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ABSTRACT. Side-channel attacks threaten secret sharing, as well as the threshold protocols and
masking defenses built on it. Motivated by power analysis, Faust et al. (EUROCRYPT 2024)
initiated the theoretical study of additive secret sharing over the cyclic group Z/NZ when each share
leaks its Hamming weight. They asked whether these weights, taken together, reveal vanishingly
little about the secret as the modulus grows.

For Mersenne N = 2" — 1 with prime exponent n, they proved insecurity <y n~R/4F estab-

lishing security for k > 5 shares. Two shares were known to be insecure there, but the practically
important three- and four-share cases remained open. So did non-Mersenne moduli, including the
dyadic modulus N = 2", and the question of how quickly insecurity could decay.

We prove security for every near-dyadic modulus |N — 27| < 2" /n and every fixed k > 3, with
insecurity < n~*/2+5/4_ This gives the first security guarantees for three and four shares and for
non-Mersenne moduli, including the dyadic moduli. The leading share-dependent term improves
to n~F/ 2. and our lower bounds show that this dependence on k is optimal. Roughly speaking,
doubling the share length buys k/2 additional bits of statistical security, twice the k/4 guaranteed
before. At this scale, a fixed target insecurity requires only the square root of the share length
prescribed by the earlier analysis.

Our proof uses Fourier energy to bound insecurity, contracting it by n~'/? per share. We
identify Bernoulli dynamics as the broader mechanism underlying Faust et al.’s exact binary rotation
phenomenon and extend the analysis to near-dyadic moduli. For the lower bounds, we identify
Fourier modes that retain information about the secret. The estimates rely on spectral estimates
obtained from generating functions and Cauchy’s coefficient formula.
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1. INTRODUCTION

Secret sharing hides a secret by splitting it into shares. Its classical privacy model is all-or-
nothing: too few shares reveal nothing, provided the rest remain hidden [Sha79, Bla79]. This
principle underlies threshold cryptography and many masking countermeasures [ISW03, NRROG,
NRS11]. Physical leakage need not follow these rules. Even coarse side-channel measurements of
individual shares can, when taken together, reveal information about the secret [Koc96, KJJ99,
Mes00, BCOO04]. When an attacker learns a little about every share, rather than everything about
a few, how much secrecy survives?

Motivated by timing and power-analysis attacks, Faust et al. [FMM™24] studied this question
for additive sharing under Hamming-weight leakage. Here, the shares sum to the secret modulo
N, and the attacker learns only the number of ones in each share’s binary representation. They
showed that, for moduli N = 2™ — 1 with prime exponent n, five or more shares suffice: the leaked
weights together reveal vanishingly little about the secret as n grows. Yet basic questions remained
unresolved: do three or four shares suffice, does security extend beyond prime-exponent Mersenne
moduli, and how quickly does increasing share size hide the secret?

Neither five shares nor Mersenne arithmetic is necessary. We prove, for moduli near powers of
two, three shares suffice; two do not. For n-bit shares, every additional share actually adds roughly
%logz n bits of security against Hamming-weight leakage, twice what was previously known.

Leakage experiment. We work with the numbers 0,1,..., N — 1, adding modulo N; this is the
cyclic group G = Z/NZ. Write wt(x) for the number of ones in the binary representation of x. We
use n for the approximate bit length of each share.! To share a secret s € G into k > 2 shares,
sample (51,52, ...,5:) € GF uniformly subject to

§1+ 824+ sk =s.

The adversary receives only the leakage vector

( wt(s1), wt(s2), ..., wt(sk) >

Let D(s) denote this leakage distribution, and D(U) its counterpart when the secret s is uniform
over G. Following Faust et al. [FMM™*24] and the local leakage-resilience framework [BDIRI1S,
BDIR21], we measure their difference by total variation distance:

Ei(s) = HD(s)—D(U)HTV = % 3 ‘D(s)(w)—D(U)(w), and (1)
weWk
E, = rsneaé(Ek(s), (2)

where W = wt(G) is the set of possible Hamming weights.
The insecurity Ej bounds the distinguishing advantage of every statistical test. For fixed k,

asymptotic security means Ey — 0 as the modulus grows. Conversely, an infinite family where Ej
stays bounded away from zero is insecure.

