p .

Fix the assignment C ↦−→ uC before sampling a. On the good global event, the array and its
solutions may then be chosen after seeing a. The same assigned certificate works for every solution
of that array; later, we use it for the two coefficient vectors of a quadratic orbit.

8The moment equations express membership in the dual of the Reed–Solomon code Ca = {(f(a1), . . . , f(am)) : f ∈
Fp[X], deg f < r}: a vector z ∈ Fm

p belongs to C⊥
a exactly when

∑︁
i a

h
i zi = 0 for every 0 ⩽ h < r. Here the dual-code

vectors are formed from the character coefficients and the local orbit slopes; the share vectors themselves lie in Ca.
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6.2. The geometric idea and the facts it needs. The two imported lemmas supply comple-
mentary ingredients: Imported Lemma 6.2 controls the certificate’s height independently of m, and
Imported Lemma 6.3 supplies locality after passing to a suitable quotient.

Work first over Q, and let Vi be the column space of Ci. Cancellation between shares can
concentrate in a subspace containing many local directions. To identify such a subspace, put
λ = bm/2 and define the potential

PC(U) =

m∑︂
i=1

dim(Vi ∩ U)− λdimU (U ⩽ Q q
). (40)

The first term counts local directions inside U ; the second charges λ for each dimension of U .
The proof chooses the largest subspace U∗ maximizing this quantity. Two facts make that choice

useful. First, U∗ is proper and has a short integer annihilating row. Second, after quotienting by
U∗, no subspace contains enough local directions to support a nonzero moment solution at typical
evaluation places. We record precisely the two results used to justify these claims.

Why a rational subspace has a short description here. Choose s coordinate positions on
which projection from an s-dimensional subspace is invertible. There is then a unique q× s matrix
X spanning that subspace whose selected rows form the identity matrix. Such a representation is
called a graph chart. The other s(q − s) entries are its coordinates. Conditions on dim(Vi ∩ U)
become rank conditions on [Ci | X], hence polynomial equations in those coordinates. The following
height bound will turn uniqueness of this description into a short certificate.

Imported Lemma 6.2 (Height of a unique rational zero [KPS01]). Fix q ⩾ 1 and N ⩽ q2. Let
a finite family of integer polynomials in N variables have degrees at most q and coefficients of
magnitude at most A ⩾ 2. Suppose its common zero set over Q consists of one point z ∈ QN .
Write [1 : z] as a primitive integer vector (Z0, . . . , ZN ) with Z0 > 0. Then

log max
0⩽j⩽N

|Zj | ⩽ Cq logA,

where Cq depends only on q, independently of the number of polynomials.

This is the singleton case of Krick–Pardo–Sombra [KPS01, Corollary 2.11 and the following
affine-space specialization, printed p. 25]. In their author version maino.pdf, equation (1.4), printed
p. 10, defines the height of a polynomial family; for these integer coefficients it is at most logA.
Section 1.2.3, printed p. 14, gives the height of a singleton, which dominates the logarithmic pro-
jective maximum height above. Thus the number of rank conditions can grow with m without
worsening the exponent in the certificate height.

Why uncrowded local spaces have no moment solution. The next statement is a form of
the local-profile theorem of Levi–Mosheiff–Shagrithaya. Here it is stated for moments, as required
by the proof.

Imported Lemma 6.3 (Qualitative vanishing for moment systems [LMS25a, LMS25b]). Fix pos-
itive integers q,m, r and a positive real number b < 1, with

bm ⩽ r < m, bm/2 ⩾ 2q(q + 1).

For each prime p > m, let V1, . . . , Vm ⩽ Fq
p satisfy∑︂

i

dim(Vi ∩W ) ⩽ (bm/2) dimW (W ⩽ Fq
p).

For uniform a ∈ Ap,m, with probability 1− op→∞(1) the only solution of∑︂
i

ahi yi = 0 (0 ⩽ h < r), yi ∈ Vi,
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is y1 = · · · = ym = 0. The parameters q,m, r, b are fixed in this limit. The probability bound is
uniform in the spaces Vi, which may depend on p.

The source is [LMS25a, Proposition 6.1, equations (23)–(24), printed p. 28]; see also the confer-
ence version [LMS25b]. The proposition’s proof uses Lemma 7.7, equation (30), printed p. 35. Our
size condition checks the hypothesis λ ⩾ 2q(q + 1) of that lemma. The related quotient-potential
calculation appears on printed pp. 28–29. All these locators refer to arXiv:2406.02238v7.

Converting the cited theorem to moments. For distinct evaluation places, set P (X) =∏︁m
j=1(X−aj) and wi = P ′(ai)

−1. Comparing the coefficient of Xm−1 in the Lagrange interpolation

formula for Xt gives ∑︂
i

wia
t
i = 0 (0 ⩽ t ⩽ m− 2).

It follows that

ker(ahi )0⩽h<r
1⩽i⩽m

= {(wif(ai))
m
i=1 : deg f < m− r}.

The displayed identity proves inclusion; both sides have dimension m− r, so they are equal. Apply
it to each coordinate of a vector-valued polynomial f ∈ Fp[X]q. The nonzero scalar wi preserves
Vi, so it does not change the local constraint.

We apply [LMS25a, Proposition 6.1] with code length m, ambient dimension q, field size p, code
dimension m− r, and slack parameter b/2. Its potential on a nonzero subspace W is∑︂

i

dim(Vi ∩W )− r dimW ⩽ −(bm/2) dimW.

The proposition therefore bounds failure for independent uniform places by

(2q − 1)

(︃
2(4q)4q(m− r)

bp

)︃bm/(4q)

.

Conditioning on distinct nonzero places divides this by
∏︁m

j=1(1− j/p) = 1−Om(p−1). This proves
the stated qualitative form and its uniformity in the local spaces.

Two elementary tools for changing the field. (1) Let f1, . . . , ft ∈ Q[X] have no common
zero over Q. Then, for all sufficiently large primes p, their reductions have no common zero over
Fp. To see this, first clear denominators in each equation, so that fj ∈ Z[X]. The Nullstellensatz
supplies integer polynomials Gj ∈ Z[X] whose polynomial combination is a nonzero integer:

N0 =
∑︂
j

Gjfj , N0 ∈ Z \ {0}.

One may use [KPS01, Theorem 1, printed p. 2] for this integer identity; its quantitative bounds are
not needed here. For any prime p ∤ N0, a common zero of the reduced polynomials over Fp would
make the right-hand side vanish, while the left-hand side remains nonzero. Thus no such common
zero exists.

(2) We will also use the Schwartz–Zippel bound: for every nonzero multivariate polynomial
P ∈ Fp[X1, . . . , Xn] of total degree at most T ,

Pr
(x1,...,xn)∈Fn

p

[P (x1, . . . , xn) = 0] ⩽
T

p
.

6.3. Proof of the certificate lemma.
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Proof of Lemma 6.1. The proof first constructs a short vector uC from the coefficient array C
alone. It then proves that, on one good global event, every moment solution satisfies

u⊺CCixi = 0 (i ∈ [m]).

(Step 1) Choose the proper subspace that will contain all solutions. Fix C and use the spaces Vi
and potential Equation 40. The potential takes only finitely many values, since it depends only
on dimensions. Moreover,

PC(U) + PC(U
′) ⩽ PC(U + U ′) + PC(U ∩ U ′).

To see this, apply the dimension formula to U,U ′ and use (Vi∩U)+ (Vi∩U ′) ⊆ Vi∩ (U +U ′) for
each i. The sum of two maximizers is therefore a maximizer. A maximizer of largest dimension
contains every other maximizer; call it U∗.

This subspace is proper. Indeed, dimVi ⩽ D and λq ⩾ 2mD, so

PC(0) = 0, PC(Q
q
) ⩽ mD − λq ⩽ −mD < 0.

It is also defined over Q. Every automorphism of Q fixing Q preserves the matrices Ci and the
potential, hence the unique largest maximizer U∗. Choose a graph chart for U∗. Its representing
matrix is unique, so each entry is fixed by every such automorphism and is rational.

(Step 2) Find one short integer row annihilating U∗. Put s = dimU∗ and ti = dim(Vi ∩ U∗). If
s = 0, let X∗ be the q × 0 matrix and take uC = e1 = (1, 0, . . . , 0)⊺ ∈ Zq. Suppose s > 0, and
let X∗ represent U∗ in a graph chart. An s-dimensional subspace U satisfying dim(Vi ∩ U) ⩾ ti
for every i has potential at least PC(U∗). Hence it is a maximizer, lies in U∗, and equals U∗.
Therefore the equations

rank[Ci | X] ⩽ dimVi + s− ti (i ∈ [m]) (41)

have exactly one solution in this graph chart over Q, namely X∗.
9

Write these rank conditions as vanishing minors,10 discarding vacuous conditions and zero
polynomials. The number of polynomial equations may grow with m. However, adding more
shares does not add variables or worsen the degree and coefficient bounds, which depend only
on q and B. Since Imported Lemma 6.2 is independent of the number of equations, it gives a
height exponent independent of m.

There are at most q2 variables; each polynomial has degree at most q and coefficients of
magnitude at most q!Bq. Imported Lemma 6.2 gives a common positive denominator d∗ for X∗
with

d∗ ⩽ (2B)Oq(1), ∥d∗X∗∥∞ ⩽ (2B)Oq(1).

Here the matrix norm is the maximum absolute value of an entry. Choose a row outside the
prescribed identity rows; such a row exists because s < q, because U∗ is proper. Expressing it as
a linear combination of the identity rows, then multiplying by d∗, gives a nonzero integer column
uC with

u⊺Cz = 0 (z ∈ U∗), ∥uC∥∞ ⩽ (2B)Oq(1).

Increasing Cb,D gives Equation 37, also when s = 0. The choice uses C alone.

9Note the equivalence:

rank[Ci | X] = dim(Vi + U) = dimVi + s− dim(Vi ∩ U).

Therefore

rank[Ci | X] ⩽ dimVi + s− ti ⇐⇒ dim(Vi ∩ U) ⩾ ti.

10Rank ⩽ ρ is equivalent to the determinants of all (ρ + 1) × (ρ + 1) minors vanishing, which is a polynomial
constraint.

43



(Step 3) Show that the quotient has too few local directions. We will prove that the preconditions

of Imported Lemma 6.3 are met. Let π : Q q → Q q
/U∗ be the quotient map. For a subspace W

of the quotient,

dim(π(Vi) ∩W ) = dim(Vi ∩ π−1(W ))− dim(Vi ∩ U∗).

Since U∗ maximizes the potential, enlarging it to π−1(W ) cannot increase the potential. Using
the preceding identity and dim(π−1(W ))− dimU∗ = dimW , we obtain

0 ⩾ PC(π
−1(W ))− PC(U∗) =

∑︂
i

dim(π(Vi) ∩W )− λdimW.

Thus the additional local directions captured by W cannot outweigh their dimension cost:∑︂
i

dim(π(Vi) ∩W ) ⩽ λ dimW. (42)

We now transfer the quotient inequality to finite fields. For primes p not dividing the denom-
inators of X∗, define

U∗,p = imFp(X∗ mod p), πp : Fq
p −→ Fq

p/U∗,p.

The prescribed identity rows of X∗ remain unchanged modulo p, so dimU∗,p = s. Write Vi,p =
im(Ci mod p). We claim that, for every sufficiently large prime,∑︂

i

dim(πp(Vi,p) ∩W ) ⩽ λ dimW for every W ⩽ Fq
p/U∗,p.

To justify the claim simultaneously for allW , choose rational coordinates on the quotient. Ex-
cluding finitely many primes dividing the relevant denominators or nonzero minors ensures that
these coordinates reduce correctly and that the projected local spaces retain their dimensions.

A violation specifies the dimension of W and lower bounds on the intersection dimensions
whose sum exceeds λ dimW . There are only finitely many such choices. In each graph chart,
these intersection requirements become polynomial rank conditions, as in Equation 41. After
clearing denominators, they form a system of integer polynomial equations. Each corresponding
system has no solution over Q, by Equation 42. The Nullstellensatz reduction therefore excludes
solutions modulo every sufficiently large prime. Since there are finitely many dimension profiles
and charts, one prime threshold excludes every possible violation. This proves the claim, without
yet making that threshold explicit.

(Step 4) Apply the moment theorem, provisionally in large characteristic. Take m large enough
that λ = bm/2 ⩾ 2q(q + 1). The quotient has dimension q − s ⩽ q, so Imported Lemma 6.3
applies to its local spaces πp(Vi,p), using the finite-field version of Equation 42 established in
Step 3. With probability 1 − op→∞(1), every moment solution in the quotient is zero. Thus
every solution of Equation 34 with yi = Cixi satisfies

Cixi ∈ U∗,p, u⊺CCixi = 0 (i ∈ [m]).

Here the integer array C and the parameters m, r are fixed, while p tends to infinity. This is
the only application of Imported Lemma 6.3. The argument so far applies only to sufficiently
large primes, without an explicit lower bound on p. The next two steps turn this conclusion into
integer polynomial identities and use them to obtain the explicit quantitative field-size condition
in Lemma 6.1.

(Step 5) Replace the large-characteristic conclusion by integer identities. We encode the moment
equations by an integer polynomial matrix and choose a nonzero maximal minor ∆C , taking
∆C = 1 when the matrix has rank zero. We will show that outside its zero set the certificate
conclusion holds in every characteristic.

44



For this, introduce independent indeterminates Y1, . . . , Ym. The moment system is encoded
by the rq ×mD integer polynomial matrix

AC(Y )(h,t),(i,j) = (Ci)t,jY
h
i ,

0⩽h<r, 1⩽t⩽q,
1⩽i⩽m, 1⩽j⩽D. (43)

For x = (x⊺1, . . . , x
⊺
m)⊺, the moments say AC(a)x = 0. Let kC be the rank of this matrix over

Q(Y1, . . . , Ym). If kC = 0, the rows with h = 0 show that every Ci = 0. The conclusion is then
automatic; set ∆C = 1. Otherwise choose a kC ×kC submatrix SC(Y ) with nonzero determinant
∆C(Y ). Since kC ⩽ mD, the formula for a determinant gives

deg∆C ⩽ mD(r − 1), max
α

|[Y α]∆C | ⩽ (mD)!BmD. (44)

The notation [Y α]∆C means the coefficient of the monomial Y α.
The polynomial ∆C now has the required degree and coefficient bounds. It remains to prove

that ∆C(a) ̸= 0 guarantees the certificate conclusion. We do this by constructing integer polyno-
mial vectors that span kerAC(a) wherever ∆C(a) ̸= 0, and proving that the certificate vanishes
identically on each of them. Call the columns of AC(Y ) used to form SC(Y ) the pivot columns;
the remaining columns correspond to free coordinates. For each nonpivot column j, let bj(Y ) be
that column restricted to the rows used to form SC(Y ).

Setting free coordinate j equal to 1 and all other free coordinates equal to zero forces the
vector of pivot coordinates to be

−SC(Y )−1bj(Y ) = −adj(SC(Y ))bj(Y )

∆C(Y )
,

where adj denotes the adjugate matrix. Multiplying the entire solution by ∆C(Y ) clears the

denominator. We obtain a vector v(j)(Y ) ∈ Z[Y ]mD whose coordinate j is ∆C(Y ), whose other

free coordinates are zero, and whose pivot coordinates are − adj(SC(Y ))bj(Y ). Write v
(j)
i (Y ) ∈

Z[Y ]D for its ith block.

The chosen rows annihilate v(j) by construction. Since they span the row space of AC(Y ) over

Q(Y ), every row annihilates v(j). Thus

AC(Y )v(j)(Y ) = 0

as an integer polynomial identity. In particular, v(j)(a) is a moment solution at every tuple a,
whether or not ∆C(a) vanishes.

Whenever ∆C(a) ̸= 0, these vectors describe the entire kernel. Indeed, the chosen minor is
nonzero, while all minors larger than kC vanish identically, so AC(a) has rank exactly kC . Each

vector v(j)(a) has one free coordinate equal to ∆C(a) and all others zero. They therefore form a
basis of kerAC(a). If there are no free coordinates, this kernel is zero.

It remains to show that the certificate vanishes on these kernel vectors. For each i, j, define

Pi,j(Y ) = u⊺CCiv
(j)
i (Y ) ∈ Z[Y ].

Fix C,m, r and let p tend to infinity. Since v(j)(a) is always a moment solution, Step 4 gives
Pi,j(a) = 0 with probability 1 − op→∞(1) over Ap,m. If Pi,j were a nonzero integer polynomial,
it would remain nonzero modulo every sufficiently large prime. The polynomial zero bound,
conditioned on distinct nonzero places, would then give

Pr
a∈Ap,m

[Pi,j(a) = 0] ⩽
2 deg(Pi,j)

p
−→ 0.

This contradicts the preceding conclusion. Hence every Pi,j is identically zero over Z.
These identities remain valid in every characteristic. For any prime and any tuple with

∆C(a) ̸= 0, the certificate therefore vanishes on a basis of kerAC(a), and hence on every moment
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solution:

AC(a)x = 0 =⇒ u⊺CCixi = 0 (i ∈ [m]).

This proves Equation 39 at every such tuple.

(Step 6) Exclude the zeros of the minors for all arrays at once. By Equation 36 and Equation 44,
the nonzero polynomial ∆C remains nonzero modulo p: at least one nonzero integer coefficient
has absolute value smaller than p. The polynomial zero bound gives

Pr[∆C(a) = 0] ⩽
mD(r − 1)

p

for independent uniform ai ∈ Fp. The probability that some entry is zero or two entries coincide
is at most

m+
(︁
m
2

)︁
p

=
m(m+ 1)

2p
<

1

2
.

Conditioning on a ∈ Ap,m therefore costs at most a factor of two. There are at most (2B+1)qmD

integer arrays of height at most B. Their union bound is exactly Equation 38.
Each vector uC was fixed before the union bound, and the event ∆C(a) ̸= 0 covers the entire

kernel of AC(a). Thus the good event is simultaneous over all arrays and all their solutions, as
required.

Where the field bound enters. The condition p > H keeps uC nonzero modulo p; p >
(mD)!BmD preserves a nonzero coefficient of the maximal minor; and p > m(m + 1) controls
conditioning on distinct nonzero places. The large-characteristic threshold used in Steps 3–4 has
disappeared: it was needed only to establish integer polynomial identities. This is what allows the
final field bound to be explicit.

7. The structured estimate: statement and preparations

This section states the structured estimate and develops the geometric and Fourier tools used
in its proof. In Section 8, we combine these tools with the product lemma (Lemma 5.1) from
Section 5 and the moment certificate (Lemma 6.1) from Section 6. The goal is the structured
estimate Equation 10 used in Section 2. Unlike the reduction from arbitrary leakage, this estimate
works at every fixed positive code rate. The restriction c > 1/3 has already entered through the
simultaneous Cauchy–Schwarz argument of Lemma 2.1.

Recall the class G = Gp,3 from Definition 4.1. Its defining data N , D,Q depend only on the fixed
relative degree c, through the approximation accuracy chosen in Section 2. In particular, these data
are independent of m, p, the evaluation places, and the leakage maps. Thus, each local nilmanifold
has dimension at most D, and each readout has CR norm at most Q, where

K = D + 2, R = 2D + 4.

Lemma 7.1 (Technical Lemma: Structured estimate). Fix the data N , D,Q defining Gp,3 and a
real number 0 < b < 1. There are constants A,C > 0, depending only on these data and b, such
that for all sufficiently large m, every integer bm ⩽ r < m, and every odd prime p satisfying

log p ⩾ Cm2 log(2m),

we have

E
a∈Ap,m

∆G(a; r) ⩽ A2−r/2. (45)

Here Ap,m is the set of ordered distinct nonzero evaluation tuples from Section 6.1. The supremum
over the leakage maps is inside the expectation.
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Proof roadmap. The Fourier argument needs probability maps on quadratic tori and a bound
on the dimension of their supported Fourier relations. We use Lemma 6.1 twice to obtain these
controls. Together with Lemma 5.1, its first application confines the relevant commutator phases to
a bounded set of shares; central averaging and conditioning then give the torus models. Its second
application bounds the span of the supported relations. We prepare these geometric and Fourier
steps here; Section 8 combines them to prove Lemma 7.1. The preparation here is also used in
proving Proposition 10.3 in Section 10.4.

7.1. The two experiments and their vertical products. Fix a ∈ Ap,m and choose arbitrary
fi ∈ G, with representations

fi(z) = Fi(g
(i)(z)Γ(i)), i ∈ [m].

The choices may depend on the entire tuple a. Write Fi,1 = Fi and Fi,0 = 1−Fi. Both readouts take
values in [0, 1] and have CR norm at most Q. For a leakage profile y ∈ {0, 1}m, the probabilities in
the codeword and independent-input experiments are

Pf (y) = E
x∈Fr

p

∏︂
i

Fi,yi(g
(i)(Li(x))Γ

(i)), Li(x) =

r−1∑︂
h=0

ahi xh,

Qf (y) = E
z∈Fm

p

∏︂
i

Fi,yi(g
(i)(zi)Γ

(i)).