Why coarse leakage need not be harmless. Revealing just the least significant bit of each
share can leave a non-vanishing distinguishing advantage even as the modulus grows [AMNT21,
MNP*22, FMM*24]. Hamming weight is not harmless by default either. In an Fy vector space,
where shares are added bit by bit without carries:

k
wt(s) = Zwt(si) (mod 2).
j=1

1Precisely, 2™ denotes a power of two nearest to N. The fixed-width binary representation uses [log, N bits: n
when N < 2", and n + 1 when N > 2".
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Increasing arithmetic scope

Mersenne primes Prime exponent c Any exponent c Near dyadic
N=2"—1,N prime * N =2"—1nprime 7 N=2"-1,n>3 = IN =27 <2™/n
Prior work
>5 Faust et al. [FMM™T24]
E, <5 n—k/4+1
Our Chang baseline
w =24 By <k
' n~k/2+3/2p0lylog(n)
% Proposition A.2
4 This work: This work: This work:
B =3 Ep < nk/2t1ogn Ej < n /2t ogn Ey, < n—k/2+5/4
g Theorem 1 Theorem 3 Theorem 2
g .
EA This work:

Ej, >1— O(n=1/2), Theorem 6

FIGURE 1. Our contribution: the threshold & tight bounds for leakage
resilience. Columns list modulus families in increasing generality; rows give the
number of shares k. Each displayed upper bound also holds in every cell above and
to its left. The two-share lower bound holds across all columns. Green indicates
asymptotic security; red indicates insecurity. Here < suppresses constant factors,
and < denotes a constant exponential in k; see Section 2.

The leaked weights therefore reveal whether the secret has an even or an odd number of ones,
regardless of the number or length of the shares.

Carries, while adding in Z/NZ, break this identity in general, but the least-significant-bit example
shows that carries alone do not ensure security. Unlike leakage at a fixed bit position, Hamming
weight conceals the locations of the ones, and hence where carries start and how far they propagate.
Turning this positional uncertainty into a quantitative security guarantee is the central challenge.

Prior work and the gap. Faust et al. [FMM™"24] proved:
FE < n_k/4+1, N =2" —1, n prime.

Here < and >> suppress constant factors, and an additional subscript k& denotes a constant (at
most exponential) depending on k (see Section 2).

Faust et al.’s bound vanishes only for k£ > 5 shares. Their proof relied on a special arithmetic
symmetry: multiplication by two modulo 2" — 1 cyclically rotates the binary digits and preserves
Hamming weight. Three questions about security remained open.

(1) How many shares suffice? Two shares are insecure: for secret 0 over a Mersenne modulus,
their weights almost always sum to n, a pattern rarely seen for independent shares. Do
three or four shares suffice for asymptotic security?

(2) Is Mersenne arithmetic essential? Does security extend to other moduli, especially the
dyadic group Z/2"Z? In the dyadic group, addition is ordinary n-bit addition with overflow
discarded, a natural fit for digital hardware.

(3) How fast does insecurity decay? After leakage, each share retains about (n — logy n) bits
of entropy, in the sense of [DRS04, DORS08]). Can additive sharing achieve exponential
decay in n, as recently proved for inner-product sharing [FMM™25], or is polynomial decay
unavoidable? In the latter case, what is the optimal dependence of the exponent on k?

1.1. Our Contributions. For fixed k£ and n — oo, we establish the sharp near-dyadic security
threshold and prove upper and lower bounds that match in their leading k-dependent exponent,
all without primality assumptions on either N or n; see Figure 1.
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Security threshold (Theorem 2 and Theorem 6)

For every modulus satisfying [N — 2"| < 2"/n and every fixed integer k > 3,
Ek < ’I’L_k/2+5/4’ whereas Ey=1-— O(n_l/Q).

In particular,

1/4 3/4

B3 < n™ and Ey < n %,

including the dyadic group Z/2"Z. The failure of two shares is more general: even outside the
near-dyadic window, Theorem 6 gives
2
Ey> 3 - 0((1ogN)—1/2).
Thus, increasing the modulus cannot make two shares asymptotically secure. Table 1 and Table 2
collect our upper and lower bounds, respectively.

Longer shares help, but only polynomially. For fixed k£ > 3, Theorem 5 complements the
upper bound above with

By >, n %2 /logn (if [N — 27| < 2"/n)
Ep >y Ve -n k22 (if [N — 27| < 20797 0 < e <1 fixed.)

The first estimate follows by taking m = n —log, n in the finite-parameter statement of Theorem 5,
which gives L = (% logyn — C')4. Thus the estimate holds for sufficiently large n throughout the
near-dyadic window.

Mersenne arithmetic sharpens the bounds. For N = 2" — 1, Theorem 3 gives
EL < n~k/2+1 log n.
Neither n nor N need be prime. For even k > 4, Theorem 4 gives
E(0) >4 02+

matching the upper bound up to logn.? These estimates determine the optimal coefficient 1/2 for

k in the decay exponent, but not the entire exponent for every modulus: at N = 2", the remaining
io m3/4

gap is n>/*.

TABLE 1. Our upper bounds on the insecurity Ey, for k > 3.

Parameter Ey, upper bound Theorem
IN —2"| < 2"/n (cn)~k/245/4 Theorem 2
N=2"-1,n>3 (en)~*/%tlogn Theorem 3
N =2"—1,n > 3 prime en k2 ogn Theorem 1

2When n > 3 is prime, Theorem 1 gives the same upper bound with an absolute implied constant. This strengthens
the dependence on k, not the power of n; the modulus N may still be composite. Both Mersenne refinements use the
fourth-moment estimate recorded in Imported Lemma 3.5.



6 A. BISWAS, J. HWANG, H. K. MAJI, I. D. SHKREDOV, AND X. YE

TABLE 2. Our lower bounds on the insecurity FEy.

Parameter E, lower bound Theorem
IN —27| <20-9" 0 <e< 1 e1/2(dn)~k/2+1/2 Theorem 5
N=2"—1,n>3, and even k > 4 (dn)~F/2+1 Theorem 4
IN-2"|=¢-Nand k =2 l—e—d-n"Y2>2/3 Theorem 6

Remark 1.1 (Leaky preprocessed one-time pads). Our analysis also applies to an online-offline
random self-reduction pattern recurring in cryptography. For example, establish independent uni-
form one-time-pad keys si,...,$;_1 offline and encrypt s online by publishing the ciphertext
¢c=8—(s14+ -+ sk—1). Even with Hamming-weight leakage from the keys and full disclo-
sure of ¢, we show that the insecurity remains n~*/2t5/4 when |N —2"| < 2"/n. Roughly put,
handing the ciphertext ¢ to the adversary costs nothing beyond what Hamming weights of keys
already reveal. The quantity Ax_; of Lemma 3.1 measures exactly this stronger adversary, and it is
controlled by the same quantity that drives our upper bounds, which is bounded for all near-dyadics
in Corollary 1. Remark 3.2 gives the information-theoretic explanation. A

Remark 1.2 (Asymptotic scope & concrete parameters). Our techniques (for example, in Theo-
rem 2) are tailored to a modular asymptotic analysis; the resulting constants are not optimized and
may be large. Together, our upper and lower bounds establish the sharp security threshold and
optimal leading dependence on the number of shares. These results provide benchmarks for future
work on sharper, group-specific estimates; concrete security guarantees at practical parameters
require an explicit finite-parameter analysis, which we do not provide here. A

1.2. Comparison with Prior Work and Broader Context.

The strongest prior baseline. Faust et al. [FMM™24] consider Mersenne moduli N = 2" — 1,
with prime exponent n. They used the binary-rotation property and the primality of the exponent
n to prove asymptotic security for k > 5; see Proposition A.1. Against this baseline, our results
settle the three- and four-share cases, extend security to the near-dyadic window, and improve the
leading k-dependent exponent from —k/4 to —k/2.

By further restricting to Mersenne primes and explicitly leveraging the primality of N, we prove:
four shares suffice, with the optimal leading exponent. This benchmark uses Chang’s large spectrum
bound [Cha02, Lemma 3.1, p. 17] (specifically, the version stated in [Shk11l, Theorem 1.2] which
we state here as Imported Lemma A.3). But this benchmark comes at a steep price: this modulus
family may not even be infinite. Can we match it for general moduli? For all moduli near powers
of two, we prove that we can. Our energy argument retains the leading exponent while proving
security with just three shares. Appendix A.2 gives the precise comparison.

Inherent resilience of a standard scheme. Leakage-resilient cryptography addresses probing,
noisy, bounded-output, and related leakage [ISW03, DDF14, NRS11, KR19]. One approach designs
encodings or sharing schemes for this purpose [BPRW16, GK18a, KMS19, BS19, BIS19, SV19,
GK18b, ADNT19, FY19, MSV20, CGG'20, HVW20, CKOS21, CKOS22, CG25, 1S24]. We instead
quantify the Hamming-weight resilience of unchanged standard additive sharing.