Thus ∆G(a; r) = supf SD(Pf , Qf ).
Let Fi,ε,ν be the vertical components of Fi,ε from Section 4.4. By Equation 24, there is a constant

C0 ⩾ 1, depending only on the fixed class data, such that

Fi,ε =
∑︂
ν

Fi,ε,ν ,
∑︂
ν

∥Fi,ε,ν∥CK(X (i)) ⩽ C0. (46)

These series converge in CK . For each nonzero component, write

Fi,ε,ν = ci,ε,νΦi,ε,ν , ci,ε,ν = ∥Fi,ε,ν∥CK(X (i)) > 0.

Then Φi,ε,ν has vertical frequency ν and CK norm 1, exactly as required by Lemma 5.1.
Fix a threshold 0 < δ ⩽ 1/10. For each i ∈ [m], choose an output bit εi ∈ {0, 1} and a vertical

frequency νi with Fi,εi,νi ̸= 0, and write

Φi = Φi,εi,νi .

We call this choice of normalized components significant if

max

{︄⃓⃓⃓⃓
⃓ E
x∈Fr

p

∏︂
i

Φi(g
(i)(Li(x))Γ

(i))

⃓⃓⃓⃓
⃓,
⃓⃓⃓⃓
⃓ E
z∈Fm

p

∏︂
i

Φi(g
(i)(zi)Γ

(i))

⃓⃓⃓⃓
⃓
}︄

⩾ δ. (47)

Significance refers to either experiment. This is necessary because the eventual perturbation esti-
mate must control both leakage laws. The weights ci,ε,ν will let us sum the insignificant products:
for each profile, their total weight is at most Cm

0 .

7.2. Global Equations and Local Commutator Directions. This subsection translates local
and global character equations into spaces of allowable directions. We define the local subgroups
Hi, the space E preserving all local equations, and its subspace V preserving the global equations
as well. For each vertical frequency tuple, we define an alternating form that sums the commutator
phases from individual shares. We then prove that, if these forms vanish on V ×V for all significant
products, only a common set of at most dimE− dimV shares can contribute nonzero commutator
phases.
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The character conventions are those of Section 3.4. Put hi = dimG(i) − dimG
(i)
2 and write the

first-level positions as

ψ
(i)
1 (g(i)(z)) = θi + βiz/p (mod Zhi), θi ∈ Thi , βi ∈ Fhi

p . (48)

A local character with row ki ∈ Zhi is constant modulo 1 precisely when ki ·βi = 0 in Fp. A product
character with rows (ki)i is constant on the code orbit precisely when∑︂

i

ahi (ki · βi) = 0 (0 ⩽ h < r). (49)

On the independent-input orbit, constancy instead means ki · βi = 0 for every i.
Choose cutoffs B,Hloc ⩾ 2, to be fixed in the proof, with Hloc ⩾ B. The following spaces are

over R; the preceding moment equations are over Fp. Let W be the real span of the differentials of
all product first-level characters of complexity at most B that are constant on the code orbit. For
each i, let Ui be the real span of the differentials of all local first-level characters of complexity at
most Hloc that are constant on g(i). Set

Hi = exp(U⊥
i ), E =

⨁︂
i

Lie(Hi), V = E ∩W⊥, s = dimE − dimV. (50)

Here

U⊥
i = {vi ∈ Lie(G(i)) : λ(vi) = 0 for every λ ∈ Ui}.

Thus U⊥
i consists of the directions of motion that preserve all the chosen local character equations

at share i. The notation denotes a common kernel; no inner product is needed. Thus E consists of
the local directions preserving all local equations, and V also preserves the global equations. The
codimension s counts the global constraints that remain after imposing the local ones. The first
certificate application will show that s is bounded independently of m.

Each Hi = exp(U⊥
i ) is a connected rational subgroup containing G

(i)
2 . To see this, first note that

the local characters depend only on first-level coordinates. Their differentials therefore vanish on

Lie(G
(i)
2 ), so

Lie(G
(i)
2 ) ⊆ U⊥

i .

Moreover, every bracket lies in Lie(G
(i)
2 ). In particular,

v, w ∈ U⊥
i =⇒ [v, w] ∈ Lie(G

(i)
2 ) ⊆ U⊥

i .

Thus U⊥
i is a Lie sub-algebra. Exponentiating it gives a connected subgroup Hi containing G

(i)
2 .

Finally, the equations defining U⊥
i have integer coefficients relative to the ambient Mal’cev ba-

sis. Gaussian elimination therefore gives a basis with rational coordinates. By the criterion in
Section 3.6, Hi is rational: Hi ∩ Γ(i) is a cocompact lattice in Hi.

For a tuple of vertical frequencies ν = (νi)i, define the real alternating form on E by

ων(v, w) =
∑︂
i

dνi([vi, wi]). (51)

The form is block diagonal, with one block per share. Write ων,i for its restriction to Lie(Hi) ×
Lie(Hi). The identity ων,i = 0 is equivalent to dνi vanishing on Lie([Hi, Hi]). Since [Hi, Hi] is
connected, this is equivalent to νi being trivial on the commutator torus

Zi = [Hi, Hi]/([Hi, Hi] ∩ Γ(i)).

The subgroup is rational and central; Step (3) in the proof of Lemma 7.3 below includes a verifica-
tion. By Section 4.4, averaging over Zi keeps exactly the vertical components with the vanishing
property, preserves the range [0, 1], commutes with complements, and does not increase the CR

norm.
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Why one exceptional set will suffice. We seek one small set of shares J such that averaging
over Zi for every i /∈ J preserves every significant vertical product. For each significant ν, define
Jν = {i : ων,i ̸= 0} as the shares that must be left unaveraged to preserve the vertical product. The
product survives averaging outside J exactly when Jν ⊆ J . It suffices to bound the union of the
nonzero block supports Jν of all significant forms.

Suppose all the significant forms Equation 51 vanish on the same subspace V × V . Write
E = V ⊕L where dim(L) = s. Choose a basis of V, followed by a basis of L. The matrix for ων has
the form

Mν =

(︃
0 A

−A⊺ C

)︃
where the zero block captures exactly that ων(v, w) = 0 for v, w ∈ V and A ∈ R(dimV )×s, C ∈ Rs×s.
It maps V into the annihilator of V , which has dimension s, and its image on L has dimension at
most s. Thus, an alternating form ων with an isotropic subspace of codimension s has rank at most
2s. Recall ων is block diagonal and each diagonal block is itself alternating, since dνi([vi, vi]) = 0
and dνi([wi, vi]) = −dνi([vi, wi]). Each nonzero alternating block contributes at least two to the
rank. Then,

2|Jν | ⩽ rank(ων) ⩽ 2s, |Jν | ⩽ s,

each alternating form ων has at most s nonzero blocks.
But individual size bounds alone do not bound their union. To preserve every significant product

while averaging outside a single set J , we need more: the same at most s blocks must contain the
support of every significant form. We will construct a linear combination whose block support is
exactly

J =
⋃︂

ν significant

Jν .

Take the real span of the significant forms and choose a finite basis ω(1), . . . , ω(ℓ) of this span. If
ℓ = 0, every significant form is zero, so we take J = ∅ and the conclusion is immediate. Henceforth
assume ℓ ⩾ 1. Every linear combination still vanishes on V × V , so it still has at most s nonzero

blocks. For coefficients α = (α1, . . . , αℓ), consider ω(α) =
∑︁ℓ

j=1 αjω
(j) and its ith block is ωi(α) =∑︁ℓ

j=1 αjω
(j)
i . For each block i ∈ J , the coefficient choices canceling the block form a proper linear

subspace 11

Ni =

⎧⎨⎩α ∈ Rℓ :
ℓ∑︂

j=1

αjω
(j)
i = 0

⎫⎬⎭.
We choose the combination coefficients outside every Ni. Start with Θ1 = ω(1). For j = 2, . . . , ℓ,
choose a real number t and set Θj = Θj−1 + tω(j). For each share i in the union of the supports of

Θj−1 and ω(j), the new block is Ai + tBi, where Ai = (Θj−1)i and Bi = ω
(j)
i . These two blocks are

not both zero.

• If Bi = 0, then Ai ̸= 0 and Ai + tBi = Ai ̸= 0 for every real number t.
• If Bi ̸= 0, at most one value of t can make the block zero; otherwise, if Ai + tBi = 0 and
Ai + t′Bi = 0, subtraction gives (t− t′)Bi = 0 and therefore t = t′.

There are finitely many blocks and each excludes at most one t ∈ R. Choose t avoiding all these
values. Every block occurring in either form Θj−1 or ω

(j) remains nonzero while blocks absent from
both remain zero. Repeating the steps gives a linear combination Θℓ supported on J which is the
union of Jν over all significant ν. It follows from the same rank argument on Θℓ that the union has
size at most s.

11The set Ni is a linear subspace because the map α ↦→ ωi(α) is linear. It is proper because for i ∈ J, there exists

some j with ω
(j)
i ̸= 0 and the coefficient vector having αj = 1 and all other entries zero does not belong to Ni.
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This gives one set J for all output profiles and all significant frequency tuples, once the local
representations are fixed.

7.3. Local Reduction and Positive Torus Approximation. We first record a geometric input
from Leng’s thesis [Len25] to control coordinates and metrics on rational subgroups and their
quotients. We then prove two local lemmas: Lemma 7.3 reduces a commutator-invariant readout
to a probability map on a quadratic torus orbit, and Lemma 7.4 gives a finite Fourier approximation
that preserves its range [0, 1]. All local dimensions are at most the fixed bound D.

Imported Lemma 7.2 (Rational Subgroup and Quotient Coordinates [Len25]). Fix a dimension
bound D. Let G/Γ be a degree-two filtered nilmanifold with an adapted Mgeom-rational Mal’cev
basis, where Mgeom ⩾ 2, and dimG ⩽ D. Use the rationality convention of Section 3.6. Let H ⩽ G
be a connected Mgeom-rational subgroup and ΓH = H ∩ Γ.

There is an adapted Mal’cev basis for H/ΓH with rationality at most MCD
geom, whose vectors are

MCD
geom-rational combinations of the ambient basis.12 The quotient metric on H/ΓH is comparable,

within a factor MCD
geom, to the restriction of the quotient metric on G/Γ, where CD depends only on

D.13 If Z ⩽ H is connected, central, and Mgeom-rational, then the quotient

(H/Z)/πZ(ΓH)

has an adapted basis with the same type of bound, where πZ : H → H/Z is the quotient map.14 A
Z-invariant Lipschitz function on H/ΓH descends to this quotient, with Lipschitz norm increased
by at most MCD

geom.
15 Multiplication by an ambient element in the fixed Mal’cev fundamental box

also incurs at most MCD
geom in the metric comparison.16

Lemma 7.3 (Local Reduction to a Quadratic Torus). Let D ⩾ 1 be the fixed integer dimension
bound. Fix one of the local degree-two filtered nilmanifolds G/Γ in the class G, of dimension at
most D. Let H0 ⩾ 2 and let p be a prime satisfying p > D!HD

0 . Consider a finite family of first
level characters ξj : G → R with integer coefficient rows of maximum norm at most H0. Suppose
ξj(g(z)) is constant modulo 1 for every j, where g : Z → G is a degree-two polynomial sequence for
the given filtration and g(z)Γ is p-periodic. Set

H = exp

⎛⎝⋂︂
j

ker dξj

⎞⎠, ΓH = H ∩ Γ, Z = [H,H].

Then, there exists an element c in the fixed Mal’cev fundamental box in G and a degree-two poly-
nomial sequence h : Z → H, for its inherited filtration, such that

g(z)Γ = c h(z)Γ, h(0) = idG, h(z)ΓH is p-periodic.

The groups H and Z are connected and rational, and Z is central in G. Let dH := dim(H)−dim(Z).
If F : G/Γ → [0, 1] is Lipschitz and invariant under Z, then h ↦→ F (chΓ) descends to

H/(ZΓH) ≃ TdH , 0 ⩽ dH ⩽ D.

In suitable group coordinates on the torus, the descended function A satisfies

∥A∥Lip ⩽ H
CG
0 ∥F∥Lip,

12Lemma 7.2.15 [Len25], p. 317, constructs the subgroup basis by taking its subgroup G′ = H.
13Lemma 7.2.11 [Len25], pp. 312–313, compares the quotient metrics on H/ΓH and G/Γ.
14Lemma 2.3.11 [Len25], pp. 33–34, treats rational quotients and descent of central-invariant functions. Apply it

with ambient group H and normal subgroup Z ⊴ H.
15Lemma 2.3.11 [Len25], pp. 33–34, final clause. Descent of a Z-invariant function, with controlled Lipschitz norm

16Lemma 7.2.6 [Len25], pp. 308–309, controls bounded left translation. Their bounds have the formM
Oℓ−1(DO(1))
geom ,

where the subscript records dependence on the filtration degree ℓ − 1. Here ℓ = 3, so the filtration degree is 2, and

these bounds are MCD
geom for a constant CD depending only on D.
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where CG ⩾ 1 is a constant depending only on the fixed geometric data of the class G, the dimension
bound D and the chosen Mal’cev bases. Its orbit is a p-periodic quadratic torus polynomial. For
odd p, it therefore has the form

ϑ+
β1z + β2z

2

p
(mod ZdH ), ϑ ∈ TdH , β1, β2 ∈ FdH

p .

Proof of the local reduction lemma, Lemma 7.3. Proof roadmap and relation to earlier
work. First normalize the constant term. Character constancy modulo 1 then gives integer values
for the defining linear forms on the first-level slope, while periodicity makes this slope p-rational. A
determinant bound and Bézout’s identity then supply a lattice correction that makes these values
vanish over R. After this correction, the orbit lies in the connected subgroup H without changing its
cosets or its period. This subgroup reduction follows the periodic factorization strategy of Candela–
Sisask [CS14, arXiv version, Lemma 5.5, pp. 15–16; Lemma B.1, pp. 28–30] and Leng [Len25,
Lemmas 3.7.1 and 3.7.3, pp. 94–96]. We give a direct degree-two argument to retain the explicit
condition p > D!HD

0 . Finally, invariance under [H,H] lets the readout descend to an ordinary
torus. Imported Lemma 7.2 controls its Lipschitz norm, and periodicity gives the denominator-p
quadratic representation.

To start the proof, write d1 = dimG− dimG2 for the number of first-level coordinates. Choose
q1 ⩽ d1 independent rows from the defining characters, and put them in a matrix C ∈ Zq1×d1 .
The rows of C have the same real common kernel as the coefficient rows of all the characters ξj . If
q1 = 0, no lattice correction is needed: take H = G and h = v after Step 1, and proceed to Step 3.

(Step 1) Normalize the constant term. Using the centered decomposition from Section 3.3, write
g(0) = cγ0, where γ0 ∈ Γ and c belongs to the fixed fundamental box in G. Set

v(z) = c−1g(z)γ−1
0 .

Then v(0) = idG, cv(z)Γ = g(z)Γ, and v(z)Γ is p-periodic. Conjugation by γ0 preserves the
filtration, so the Taylor form from Section 3.2 gives

v(z) = vz1v
(z2)
2 , v1 ∈ G, v2 ∈ G2.

In particular, its real first-level coordinates are ψ1(v(z)) = zα, where α = ψ1(v1) ∈ Rd1 . Char-
acter constancy and periodicity give, respectively,

u = Cα ∈ Zq1 , pα ∈ Zd1 . (52)

The first assertion follows from ξj(g(1))− ξj(g(0)) ∈ Z for characters whose coefficient rows are

from C. The second follows from v(p)Γ = Γ which implies v(p) ∈ Γ and pα = ψ1(v(p)) ∈ Zd1 .

(Step 2) Replace integer equation Cα = u by an exact vanishing equation. We seek a lattice
correction for v(z) to make it lie in H. But membership in H requires Cψ1(v(z)) to be zero. We
therefore seek an integer vector ζ ∈ Zd1 satisfying Cζ = u, so that

Cψ1(v(z))− C(zζ) = zC(α− ζ) = 0.

An invertible minor and Bézout’s identity will produce such a vector.
Assume q1 > 0. The matrix C has q1 independent rows, so its rank is q1. Choose a nonsingular

q1 × q1 minor M of C and write d = detM . The determinant expansion17 gives

0 < |d| ⩽ q1!H
q1
0 ⩽ D!HD

0 < p.

17The determinant expansion is

d =
∑︂

σ∈Sq1

sgn(σ)

q1∏︂
i=1

Mi,σ(i)

where Sq1 is the set of permutations of {1, . . . , q1}. There are q1! summands and each product contains q1 entries
bounded by H0.
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The adjugate identity M adj(M) = dI shows that du = M(adj(M)u) ∈ CZd1 ,18 while Equa-
tion 52 gives pu = C(pα) ∈ CZd1 . Since p is prime and 0 < |d| < p, Bézout’s identity implies
there exist integers a, b with ad+ bp = 1 and

u = a(du) + b(pu) ∈ CZd1 .

Choose ζ ∈ Zd1 with Cζ = u, and choose the lattice correction γ ∈ Γ with ψ1(γ) = ζ; the
adapted lattice coordinates guarantee the latter choice. Put

h(z) = v(z)γ−z.

Now, by additivity, Cψ1(h(z)) = zC(α − ζ) = 0, so h(z) ∈ H for every z ∈ Z. With the
convention [u, v]vu = uv, the commutator factor [v1, γ

−1] accounts for moving γ−1 factor past
the v1 factor. The degree-two product identity gives

h(z) = (v1γ
−1)z(v2[v1, γ

−1])(
z
2).

Its first coefficient v1γ
−1 ∈ H and its second coefficient v2[v1, γ

−1] ∈ G2 ⊆ H. Thus it is
polynomial for the inherited filtration H ⊇ G2 ⊇ {idG}. As h(z)Γ = v(z)Γ, it has the required
ambient cosets. Moreover h(z)−1h(z + p) ∈ Γ ∩ H, which proves periodicity modulo ΓH . No
size bound on ζ or γ is required. The lattice correction therefore gives a normalized, p-periodic
quadratic orbit on H/ΓH representing the same cosets in G/Γ; h(z) is a valid replacement for
v(z).

(Step 3) Take the abelian quotient and control its metric. The Lie algebra of H consists of the
vectors whose first-level coordinates lie in kerC, with no restriction on their G2-coordinates.

Cramer’s rule supplies a rational basis of Lie(H) whose height is bounded by D!HD
0 = H

OD(1)
0 .

We will show that the subgroup Z = [H,H] is also rational and central so we can apply
Imported Lemma 7.2. Let h = Lie(H) be the Lie algebra of the Lie group H. Taking brackets of
the rational basis vectors U1, . . . , Uℓ of h gives a spanning family of

c = [h, h] = spanR{[Ua, Ub] : a < b}
whose coordinate height is at most H

cG
0 for some constant cG . Since the Ua have rational co-

ordinates in the ambient Mal’cev basis, so does every bracket [Ua, Ub]. Selecting a linearly
independent spanning subfamily of the brackets from existing vectors gives the required rational
basis of c. Their height bound does not increase. In a simply connected two-step nilpotent group,
we can identify this Lie algebra with subgroup

Z = [H,H] = exp(c),

following from the fact that [expX, expY ] = exp([X,Y ]) and all such brackets are central. Thus,
Z is connected as the continuous image of the vector space c, central because c ⊆ Lie(G2), and
rational because c has rational basis constructed above.

Next, we will remove the commutator directions Z so that the projected orbits live on an
additive torus, where we can later use Fourier approximation. Apply Imported Lemma 7.2 first
to the subgroup H, using the quantitative rationality established above. With ΓH = H ∩Γ, this
gives an adapted Mal’cev basis for H/ΓH and a controlled comparison with the ambient metric.
Then, apply the central-quotient clause in Imported Lemma 7.2 to the connected, central, and
quantitatively rational Z = [H,H] and get a cocompact lattice Λ := πZ(ΓH) ⩽ H/Z along
with a controlled adapted basis for (H/Z)/Λ, where πZ : H → H/Z is the quotient map. The
quotient H/Z is abelian and connected, with a cocompact lattice Λ; hence H/(ZΓH) is a torus
of dimension at most D,

H/(ZΓH) ≃ (H/Z)/Λ ≃ TdH , 0 ⩽ dH ⩽ D.

18adj(M) is the transpose of the cofactor matrix; its entries are signed determinants of smaller integer submatrices,
so adj(M)u ∈ Zq1 . du is an integer combination of columns of M ; they are selected columns of C.
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Since the readout F : G/Γ → [0, 1] is invariant under Z, forgetting the Z directions should not
change its value. We want to express the original readout F exactly as a function on the torus.
Its descended readout A : H/(ZΓH) → [0, 1] with A(hZΓH) := F (chΓ) is well defined because
F (chwΓ) = F (wchΓ) = F (chΓ) for w ∈ Z. Project the corrected orbit to the torus and get
q(z) := h(z)ZΓH . By construction, g(z)Γ = ch(z)Γ, and hence

F (g(z)Γ) = F (ch(z)Γ) = A(q(z))

which is the desired representation of the readout F along the original orbit g(z) as a torus
function A evaluated along the projected orbit q(z).