Benhamouda et al. [BDIR18, BDIR21] initiated the study of standard linear sharing under
bounded-output local leakage; later work refined attacks and security bounds for additive sharing
and analyzed physical-bit leakage in Shamir sharing [AMN*21, MNP 21, MNP*22, MNPCW22,
MNPY24, FMM*24, HMNY25, Ngu25]. Hamming weight differs both in its growing output range
and in its arithmetic interaction from leakage at fixed bit positions. Our guarantees concern this
specific leakage function, not arbitrary local leakage or every physical side channel.
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A learning-problem perspective. Learning with Physical Rounding (LWPR) brings the learning-
problem viewpoint of LWE and LWR into the side-channel setting: it asks whether a secret key
can be recovered from coarse physical measurements of linear computations involving it [DMMS21,
HMM™*23, HMRS26]. Our single-sum problem isolates a basic aspect of this broader challenge:
what do coarse measurements reveal about a hidden linear relation? Quantifying leakage in this
simpler setting provides an information-theoretic benchmark and a step toward understanding the
arithmetic that drives LWPR.

Digital structure and carries. The problem connects to carries and binary digit sums in
additive combinatorics [DF09, MR10, SW23]. Binary notation makes Hamming weight simple but
addition nonlocal through carries; cyclic Fourier analysis simplifies addition but transfers the digital
structure to doubling orbits. We use the latter viewpoint for uniform spectral estimates near powers
of two; moduli far from powers of two remain outside our guarantees.

1.3. High-level Technical Overview. Upper bounds control the total leakage; lower bounds
isolate Fourier modes that retain information about the secret.

1.3.1. Upper bound strategy: a stronger attacker, a simpler question. We begin by giving the at-
tacker more information. Reveal the final share s — Y fully, where Y = s; 4+ -+ + sx_1, and reveal
only the Hamming weights of the independent uniform first (k — 1) shares. It suffices that Y
remain nearly uniform conditional on those weights, averaged over the leakage outcomes, not for
every outcome separately. Data processing inequality then bounds the original leakage experiment
(see Lemma 3.1 and Remark 3.2).

What each additional share contributes. Adding independent variables multiplies their
Fourier coefficients. The energy F), aggregates squared Fourier magnitudes over the leaked weights
of m independent uniform shares and controls the average conditional distance of their sum from
uniform. The reduction gives

2B, < Fj_1.

Crucially, this energy does not depend on the secret: one estimate controls all secrets.?
Estimating F),, directly is difficult, so we simplify the problem one share at a time without
sacrificing the leading exponent in the upper bound. The key is to control the combined energy
across leakage outcomes, rather than bound each Fourier coefficient separately.
For N = 2" — 1 with prime exponent n, we prove

Fpo<n 2. F,1, m>2.

Each additional share thus reduces this upper bound by a factor of \/n, explaining the coefficient
1/2 of k in our decay exponent. For moduli near powers of two, Section 4 proves the analogous
energy contraction with < replaced by <; only an absolute constant is lost per share.

From exact rotations to nearby moduli. For Mersenne moduli, doubling a number cyclically
rotates its binary digits without changing their Hamming weight. Faust et al. [FMM™24] used this
symmetry. When n is prime, each nonzero frequency belongs to an n-element orbit of frequencies
with equal Fourier coefficients. We use this repetition at the energy level to prove the contraction
above.

For other moduli, this exact rotation disappears. We first work with the full n-bit range
{0,1,...,2" — 1} (the full-range model), keeping addition modulo N. A generating function or-
ganizes the calculation bit by bit. Each factor records the choice between a zero and a one; the

3The proxy Fy, is also the Vz-correlation measure of Mojahedian et al. [MBG 19, Equation (9)] between the
leakage vector and the aggregate sum; see Remark 3.2. In particular, this interpretation yields the leaky preprocessed
one-time-pad application of Remark 1.1.
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exponent of an auxiliary variable z counts the ones. The unnormalized Fourier sum over all weight-
w n-bit strings at frequency t is

2] nﬁ<1 +zexp (—27rz : 2;;)) (3)

J=0

where [2*] means “take the coefficient of z%.”

The contribution from the j-th bit depends only on {27t/N}, where {z} denotes the fractional
part of z. We track these fractions using the Bernoulli doubling map T(x) = {2z}, which shifts the
binary expansion left by one place; see, for example, [EW11, Chapter 2]. Its successive iterates are

{t/N} — {2t/N} = {2°t/N} —---.

For N = 2™ — 1, this sequence repeats after n steps, recovering the cyclic rotation above. For other
moduli, this n-step repetition need not hold, but the estimates in Section 4.4 still give the same
order of improvement per share.

The technical challenge: bounding the coefficients. The challenge is to turn Cauchy’s
coefficient-extraction formula for Equation 3 into estimates strong enough to yield this improve-
ment. This is a Krawtchouk-type problem, but with a crucial difference. When binary strings are
added without carries (by bit-wise XOR on {0,1}") the Fourier coefficients of a fixed-weight slice
are given by Krawtchouk polynomials [Poll9, Section 2.2, Equations (2.7) and (2.17)]. Refer to
Figure 2 for the discussion below. The coefficients fall into clear-cut levels: frequencies ¢ with the
same number of ones wt(¢) have exactly the same coefficient, regardless of where those ones appear.
In their generating function, each bit contributes either (1 + z) or (1 — z) factor to the product,
unlike our case.

In our cyclic setting, those two signs are replaced by complex phases determined by ¢/N. The
coefficient now depends on the full pattern of successive doublings {2/¢/N}, not just the number
of ones in the frequency. Our estimates leave open whether a different, equally simple hierarchy of
magnitudes exists.

For security, we only need a uniform separation from the zero-frequency coefficient (Z) . Lemma 4.10
gives an O(n_l/z) relative bound at every ¢ # 0 when |w —n/2] = O(y/n). The exact nonzero
maximum and its maximizers remain undetermined; in particular, we do not prove that ¢t = 1
attains it. Moreover, t = 1 is not isolated in our experiments: ¢ = 3 carries comparable aggregate
Fourier mass across the weights for Mersenne moduli (see Figure 6 for a visual illustration). Aggre-
gating the weight-dependent coefficient bounds and controlling the binomial tails yields the energy
contraction.

Finally, our transference lemma (Lemma 4.8) carries the bound from the full n-bit range back
to the actual range {0,..., N — 1}. The discrepancy |N — 2"| controls the transference error.

When the iteration stops. The one-share estimate, F; < n'/4, and its full-range counterpart
complete the basic argument. Starting with k& — 1 shares requires k — 2 contractions. For prime-
exponent Mersenne moduli, the calculation is:

2 -Ep < Fr (reduce to energy),
<2 By <o <nm B2 (iterate the contraction),
< nm k=244 =k/245/4 (use the one-share estimate).

The full-range argument and transfer step give the same exponent for near-dyadic moduli. For
Mersenne moduli with exponent n, a separate fourth-moment estimate lets us stop instead at the
stronger two-share energy estimate

< n~1/2 log n.
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FIGURE 2. One Hamming slice, two Fourier spectra. Fourier magnitudes
‘Sw (t)‘ sorted in descending order and plotted on a logarithmic vertical scale. Blue

points represent the Boolean hypercube ({0,1}", ®); orange points represent the
cyclic group Z/NZ, where N = 2" — 1. Here w = |n/2| and n = 19.

This gives the sharper Mersenne estimates, including the extension to arbitrary n in Section 4.5.
The external fourth-moment input, Imported Lemma 3.5, is needed only for the sharper Mersenne
bounds (Theorem 1 and Theorem 3), not for the general near-dyadic theorem (Theorem 2).

1.3.2. Lower bound strategy: finding the information that survives. Our lower bounds look for traces
of the secret that remain in the leaked weights. The starting point is the dual formulation of total
variation distance. Instead of adding absolute probability differences over leakage outcomes, we
first multiply each difference D(s)(w) — D(U)(w) by a complex number ¢y, of magnitude one — a
phase — and then add. For a fixed secret s, the largest possible magnitude of this sum is exactly
2E(s). Finding one sufficiently large weighted sum is therefore enough. We use this freedom to
bring out Fourier frequencies that carry enough magnitude. The challenge is to ensure that their
contributions do not disappear through cancellation.