Imported Lemma 7.2 controls the subgroup and quotient metrics. Define fH(hΓH) = F (chΓ).
Since c lies in the fixed fundamental box, the bounded-translation and subgroup-metric clauses
of Imported Lemma 7.2 give

∥fH∥Lip ⩽M2CD
geom∥F∥Lip

where CD depends only on the dimension bound D and Mgeom ⩾ 2 is a common height bound
used to describe the geometry. Since fH is Z-invariant, the descent clause then gives

∥A∥Lip ⩽MCD
geom∥fH∥Lip ⩽M3CD

geom∥F∥Lip.

Combining the rationality bounds above with the metric conclusions gives

∥A∥Lip ⩽ H
CG
0 ∥F∥Lip,

for a sufficiently large constant CG depending only on the fixed geometric data of G.
Finally, we find the explicit form of the torus orbit q(z). A quadratic polynomial in an additive

torus has Taylor form q(z) = ϑ + zλ1 +
(︁
z
2

)︁
λ2. Periodicity gives pλ2 = 0 and pλ1 +

(︁
p
2

)︁
λ2 = 0

modulo the torus lattice. For odd p,
(︁
p
2

)︁
is divisible by p, so pλ1 = 0. Write λj = αj/p for

αj ∈ FdH
p , j = 1, 2. Then the required coefficients are

β2 = 2−1α2, β1 = α1 − 2−1α2 in FdH
p .

Here 2−1 is taken in Fp. Therefore,

q(z) = ϑ+
β1z + β2z

2

p
, β1, β2 ∈ FdH

p .

We have obtained the explicit quadratic torus model, with the exact identity

F (g(z)Γ) = A(q(z)).

Why connectedness matters in lattice correction. Character constancy modulo 1 only gives
Cψ1(v(z)) ∈ Zq1 whereas membership in the connected subgroup H requires Cψ1(h(z)) = 0 over R.
The subgroup defined by the first condition can be disconnected. The determinant-Bézout argument
lets us correct the orbit representatives so that the second condition holds, while preserving their
cosets. The explicit Taylor formula checks that it preserves degree two. This supplies the connected
subgroup needed for Imported Lemma 7.2 and the torus reduction. Only the defining character
heights affect the quotient metric; the possibly large correction γ does not enter the readout.

Lemma 7.4 (Positive Approximation on a Torus). Fix a dimension 0 ⩽ dH ⩽ D. For any Q0 ⩾ 1,
any Q0-Lipschitz probability function A : TdH → [0, 1], and 0 < ε < 1, positive product Fejér
convolution gives a trigonometric polynomial AT : TdH → [0, 1] with

∥A−AT ∥∞ ⩽ ε, supp ˆ︁AT ⊆ [−T, T ]dH ∩ ZdH , T ⩽ 1 +

(︃
2DQ0

ε

)︃2

.

It sends 1−A to 1−AT . Larger T retain the discrepancy, range, complement, and Fourier-support
conclusions.
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Proof of Positive Approximation Lemma 7.4. For an integer T ⩾ 1, the one-dimensional
Fejér kernel is

KT (t) =
1

T

⃓⃓⃓⃓
⃓⃓T−1∑︂
j=0

e(jt)

⃓⃓⃓⃓
⃓⃓
2

=
∑︂
|k|<T

(︃
1− |k|

T

)︃
e(kt), t ∈ T.

It is nonnegative, has integral 1, and has Fourier support |k| < T . If ∥t∥T denotes the distance to
the nearest integer, the geometric-series formula and |sin(πt)| ⩾ 2∥t∥T give

KT (t) ⩽ min

{︄
T,

1

4T∥t∥2T

}︄
.

For T ⩾ 4, split the integral at ∥t∥T = T−1/2. The inner part contributes at most T−1/2; bounding
distance by 1/2 on the outer part gives∫︂

T
∥t∥TKT (t) dt ⩽ T−1/2 +

1

4T · T−1/2
⩽ 2T−1/2.

The last bound also holds for T < 4. Convolve A with the product kernel
∏︁dH

j=1KT (tj), and call
the result AT . Using the usual product torus metric, its discrepancy is at most

∥A−AT ∥∞ ⩽ Q0

dH∑︂
j=1

∫︂
T
∥tj∥TKT (tj) dtj ⩽

2DQ0√
T

.

Thus T = ⌈(2DQ0/ε)
2⌉ suffices. Positivity and unit integral preserve [0, 1], and linearity and

1∗KT = 1 preserve complements. The displayed Fourier expansion gives the required cutoff in every
coordinate. If dH = 0, the function is constant and the conclusions hold without approximation.

7.4. Conditioning and the Finite Fourier Calculation. After averaging over the local com-
mutator tori, Lemma 7.3 gives probability maps on ordinary tori, evaluated along quadratic orbits.
Before using Fourier analysis, we record how conditioning changes the code and how to combine
torus frequencies that agree on its finite orbit. The latter step is needed for the coefficient bound
that produces exponential decay.

Revealing a bounded set of shares. Let J ⊆ [m] with j = |J | < r. The values (P (ai))i∈J
of a uniform polynomial of degree less than r are independent and uniform, by the Vandermonde
property. Conditional on their values, the polynomial is uniform among

P (X) = P0(X) +
∏︂
j∈J

(X − aj)Q(X), degP0 < |J |, degQ < r′ = r − |J |. (53)

Here P0 is the interpolating polynomial; when J = ∅, take P0 = 0. Writing I = Jc, the input at
each remaining share i ∈ I is

P0(ai) + ci˜︁Li(x), ci =
∏︂
j∈J

(ai − aj) ̸= 0, ˜︁Li(x) =
r′−1∑︂
h=0

ahi xh.

In the independent-input experiment, condition on Uj = uj for j ∈ J , using the same revealed
values as in the codeword experiment. The remaining inputs (Ui)i∈I are still independent and
uniform in Fp. The affine changes above are bijections, so they can be absorbed into the local
maps.
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Quadratic torus maps. After this absorption, write a local torus map as

Fp ∋ z ↦−→ Ai

(︃
ϑi +

βi,1z + βi,2z
2

p

)︃
∈ [0, 1],

Ai : Tdi → [0, 1], di ⩽ D, ϑi ∈ Tdi , βi,1, βi,2 ∈ Fdi
p .

(54)

More explicitly, precomposition by z ↦→ P0(ai) + ciz changes the constant position and sends the
coefficient vectors to

βi,1 ↦−→ ciβi,1 + 2ciP0(ai)βi,2, βi,2 ↦−→ c2iβi,2. (55)

The readout Ai and its Lipschitz bound are unchanged. The inputs to the modified maps are

the forms ˜︁Li(x) in the code experiment and independent uniform field elements in the comparison
experiment.

Combine equal frequencies before using Parseval. SupposeAi is a trigonometric polynomial
supported in [−Ttor, Ttor]di ∩ Zdi , as supplied by Lemma 7.4. Define the finite-field space and its
readout by

Ei = {sβi,1 + tβi,2 : s, t ∈ Fp} ⊆ Fdi
p , A∗

i (v) = Ai(ϑi + v/p) (v ∈ Ei).

The notation v/p means the natural embedding of Fdi
p into the p-torsion of Tdi . The space Ei is

spanned by the orbit coefficients; no assertion that the quadratic orbit is uniform on this space is
needed. It is different from the real space E in Equation 50.

Let E∗
i = HomFp(Ei,Fp) be the dual vector space, consisting of all Fp-linear maps from Ei to

Fp. The first equality below defines our normalized Fourier coefficients; the second is the Fourier
inversion formula: ˆ︁A∗

i (γ) = E
v∈Ei

A∗
i (v)ep(−γ(v)), A∗

i (v) =
∑︂
γ∈E∗

i

ˆ︁A∗
i (γ)ep(γ(v)), (56)

where ep(t) = exp(2πı t/p). An integer frequency k ∈ Zdi restricts to the character γk(v) =
(k mod p) · v. Thus ˆ︁A∗

i (γ) =
∑︂

k: γk=γ

ˆ︁Ai(k)e(k · ϑi). (57)

The sum combines every integer frequency inducing the same finite character. Every nonzero finite
Fourier coefficient therefore has a lift of maximum norm at most Ttor.

Set σ = 2−1/2. For the two output bits, introduce the combined weights

µi(0) = 1, µi(γ) = 2
⃓⃓⃓ ˆ︁A∗

i (γ)
⃓⃓⃓

(γ ̸= 0). (58)

At each frequency, µi is exactly the sum of the absolute Fourier coefficients of A∗
i and 1− A∗

i . At
zero, their means add to 1; elsewhere their coefficients are negatives of one another.

Lemma 7.5 (Fourier weights of a probability map). The weights in Equation 58 satisfy∑︂
γ

µi(γ)
2 ⩽ 2, µi(γ) ⩽ σ (γ ̸= 0). (59)

Their support has size at most (2Ttor + 1)D.

Proof. Put Ai = Ev A
∗
i (v). Parseval and 0 ⩽ A∗

i ⩽ 1 give∑︂
γ ̸=0

| ˆ︁A∗
i (γ)|2 = E

v
(A∗

i (v))
2 −A

2
i ⩽ Ai(1−Ai) ⩽

1

4
.

This proves the first bound after multiplying by four and adding µi(0)
2 = 1. Since A∗

i is real, the
coefficients at γ and −γ have equal magnitudes. For a nonzero γ these are distinct because p is
odd. Consequently each has squared magnitude at most 1/8, giving the second bound.
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Equation (57) bounds the number of supported finite coefficients by the number of integer fre-

quencies. If A∗
i ̸= 0, positivity implies ˆ︁A∗

i (0) > 0, so adding the weight at zero introduces no new
frequency. If A∗

i = 0, the weight is supported only at zero. This proves the support bound in both
cases. □

For γ ̸= 0, the sharp bound µi(γ) ⩽ [p sin(π/(2p))]−1 = 2/π + O
(︁
p−2
)︁
has interval indicators

pulled back along γ as extremizers, echoing the extremality of intervals in Lev’s majorization
theorem [Lev01, Theorem 1, p. 244], and supplies the Fourier improvement used in Section 9 to

obtain the rate (2/π)(1−o(1))d.

Which Fourier tuples are relations? For γ = (γi)i∈I , define the polynomial

Qγ(x) =
∑︂
i∈I

(︂
γi(βi,1)˜︁Li(x) + γi(βi,2)˜︁Li(x)

2
)︂
.

Let R be the Fp-vector space of tuples for which Qγ is identically zero as a polynomial. Only tuples
supported by the Fourier expansions can contribute to the leakage probabilities. Accordingly, put

Si = suppµi = {0} ∪ supp ˆ︁A∗
i , V0 = spanFp

(︄
R∩

∏︂
i∈I

Si

)︄
, s0 = dimFp V0. (60)

The full relation space R may have large dimension. The second certificate application will bound
only s0, which is all the Fourier sum needs.

An information set for V0 is a set of blocks I0 ⊆ I such that projection onto
⨁︁

i∈I0 E
∗
i is injective

on V0. The values on these blocks determine the entire relation. An information set with at most
s0 blocks always exists: keep adding a block that decreases the projection’s kernel.

Lemma 7.6 (Summing the supported relations). Suppose 2s0 ⩽ r′ + 1. Then∑︂
γ∈R
γ ̸=0

∏︂
i∈I

µi(γi) ⩽ 2s0σr
′+1−2s0 . (61)

Proof. First, every nonzero relation uses at least r′ + 1 blocks. Otherwise, some nonzero relation
would have support S of size at most r′, so the Vandermonde property would make the forms

(˜︁Li)i∈S linearly independent. Use these forms as part of a coordinate system, writing their values
as ti. The relation would become∑︂

i∈S

(︁
γi(βi,1)ti + γi(βi,2)t

2
i

)︁
= 0.

Comparison of coefficients forces each γi to annihilate both generators of Ei, so each γi = 0. This
contradicts the choice of a nonzero relation.

Thus every nonzero relation has at least r′+1 nonzero blocks. Choose an information set I1 with
|I1| ⩽ s0. Projection onto its complement is also injective: its kernel would otherwise contain a
nonzero relation supported on at most s0 < r′ +1 blocks. Inside that complement choose a second
information set I2 with |I2| ⩽ s0. Thus I1, I2 are disjoint. Every nonzero relation uses at least
r′ + 1 − 2s0 blocks outside their union. By Lemma 7.5, the product of weights on these outside
blocks is at most σr

′+1−2s0 . Unsupported tuples have weight zero, and all supported relations
belong to V0. Cauchy–Schwarz therefore gives

∑︂
γ∈R
γ ̸=0

∏︂
i

µi(γi) ⩽ σr
′+1−2s0

2∏︂
j=1

⎛⎝∑︂
γ∈V0

∏︂
i∈Ij

µi(γi)
2

⎞⎠1/2
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⩽ σr
′+1−2s0

2∏︂
j=1

∏︂
i∈Ij

⎛⎝∑︂
γi∈E∗

i

µi(γi)
2

⎞⎠1/2

⩽ 2s0σr
′+1−2s0 .

The second inequality uses the injectivity of the two projections. When s0 = 0, there are no
supported nonzero relations and the conclusion is immediate. □

This is the two-information-set argument used for leakage Fourier sums in [BDIR19, Lemma 4.20
and its proof, pp. 31–32]; see also [BDIR21]. We included the proof to make clear which dimension
and support bounds are required here.

8. Proof of the structured estimate

We now prove Lemma 7.1, using the preparations in Section 7. All notation from that section
remains in force.

The probability event must work for all leakage maps, including maps chosen after a is published.
We therefore choose the significance threshold and all height cutoffs first. The certificate is then
required simultaneously for all bounded arrays and all bounded deletions. Only after fixing a tuple
in this event do we choose the maps and their representations.

(Step 1) Choose the cutoffs and a uniform good event. All cutoffs below are fixed before the
evaluation places and leakage maps are chosen.

(a) Prepare the two certificate applications. We will use Lemma 6.1 at rate b/2, so put

qcert =

⌈︃
8D

b

⌉︃
. (62)

The argument will remove fewer than qcert shares. Since r ⩾ bm and qcert is fixed, take m
sufficiently large that, for every 0 ⩽ j < qcert,

r − j ⩾
b

2
(m− j), r − j > 2qcert,

and the shortened length m− j is large enough for the certificate lemma.

(b) Choose the significance threshold and character cutoffs. Choose a fixed constant κsig ⩾
log(2C0) + 2 and set

δ = exp(−κsigm).

This ensures (2C0)
mδ ⩽ exp(−2m), which will control the combined contribution of insignificant

products.
Let B ⩾ 2 be the ceiling of the character-complexity bound in Equation 27, enlarged to 2 if

necessary. Thus B bounds every character supplied by the product lemma at threshold δ. The
certificate for arrays of height B gives the bound

HB = (2B)Cb/2,D .

Set

Hloc = max{B,DHB}.
The local cutoff therefore includes both the local rows of the product characters and the local
characters obtained from their certificates: the latter have maximum norm at most HB, hence
ℓ1 norm at most DHB.

(c) Choose the torus Fourier cutoff. By Lemma 7.3 and the fixed CR bound, choose a determin-
istic bound

1 ⩽ Qtor ⩽ H
CG
loc

for the Lipschitz norm of every torus readout that can arise below. Here the exponent absorbs
the fixed class constants.
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Choose the approximation accuracy and frequency cutoff by

εtor =
δ

2m
, Ttor = max

{︄
B, 2,

⌈︄(︃
2DQtor

εtor

)︃2
⌉︄}︄

.

By Lemma 7.4, this cutoff gives probability-valued Fourier approximations within εtor. The
total perturbation of the comparison will then be at most 2mεtor = δ. For the second certificate
application, put

HT = (2Ttor)
Cb/2,D .

The cutoff Ttor concerns the torus readouts here; Tder concerns the derivative readouts inside the
product lemma.

(d) Check the field-size requirements. The choices above give

logB, logHloc, log Ttor = Ob,G(m log(2m)). (63)

Consequently, choosing the constant C in Lemma 7.1 sufficiently large ensures Equation 26 and

p > max
{︁
HT , (mD)!TmD

tor , m(m+ 1), D!HD
loc

}︁
. (64)

Indeed, the logarithm of each quantity on the right is Ob,G
(︁
m2 log(2m)

)︁
. These inequalities

verify the certificate hypotheses at height B on the full tuple and at height Ttor on every required
shortening. They also verify the prime-size condition in Lemma 7.3.

(e) Define the good event. Let Good be the event on which the certificate conclusion holds
• at height B on the full tuple a, with code dimension r;
• at height Ttor on every subtuple aJc with |J | < qcert, with code dimension r − |J |.
At each height, the conclusion is required simultaneously for every eligible coefficient array and
every solution of its moment equations. The two heights serve different purposes: the first gives
the bound HB used to choose the local cutoff, while the second will control the Fourier relations
after revealing J .

Every fixed subtuple is uniform over ordered distinct nonzero places, and there are at most
qcertm

qcert deletion sets. Thus Equation 38 and a union bound give

Pr
a
[Goodc] ⩽ p−1 exp(Ob,D(m log(2Ttor) + log(2m))). (65)

Fix a ∈ Good. Only now choose the leakage maps fi and their representations. The event
already covers every coefficient array and exceptional set that these choices may produce.

(Step 2) Bound the number of global constraints remaining after the local ones. Form W,Ui, E, V
as in Equation 50. We claim that

s = dimE − dimV < qcert. (66)

Suppose otherwise. From the characters generating W , choose ξ1, . . . , ξqcert whose differentials
restrict independently to E. At each share i, collect their integer coefficient rows into a matrix
Ci ∈ Zqcert×D, padding with zeros as needed. Each selected character has complexity at most
B, so this array has height at most B. Since the characters are constant on the code orbit,
Equation 49 gives ∑︂

i

ahi Ciβi = 0 (0 ⩽ h < r),

where the slope vectors βi are also padded with zeros.
Because a ∈ Good, the certificate supplies a nonzero integer vector uC ∈ Zqcert such that

u⊺CCiβi = 0 (i ∈ [m]).
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Thus, at each share i, the coefficient row u⊺CCi defines a character ηi that is constant on the local
orbit. Moreover, Equation 37 gives⃦⃦

u⊺CCi

⃦⃦
∞ ⩽ HB,

⃦⃦
u⊺CCi

⃦⃦
1
⩽ DHB ⩽ Hloc.

Hence ηi is among the local characters used to define Ui, and its differential vanishes on Lie(Hi).
Now take the combination of the selected global differentials with coefficients uC . Its contri-

bution at share i is exactly dηi, so it vanishes on E =
⨁︁

i Lie(Hi):(︄
qcert∑︂
t=1

(uC)t dξt

)︄⃓⃓⃓⃓
⃓
E

= 0.

Since uC ̸= 0, this contradicts the independence of the selected differentials on E and proves
Equation 66.

(Step 3) Find one bounded set of exceptional shares. We now show that the commutator contribu-
tions of all significant products are confined to one common set of at most s shares. To apply
the common-support argument from Section 7.2, we first prove that

ων |V×V = 0

for every significant product. Recall that a product is significant if its normalized mean has
magnitude at least δ in either experiment, so there are two cases.

Significance in the code experiment. Apply Lemma 5.1 to the significant product. The characters
it supplies have complexity at most B and are constant on the code orbit. Their differentials
therefore belong to W . Since V ⊆W⊥, every direction in V preserves these character equations.
The isotropy conclusion Equation 28 then gives ων |V×V = 0.

Significance in the independent-input experiment. Apply the same lemma with input space Fm
p

and coordinate forms z ↦→ zi, as permitted by its arbitrary-linear-forms statement. Each supplied
character is constant on the independent-input orbit. Holding all inputs except zi fixed shows
that its ith local character is constant on the corresponding local orbit. This local character
has complexity at most B ⩽ Hloc, so its differential belongs to Ui and vanishes on Lie(Hi).
Consequently, the common kernel of the supplied character differentials contains E. The product
lemma therefore gives ων |E×E = 0, and hence ων |V×V = 0.

Thus all significant forms vanish on the same V × V . Let J be the union of their nonzero block
supports. The common-support argument in Section 7.2 gives

J ⊆ [m], |J | ⩽ s < qcert. (67)

For i /∈ J , every significant vertical frequency νi is therefore trivial on the commutator torus
Zi. This is what allows the next step to average over these tori while preserving every significant
product.

The set J may depend on the chosen representations, but it works simultaneously for all
leakage profiles and all their significant products. This is why Step 1 required the good event to
cover every deletion of fewer than qcert shares.

(Step 4) Average over the commutator tori outside J . We now make each readout outside J in-
variant under its local commutator torus, while controlling the resulting perturbation of both
leakage laws. For i /∈ J , set ˜︁Fi(xΓ

(i)) =

∫︂
Zi

Fi(txΓ
(i)) dt,

where the integral uses the normalized Haar measure. For i ∈ J , keep ˜︁Fi = Fi. Use ˜︁Fi for output

one and 1 − ˜︁Fi for output zero. By Section 4.4, averaging preserves the range [0, 1], commutes
with complements, and does not increase the CR norm.
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To understand its effect on the leakage laws, consider the vertical expansion of each readout.
Averaging over Zi preserves a component whose frequency νi is trivial on Zi and deletes it
otherwise. Thus a vertical product survives unchanged precisely when νi is trivial on Zi at every
averaged share. Step 3 guarantees this for every significant product. Consequently, every deleted
product has a normalized mean of magnitude less than δ in both experiments.

Fix a leakage profile y. By Equation 46, the total coefficient weight of its vertical expansion
is at most Cm

0 . Summing the contributions of the deleted products therefore gives⃓⃓⃓
Pf (y)− ˜︁Pf (y)

⃓⃓⃓
⩽ Cm

0 δ,
⃓⃓⃓
Qf (y)− ˜︁Qf (y)

⃓⃓⃓
⩽ Cm

0 δ,

where ˜︁Pf , ˜︁Qf are the laws defined by the averaged readouts. Absolute convergence justifies these
term-wise comparisons.

The triangle inequality now yields

SD(Pf , Qf ) ⩽ SD
(︂ ˜︁Pf , ˜︁Qf

)︂
+

1

2

∑︂
y∈{0,1}m

(︂⃓⃓⃓
Pf (y)− ˜︁Pf (y)

⃓⃓⃓
+
⃓⃓⃓
Qf (y)− ˜︁Qf (y)

⃓⃓⃓)︂
.

There are 2m profiles, so

SD(Pf , Qf ) ⩽ SD
(︂ ˜︁Pf , ˜︁Qf

)︂
+ (2C0)

mδ. (68)

By our choice of δ, this perturbation is at most exp(−2m). Outside J , the averaged readouts
are now invariant under [Hi, Hi], as required for the local torus reduction in the next step.

(Step 5) Reveal J and pass to quadratic torus maps. Put I = Jc and r′ = r−|J |. We first condition
on the field inputs at the exceptional shares, then express the remaining leakage probabilities
using ordinary tori.

Reveal the underlying field inputs in J in both averaged experiments. Since |J | < r, the Van-
dermonde property makes the revealed code inputs uniform on FJ

p , exactly as in the independent-
input experiment. Conditional on any revealed vector u, the output bits in J have the same law
in both experiments and are independent of the remaining output bits. They therefore contribute

nothing to the conditional statistical distance. Writing ˜︁P I|u and ˜︁Q I|u for the conditional leakage
laws on I, we obtain

SD
(︂ ˜︁Pf , ˜︁Qf

)︂
⩽ E

u∈FJ
p

SD
(︂ ˜︁P I|u , ˜︁Q I|u

)︂
.

Here the inequality comes from revealing additional information.
Fix the revealed vector u. By Equation 53, the remaining code inputs are an affine coordi-

natewise rescaling of a code of dimension r′ = r−|J | on aI . The independent comparison inputs
remain uniform.

For each i ∈ I, the readout ˜︁Fi is invariant under [Hi, Hi]. The characters defining Hi have
maximum norm at most Hloc, and Equation 64 verifies the prime-size hypothesis of Lemma 7.3.
That lemma gives a probability map Ai on a torus of dimension di ⩽ D, with Lipschitz norm at
most Qtor.

Absorb the affine rescaling using Equation 55. The conditional comparison is then exactly
Equation 54, with code dimension r′ and places aI . All bounds are uniform in u.

(Step 6) Keep a finite Fourier expansion while preserving probabilities. Fix the revealed vector
from the preceding step. We now approximate each torus readout by a trigonometric polynomial
whose frequencies have maximum norm at most Ttor. The approximation must remain in [0, 1],
since its values will still serve as output probabilities.

60



Apply Lemma 7.4 to each Ai, using its Lipschitz bound Qtor and the choices from Step 1.

This gives maps ˜︁Ai : Tdi → [0, 1] satisfying⃦⃦⃦
Ai − ˜︁Ai

⃦⃦⃦
∞

⩽ εtor =
δ

2m
, supp

ˆ︂˜︁Ai ⊆ [−Ttor, Ttor]di ∩ Zdi .

Use ˜︁Ai for output one and its complement 1− ˜︁Ai for output zero.
To bound the change in either leakage law, condition on all underlying field inputs. At each

share, generate the original and approximating bits using the same uniform random number in
[0, 1], with these auxiliary random numbers independent across shares. The two bits disagree
with probability equal to the absolute difference between their output-one probabilities, hence
at most εtor. A union bound shows that the entire leakage profiles disagree with probability at
most |I|εtor. Thus each leakage law changes in statistical distance by at most this amount, and
the comparison changes by at most

2|I|εtor ⩽ 2mεtor = δ.

This bound is uniform in the revealed vector.
Continue writing Ai for the approximating readouts. Use the finite-space readouts A∗

i and
combined Fourier weights µi from Section 7.4. The passage to Equation 56 is exact: Equation 57
combines equal finite characters. Every supported character has an integer representative of
maximum norm at most Ttor, and Lemma 7.5 applies.

(Step 7) Bound the dimension of the supported Fourier relations. Recall from Equation 60 that V0
is the Fp-span of the relations supported by the local Fourier weights, and s0 = dimFp V0. These
are the relations that can contribute to the Fourier sum. We claim that

s0 < qcert. (69)

The full relation space R may be larger; only the dimension of this span needs to be bounded.
Suppose otherwise. Choose qcert linearly independent tuples

γ(1), . . . , γ(qcert) ∈ R ∩
∏︂
i∈I

Si.

Because these tuples are supported by the Fourier weights, Step 6 supplies short integer repre-
sentatives for their local characters. Specifically, choose kt,i ∈ Zdi such that

γ
(t)
i (v) = (kt,i mod p) · v (v ∈ Ei), ∥kt,i∥∞ ⩽ Ttor.

Use kt,i = 0 when γ
(t)
i = 0. At share i, place these representatives into the rows of Ci ∈ Zqcert×D,

padding with zeros. The resulting array C has height at most Ttor. Pad the slope vectors to
length D as well.

Each selected tuple is a relation, so Qγ(t) = 0 identically. Comparing the coefficients of xh
in these identities gives the moment equations for the linear orbit coefficients βi,1. For the

quadratic coefficients βi,2, compare x20 and, for 1 ⩽ h < r′, x0xh. Their coefficients in ˜︁Li(x)
2 are

respectively 1 and 2ahi . Since p is odd, we may divide the latter equations by 2. Thus we obtain∑︂
i∈I

ahi Ciβi,j = 0 (0 ⩽ h < r′, j ∈ {1, 2}).

These are two solutions of the moment system for the same coefficient array C. The event
Good includes the certificate conclusion at height Ttor on the shortened tuple aI . Moreover, the
assigned certificate uC depends only on C and works for every solution of its moment equations.
The same nonzero integer vector uC therefore gives

u⊺CCiβi,1 = u⊺CCiβi,2 = 0 (i ∈ I).
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Since βi,1 and βi,2 span Ei, the row u⊺CCi represents the zero functional on Ei. In terms of the
selected local characters, this says

qcert∑︂
t=1

((uC)t mod p)γ
(t)
i = 0 in E∗

i (i ∈ I).

Hence the selected tuples satisfy a linear dependence over Fp with coefficient vector uC mod p.
This vector is nonzero: by Equation 37 and p > HT ,

0 < ∥uC∥∞ ⩽
HT

qcertTtor
< p.

This contradicts their independence and proves Equation 69, the dimension bound needed for
Lemma 7.6.

(Step 8) Sum the relations and bound the remaining quadratic phases. Fix the revealed inputs,
and write P tor, Qtor for the two conditional leakage laws after the approximation in Step 6. We
compare these laws one Fourier tuple at a time.

For a tuple γ = (γi)i∈I , let

Mγ = E
x∈Fr′

p

ep(Qγ(x)),

Nγ = E
z∈FI

p

ep

(︄∑︂
i∈I

(︁
γi(βi,1)zi + γi(βi,2)z

2
i

)︁)︄
.

These are its phase averages in the code and independent-input experiments, respectively. The
local Fourier coefficients are the same in both experiments; only these averages differ.

For γ = 0, both averages equal 1, so this term cancels. For a nonzero relation γ ∈ R, the
code phase vanishes identically and Mγ = 1. In contrast, the independent-input phase vanishes
identically only when γ = 0: its coefficients force each γi to annihilate both generators βi,1, βi,2
of Ei.

We use the following elementary Gauss-sum bound to control every non-constant phase. For
α ̸= 0, ⃓⃓⃓⃓

E
t∈Fp

ep(αt
2 + βt)

⃓⃓⃓⃓2
= E

h,t∈Fp

ep(2αht+ αh2 + βh) = p−1,

because only h = 0 survives the average over t. Diagonalizing a quadratic form over the odd-
characteristic field Fp gives the same upper bound p−1/2 for the magnitude of any phase average
with a nonzero quadratic part. A nonzero linear phase has mean zero.

Both phase polynomials defining Mγ , Nγ have zero constant term. Consequently,

|Mγ −Nγ | ⩽

⎧⎪⎨⎪⎩
0, γ = 0,

1 + p−1/2, γ ∈ R \ {0},
2p−1/2, γ /∈ R.

We now sum over leakage profiles. At share i, the sum of the absolute Fourier coefficients for
the two possible output bits is exactly µi(γi). Thus the triangle inequality gives

SD
(︁
P tor , Qtor

)︁
⩽

1

2

∑︂
γ

(︄∏︂
i∈I

µi(γi)

)︄
|Mγ −Nγ |.

Substituting the phase bounds and separating the nonzero relations yields

SD
(︁
P tor , Qtor

)︁
⩽

1

2

∑︂
γ∈R
γ ̸=0

∏︂
i∈I

µi(γi) + p−1/2
∏︂
i∈I

∑︂
γi

µi(γi). (70)
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The first term is controlled by the dimension bound from Step 7. Indeed, s0 < qcert and
r′ > 2qcert verify the hypotheses of Lemma 7.6, so∑︂

γ∈R
γ ̸=0

∏︂
i∈I

µi(γi) ⩽ 2s0σr
′+1−2s0 ≪b,D σr

′
.

The bounded dimension s0 therefore incurs only a constant factor in the exponential bound.
For the second term, Cauchy–Schwarz and Lemma 7.5 give, at each share,∑︂

γi

µi(γi) ⩽

(︄
|suppµi|

∑︂
γi

µi(γi)
2

)︄1/2

⩽
√
2(2Ttor + 1)D/2.

Multiplying over the remaining shares and using |I| ⩽ m, we conclude that every conditional
distance is at most

Ob,D

(︂
σr

′
)︂
+ p−1/2

[︂√
2(2Ttor + 1)D/2

]︂m
. (71)

All bounds are uniform in the revealed inputs.

(Step 9) Restore the perturbations, take the supremum, and average. Fix a ∈ Good and arbitrary
leakage maps fi. We first transfer the conditional bound from the preceding step back to their
original leakage laws.

Since r′ = r − |J | and |J | < qcert,

σr
′
= σrσ−|J | ⩽ σ−qcertσr.

Thus shortening the code changes the main bound by only a constant depending on b,D. The
estimate Equation 71 is uniform in the revealed inputs, so averaging over those inputs as in
Step 5 introduces no further factor.

We now restore the perturbations from Steps 4 and 6. Central averaging costs at most (2C0)
mδ,

and the torus approximation costs at most δ. Consequently,

SD(Pf , Qf ) ⩽ A0σ
r + (2C0)

mδ + δ

+ p−1/2
[︂√

2(2Ttor + 1)D/2
]︂m
,

where A0 depends only on b and the fixed class data.
Crucially, the right-hand side is independent of the leakage maps and their representations.

The event Good was chosen to cover every coefficient array and exceptional set that those choices
could produce. Hence the same bound holds simultaneously for all leakage maps at this fixed a,
and we may replace the left-hand side by their supremum ∆G(a; r).

We are left to bound the three additional terms. The choice δ = exp(−κsigm) with κsig ⩾
log(2C0) + 2 gives

(2C0)
mδ ⩽ exp(−2m), δ ⩽ exp(−2m).

By Equation 63, the logarithm of the remaining Fourier term is at most

−1

2
log p+Ob,G

(︁
m2 log(2m)

)︁
.

Similarly, Equation 65 bounds the probability of Goodc by

exp
(︁
− log p+Ob,G

(︁
m2 log(2m)

)︁)︁
.

Therefore, increasing the constant C in log p ⩾ Cm2 log(2m) makes both quantities at most
exp(−2m), while preserving all earlier field-size requirements. We have proved

∆G(a; r) ⩽ A0σ
r + 3 exp(−2m) for every a ∈ Good,

and Pra[Good
c] ⩽ exp(−2m).
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Finally, use the trivial bound ∆G(a; r) ⩽ 1 on the bad event. Splitting the expectation
according to Good gives

E
a
∆G(a; r) ⩽ A0σ

r + 3 exp(−2m) + Pr
a
[Goodc]

⩽ A0σ
r + 4 exp(−2m)

⩽ (A0 + 4)σr.

The last inequality uses r < m and exp(−2m) ⩽ 2−r/2 = σr. Taking A = A0 + 4 proves
Lemma 7.1.

The reduction in Section 2.1, applied with b = c/2, now gives Theorem 3. Taking expectations
in the pointwise inequality Insec(a; d) ⩽ 2∆(a; d), established in Equation 2 of Section 1.1, gives
Theorem 4.

9. The sharp exponential rate

The preceding proof gives a sharper bound after two changes: use the exact extremal Fourier
coefficient in Section 7, and make the truncation proportion in Section 2 smaller. The result-
ing exponential base is 2/π, matching the LSB lower bound in Appendix A; see also [MNP+22,
Theorem 6, p. 16:7]. The product lemma and the moment certificate require no strengthening. Put

τ =
2

π
, Mp =

1

p sin(π/(2p))
, λ = log2(π/2) > 0.

Here Mp is the same finite-field constant as in Proposition A.1.

9.1. The exact Fourier bound.

Lemma 9.1 (Sharp nonzero coefficient). Let E be a finite-dimensional vector space over an odd
prime field Fp, and let A : E → [0, 1]. For every nonzero γ ∈ E∗ = HomFp(E,Fp),

2

⃓⃓⃓⃓
E
v∈E

A(v)ep(−γ(v))
⃓⃓⃓⃓
⩽Mp. (72)

Equality is attained by A(v) = 1γ(v)∈I when I is a cyclic interval of (p− 1)/2 or (p+1)/2 residues.

Proof. Since γ is nonzero, it is surjective, and its fibres have equal size. Set

a(t) = E[A(v) | γ(v) = t] ∈ [0, 1].

The Fourier coefficient in Equation 72 is p−1
∑︁

t a(t)ep(−t). Rotate this sum so that it is real and
nonnegative. For the resulting direction, its real part is maximized by taking a(t) = 1 where the
projected root of unity is positive, and a(t) = 0 where it is negative. The positive roots occupy a
cyclic interval of length k = (p − 1)/2 or (p + 1)/2. A root with zero projection may be assigned
either value without changing the real part. The corresponding geometric sum has magnitude⃓⃓⃓⃓

⃓⃓k−1∑︂
j=0

ep(j)

⃓⃓⃓⃓
⃓⃓ = sin(kπ/p)

sin(π/p)
=

1

2 sin(π/(2p))
.

This proves the bound, and the interval indicators attain it. □

For h : Fp → [−1, 1], the signed form needed for the LSB lower bound follows by applying this
lemma to A = (1+h)/2; see Appendix A. Klein–Komargodski [KK23, Claim 4.5 and Appendix A,
equations (34)–(37)] showed that, for h : Fp → [−1, 1] with mean µ, every nonzero Fourier coefficient
satisfies ⃓⃓⃓ˆ︁h(ξ)⃓⃓⃓ ⩽ 2

π
cos
(︂πµ

2

)︂
+O

(︁
p−2
)︁

(ξ ̸= 0).
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In particular, the bias-independent bound is 2/π +O
(︁
p−2
)︁
. The calculation above gives the exact

finite-field constant Mp. Only this one-coefficient extremum is needed here, rather than the full
majorization theorem of Lev [Lev01, Theorem 1, p. 244].

9.2. The sharper structured estimate.

Proposition 9.2 (Structured leakage with base 2/π). Under the hypotheses of Lemma 7.1, after
changing its constants A,C, one has

E
a
∆G(a; r) ⩽ A

(︃
2

π

)︃r

. (73)

The constants depend only on b and the fixed class data, independently of m, p, r.

Proof. Apply Lemma 9.1 to the finite-space readout A∗
i : Ei → [0, 1] of Equation 56. This is done

after combining the integer frequencies as in Equation 57. For the weights in Equation 58, the new
estimates are ∑︂

γ

µi(γ)
2 ⩽ 2, µi(γ) ⩽Mp (γ ̸= 0).

The first inequality is unchanged. Replace σ by Mp in the proof of Lemma 7.6; it now gives∑︂
γ∈R
γ ̸=0

∏︂
i∈I

µi(γi) ⩽ 2s0M r′+1−2s0
p .

The certificate still gives s0 < qcert and |J | < qcert, with r
′ = r − |J |. Since

τ ⩽Mp ⩽
2

3
< 1,

all the bounded exponent losses are absorbed into a constant independent of p. Thus the relation
contribution is Ob,D(M

r
p ). The good event, torus approximation, and Gauss-sum estimate are

unchanged. Their total contribution is at most 4 exp(−2m) after increasing C, exactly as in Step 9.
Since r < m, this is absorbed into AM r

p .
Finally,

log
Mp

τ
= log

π/(2p)

sin(π/(2p))
= O

(︁
p−2
)︁
.

The field condition can be enlarged to ensure p > m(m + 1), as already required in Equation 64.
Hence M r

p = τ r exp(O
(︁
r/p2

)︁
) ⩽ O(1)τ r, uniformly for r < m. Absorbing this factor proves

Equation 73. □

9.3. Make the outer reduction lose an arbitrarily small exponent.

Proof of Theorem 1. (Step 1) Choose the accuracy after fixing the desired exponent loss. Write
h2(x) = −x log2 x− (1− x) log2(1− x), as in Section 2. Choose a fixed α > 0 such that

α < min

{︃
1

4
,
c

4
,
3c− 1

4

}︃
, h2(α) + α log2 π ⩽

εcλ

4
. (74)

This is possible because h2(α) + α log2 π → 0 as α→ 0. Put

t = ⌊αm⌋, η = 2−3/α, b = c/2.

Repeat the construction in the proof of Proposition 4.2 with this fixed accuracy η in Equation 22.
That construction works for every fixed positive accuracy: periodic regularity followed by positive
smoothing gives an affine-closed class approximating every one-bit leakage function within η in
U3. The resulting data N , D,Q now depend on (c, ε), but remain independent of m, p and the
leakage maps. Fix the constants A,C of Proposition 9.2 for this class.

65



(Step 2) Use the same simultaneous Cauchy–Schwarz reduction. For sufficiently large m, 1 ⩽ t < d
and

3d− 2t−m ⩾ (3c− 2α− 1)m− 3 > 0.

Thus Lemma 2.1 applies. For every j < t, we also have d − j ⩾ (c/2)(m − j) for large m,
because α < c/4. The marginal tuple after deleting any fixed j places has the required uniform
distribution, and the field bound at length m implies the corresponding bound at length m− j.
Apply Equation 73 to these shortenings and average the outer reduction:

E
a
∆(a; d) ⩽ Aτd

∑︂
j<t

(︃
m

j

)︃
(2/τ)j + 4mηt

⩽ Aτd 2m(h2(α)+α log2 π) + η−12−m. (75)

Here τ = 2/π, the binomial entropy bound is the one used in Section 2, and t ⩾ αm − 1 gives
the last perturbation estimate.

(Step 3) Absorb the entropy cost and the fixed constants. For large m, d ⩾ cm/2, so Equation 74
gives

m(h2(α) + α log2 π) ⩽
ελd

2
.

Since τ = 2−λ, Equation 75 implies

E
a
∆(a; d) ⩽ Aτ (1−ε/2)d + η−12−m.

Divide by τ (1−ε)d. The first term becomes Aτ εd/2 → 0. The second tends to zero as well,
because d ⩽ cm and 1 − (1 − ε)cλ > 0. Increasing mc,ε therefore proves the first inequality in
Equation 3. The second inequality follows by taking expectations in the pointwise comparison
Insec(a; d) ⩽ 2∆(a; d), from Equation 2 in Section 1.1.

(Step 4) Pass from every fixed loss to o(1). Suppose m → ∞ and log p/(m2 log(2m)) → ∞. For
each fixed ε > 0, the field and length conditions just proved eventually hold. Consequently, the
exponent loss can tend to zero; no uniform bound on the growth of Cc,ε as ε → 0 is needed for
this conclusion. The factor 2 in the Shamir bound contributes O(1/d) to the exponent and is
absorbed into o(1).

In the stated n-bit regime, uniformly over the permitted primes,

log p

m2 log(2m)
≫u

n1−2u

log n
−→ ∞,

because u < 1/2. This proves Equation 4.
□

Scope of the asymptotic statement. For a prescribed fixed loss ε, the theorem has the same
field-size form as before, with constant Cc,ε. The o(1) conclusion uses the additional growth of
log p/(m2 log(2m)). A single fixed constant in that field-size ratio does not justify sending the
approximation accuracy to zero by this argument. In particular, the proof gives no explicit rate for
the o(1) term without quantitative control of the approximation-class complexity.