The key frequencies are powers of two, up to a sign. For N = 2" — 1, with an even number of
shares k > 4, binary-rotation symmetry makes their contributions repeat. We choose these phases
so that, at the secret s = 0, every frequency contributes a non-negative quantity. We can then
keep only the doubling frequencies: the remaining terms cannot cancel them. Their combined
contribution proves Theorem 4.

Near-dyadic moduli. For other moduli in our window around 2", this exact structure is no
longer available. We instead fix the phases, square the magnitude of the resulting expression, and
average over all secrets. Fourier orthogonality removes the cross-terms, leaving a sum of squared
magnitudes. Different frequencies can no longer cancel one another in this average. Again, we
identify a subset of the frequencies {1,2,...,2" 1} that retain enough magnitude. We estimate their
contribution using the bit-by-bit generating function introduced above. This proves Theorem 5: at
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least one secret leaves a detectable trace. For a fixed number of shares, this rules out exponentially
small worst-case insecurity as shares grow longer.

The two-share obstruction. is relatively straightforward. For any modulus N, let 2" be a
nearest power of two. For a suitable secret, the two shares are complementary binary strings with
probability at least 2/3; their leaked weights then sum to n. This weight-sum event is rare for
independent uniform shares. Section 6.1 turns this contrast into a two-share lower bound for every
modulus IV, not just those near powers of two.

Paper organization. Section 2 fixes notation and records the mathematical background. Section 3
develops the Fourier-energy argument for prime-exponent Mersenne moduli, proving Theorem 1.
Section 4 extends the argument to near-dyadic moduli using Bernoulli doubling and transference:
Theorem 2 is proved in Section 4.3, with the key spectral estimate established in Section 4.4. Sec-
tion 4.5 proves the sharper bound (Theorem 3). Section 5 proves the corresponding lower bound
for an even number of shares (Theorem 4). Section 6 outlines the near-dyadic lower bound (Theo-
rem 5), whose full proof appears in Appendix E, and Section 6.1 proves the two-share obstruction
for arbitrary moduli (Theorem 6). Appendix A recalls the bound of Faust et al. [FMM™*24] and
presents our Chang-enhanced comparison. Appendix B, Appendix C, and Appendix D contain
deferred auxiliary proofs; Appendix F presents numerical illustrations.

1.4. AI Disclosure: Use of AI Tools. We used GOOGLE Al ULTRA (Gemini) and CHATGPT
PRO in preparing this work. Their uses are described below.

(1) ChatGPT suggested the phase ¢ = exp(—:/y/n) in Theorem 5 and the dispersion lemma
(Lemma C.4). It also provided a streamlined proof of the technical lemma Claim C.2, which
we adapted and independently verified.

(2) ChatGPT supported numerical experiments and data generation (see Figure 2, Figure 3, Fig-
ure 4, Figure 5, and Figure 6).

(3) ChatGPT was used for English-language editing, including improvements to grammar, clarity,
organization, and presentation.

All Al-generated suggestions were independently examined, revised, and incorporated at the au-
thors’ discretion. The authors verified the mathematical arguments and take full responsibility for
the correctness and final presentation of the paper.

2. PRELIMINARIES

2.1. Notations and Basic Definitions. We collect the notation and Fourier conventions used
throughout the paper here.

The ambient group and Hamming-weight slices. Retain G = Z/NZ, its canonical repre-
sentatives, wt(-), W = wt(G), and the nearest-power parameter n from Section 1. Define

W = wt({0,1,...,2" —1}) ={0,1,...,n}.

Thus, Wiy is the full n-bit weight range.* For each w € W, the corresponding Hamming weight
slice is
Sy = {r € G:wt(x) =w}.

Bold symbols denote vectors. Thus, if w € WP, then w; denotes its j-th coordinate, where
je{L,2,... k}.

4In the near-dyadic regime considered here, W = {0,1,...,n—1} when N < 2", whereas W = Wy when N > 2.
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Fourier conventions. Write Z for the complex conjugate of z and the modulus |z| = Vz-Z. A
phase is a complex number of modulus one.
Define the standard additive character (real z)

en(z) = exp (277@%).
For f: G — C and t € GG, we use the normalized Fourier transform

f) = 5 - f@)ex(—at).

zeG

We freely identify a set with its indicator function; thus, for an S C G,
~ 1
St =+ > en(-—at).