Finally, Proposition A.1 gives

E
a
∆(a; d) ⩾

1

2

(︃
2

π

)︃d

, E
a
Insec(a; d) ⩾

(︃
2

π

)︃d

.

Together with Equation 4, these show that the exponential rate is sharp: in either expectation, the
negative logarithm divided by d tends to log(π/2).
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10. The higher-order extension

This section proves Theorem 2. For every fixed ℓ ⩾ 4, we extend the relative-degree range
from c > 1/3 to c > 1/ℓ, while retaining the exponential base 2/π in the leakage bound. Higher-
degree structure lets us reach smaller values of c, but requires a larger field. The condition log p ⩾
Cm2 log(2m) is replaced by log p ⩾ CmΘℓ log(2m), with a larger exponent Θℓ. The threshold
c > 1/ℓ enters through the outer Cauchy–Schwarz reduction; the structured estimate works at
every fixed positive rate. For c > 1/3, Theorem 1 retains the stronger field-size exponent 2.

Proof roadmap. We first record the higher-order outer reduction and smooth approximation.
The main technical result is the structured estimate Proposition 10.3. Its proof uses the moment
certificate Lemma 6.1 twice. First, the certificate bounds the number of global character equations
that remain after imposing all short local equations. The common exception set Lemma 10.4
then confines all significant top commutators to one bounded set of shares. Revealing this set of
shares and taking exact local restrictions and central quotients lowers the nilpotency step. After
at most k − 1 rounds, the remaining groups are tori. The second certificate application bounds
the dimension of the supported Fourier relations, and the sharp coefficient bound supplies the base
2/π. We finish by repeating the entropy calculation from Section 9.3. Throughout, k = ℓ− 1, and
τ = 2/π, Mp = (p sin(π/(2p)))−1, and λ = log2(π/2) have the meanings fixed in Section 9.

10.1. The outer reduction and the approximation class. For a function f on a finite abelian
group A, set

∥f∥2
ℓ

Uℓ(A) = E
x,h1,...,hℓ∈A

∏︂
ω∈{0,1}ℓ

C|ω|f(x+ ω · h).

The translation invariance and tensorization used in Section 2 hold for every ℓ. Successive Cauchy–
Schwarz in ℓ variables gives⃓⃓⃓⃓

⃓⃓ E
z1,...,zℓ∈A

H(z1 + · · ·+ zℓ)

ℓ∏︂
j=1

Bj((zi)i̸=j)

⃓⃓⃓⃓
⃓⃓ ⩽ ∥H∥Uℓ(A)

whenever every Bj is one-bounded and independent of zj . This is the higher-order form of the box
inequality used in Imported Lemma 2.2.

Lemma 10.1 (Higher-order simultaneous Cauchy–Schwarz). Let H be an affine-closed class of
probability maps such that every one-bit leakage function has a U ℓ approximation in H within η.
For every fixed tuple of distinct nonzero places, if

1 ⩽ t < r, m− t ⩽ ℓ(r − t),

then
∆(a; r) ⩽

∑︂
|J |<t

2|J |∆H (aJc ; r − |J |) + 4mηt. (76)

Proof. Use the expansion in Lemma 2.1; its treatment of |J | < t is unchanged. For |J | ⩾ t, select
T ⊆ J of size t and partition T c = I1 ⊔ · · · ⊔ Iℓ with |Ij | ⩽ r − t. Surjectivity of LT∪Ij supplies
maps Wj with LTWj = id and LIjWj = 0. Substitute

x = x(0) +
ℓ∑︂

j=1

Wjzj , zj ∈ FT
p .

Average x(0) uniformly over Fr
p, independently of all zj , so that x is uniform on Fr

p. For each

fixed x(0), proceed as follows. The selected perturbations form H(z1 + · · · + zℓ), where H(w) =∏︁
i∈T vi(Li(x

(0)) + wi). The other factors indexed by Ij are independent of zj . The box inequality
bounds this average by ∥H∥Uℓ =

∏︁
i∈T ∥vi∥Uℓ ⩽ ηt. The independent-input average has the same
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bound. This bound is uniform in x(0), by translation invariance of the Gowers norm. Averaging
over x(0) therefore gives the same bound for the codeword experiment. Summing over subsets and
output profiles gives 4mηt, as in the proof of Lemma 2.1. □

The fixed smooth class. Use the notation and smooth norms of Section 4. Fix a finite collection
Nℓ of filtered nilmanifolds of degree at most k, a dimension bound D, and a bound Q ⩾ 2. Put

R0 = (k + 1)(D + 3).

The class Gp,ℓ consists of the probability maps

z ↦−→ F (g(z)Γ), g ∈ poly(Z, G•), g(z + p)Γ = g(z)Γ,

where (G/Γ, G•,X ) ∈ Nℓ, F : G/Γ → [0, 1], and ∥F∥CR0 (X ) ⩽ Q. We require the orbit to return to

the same point of the nilmanifold after p steps:

g(z + p)Γ = g(z)Γ for every z ∈ Z.

Thus g(z)Γ depends only on z mod p, so every readout F (g(z)Γ) defines a function on Fp. Com-
plements and bijective affine precompositions preserve this class, just as in Proposition 4.2.

For every fixed accuracy η > 0, the construction in Section 4.2 gives data of this kind approx-
imating every one-bit leakage function within η in U ℓ. Use Candela–Sisask’s periodic regularity
theorem at degree k [CS14, Theorem 3.4, p. 10]. There is one change in the norm estimate: U ℓ

need not be bounded by L2 when ℓ ⩾ 4. The regularity theorem’s L2-small error term fsml also
satisfies |fsml(x)| ⩽ 1 at every input. For any function h with |h(x)| ⩽ 1, take absolute values in
the cube formula defining U ℓ and bound all but one of its 2ℓ factors by 1. This gives

∥h∥2
ℓ

Uℓ ⩽ E
x
|h(x)| ⩽ ∥h∥2.

Thus a sufficiently small L2 error is also small in U ℓ, although we lose the exponent 1/2ℓ. Choose

the regularity L2 tolerance (η/4)2
ℓ
and the uniformity tolerance η/4. These parts together have U ℓ

norm at most η/2. Finally, replace the structured readout F0 by a weighted local average F , using
nonnegative smooth weights of total mass one. This preserves the range [0, 1], gives a controlled
CR0 norm, and can be done with |F − F0|∞ ⩽ η/2. Consequently,

∥F (g(·)Γ)− F0(g(·)Γ)∥Uℓ ⩽ |F − F0|∞ ⩽ η/2.

Adding this to the preceding approximation error gives a smooth approximation within η in U ℓ.
All class data are fixed before m, p, and the leakage functions; for Theorem 2 they depend only on
c, ℓ, ε.

10.2. The structured statement and its quantitative input. We now turn to leakage from
the fixed class Gp,ℓ. As in the quadratic argument, our goal is to remove the relevant non-commuting
directions and reach a torus model where Fourier analysis applies. In higher degree, this may require
several rounds of reduction. Each round lowers the nilpotency step of the underlying group, while
the polynomial degree of the orbit may remain as large as k = ℓ−1. We therefore distinguish these
two parameters: write G(s) for the sth term of the lower central series, and retain Gj for the degree
filtration.

Each nilmanifold in Nℓ comes with a degree filtration: a descending chain of closed connected
subgroups

G = G0 = G1 ⊇ G2 ⊇ · · · ⊇ Gk ⊇ Gk+1 = {idG}, [Gi, Gj ] ⊆ Gi+j ,

where Gj = {idG} for j > k. This filtration controls the polynomial degree of the orbit.
The lower central series is determined by the group itself:

G(1) = G, G(s+1) = [G,G(s)] (s ⩾ 1).
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Here [A,B] is the subgroup generated by the commutators aba−1b−1 with a ∈ A and b ∈ B. The
group has nilpotency step s when G(s) ̸= {idG} but G(s+1) = {idG}.

The filtration condition implies G(s) ⊆ Gs, but these subgroups need not coincide. For example,
an abelian group has G(2) = {idG}, while its degree filtration may have G2 ̸= {idG}, allowing
quadratic and higher-degree polynomial orbits.

Here a horizontal character is a continuous homomorphism G → R that is integer-valued on Γ
and annihilates [G,G]. It need not annihilate G2, so its composition with a degree-k orbit may
have degree k. This is the change from the first-level characters used in Section 7.

Imported Theorem 10.2 (Periodic reduction in nilpotency step [Len25]). Fix k. There is a finite
exponent ρk ⩾ 1 such that the following holds. Let G/Γ have degree at most k, nilpotency step s ⩾ 2,
dimension h, and complexity at most M . Let g ∈ poly(Z, G•) and let g(z)Γ be p-periodic, with p
prime. Suppose that F is a G(s)-vertical function of frequency ν, meaning that

F (uxΓ) = e2πiν(u)F (xΓ) (u ∈ G(s), x ∈ G).

Assume its Lipschitz norm is at most M , its frequency ν has size at most M/δ, and⃓⃓⃓⃓
E

z∈Fp

F (g(z)Γ)

⃓⃓⃓⃓
⩾ δ, 0 < δ < 1/10.

If p > (M/δ)Ckh
ρk , there are horizontal characters ξ1, . . . , ξt of height at most (M/δ)Ckh

ρk , constant
modulo 1 on the orbit, such that

dν([· · · [[v1, v2], v3], . . . , vs]) = 0 for v1, . . . , vs ∈
⋂︂
j

ker dξj .

For ν = 0 the conclusion holds without imposing any characters.

Source. Leng [Len25, Theorem 3.1.3, printed pp. 41–42; Section 3.5, pp. 62–63], with the Lips-
chitz hypothesis of its underlying Theorem 1.5.1, p. 13. Horizontal height is the integer coefficient
norm of Definition 2.3.12, p. 34; vertical frequency size is the metric norm of Definition 2.3.14,

p. 35. The source gives height (M/δ)Ok(h
Ok(1)); ρk denotes a permissible exponent. Its vanishing

C∞ norm implies constancy modulo 1. Differentiating its group commutator identity gives the
displayed Lie algebra identity.

Fix an exponent ρk ⩾ 1 for which Imported Theorem 10.2 holds, and set

Θk+1 = 2 + (k − 1)(ρk + 2) (k ⩾ 3), Θ3 = 2. (77)

The value Θ3 = 2 comes from the separate quadratic proof. For k ⩾ 3 this is a generous allowance
for the successive restrictions and quotients below. The source does not specify a numerical ρ3, so
this formula does not give a numerical value for Θ4.

Proposition 10.3 (Higher-degree structured leakage). Fix k ⩾ 3, ℓ = k+1 and the data Nℓ, D,Q
above. Let Gp,ℓ be the class define in Section 10.1. Fix 0 < b < 1. There are constants A,C > 0,
depending only on these data and b, such that, for all sufficiently large m, every integer bm ⩽ r < m,
and every odd prime satisfying

log p ⩾ CmΘk+1 log(2m),

we have

E
a∈Ap,m

∆Gp,ℓ
(a; r) ⩽ A

(︃
2

π

)︃r

. (78)

Here Ap,m is the set of ordered distinct nonzero evaluation tuples from Section 6.1. The constants
depend only on the fixed class, k, and b. The good event used in the proof is chosen before the
leakage maps.
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10.3. Multilinear localization and exact local restriction.

Lemma 10.4 (A common exceptional set for block-diagonal forms). Fix integer m ⩾ 1, s ⩾ 2. Let
E =

⨁︁m
i=1Ei be a finite-dimensional real vector space and let V ⩽ E have codimension

q = dimE − dimV

. For each i ∈ [m], let Ti : E
s
i → R be an s-linear form. Suppose an s-linear form

T (v1, . . . , vs) =
m∑︂
i=1

Ti(vi,1, . . . , vi,s), vj = (v1,j , . . . , vm,j) ∈ E

is block diagonal and vanishes on V s. Then at most sq of the forms Ti are nonzero:

|{i : Ti ̸≡ 0}| ⩽ sq.

Moreover, let T be a real linear space of block-diagonal s-linear forms on the same E, all vanishing
on V s. There exists one exceptional set J ⊆ [m] with |J | ⩽ sq containing the block support of every
member of T , equivalently,

Ti ≡ 0 for every T ∈ T and every i /∈ J.

Here, vanishing on V s requires independently chosen arguments v1, . . . , vs ∈ V.

Each argument is restricted to the same subspace V while is defined by q independent linear
constaints in E.

Proof. Let N be the number of nonzero blocks Ti. Fix one s-linear form T and relabel its N nonzero
blocks by 1, . . . , N.We will replace each nonzero local form Ti by a scalar expression whose nonzero
coefficient records that the original block was nonzero. For each such block, choose nonzero vectors
vi,1, . . . , vi,s ∈ Ei such that

ci := Ti(vi,1, . . . , vi,s) ̸= 0.

(Step 1) Scalarize the nonzero blocks. For each argument position j ∈ {1, . . . , s}, define the linear
map

ιj : RN → E, ιj(x1, . . . , xN ) = (x1v1,j , . . . , xNvN,j , 0, . . . , 0).

The map is injective; if the output equals zero, than xivi,j = 0 and each xi = 0. Define

Wj := {x ∈ RN : ιj(x) ∈ V }.
Let π : E → E/V be the quotient projection such that π(u) = u + V. Then, Wj = ker(π ◦ ιj)
and rank-nullity gives

codimRN Wj = rank(π ◦ ιj) ⩽ dimE/V = q.

For x(j) = (x
(j)
i )Ni=1 ∈ RN , define the scalar expression ˜︁T ,
˜︁T (x(1), . . . , x(s)) := T (ι1(x

(1)), . . . , ιs(x
(s))) =

N∑︂
i=1

cix
(1)
i . . . x

(s)
i .

If x(j) ∈Wj for every j, all arguments of T belong to V and by our assumption that T vanishes
on V s, we have ˜︁T = 0 on W1 × . . .×Ws, codimWj ⩽ q.

(Step 2) Contract to a bilinear form. When s = 2, B = ˜︁T . For s ⩾ 3, we will fix the first s − 2
arguments to obtain a bilinear form, while keeping enough nonzero coefficients to count the
original blocks. For every j ⩽ s − 2, let Fj records the coordinates that stays zero throughout
Wj and Cj is a coordinate subspace,

Fj = {i ∈ {1, . . . , N} : xi = 0, ∀x ∈Wj}, Cj := {x ∈ RN : xi = 0, ∀i ∈ Fj}.
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Since Wj ⊆ Cj and dim Cj = N − |Fj |, we have

|Fj | ⩽ N − dimWj = codimWj ⩽ q.

Thus, at most q coordinates vanish identically on Wj . We next choose a vector w(j) ∈ Wj with
no additional zero coordinates using a successive-perturbation construction analogous to the
construction from Section 7.2. Take w = 0 ∈ Wj and address the coordinates outside Fj one at
a time. Whenever a coordinate that can be nonzero is still zero, add a small multiple of a vector
in Wj that is nonzero. For the next coordinate i, choose u ∈Wj with ui ̸= 0, which exits by the
definition of Fj and replace w ↦→ w+ tu. The new coordinate and each previously made nonzero
coordinate exclude at most one real value of t. Repeating this activates every coordinate that
can be nonzero, leaving only the coordinates that are forced to be zero. The resulting vector
belongs to Wj and has exactly the forced zero coordinates, hence at most q zeroes.

Fix w(1), . . . , w(s−2) as above, substitute vectors and count the surviving coefficients. Define
a bilinear form B : RN × RN → R,

B(x, y) := ˜︁T (w(1), . . . , w(s−2), x, y) =

N∑︂
i=1

λixiyi, λi = ci

s−2∏︂
j=1

w
(j)
i .

Given ci ̸= 0 and our construction above, a coefficient λi vanishes precisely when

i ∈ F :=
s−2⋃︂
j=1

Fj .

Consequently,

|F | ⩽ (s− 2)q, rankB = N − |F | ⩾ N − (s− 2)q

where rank is the rank of the diagonal matrix diag(λ1, . . . , λN ).Moreover, the fixed vector belong
to their respective Wj , so the original vanishing assumption gives

B(x, y) = 0, x ∈Ws−1, y ∈Ws.

Set a := N − dimWs−1 ⩽ q, and b := N − dimWs ⩽ q so a, b ⩽ q. Extend the bases of Ws−1

and Ws to bases e1, . . . , eN and f1, . . . , fN of RN respectively. We will use the basis ei as the
first argument for the bilinear form B and fj as the second argument. Define the matrix M as
Mij = B(ei, fj). Whenever i ⩽ N − a and j ⩽ N − b, we have Mij = 0. Then,

M =

(︃
0 A
C D

)︃
=

(︃
0 A
0 D

)︃
⏞ ⏟⏟ ⏞

supported on last b columns

+

(︃
0 0
C 0

)︃
⏞ ⏟⏟ ⏞

supported on last a rows

.

where the bottom blocks have a rows and the right blocks have b columns The block decompo-
sition gives

rankB = rankM ⩽ b+ a ⩽ 2q.

A bilinear form vanishing on subspaces of codimensions at most q in its two slots has rank at
most 2q. Combining the two rank condition, we get

N − (s− 2)q ⩽ rankB ⩽ 2q =⇒ N ⩽ sq.

Fixing the first arguments can eliminate at most (s − 2)q blocks and at most 2q blocks can
survive, so there were at most sq blocks originally. Thus N ⩽ sq.

(Step 3) Obtain one exceptional set. Finally, we define the exceptional set for the s-form T. For
every T ∈ T , put

JT = {i : Ti ̸≡ 0}.
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The single-form case gives |JT | ⩽ sq. If T = {0}, take J = ∅. Otherwise, choose a basis

T (1), . . . , T (d) with d ⩾ 1 for the given space of forms T . Set

J =

d⋃︂
j=1

JT (j) .

Every form in T is a linear combination of the basis form and every block outside J vanishes in
every form in T .

Recall our reasoning from Section 7.2 that individual size bounds alone do not bound their
union. We will construct one s-linear form whose block support is exactly J following the same
argument.

Start with Θ1 = T (1). For j = 2, . . . , d, choose a real number t and set Θj = Θj−1 + tT (j).

For each share i in the union of the supports of Θj−1 and T (j), the new block is Ai + tBi, where

Ai = (Θj−1)i and Bi = T
(j)
i . These two blocks are not both zero.

• If Bi = 0, then Ai ̸= 0 and Ai + tBi = Ai ̸= 0 for every real number t.
• If Bi ̸= 0, at most one value of t can make the block zero; otherwise, if Ai + tBi = 0 and
Ai + t′Bi = 0, subtraction gives (t− t′)Bi = 0 and therefore t = t′.

There are finitely many blocks and each excludes at most one t ∈ R. Choose t avoiding all these
values. Every block occurring in either form Θj−1 or T (j) remains nonzero while blocks absent
from both remain zero. Then

JΘj = JΘj−1 ∪ JT (j) .

Repeating the steps gives a linear combination Θ∗ supported on J satisfies

JΘ∗ = J, |J | = |JΘ∗ | ⩽ sq

because Θ∗ still vanishes on V s, previous argument applies. This is the desired common excep-
tional set.

□

The following lemma impose the local character equations exactly, then remove the last commu-
tator subgroup while preserving the relevant readout along the orbit. It extends the local reduction
to quadratic torus argument of Lemma 7.3.

Lemma 10.5 (Exact local restriction and central quotient). Fix integers k ⩾ 3 and D ⩾ 1. There
exists a constant Ck,D ⩾ 1, depending only on k,D, with the following property.

Let Q,H ⩾ 2 and let (G/Γ, G•,X ) be a filtered nilmanifold of degree at most k, dimension at
most D,and complexity at most Q. Let p be an odd prime satisfying

p > (QH)Ck,D .

Suppose that g ∈ poly(Z, G•) such that g(z)Γ is p-periodic and that a finite family of horizontal
characters ξ1, . . . , ξt of height at most H are constant modulo 1 on this orbit. Put

H∗ = exp

⎛⎝⋂︂
j

ker dξj

⎞⎠, Γ∗ = H∗ ∩ Γ, (H∗)j = H∗ ∩Gj .

For an empty character family, take the intersection to be Lie(G). The subgroup H∗ is connected
and rational, and Γ∗ is a cocompact lattice in H∗. There exists c in a fixed Mal’cev fundamental
box and h ∈ poly(Z, (H∗)•) such that for every z ∈ Z,

g(z)Γ = c h(z)Γ, h(z + p)Γ∗ = h(z)Γ∗.
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The restricted filtered nilmanifold (H∗/Γ∗, (H∗)•) admits an adapted Mal’cev basis giving complexity
at most (QH)Ck,D . Suppose additionally that 2 ⩽ s ⩽ k is an integer and the group G has nilpotency
step at most s. Set

Z = (H∗)(s).

Then Z is connected, rational, and central in G. The quotient nilmanifold H∗/(ZΓ∗) with acting
group H∗/Z and the filtration induced from (H∗)• has nilpotency step at most s − 1, while its
filtration degree remains at most k and dimension at most D. It admits an adapted Mal’cev basis˜︁X giving complexity at most (QH)Ck,D . The orbit z ↦→ h(z)(ZΓ∗) is polynomial for the induced
filtration and is p-periodic.

For every integer R ⩾ 0, there exists a constant Ck,D,R ⩾ 1, depending only on k,D,R such that

the following holds. If F ∈ CR(G/Γ;C) is Z-invariant, i.e. F (wxΓ) = F (xΓ) where w ∈ Z and
x ∈ G, then ˜︁F (u(ZΓ∗)) := F (cuΓ), u ∈ H∗,

define a CR function on H∗/(ZΓ∗) satisfying for every z ∈ Z,

F (g(z)Γ) = ˜︁F (h(z)(ZΓ∗)),
⃦⃦⃦ ˜︁F ⃦⃦⃦

CR( ˜︁X )
⩽ (QH)Ck,D,R∥F∥CR(X )

where ˜︁X is a controlled adapated basis supplied by the quotient conclusion. If F takes value in [0, 1],

then so does ˜︁F .
Note that (H∗)j = H∗ ∩Gj denotes the inherited degree filtration, whereas (H∗)(s) denotes the

lower central series.

Proof. We follow the rational correction strategy of Leng [Len25, Lemmas 3.7.1 and 3.7.3, printed
pp. 94–96]. After normalizing the sequence, we multiply it by the inverse of a rational polynomial
sequence so that all the character equations vanish exactly. We then clear the denominators and
use p-periodicity to recover the original orbit modulo Γ. The construction below verifies that these
operations preserve the degree filtration.

Write g(0) = cγ0, with c in the fundamental box and γ0 ∈ Γ, and put

v(z) = c−1g(z)γ−1
0 .

Then v(0) = idG, v(z)Γ is p-periodic, and ξi(v(z)) ∈ Z for every i, z. Conjugation preserves each
Gj , so v is polynomial for the original filtration. Write its filtered Taylor expansion as

v(z) =

k∏︂
j=1

v
(zj)
j , vj ∈ Gj .

Applying a character turns this product into a sum, and finite differences show that ξi(vj) ∈ Z.
First choose at most D characters from the defining family whose differentials span the same real
row space. It suffices to solve their equations: every remaining equation is a real linear combination,
and the same combination holds for its prescribed right-hand side. Thus the rationality bounds are
independent of the number of defining characters. For each j, use rational linear algebra to choose
bj ∈ Gj with bounded denominator and

ξi(bj) = ξi(vj) for every i, bj ∈ Gj .

In an adapted rational basis of Lie(Gj) these are consistent linear equations with integer right-
hand sides and bounded rational coefficients. Cramer’s rule gives a Lie algebra solution Bj whose
coordinate denominators are bounded by (QH)Ck,D ; its numerators need not be bounded. Take
bj = exp(Bj). Set

γ(z) =
k∏︂

j=1

b
(zj)
j , h1(z) = v(z)γ(z)−1.
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Both sequences are polynomial for the original filtration, and ξi(h1(z)) = 0 for every i. Thus h1 is
polynomial for the inherited filtration on H∗: its multiplicative derivatives belong both to H∗ and
to the corresponding Gj .

The rational correction γ makes h1 = vγ−1 satisfy the character equation exactly, but it need
not preserve the orbit modulo Γ, since γ(z) need not lie in Γ.

Its bounded coordinate denominators allow us to apply Leng [Len25, Lemmas 7.2.16–7.2.17,
printed pp. 317–318]. There is a positive integer L ⩽ (QH)Ck,D with γ(Lz) ∈ Γ for every z,
regardless of the sizes of the numerators. Consequently, the correction disappears modulo the
lattice on multiples of L;

h1(Lz)Γ = v(Lz)γ(Lz)−1Γ = v(Lz)Γ.

Since p > L, Chinese remainder theorem can choose one dilation a0 that both removes the rational
correction and preserves the original orbit. a0 is divisible by L and congruent to 1 modulo p. Then
h(z) = h1(a0z) remains polynomial for the inherited filtration, and

h(z)Γ = v(a0z)γ(a0z)
−1Γ = v(a0z)Γ = v(z)Γ

where divisibility by L removes the rational correction and a0 ≡ 1 mod p preserves the original
orbit by p-periodicity. Moreover, h(z) ∈ H∗ and v(z)Γ is p-periodic, so

h(z)−1h(z + p) ∈ H∗ ∩ Γ = Γ∗.

Thus, h(z+p)Γ∗ = h(z)Γ∗. Neither the sizes of the Taylor coefficients nor the size of the dilation a0
enters the complexity estimate. The geometry is determined by the bounded character equations,
while the construction preserves the orbit exactly modulo the lattice.

Suppose G has nilpotency step at most s ⩾ 2. Let Z = (H∗)(s) be the subgroup generated
by s-fold commutators in H∗. It is rational and central in G, and H∗/Z has step at most s − 1.
For the rational subgroup basis and metric comparison, use Leng [Len25, Lemma 7.2.15, p. 317;
Lemma 7.2.11, pp. 312–313]. For a Z-invariant readout F, the function u ↦→ F (cuΓ) descends to
the quotient; changing u by an element of Z does not change its value. The Lie algebra of Z is
spanned by brackets of length s in a bounded rational basis of Lie(H∗). Its rationality is therefore
bounded by

(QH)Ck,D .

It is central in G because G has step at most s. The quotient with its induced filtration is covered
by [Len25, Lemma 2.3.11, pp. 33–34].

Finally, the chain rule in bounded-degree Mal’cev coordinates gives the stated finite smoothness
bounds; bounded translation is also covered by [Len25, Lemma 7.2.6, pp. 308–309]. These are local
estimates in dimension at most D.

□

10.4. Successive central reductions.

Proof roadmap. The proof successively lowers the nilpotency step of the group, estimates the
resulting torus experiment, and restores the accumulated errors. Repeat until the remaining groups
are tori after at most k−1 rounds. On these tori, positive Fourier approximation through Lemma 7.4
reduces the comparison to a finite sum, where the certificate and sharp local Fourier bounds control
the exact relations. The nonconstant polynomial phases are upper bounded by a Weyl-type bound
Equation 100.

The induction invariant and the one-round claim. Put qcert = ⌈8D/b⌉ and fix κ > 2. After
t rounds, let St be the revealed coordinates and put

mt = m− |St|, rt = r − |St|, Rt = R0 − t(D + 2). (79)

The remaining local groups have nilpotency step at most k − t and dimension at most D; their
orbits are p-periodic and polynomial of filtration degree at most k. The readouts are probability
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valued, and the geometry and CRt norms are bounded by a deterministic Qt. Also, |St| < k2qcert
and rt/mt ⩾ b/2. All estimates hold on one event chosen before the leakage maps. Write Pt,Qt for
the current output laws. One round, with current step s ⩾ 2, reveals fewer than sqcert inputs and
produces models of step at most s− 1 satisfying

SD(Pt , Qt) ⩽ e−κm + E
u
SD
(︁
Pnew
t+1,u , Q

new
t+1,u

)︁
. (80)

Only central averaging contributes to this error; restriction and quotient preserve the conditional
laws exactly. Steps 2–5 verify this claim. The later steps estimate the terminal tori and close the
quantitative bounds.

Proof of Proposition 10.3. (Step 1) Prepare one uniform good event and quantitative allowances
that supports every round. Put qcert = ⌈8D/b⌉.
(a) There will be at most k − 1 rounds of reduction. The degree k-filtration ensures that every
group has nilpotency step at most k,

G(k+1) ⊆ Gk+1 = {idG}.

Suppose the current maximum nilpotency step s ⩾ 2. At every remaining share, the round
restricts to a subgroup Hi and quotients by the local central series Zi = (Hi)(s). The resulting
group has step at most s − 1 because (Hi/Zi)(s) = {idG}. Each round decreases the maximum
step by at least one. Starting with nilpotency at most k, we reach step one nilpotency, the
abelian case, after at most k − 1 rounds. Each round reveals fewer than kqcert share values,
hence fewer than k2qcert in total. The polynomial orbit’s degree may remain k throughout the
reduction. The nilpotency step s tells us what to remove and when to step while the filtration
degree k controls the polynomial structure that survive each reduction.

(b) In each round, the remaining share vectors still have sufficient rate to use the certificate
lemma. Each local readout is evaluated at a field input zi ∈ Fp, where

Fi(g
(i)(zi)Γ

(i)).

Consider the two experiments from Section 7.1. In the code experiment, the inputs are the shares
zi = Li(x) and in the comparison experiment, they are independent uniform field elements.
Initially, dimension of the space of share vectors is r ⩾ bm and the number of shares is m. After
revealing d inputs, the remaining number of shares is m− d and dimension of the space of share
vectors is r − d. We reveal at most a fixed number of k2qcert shares, independent of m. When
m ⩾ 2k2qcert/b,

r − d ⩾ bm− k2qcert ⩾
b

2
m ⩾

b

2
(m− d).

For large m, every remaining share vectors has relative dimension/rate at least b/2. Therefore,
we can apply Lemma 6.1 at rate b/2 for every deletion of fewer than k2qcert shares throughout
the reduction. The required number of rows q = qcert.

(c) Choose deterministic complexity budget for every round. We will specify in advance which
coefficient heights the good event must cover. Step 2 − 4 later verify that the actual quantities
fit these budgets. At the beginning of round t, let Qt ⩾ 2 bound the local geometry and the
required smoothness norms. Starting from fixed Q0, use

logQt ⩽ Ctm
vt log(2m), v0 = 0, vt+1 = vt + ρk + 2 (81)

where ρk follows from Imported Theorem 10.2. All constants depend only on the fixed data.
The bounds determine the character cutoffs and the final Fourier cutoff.

(d) Define the certificate event for one fixed set of revealed shares and fixed coefficient cutoff.
Fix a set S with |S| < k2qcert, and a required height cutoff B ⩾ 2. Apply Lemma 6.1 to the
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remaining evaluation tuple aSc with rate parameter b/2. For every integer array

C = (Ci)i∈Sc , Ci ∈ Zqcert×D, ∥C∥∞ ⩽ B,

Lemma 6.1 provides a certificate vector uC ∈ Zqcert , depending on C alone, with the height bound
stated in the lemma. The certificate assignments are fixed before sampling the evaluation places.
We say that the evaluation tuple a = (a1, . . . , am) belongs to GoodS,B if for every bounded array

C above and every collection of solution vectors βi ∈ FD
p ,[︄∑︂

i∈Sc

ahi Ciβi = 0 (0 ⩽ h < r − |S|)

]︄
=⇒ u⊺CCiβi = 0 (i ∈ Sc). (82)

The βi are auxiliary coefficient vectors; later they will be the horizontal polynomial coefficients.
On the GoodS,B event, every permitted system of global moment equations has its assigned local
certificate, simultaneously for all its solutions. For uniformly random disinct nonzero evaluation
places, Lemma 6.1 gives

Pr[a /∈ GoodS,B] ⩽
2Dm′(r′ − 1)(2B + 1)qcertm

′D

p
(83)

where m′ = m − |S| and r′ = r − |S|. This applies because the retained tuple aSc is uniformly
distributed among distinct nonzero evaluation tuples.

(e) Define the good event. Make the certificate assignments consistently across cutoffs. For each
array C, choose its certificate using the intrinsic cutoff B(C) = max{2, ∥C∥∞}, so that

qcertB(C)∥uC∥∞ ⩽ (2B(C))Cb/2,D .

The maximal-minor event in the proof of Lemma 6.1 enforces these same assigned certificates
for every solution; its stated union bound is unchanged. This choice retains the smaller height
bound whenever the actual array has height less than the master cutoff.

Choose a deterministic master cutoff T∗ ⩾ 2 covering every character and Fourier cutoff used
below. The recurrence Equation 81 and the later estimates allow us to fix it with

log T∗ ⩽ Cmvk−1 log(2m).

Define

Good =
⋂︂

S⊆[m]
|S|<k2qcert

GoodS,T∗ .

This event depends only on the evaluation places and the predetermined parameters. It covers
every later bounded array and every solution, including choices made after earlier inputs have

been revealed. There are at most k2qcertm
k2qcert−1 deletion sets. Thus Equation 83 gives

Pr[Goodc] ⩽ p−1 exp{Cm log(2T∗) + C log(2m)}. (84)

The field-size assumption

log p ⩾ Cmvk−1+2 log(2m) = CmΘk+1 log(2m)

covers all certificate, restriction, and line-selection conditions checked below. Increasing C makes
the failure probability and the second term of Equation 103 at most e−2m.

There is no additional union bound over revealed values; the universal event and the deter-
ministic bounds apply in every conditional branch. The significance thresholds and the positive
approximations can also be chosen so that their total error over all rounds is Ok(e

−2m).

(f) Distinguishing advantage. Since the distinguishing advantage is at most 1, we have

E
a
∆Gp,ℓ

(a; r) =E
a
[∆Gp,ℓ

(a; r)1Good(a)] + E
a
[∆Gp,ℓ

(a; r)1Goodc(a)]

76



⩽E
a
[∆Gp,ℓ

(a; r)1Good(a)] + Pr[Goodc]

⩽E
a
[∆Gp,ℓ

(a; r)1Good(a)] + e−2m.

It remains to bound the average for good evaluation tuples, uniformly over all admissible leakage
maps in Gp,ℓ.

(Step 2) Decompose the readouts and isolate significant products. Fix an evaluation tuple a ∈ Good
and the original leakage maps. At the beginning of round t, fix a revealed history and put

I = [m] \ St, m′ = |I|, r′ = r − |St|.
Let s ⩾ 2 be the current maximum nilpotency step. Absorb the affine changes from shortening
into the local orbits, so that the current share inputs are

Li(x) =
r′−1∑︂
h=0

ahi xh, x ∈ Fr′
p , i ∈ I.

For i ∈ I, write G(i)/Γ(i), g(i), and Fi for the current local nilmanifold, polynomial orbit, and
probability readout. The local dimensions are at most D, the polynomial degrees are at most
k, and each orbit is p-periodic modulo its lattice. Set the derivative budget as Equation 79. Let
Qt ⩾ 2 bound the current local geometry and the CRt norms. All smooth norms below use the
current Mal’cev bases and include the supremum norm. Put

Fi,1 = Fi, Fi,0 = 1− Fi, with ∥Fi,0∥CRt , ∥Fi,1∥CRt ⩽ Qt.

We will expand each local readout into Fourier components along its last central layer G(s) and
normalize these components.

For each remaining index i ∈ I, set

Zi = G
(i)
(s), Ti = Zi/(Zi ∩ Γ(i)), (85)

where G(1) = G and G(j+1) = [G,G(j)]. The subgroup Zi is central and rational, so Ti is a torus.
If the local nilpotency step is smaller than s, this torus is trivial. Apply the vertical Fourier
decomposition of Section 4.4 along the torus Ti. Explicitly, for a continuous vertical character
ν : Ti → R/Z, define

Fi,ε,ν(z) =

∫︂
Ti

Fi,ε(u · z)e−2πıν(u)du, ε ∈ {0, 1}

using Haar probability measure. The local rational-coordinate bounds, as used in Lemma 10.5,
cost at most a fixed power of Qt. Consequently, the integration by parts argument proving
Equation 24, spending D + 2 derivatives, gives

Fi,ε =
∑︂
ν

Fi,ε,ν ,
∑︂
ν

∥Fi,ε,ν∥CKt ⩽ QC
t , Kt ⩾ 1

for a fixed constant C = Ck,D. This exponent includes the coordinate changes and the fixed
summation constants; dependence on the derivative orders is absorbed because they are bounded
by R0.

We normalize exactly as in Section 7.1. Omit the zero components and put

ci,ε,ν = ∥Fi,ε,ν∥CKt > 0, Fi,ε,ν = ci,ε,νΦi,ε,ν , wy,ν =
∏︂
i∈I

ci,yi,νi ,
∑︂
ν

wy,ν ⩽ QCm′
t

where each normalized readout Φi,ε,ν has vertical frequency ν, ∥Φi∥CKt = 1, and is one-bounded.
With the fixed error exponent κ > 2 chosen above, set

δt = exp{−C∗m(1 + logQt)}, C∗ ⩾ C + κ+ 2.
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Fix an output profile y ∈ {0, 1}I and a frequency tuple ν = (νi)i∈I such that every component
Fi,yi,νi is nonzero. Write

Φi = Φi,yi,νi (i ∈ I).

Define

Ay,ν := E
x∈Fr′

p

∏︂
i∈I

Φi(g
(i)(Li(x))Γ

(i)), By,ν := E
z∈FI

p

∏︂
i∈I

Φi(g
(i)(zi)Γ

(i)).

We call the choice of normalized components significant if

max{|Ay,ν |, |By,ν |} ⩾ δt. (86)

Define the significant index set

Sy = {ν : max{|Ay,ν |, |By,ν |} ⩾ δt}.
Consider the two experiments from Section 7.1. For the share-input experiment, we have

Pf (y) =E
x

∏︂
i∈I

Fi,yi(g
(i)(Li(x))Γ

(i))

=E
x

∏︂
i∈I

(︄∑︂
νi

ci,yi,νiΦi,yi,νi(g
(i)(Li(x))Γ

(i))

)︄
=
∑︂
ν

∏︂
i∈I

ci,yi,νi⏞ ⏟⏟ ⏞
wy,ν

E
x

∏︂
i∈I

Φi,yi,νi(g
(i)(Li(x))Γ

(i))⏞ ⏟⏟ ⏞
Ay,ν

=
∑︂
ν∈Sy

wy,νAy,ν⏞ ⏟⏟ ⏞
significant product

+
∑︂
ν /∈Sy

wy,νAy,ν⏞ ⏟⏟ ⏞
RP (y)

where ν = (νi)i∈I ranges over the frequency tuples and RP (y) is the insignificant remainder in
the share-input experiment. Similarly, one can also get

Qf (y) =
∑︂
ν∈Sy

wy,νBy,ν⏞ ⏟⏟ ⏞
significant product

+
∑︂
ν /∈Sy

wy,νBy,ν⏞ ⏟⏟ ⏞
RQ(y)

,

where RQ(y) is the insignificant remainder in the random-input experiment. Every term outside
Sy has both normalized averages smaller than δt. Therefore,

|RP (y)|, |RQ(y)| ⩽ δt
∑︂
ν

wy,ν ⩽ δtQ
Cm′
t ,

where m′ = |I| and the final inequality follows from our bound on the total component weight.

There are 2m
′
output profiles, so∑︂

y

(|RP (y)|+ |RQ(y)|) ⩽ 2m
′+1δtQ

Cm′
t ⩽ e−κm.

We can directly control contribution of the remainders, leaving the significant products for the
structural argument.

(Step 3) Convert significant products into short global equations. After the vertical decomposition
and normalization, fix a significant product Ψ: Fd

p → C, so⃓⃓⃓⃓
E
x
Ψ(x)

⃓⃓⃓⃓
⩾ δt
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where d is the number of input parameters in the experiment under consideration. We will convert
the significant product averages into short character equations and commutator constraints that
the later certificate and central reduction arguments can use.

(a) Parameters preparation. Set

G/Γ =
∏︂
i∈I

G(i)/Γ(i), F((vi)i∈I) =
∏︂
i∈I

Φi(vi), ν((ui)i∈I) =
∑︂
i∈I

νi(ui) mod 1.

The product has filtration degree at most k and dimension h =
∑︁

i∈I dimG(i) ⩽ Dm. Use integral
coordinates on the horizontal tori, whose dual lattices are the horizontal characters. The changes

from the current Mal’cev coordinates cost Q
Ok,D(1)
t and are performed locally, before taking

products. For a sufficiently large constant C = C(k,D), set

Mt = (2m)CQC
t .

The product dimension is at most Dm, and its geometry, Lipschitz norm, and frequency bound

complexity(G/Γ) ⩽Mt, ∥F∥Lip ⩽Mt, ∥ν∥vert ⩽
Mt

δt
.

Here is the frequency bound used above. Significance and one-boundedness imply

δt ⩽
∏︂
j

∥Φj∥∞ ⩽ ∥Φi∥∞ (i ∈ I).

For a unit vertical direction X, differentiating the vertical transformation law gives XΦi =
2πi dνi(X)Φi. The normalized first derivative bounds, with the local metric comparison, therefore

give ∥νi∥vert ⩽ Q
Ok,D(1)
t /δt. Passing to the product costs only a polynomial factor in m; the

chosen Mt absorbs it. For the direct-product basis, see [CS14, Lemma A.2, p. 27].

(b) Assuming a suitable line exists, apply Imported Theorem 10.2. Fix the deterministic character
cutoff

Bt =

⌈︄
QC

t

(︃
Mt

δt

)︃Ck(Dm)ρk
⌉︄
, (87)

where the additional power of Qt covers coordinate conversion. Assume

log p ⩾ Cmvt+ρk+1 log(2m) ⩾ Cmρk(log(2m) + logQt + log(1/δt)) ⩾ logBt, (88)

which ensures the theorem’s field-size condition. Suppose an affine line x = x0 + nv satisfies the
following two properties:
• The restricted product average along the line still has magnitude at least δt.
• Every horizontal character within cutoff Bt that is constant on the line is also constant on the
whole orbit.