The Fourier transform maps a function f to f This map is also invertible, and can be computed
via the inversion formula:

fl@) =" f(t)en(at) (4)

teG

For 1 < p < o0, all Ly,-norms are taken with respect to normalized counting measure on G:

1/p
£l = (}VZWW) 5)

zeG
For p = 0o, we set || f|| = maxgeq|f(x)|. With this normalization, Parseval’s identity takes the
form
1 ) SNE
S l@P =Y |fwl (6)

zeG teG

Local-leakage insecurity. Retain the notation D(s) and D(U) from Section 1. Following the
local leakage-resilience metric of [BDIR18, BDIR21, FMM™24], the insecurity associated with a
fixed secret s € G is

k
Es) = D) = D)y =5 3 [Centst) [[ 50,0, g

The second equality follows from Fourier inversion (Equation 4): the zero-frequency term is precisely
D(U)(w), and therefore cancels when D(U) is subtracted. The worst-case insecurity is

Fr = max Eg(s).

k= ey Bls)

Asymptotic notation. We use the standard <, >, =, O(-), and o(-) notation. Subscripts in-
dicate the parameters on which the implicit constants may depend; for example, A <; B means
A < CyB for some constant C}, depending only on k. In our bounds, this dependence is at most
exponential: Cj, = C* for an absolute constant C, independent of n, N, and the secret s. Its value
may vary from one occurrence to another. The analogous convention applies to > and <.

2.2. Mathematical Background.
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Generating-function formulation. An integer 0 < =z < 2" can be represented as an n-bit
n—1

binary string zn—1...z179 such that = 3 77, 2;20 and z; € {0,1}. Then we have wt(z) =

n—1
> i—o j and

n—1 n—1
H (142 eN(fgjt)) — Z A e Z LWi(2) H en(—=2tx;)
j=0 0<z<2n 0<z<2n j=0

n

:Zzw Z en(—tx).

w=0 o<e<2™
wt(z)=w
Consequently, the coeﬁ‘ici/e\nt of 2% is the unnormalized Fourier sum over all n-bit strings of Ham-
ming weight w, i.e., N - By(t) (see Equation 18 for definition of the function B,,, which is closely
tied to the Hamming slice Sy,).
Products indexed by the doubling sequence 27 also arise in the study of generalized Thue-Morse
trigonometric polynomials; see, for example, [FSS23, equation 1.3, 1.4]. Our product has a different
phase weighting, and the estimates needed below are proved directly.

Coefficient extraction via Cauchy integration formula. The summary here is based on the
treatments of Cauchy coefficient extraction and saddle-point contours in [FS09, Chapter IV and
Sections VIII.1-VIIL.2]. Let

n—1

Piz)=[]0+2¢&)  wherel|¢|=1

J=0

be a complex polynomial. Cauchy’s coefficient formula gives, for every r > 0,

[2"]P(z) = ! /7r P(rew) - exp(—wwh)do.

- w
2w J_ o

For 0 < w < n, we make a standard substitution p = w/n and r = p/(1 — p).
Since 1+ re* = ((1 — p) + pe'?) /(1 — p), this yields

1P| < g

T n—l1
= 2mpe(1 — p)n—v /w g‘(l —p) +p-&exp(ad)|do.

The Bernoulli shift and Mersenne rotations. Let T = R/Z and T(z) = {2z}. Under
binary coding, T is the left shift

0.bob1by - - - s 0.bybobs - - - ,
up to the usual ambiguity at dyadic rationals; see [EW11, Chapter 2]. For N = 2" —1, its restriction
to the points a/N recovers cyclic rotation under doubling modulo N: if a = (bob; - - - bp—1)2, then
T(g) _ 2amod N

_ 2SN (0by by 1bo)a.
N N (0.1 1b0)2 (8)

because we would have a/N = (0.bgby - - - by—1)2.

Example 2.1. With n =5, N =31, and a = 19 = (10011)2, one has

1 - -
3—? — (0T00TT); s (0.0011T)s = -, 2-19=7 (mod 31).

A

For general near-dyadic IV, the orbit need not be n-periodic, but 77(t/N) = {27t/N?} still records
the successive binary shifts and serves as a robust substitute for the exact Mersenne orbit structure.
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3. UPPER BOUND: PRIME-EXPONENT MERSENNE MODULUS
In this section, we prove the following theorem.