Write ˜︁g(n) for the product orbit restricted to this line. Affine restriction preserves polynomiality
and p-periodicity, and ⃓⃓⃓⃓

E
z∈Fp

F(˜︁g(z)Γ)⃓⃓⃓⃓ ⩾ δt.

Apply Imported Theorem 10.2 with parameters k, s, h,Mt, δt gives horizontal characters ξ1, . . . , ξqhor
of height within the cutoff Bt, constant modulo 1 on the line’s orbit, such that

dν([· · · [[v1, v2], v3], . . . , vs]) = 0 for v1, . . . , vs ∈
qhor⋂︂
j=1

ker dξj . (89)
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(c) Line selection. For every horizontal character ξi of height at most Bt, its composition with
the product orbit has the form

cξi +
Pξi(x)

p
mod 1, degPξi ⩽ k

where cξi is a constant. There are at most (2Bt + 1)Dm candidate characters, so we assume the
stronger field size condition

p > k(2Bt + 1)Dm.

One may follow the same line-selection argument from Step 1 in the proof of Lemma 5.1 from
Section 5. Replace the previous hyperplane-avoidance argument with polynomial zero sets avoid-
ance. If the polynomial Pξi is non-constant of degree j, let Pξi,j be its highest homogeneous part.
For every starting point x0,

Pξi(x0 + ze) = Pξi,j(e)z
j + lower-degree terms in z.

The restriction remains non-constant whenever Pξi,j(e) ̸= 0. There are at most (2Bt + 1)Dm

candidate characters, where D bounds each local dimension and m is the initial number of
shares. Each polynomial excludes at most kpd−1 directions. Therefore, there exists a direction e
with Pξi,j(e) ̸= 0 for all these polynomials when p > k(2Bt + 1)Dm. For the chosen direction,

δt ⩽

⃓⃓⃓⃓
E
x
Ψ(x)

⃓⃓⃓⃓
⩽ E

x0

⃓⃓⃓⃓
E

z∈Fp

Ψ(x0 + ze)

⃓⃓⃓⃓
.

Some affine line has bias at least the full average. Any character supplied by Imported Theo-
rem 10.2 that is constant on the line must be constant on the whole orbit, by the choice of e.
The same argument applies to the independent-input orbit.

(Step 4) Apply one certificate to all polynomial coefficients. Equation 89 from previous step supplies
character equations for each significant product. Now, we want to show that, after imposing
the local equations, fewer than qcert independent global constraints remain. The prepares the
bounded-support argument of Lemma 10.4.

Consider the Good event defined as in 1. Let I index the remaining shares, and suppose the
remaining number r′ of polynomial coefficients satisfies r′/|I| > b/2. Set

Ht = max{Bt, D(2Bt)
Cb/2,D},

where Cb/2,D is the certificate exponent from Lemma 6.1. In horizontal coordinates, the i-th
local orbit has the form

ϑi +
1

p

k∑︂
j=1

βi,jz
j (mod 1), βi,j ∈ Fhi

p , hi ⩽ D.

Prime periodicity and p > k makes the relevant factors invertible and imply this form, by
successive finite differences of the torus polynomial. For a global (product) horizontal character
with integer local coefficient rows ci, constancy on the share orbit gives∑︂

i∈I
ahi ciβi,j = 0 (1 ⩽ j ⩽ k, 0 ⩽ h < r′). (90)

For a fixed degree j, compare the coefficient of xj0 in
∑︁

i∈I(ciβi,j)Li(x)
j , and then those of xj−1

0 xh
for 1 ⩽ h < r′. The later coefficients are j times the required moments. Since p > k, j is invertible.
Homogeneous degrees separate, and degree less than p makes the polynomial-function identity a
formal polynomial identity.

Define two families of equations
• Let Ui be the real span of differentials of local horizontal characters of height at most Ht that
are constant modulo 1 on g(i).
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• Let W be the real span of differentials of global (product) horizontal characters of height at
most Bt (as in Equation 87) that are constant modulo 1 on the full share orbit.

Put
Ei = {vi ∈ Lie(G(i)) : λ(vi) = 0, ∀λ ∈ Ui}, E =

⨁︂
i

Ei,

and
V = {v ∈ E : λ(v) = 0, ∀λ ∈W} = E ∩W⊥.

Thus, E consists of directions satisfying all the chosen local equations, and V ⊆ E additionally
satisfies dξi(v) = 0 for every chosen global character ξi. Some global equations already follow
from the local ones, so they vanish automatically on E. Others may become dependent after
restriction to E. On the good event, we want

codimE V < qcert, codimE V = dim{λ|E : λ ∈W},
which measure the additional global constraints inside E.

Next, we want to construct one bounded integer array C to which the certificate applies.
Assume the contrary that codimE V ⩾ qcert, choose qcert global characters ξ1, . . . , ξqcert whose
differentials restricted to E, dξ1|E , . . . , dξqcert |E are linearly independent over R. At each share,
collect the local rows of ξi into

Ci ∈ Zqcert×D,

padding with zeroes and each entry has height at most Bt. Apply Lemma 6.1 to the r′ evaluation
tuple moments in Equation 90 and get one nonzero certificate uC ∈ Zqcert such that

uTCCiβi,j = 0 (i ∈ I, 1 ⩽ j ⩽ k). (91)

The certificate is uniform over all solutions of the same integer array C. Write ξℓ,i for the re-

striction of the global character ξℓ to the i-th group. For each i, the row uTCCi defines a locally
constant character ηi whose height is at most Ht and is constant modulo 1 on the local orbit,

ηi =

qcert∑︂
ℓ=1

(uC)ℓ ξℓ,i, dηi =

qcert∑︂
ℓ=1

(uC)ℓ dξℓ,i.

For any v = (vi)i∈I ∈ E =
⨁︁

i∈I Ei, we therefore have(︄
qcert∑︂
ℓ=1

(uC)ℓ dξℓ

)︄
(v) =

qcert∑︂
ℓ=1

(uC)ℓ
∑︂
i∈I

dξℓ,i(vi) =
∑︂
i∈I

dηi(vi) = 0,

since dηi ∈ Ui, while Eiis defined to annihilate every functional in Ui. Consequently,
qcert∑︂
ℓ=1

(uC)ℓ dξℓ

⃓⃓⃓
E
= 0.

The linear independence between characters dξ1|E , . . . , dξqcert |E forces every (uC)ℓ = 0. But the
certificate guarantees that uC ̸= 0, giving the contradiction. Therefore,

codimE V < qcert. (92)

This is Section 8 Step 2 with k solutions for the same array.

(Step 5) Lower the nilpotency step outside an exceptional set of coordinates. We want to turn the
dimension constraints from Equation 92 into simpler local nilsequence representations, so that we
can repeat the argument until the remaining groups are abelian. Suppose the current maximum
nilpotency step s ⩾ 2, and I indexes the remaining shares.

(a) Find one bounded set of exceptional shares. Analogous to Section 7.2 and Section 8 Step 3,
we want to find an exceptional set

J ⊆ I, |J | ⩽ s · qcert ⩽ k · qcert,
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such that, after a small modification of the readouts and revealing the field inputs in J, every
remaining local group has nilpotency step at most s − 1. The filtration degree remains at most
k, and the local dimensions remain at most D.

We begin by considering significant vertical product of the normalized component Φi and its
vertical frequencies νi, for i ∈ I, to define the block-diagonal s-linear form

Tν(v1, . . . , vs) =
∑︂
i

dνi([· · · [[vi,1, vi,2], vi,3], . . . , vi,s]) on E

where vj = (vi,j)i∈I is a vector in the product Lie algebra. Here, dνi is the linear functional
associated with the vertical frequency on the last lower-central Lie algebra. The commutator
Tν(v1, . . . , vs) measures the combined vertical phase detected by the frequencies when we take
s-fold commutators. It is block diagonal because each summand involves directions from just
one share. For s = 2, it is the familiar form from Lemma 5.1,

Tν(v, w) =
∑︂
i∈I

dνi([vi, wi]).

Continuing from the dimension conclusion of the previous step, we now show that

Tν(v1, . . . , vs) = 0 whenever v1, . . . , vs ∈ V,

for every significant product, using the same V. The preceding application of Imported Theo-
rem 10.2 supplies horizontal characters ξ1, . . . , ξqhor of height at most Bt, such that Tν(v1, . . . , vs)
vanishes on

Ks, K =

qhor⋂︂
ℓ=1

ker dξℓ.

We will show that V ⊆ K.
When the significant product is in the share experiment. Each ξℓ is constant modulo 1 on the

full share orbit and has height at most Bt and dξℓ ∈ W. Since V annihilates every functional in
W, then

v ∈ V =⇒ dξℓ(v) = 0 for every ℓ.

Therefore, Imported Theorem 10.2 makes the s-linear form vanish on V s,

V ⊆ K, Tν |V s = 0.

The same holds when the significant product is in the independent-input experiment. De-
compose each global (product) character into its local restrictions, for (ui)i∈I ∈

∏︁
i∈I G

(i) where

ui ∈ G(i),

ξℓ((ui)i∈I) =
∑︂
i∈I

ξℓ,i(ui),

where the local restriction ξℓ,i(ui) is applying ξℓ on a vector with ui at the i-th position and 1
everywhere else. Constancy on the independent-input orbit means∑︂

i∈I
ξℓ,i(g

(i)(zi)) ≡ constant mod 1 for every z ∈ FI
p.

Fix all inputs except zi for some i ∈ I. Comparing zi with 0 gives

ξℓ,i(g
(i)(zi))− ξℓ,i(g

(i)(0)) ≡ 0 mod 1.

Each local character ξℓ,i is constant on its local orbit. Since the height of ξℓ,i is at most Bt ⩽ Ht,
within the cutoff defining Ui, then dξℓ,i ∈ Ui. For every v = (vi)i∈I ∈ E, dξℓ(v) =

∑︁
i∈I dξℓ,i(vi) =

0 and hence,

V ⊆ E ⊆ K.
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The span of all commutator forms, Tν(v1, . . . , vs), also vanishes on V s. Apply Lemma 10.4 to
the linear span, because the commutator forms are block diagonal and codimE V < qcert, there
exists one exceptional set J with

|J | ⩽ s codimE V < sqcert ⩽ kqcert

coordinates containing every nonzero local block, simultaneously for all output profiles and sig-
nificant frequencies. We have selected an exceptional set J such that outside J, each significant
frequency individually detects no s-fold commutators within Ei. The same J works for all output
profiles and significant frequency tuples.

(b) Average over the commutator tori outside J . Analogous to Section 4.4, Section 7.2 and
Section 8 Step 4, we begin by identifying the central subgroups that are invisible to all significant
frequency tuples. For i /∈ J, the previous step guarantees

dνi([. . . [[v1, v2], v3], . . . , vs]) = 0 for all v1, . . . , vs ∈ Ei. (93)

Set Hi = exp(Ei), Zi = (Hi)(s), where Zi is the s-th lower central subgroup of Hi. The group

Hi is rational and contains [G(i), G(i)]. The subgroup Zi is central in the ambient group, and its
Lie algebra is spanned by the s-fold brackets from Lie(Hi),

Lie(Zi) = spanR{[. . . [[v1, v2], v3], . . . , vs] : v1, . . . , vs ∈ Ei}.

Since Hi ⊆ G(i), Zi ⊆ G
(i)
(s), the vertical character νi can be restricted to Zi. Here, we regard

νi as an R/Z-valued character of the ambient last central subgroup. By linearity, Equation 93
implies that

dνi|Lie(Zi) = 0.

The group Zi is connected, and every z ∈ Zi has the form z = exp(w) with w ∈ Lie(Zi). Then,
every significant frequency annihilates Zi at these coordinates, i.e.

νi(z) = dνi(w) mod 1 = 0.

We have identified the central motions we can average away while preserving every significant
product Φi at the current round t,

Dt = {ν = (νi)i∈I : νi|Zi = 0, ∀i ∈ I \ J}.

We will then average the readout over Zi/(Zi ∩ Γ(i)) outside J to make them invariant under
the subgroups we will quotient out, while changing the two output laws by at most e−κm. For
i /∈ J, define ˜︁Fi(x) =

∫︂
Zi/(Zi∩Γ(i))

Fi(zx)dz,

where dz is normalized Haar measure. For i ∈ J, keep ˜︁Fi = Fi.
By definition of the significant frequency of Φi, for z ∈ Zi and x ∈ G(i)/Γ(i),

Φi(zx) = e2πıνi(z)Φi(x) = Φi(x)

holds for every significant product Φi and every i /∈ J. Translation invariance of Haar measure

makes ˜︁Fi invariant under Zi. Moreover,

0 ⩽ ˜︁Fi ⩽ 1,

∫︂
(1− Fi(zx))dz = 1− ˜︁Fi(x).

Define two output-bit distribution obtained after replacing each readout Fi by the averaged ˜︁Fi.
For (ui)i∈I ∈ FI

p, generate the bits independently with

Pr[Yi = 1|ui] = ˜︁Fi(g
(i)(ui)Γ

(i)).
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Write ˜︁Fi,1 = ˜︁Fi and ˜︁Fi,0 = 1 − ˜︁Fi. For an output profile y ∈ {0, 1}I , define the modified
experiments after averaging the readouts as follows.
• Share inputs: Take ui = Li(x), where x is the uniform coefficient vector in the current share
experiment. Thus, ˜︁Pf (y) = E

x∈Fr′
p

∏︂
i∈I

˜︁Fi,yi(g
(i)(Li(x))Γ

(i)).

• Independent inputs: Take ui = zi independently and uniformly from Fp. Thus,˜︁Qf (y) = E
z∈FI

p

∏︂
i∈I

˜︁Fi,yi(g
(i)(zi)Γ

(i)).

Recall the original experiments from Step 2 where wy,ν ⩾ 0 are the normalization weights, A,B
are the corresponding normalized product averages in the two experiment,

Pf (y) =
∑︂
ν

wy,νAy,ν , Qf (y) =
∑︂
ν

wy,νBy,ν (Step 2)

=⇒ Pf (y)− ˜︁Pf (y) =
∑︂
ν /∈Dt

wy,νAy,ν , Qf (y)− ˜︁Qf (y) =
∑︂
ν /∈Dt

wy,νBy,ν

(Averaging restricts the sums to Dt)

=⇒
⃓⃓⃓
Pf (y)− ˜︁Pf (y)

⃓⃓⃓
+
⃓⃓⃓
Qf (y)− ˜︁Qf (y)

⃓⃓⃓
⩽ 2δtQ

Cm′
t (|A|, |B| < δt for ν /∈ Dt,

∑︁
ν wy,ν ⩽ QCm′

t )

The statistical error is upper bounded by

SD(Pf , Qf ) ⩽SD
(︂ ˜︁Pf , ˜︁Qf

)︂
+

1

2

∑︂
y∈{0,1}I

(︂⃓⃓⃓
Pf (y)− ˜︁Pf (y)

⃓⃓⃓
+
⃓⃓⃓
Qf (y)− ˜︁Qf (y)

⃓⃓⃓)︂
(Triangle inequality)

⩽SD
(︂ ˜︁Pf , ˜︁Qf

)︂
+ 2m

′
δtQ

Cm′
t (Summing over 2m

′
output profiles)

⩽SD
(︂ ˜︁Pf , ˜︁Qf

)︂
+ e−κm (m′ ⩽ m and δt = exp(−C∗m(1 + log(Qt))))

The total change in the two laws is at most e−κm and averaging preserves the range [0, 1] and
complements.

(c) Reveal J, restrict the remaining orbits, and take central quotients. Following exactly the
same conditioning argument from Step 5 in the proof of Lemma 7.1 based on Equation 53. The
revealed field inputs are uniform in both experiments. Conditional on those inputs, the bits in
J form a common independent factor and can be removed. For the current round, start with
current coordinate set I and number of free coefficients r′. Let

I ′ = I \ J, m′′ = m′ − |J |, r′′ = r′ − |J |
and earlier bounds ensures |J | < r′. Interpolation expresses the remaining shares as affine trans-
formations of evaluations of a smaller uniform polynomial. The same affine transformations
preserve independent uniform inputs. Combining with part (b) of the current step gives

SD(Pf , Qf ) ⩽ e−κm + E
u∈FJ

p

SD
(︂ ˜︁PI′|u , ˜︁QI′|u

)︂
.

Finally, we want to represent each remaining local map on a group of nilpotency step at most

s−1, without changing either of the conditional output law ˜︁PI′|u or ˜︁QI′|u. Conditioning replaces
the input at each remaining coordinate by an affine bijection of Fp. Hence the set of its local
orbit points is unchanged. Every character defining Hi remains constant on the reparametrized
orbit, so the same subgroups Hi and Zi apply in every conditional branch. Apply Lemma 10.5
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with geometry bound Qt and character height bound Ht to restrict each remaining orbit to a
translate of Hi. Under the prepared condition p > (QtHt)

Ck,D , Lemma 10.5 gives a bounded
representative ci,u in a fixed fundamental box and a polynomial orbit hi,u in Hi such that

g(i)u (z)Γ(i) = ci,uhi,u(z)Γ
(i), hi,u(z + p)ΓHi = hi,u(z)ΓHi , ΓHi = Hi ∩ Γ(i).

The local character equations defining Hi now hold exactly along the restricted orbit. Because
the averaged readout is Zi-invariant, it descends to the induced nilmanifold with group

Zi = (Hi)(s), ˜︁Hi = Hi/Zi, ( ˜︁Hi)(s) = {1}.

Let πi : Hi → ˜︁Hi be the quotient map. The quotient lattice is ˜︁Γi = πi(ΓHi). Define the new
readout and projected orbit as

F new
i,u (πi(h)˜︁Γi) = ˜︁Fi(ci,uhΓ

(i)), ˜︁hi,u(z) = πi(hi,u(z)).

where ˜︁Fi is the previous averaged readout. Then,

F new
i,u (˜︁hi,u(z)˜︁Γi) = ˜︁Fi(g

(i)
u (z)Γ(i)). (94)

The new readout still takes values in [0, 1]. The maximum nilpotency step decreases by at least

one so ˜︁Hi has nilpotency step at most s− 1. The projected orbit remains p-periodic, polynomial
of filtration degree at most k, and the local dimension at most D. Lemma 10.5 controls the
geometry and retained smoothness norms uniformly in u,

Qt+1 ⩽ (QtHt)
Ck,D,R0

where R0 is the initial smoothness order. Together with Equation 88, this is covered by Equa-
tion 81. The derivative budget satisfies

Rk−1 = (k + 1)(D + 3)− (k − 1)(D + 2) = 2D + k + 5 > D + 2,

so all expansions and the terminal torus approximation are justified.
Let P new

u and Qnew
u be the output laws using these readouts and projected orbits in the two

remaining experiments. Equation 94 gives

P new
u = ˜︁PI′|u, Qnew

u = ˜︁QI′|u

and

SD(Pf , Qf ) ⩽ e−κm + E
u∈FJ

p

SD(P new
u , Qnew

u )

The error arise from previous part (b); restriction and quotient step introduce no additional error.
In the proof of Lemma 7.1, Lemma 7.3 performs the analogous restriction and quotient by Zi =

[Hi, Hi] = (Hi)(2) which immediately produces an abelian group. However, here, quotienting by
(Hi)(s) produces a group of nilpotency step at most s− 1, which may require further rounds of
reduction.

(Step 6) Use the sharp coefficient bound on the terminal tori. After repeating the central reduction
at most k − 1 rounds, the remaining local nilmanifolds are tori of dimension at most D. Let I
be its remaining coordinates and r′ be the number of free polynomial coefficients. The local
probability maps now have the form

z ↦→ Ai

⎛⎝ϑi + 1

p

k∑︂
j=1

βi,jz
j

⎞⎠, Ai : Tdi → [0, 1], 0 ⩽ di ⩽ D. (95)

We will largely reuse the same Fourier argument as Step 6 in the proof of Lemma 7.1 and
Proposition 9.2. The main generalization is that the relations now involve k polynomial coef-
ficients instead of two. We will show that on the common Good event, after a finite Fourier
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approximation costing at most e−κm error, the total weight of all nonzero exact relations is at
most

Cb,DM
r′
p , Mp =

1

p sin(π/(2p))
=

2

π
+O(p−2).

Apply Lemma 7.4 with uniform discrepancy e−κm/(2m) to replace each Ai by a trigonometric
polynomial Ai,T with

0 ⩽ Ai,T ⩽ 1, ∥Ai −Ai,T ∥∞ ⩽ εtor :=
e−κm

2m
(96)

and its deterministic frequency cutoff Ttor satisfies

log Ttor ⩽ Cmvk−1 log(2m).

For each i, define

Efin
i = spanFp

{βi,1, . . . , βi,k}, A∗
i (v) = Ai,T

(︃
ϑi +

v

p

)︃
. (97)

We expand A∗
i (v) and combine all integer frequencies q ∈ Zdi that indcues the same linear

functional

γq(v) = (q mod p) · v (v ∈ Efin
i ).

As in Equation 56–Equation 57, summing the corresponding coefficients gives the normalized
finite Fourier coefficients of A∗,

µi(0) = 1, µi(γi) = 2
⃓⃓⃓ˆ︂A∗

i (γi)
⃓⃓⃓

(γi ̸= 0), ˆ︂A∗
i (γ) =

∑︂
q∈Zdi

∥q∥∞⩽Ttor
γq=γ

ˆ︃Ai,T (q)e(q · ϑi)

where e(t) = e2πıt. The resulting readout takes values in [0, 1]. For the weights of Equation 58,
Lemma 7.5 and Lemma 9.1 give

µi(0) = 1,
∑︂
γi

µi(γi)
2 ⩽ 2, µi(γi) ⩽Mp (γi ̸= 0), | suppµi| ⩽ (2Ttor + 1)D. (98)

A frequency tuple γ ∈
⨁︁

i∈I(E
fin
i )∗ is an exact relation when

Pγ(x) :=
∑︂
i∈I

k∑︂
j=1

γi(βi,j)Li(x)
j ≡ 0.

Let R be the space of these relations, and let V0 be the Fp-span of those relations that actually
occur in the Fourier support

V0 = spanFp

(︄
R ∩

∏︂
i∈I

suppµi

)︄
.

Lift any qcert independent supported relations to integer frequencies of height at most Ttor and
apply the same assigned certificate to their k coefficient vectors. The certificate gives

s0 = dimV0 < qcert.

It gives a nontrivial dependence of the relation tuples because the βi,j span Efin
i ; the field condition

ensures that uC ̸= 0 modulo p. This repeats Step 7 from the proof of Lemma 7.1.
Choose a j for which some γi(βi,j) ̸= 0 and use Vandermonde independence in Equation 90,

we can show that every nonzero relation has at least r′ + 1 nonzero blocks;

|{i : γi ̸= 0}| ⩾ r′ + 1 (γ ∈ R \ {0}).
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The two-information-set argument of Lemma 7.6, with σ =Mp, therefore gives∑︂
γ∈R\{0}

∏︂
i∈I

µi(γi) ⩽ 2s0M r′+1−2s0
p ⩽ Cb,DM

r′
p . (99)

Here r′ > 2qcert for large m and τ ⩽Mp ⩽ 2/3, so the bounded exponent losses are uniform in p.

(Step 7) Bound the nonconstant polynomial phases. We will check cancellation for the nonconstant
Fourier phases and completes the comparison of the two conditional torus output laws by gen-
eralizing the argument from Step 8 in the proof of Lemma 7.1. The quadratic Gauss estimate is
replaced by the elementary bound⃓⃓⃓⃓

E
x
ep(P (x))

⃓⃓⃓⃓
⩽ ρk,p :=

(︃
k − 1

p

)︃1/2k−1

, ep(t) = e2πıt/p. (100)

for every nonconstant polynomial P of degree at most k < p. We will replace diagonalization
of the quadratic forms from Step 8 with a direction-selection argument that resembles the line-
selection argument in Step 3. Let P have degree d ⩽ k, with highest homogeneous part Pd.
Choose a direction e satisfying Pd(e) ̸= 0. On every parallel line with direction e, P (x0 + te)
has degree d in terms on t and the same nonzero leading coefficient Pd(e). We have reduced
Equation 100 to a uniform one-variable estimate. For a one-variable polynomial with degree
d ⩾ 2 and leading coefficient ad, take d − 1 additive differences. The resulting polynomial is
linear with coefficient

d!adh1 · · ·hd−1

where h1, . . . , hd−1 ∈ Fp are the auxiliary shifts of the one-variable input t. For d = 1, character
orthogonality gives mean zero. d − 1 steps of repeated Cauchy-Schwarz and linear-character
orthogonality leaves only shifts where the linear coefficients vanishes. That coefficient is a nonzero
constant times the product of the d−1 shifts, which vanishes with probability at most (d−1)/p.
Then, ⃓⃓⃓⃓

E
t
ep(P (t))

⃓⃓⃓⃓2d−1

⩽ Pr[h1 . . . hd−1 = 0] ⩽
d− 1

p

implying Equation 100.
Fix a revealed history u. Let P new

u , Qnew
u be the terminal laws before the Fourier approximation

of Step 6, and let P tor
u , Qtor

u be the laws after it. Within each experiment, couple the original and
approximating readouts using the same field inputs and the same independent auxiliary uniform
variables. The coupling inequality and Equation 96 give

SD
(︁
P new
u , P tor

u

)︁
, SD

(︁
Qnew

u , Qtor
u

)︁
⩽ |I|εtor ⩽ 1

2e
−κm. (101)

Consequently,

SD(P new
u , Qnew

u ) ⩽ SD
(︁
P tor
u , Qtor

u

)︁
+ e−κm.

Recall the finite-space readoutA∗
i : E

fin
i → [0, 1] from Equation 97. Set A∗

i,1 = A∗
i , A

∗
i,0 = 1−A∗

i ,

vi(t) =
∑︁k

j=1 βi,jt
j . For the fixed field-input vector w = (wi)i∈I , conditional independence and

Fourier inversion implies

A∗
i,yi(vi(wi)) =

∑︂
γi∈(Efin

i )∗

ˆ︃A∗
i,yi

(γi)ep

⎛⎝ k∑︂
j=1

γi(βi,j)w
j
i

⎞⎠ (Fourier inversion)

Pr
[︁
Y tor = y|w

]︁
=
∏︂
i∈I

A∗
i,yi(vi(wi)) =

∑︂
γ

(︄∏︂
i∈I

ˆ︃A∗
i,yi

(γi)

)︄
· ep

⎛⎝∑︂
i∈I

k∑︂
j=1

γi(βi,j)w
j
i

⎞⎠
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For frequency tuple γ = (γi)i∈I , define

Mγ = E
x∈Fr′

p

ep

⎛⎝∑︂
i∈I

k∑︂
j=1

γi(βi,j)Li(x)
j

⎞⎠, Nγ = E
z∈FI

p

ep

⎛⎝∑︂
i∈I

k∑︂
j=1

γi(βi,j)z
j
i

⎞⎠,
where Li(x) =

∑︁r′−1
h=0 a

h
i xh. Then,

P tor(y) =
∑︂
γ

(︄∏︂
i∈I

ˆ︃A∗
i,yi

(γi)

)︄
Mγ , Qtor(y) =

∑︂
γ

(︄∏︂
i∈I

ˆ︃A∗
i,yi

(γi)

)︄
Nγ .

Let R be the exact relation from the previous step. Then, similar as the three case estimate
from Step 8 in Section 8, replacing p−1/2 with ρk,p, then

|Mγ −Nγ | ⩽

⎧⎪⎨⎪⎩
0 γ = 0,

1 + ρk,p γ ∈ R \ {0},
2ρk,p γ /∈ R.

(102)

For every nonzero tuple, the independent-input phase is nonconstant. Otherwise, each frequency
γi would annihilate all generators βi,j , forcing γi = 0. For every local frequency γ,∑︂

ε∈{0,1}

⃓⃓⃓ˆ︃A∗
i,ε(γi)

⃓⃓⃓
= µi(γi).

At frequency zero, it follows because the two means are nonnegative and sum to one. At nonzero
frequencies, the two Fourier coefficients are negative of each other. Following the same derivation
as Equation 70, with weight µi, triangle inequality over all output profiles gives

SD
(︁
P tor , Qtor

)︁
⩽
1

2

∑︂
y

∑︂
γ

∏︂
i∈I

⃓⃓⃓ ˆ︃A∗
i,yi

(γi)
⃓⃓⃓
|Mγ −Nγ |

=
1

2

∑︂
γ

(︄∏︂
i∈I

µi(γi)

)︄
|Mγ −Nγ |

⩽
1

2

∑︂
R\{0}

∏︂
i∈I

µi(γi) + ρk,p
∏︂
i∈I

∑︂
γi

µi(γi) (Equation 102)

⩽Cb,DM
r′
p + ρk,p

∏︂
i∈I

∑︂
γi

µi(γi) (Equation 99)

⩽Cb,DM
r′
p + ρk,p

∏︂
i∈I

⎛⎝√︁|suppµi|

(︄∑︂
γi

µi(γi)
2

)︄1/2
⎞⎠ (Cauchy-Schwarz)

⩽Cb,DM
r′
p + ρk,p

[︂√
2(2Ttor + 1)D/2

]︂m
(Equation 98)

This accounts for all Fourier coefficients and all output profiles uniformly over the revealed values.
The conditional statistical distance is at most

Cb,DM
r′
p + ρk,p

[︂√
2(2Ttor + 1)D/2

]︂m
. (103)

(Step 8) Close the quantitative estimates and return to the original structured laws. Finally, we
combine bounds from previous steps for each conditional torus model into a bound for the original
structured experiments

E
a∈Ap,m

∆Gp,ℓ
(a; r)
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under the field assumption

log p ⩾ CmΘk+1 log(2m).

Recall from step 1 that T∗ bound all character and Fourier cutoffs used throughout the proof.
The parameter recurrences gives

log T∗ ⩽ Cmvk−1 log(2m), vk−1 = (k − 1)(ρk + 2),

and the proposition uses Θk+1 = vk−1+2 where ρk is the exponent from Imported Theorem 10.2.
We spell out why the ledger covers a complete round. The definitions give

log(1/δt) ⩽ Cm(1 + logQt),

logMt ⩽ C(log(2m) + logQt),

logBt, logHt ⩽ Cmvt+ρk+1 log(2m),

logQt+1 ⩽ C(logQt + logHt).

The logarithmic cost of line selection and of the certificate field-size conditions is at most

C(m logBt +m log(2m)) ⩽ Cmvt+ρk+2 log(2m).

Thus vt+1 = vt + ρk +2 covers one full round. At the terminal stage, all remaining error bounds
cost at most Cm log(2T∗)+C log(2m) in the exponent. The choice Θk+1 = vk−1+2 leaves ample
room for these costs and for making the errors exponentially small in m.

The error from the previous step satisfies

log
(︂
ρk,p

[︂√
2(2Ttor + 1)D/2

]︂m)︂
⩽ − log p

2k−1
+ Cm log(2T∗). (104)

Summing the certificate failure bound over the permitted deletion sets gives

Pr[Goodc] ⩽ p−1 exp{Cm log(2T∗) + C log(2m)} ⩽ 2e−2m.

Iterate the one round inequality through at most k − 1 reductions, then restore the terminal
torus approximation. The chosen thresholds make the accumulated error Ok(e

−2m). Writing u
for the complete revealed history and ru for the remaining number of coefficients in that branch,
we obtain

SD(Pf , Qf ) ⩽ C0 E
u
M ru

p +Ok(e
−2m).

The total number of revealed inputs is bounded by k2qcert. Then, 0 ⩽ r − ru ⩽ k2qcert and
Mp ⩾ 2/π implies that

M ru
p =M r

pM
−(r−ru)
p ⩽

(︃
2

π

)︃−k2qcert

M r
p

where (2/π)−k2qcert is a fixed constant, uniform over all rounds. Average over their values, restore
the perturbations, and take the supremum over the original maps. All estimates hold uniformly
on the same good event. Following from Step 1, we have

E
a
∆Gp,ℓ

(a; r) ⩽E
a
[∆Gp,ℓ

(a; r)1Good(a)] + Pr[Goodc]

⩽A0M
r
p +Ok(e

−2m)

Since Mp =
2
π +O(p−2) =

(︁
2
π

)︁
eO(p−2), then

M r
p =

(︃
2

π

)︃r

eO(rp−2) ⩽ C0

(︃
2

π

)︃r
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uniformly for r < m and p > m(m + 1); absorb C0 into A. With e−2m ⩽
(︁
2
π

)︁r
, enlarging the

constant gives

E
a
∆Gp,ℓ

(a; r) ⩽ A

(︃
2

π

)︃r

. (105)

□

10.5. Finish the outer reduction.

Proof roadmap. Proposition 10.3 gives the same structured bound as in the quadratic case,
with a larger field-size exponent. We now pass from structured maps to arbitrary one-bit leakage.
The cutoff t controls the number of terms with few approximation errors; the accuracy η suppresses
the remaining terms.

Proof of Theorem 2. Fix ℓ, c, ε as in the theorem, and put τ = 2/π and λ = log2(π/2). Write
h2(x) = −x log2 x− (1− x) log2(1− x). Choose a fixed α > 0 such that

α < min

{︃
1

4
,
c

4
,
ℓc− 1

2(ℓ− 1)

}︃
, h2(α) + α log2 π ⩽

εcλ

4
. (106)

This is possible because ℓc > 1 and the left-hand side of the second inequality tends to zero with
α. Set

t = ⌊αm⌋, η = 2−3/α, b = c/2.

Fix the affine-closed class Gp,ℓ from Section 10.1 at accuracy η, and let A,C be the constants in
Proposition 10.3 for this class and b. The class data and these constants depend only on c, ℓ, ε; the
exponent Θℓ depends only on ℓ.

Apply the reduction to every shortening. For sufficiently large m, we have 1 ⩽ t < d and

ℓd− (ℓ− 1)t−m ⩾ (ℓc− (ℓ− 1)α− 1)m− ℓ > 0.

Thus Lemma 10.1 applies. Moreover, for every j < t,

d− j ⩾
c

2
(m− j)

once m is sufficiently large. Every fixed deletion of j coordinates leaves a uniformly distributed
evaluation tuple of length m − j. The field-size hypothesis at length m implies the corresponding
hypothesis at length m− j, so Proposition 10.3 gives

E
a
∆Gp,ℓ

(aJc ; d− |J |) ⩽ Aτd−|J | (|J | < t).

Averaging Lemma 10.1 and grouping the deletion sets by size, we obtain

E
a
∆(a; d) ⩽ Aτd

∑︂
j<t

(︃
m

j

)︃
(2/τ)j + 4mηt

⩽ Aτd 2m(h2(α)+α log2 π) + η−12−m.

Here 2/τ = π, the binomial sum is bounded by the usual entropy estimate, and t ⩾ αm − 1 gives
4mηt ⩽ η−12−m.

Absorb the entropy cost. For large m, we have d ⩾ cm/2, so Equation 106 implies

m(h2(α) + α log2 π) ⩽ ελd/2.

Since τ = 2−λ, it follows that

E
a
∆(a; d) ⩽ Aτ (1−ε/2)d + η−12−m.

Divide by τ (1−ε)d. The two terms on the right become

Aτ εd/2 and η−12−m+(1−ε)λd,
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and both tend to zero: for the second, use d ⩽ cm and (1−ε)cλ < 1. Increasing the lower threshold
for m therefore gives

E
a
∆(a; d) ⩽ τ (1−ε)d.

The pointwise comparison Insec(a; d) ⩽ 2∆(a; d) from Equation 2 in Section 1.1 gives the other
inequality in Equation 5.

Let the exponent loss tend to zero. Suppose m→ ∞ and

log p

mΘℓ log(2m)
−→ ∞.

For every fixed ε > 0, the field-size and length conditions just proved eventually hold. A diagonal
choice of ε→ 0 therefore gives the claimed o(1) loss; the factor 2 in the insecurity bound costs only
O(1/d) in the exponent. This uses no bound on the growth of the class data as ε → 0. For n-bit
primes and m = ⌊(n)u⌋,

log p

mΘℓ log(2m)
≫u

(n)1−uΘℓ

log n
−→ ∞ if 0 < u < 1/Θℓ.

The estimate is uniform over these primes. □

The resulting tradeoff. Taking ε = 1/2 recovers Ea∆(a; d) ⩽ 2−d/4 and Ea Insec(a; d) ⩽ 2 ·
2−d/4, since 1

2 log2(π/2) > 1/4. For example, ℓ = 4 covers the new range 1/4 < c ⩽ 1/3. The
admissible party exponent is u0(ℓ) = 1/Θℓ. The dependence on Leng’s exponent ρk is explicit
in Equation 77; no numerical value of u0(4) is asserted. When c > 1/3, the separate quadratic
argument retains the stronger range 0 < u < 1/2.

91



Appendix A. The LSB Lower Bound and its Interval Form

Exponential decay in d is the right scale for insecurity. For additive and Shamir sharing, the
base 2/π already appears in the lower bounds proved in [MNP+22, Theorems 1 and 6, pp. 16:5
and 16:7]. The same reconstruction-multiplier LSB leakage gives the following formulation with our
degree convention. Here LSB means the least significant bit of the canonical binary representative
in {0, . . . , p−1}. We include the Fourier calculation to make the connection with structured leakage
explicit.

Proposition A.1 (The LSB lower bound). For every odd prime p, every tuple a of distinct nonzero
evaluation places, and every 1 ⩽ d < m, put Mp = 1/(p sin(π/(2p))). Then

Insec(a; d) ⩾Md
p ⩾

(︃
2

π

)︃d

, ∆(a; d) ⩾
1

2
Md

p ⩾
1

2

(︃
2

π

)︃d

.

Proof. Choose k = d + 1 shares. Their nonzero reconstruction coefficients λ1, . . . , λk satisfy s =∑︁k
i=1 λiPs(ai). Thus Zi = λiPs(ai) are uniform subject to

∑︁
i Zi = s. Party i ⩽ k leaks the

LSB of Zi; the remaining parties leak constants. This is the parity-of-parity construction after
multiplication by the reconstruction coefficients [MNP+22, Theorem 6 and its proof, p. 16:7].

Write [z]p ∈ {0, . . . , p− 1} for the canonical representative of z ∈ Fp, and set

ℓ(z) = (−1)[z]p .

For a real function h on Fp, use the normalized Fourier coefficient ˆ︁h(ξ) = Ex h(x) exp(−2πıξx/p).
A geometric sum givesˆ︁ℓ(ξ) = 2

p(1 + exp(−2πıξ/p))
,

⃓⃓⃓ˆ︁ℓ(ξ∗)⃓⃓⃓ =Mp, ξ∗ = (p− 1)/2.

For every nonzero ξ, Lemma 9.1 gives

sup
h : Fp→[−1,1]

⃓⃓⃓ˆ︁h(ξ)⃓⃓⃓ =Mp.

Indeed, apply the lemma to A = (1 + h)/2, using ˆ︁A(ξ) = ˆ︁h(ξ)/2. Equality is attained by h(x) =
ℓ((ξ/ξ∗)x), by the preceding calculation.

The parity of the leaked bits has signed expectation

H(s) = E∑︁
i Zi=s

k∏︂
i=1

ℓ(Zi).

With our normalized Fourier convention,

H(s) =
1

pk−1

∑︂
z1,...,zk∈Fp
z1+···+zk=s

k∏︂
i=1

ℓ(zi), ˆ︁H(ξ) = ˆ︁ℓ(ξ)k.
Let

R = max
s
H(s)−min

s
H(s), c0 =

maxsH(s) + minsH(s)

2
.

In particular, | ˆ︁H(ξ∗)| = Mk
p . Since ˆ︁H(ξ∗) ̸= 0, H is non-constant, and we have R > 0. The

normalized function

h(s) =
H(s)− c0
R/2

takes values in [−1, 1]. Subtracting c0 does not change the Fourier coefficient at the nonzero
frequency ξ∗, so the extremal estimate gives

Mk
p =

⃓⃓⃓ ˆ︁H(ξ∗)
⃓⃓⃓
=
R

2

⃓⃓⃓ˆ︁h(ξ∗)⃓⃓⃓ ⩽ R

2
Mp.
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Thus R/2 ⩾Mk−1
p =Md

p .
Choose secrets s+ and s− at which H attains its maximum and minimum. The signed parity

of the leaked bits has expectations H(s+) and H(s−) under their respective leakage laws. These
expectations differ by R, so the two laws have statistical distance at least R/2. Consequently,

Insec(a; d) ⩾
R

2
⩾Mk−1

p =Md
p ⩾ (2/π)d,

where the last inequality follows from sin t ⩽ t. Finally, the pointwise comparison Insec(a; d) ⩽
2∆(a; d) from Equation 2 of Section 1.1 gives

∆(a; d) ⩾
1

2
Md

p ⩾
1

2
(2/π)d.

□

Lev’s intervals and the LSB leakage. The LSB partition becomes an interval partition after
an invertible rescaling:

ℓ(2y) = 21I(y)− 1, I = {0, 1, . . . , (p− 1)/2}.
Indeed, [2y]p = 2[y]p on I, whereas [2y]p = 2[y]p − p on its complement; these representatives
are even and odd, respectively. Thus leaking the LSB of λiPs(ai) is exactly the interval test
λiPs(ai)/2 ∈ I. For arbitrary evaluation places, this is one-bit leakage after a public multiplication;
it need not be a physical bit of the original share [MNP+22, Theorem 6 and the following discussion,
p. 16:7].

Lev’s majorization theorem supplies the extremal additive-combinatorial perspective: replacing
sets in Fp by intervals of the same sizes can only increase the sums of the largest convolution
representation counts [Lev01, Theorem 1, p. 244]. At the half-field densities above, these extremal
intervals are precisely the LSB fibres after dilation. Lev’s theorem concerns the concentration of a
single additive relation; the LSB construction turns this structure into a leakage distinguisher. It
does not follow that these maps maximize the full Reed–Solomon leakage distance.
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