Theorem 1 (Prime -exponent Mersenne-moduli upper bound). Let n > 3 be prime and let N =
2" — 1; the modulus N itself need not be prime. For every fived k > 3 and every s € Z/NZ,
Ei(s) < n % logn.
Consequently, Ej, < n~*/?t11ogn.
We prove Theorem 1 by a Fourier-energy argument that improves the bound of Faust et al. [FMM™24]
for the same prime-exponent Mersenne family.
Appendix A.2 records a comparison argument only: replacing the Parseval pointwise estimate in

the proof of Faust et al. [FMM*24] by Chang’s lemma attains the correct n~1/2 scale per additional
share, but it requires N to be prime and still does not control k£ = 3.

Proof overview of Theorem 1. For every integer m > 1, define

1/2

(Energy proxy) F, = Z ZH‘S/W\J(t)’Q . (9)

weWwm \ t#£0 j=1

The proof has two layers. Iterating a one-share contraction down to F} already proves asymptotic
security for every k > 3 and supplies the template used later for near-dyadic moduli. For the sharper
Mersenne-type bound of Theorem 1, we stop instead at F5 and estimate that base case directly.

Step 1: Reduce insecurity to a secret-independent energy. The first step trades one share
for the more tractable quantity Fj_1; proved in Appendix B.1.

Lemma 3.1 (Ej-to-Fj_; reduction). Let Xi,..., X1, Xi be independent and uniform over G,
and set

Ap_q = H(Wt(Xl), .. ,Wt(Xk,1)7X1 4+ 4 kal) — (Wt(X1>, o 7Wt(Xk71)7Xk)HTV

Then, for every integer N > 2, every k > 2, and every secret s € G = Z/NZ,
2Ek(8) < 2Ak_1 < Fk;—l' (10)

The underlying reduction extends verbatim to arbitrary finite abelian groups and arbitrary local
leakage functions, with the corresponding energy defined from the leakage fibers. It is purely
functional-analytic: it replaces the original secret-dependent L expression by a secret-independent
Ly energy. This loss of one share is decisive because the resulting energies admit an iterative
contraction.

Remark 3.2 (Information-theoretic interpretation of F},,). The proxy F,, arose naturally from our
Fourier-analytic argument, but it also has a direct information-theoretic interpretation: it is the V5
correlation measure of Mojahedian et al. [MBG™'19, Eq. (9)] between the leakage vector

(Wt(X1), ..., wt(Xm)) and X1+ + X

Equivalently, F},, controls, on average over the leakage outcomes, how far the conditional distribu-
tion of X1+ - -+ X, is from uniform. Thus, a small value of F;;, means that revealing the individual
Hamming weights leaves the aggregate sum essentially uniform. Taking m = (k — 1), a small value
of Fy_1 implies that the pad s1 +-- -+ sp_1 remains close to uniform despite leakage from the first
(k — 1) shares. Consequently, the ciphertext s — (81 + -+ Sk—l) is close to uniform and nearly
independent of the secret s, establishing the security of the leaky-encryption construction described



14 A. BISWAS, J. HWANG, H. K. MAJI, I. D. SHKREDOV, AND X. YE

in the introduction. Additive secret sharing reveals only the Hamming weight of the ciphertext,
which is a deterministic post-processing step; hence, by data processing, Fj_1 also controls the
insecurity of the original sharing scheme. A

Step 2: Peel off one share. For Mersenne-type moduli, the doubling-orbit structure from
Appendix A.1 yields the desired contraction directly at the level of Fourier energies; proved in
Appendix B.2.

Lemma 3.3 (F),-to-F,,,_1 contraction). Suppose that N = 2" —1 and n is prime. Then, for every
m 2= 2,

Fn gn_l/z'mel- (11)
Iterating Equation 11 in Lemma 3.3 gives
F, <n m1/2.F. (12)

Unlike the pointwise argument of Faust et al. [FMM™24], this step uses the doubling symmetry
after the Fourier coefficients have been grouped into an Ly energy.

Step 3: The preliminary F; base case. Parseval’s identity reduces F} to the Hamming-slice
densities, and standard Gaussian estimates for the binomial distribution give the following bound,
proved in Appendix B.3.

Lemma 3.4 (The F} base case). For N € {2" —1,2"},
F < nl/t, (13)

Combining (x) Equation 10, (xx) Equation 12, and () Equation 13, we obtain the preliminary
estimate

) (1)

2Ek(8) (g) Fi_4 (§ ni(k72)/2F1 < n*k/2+5/4. (14)
This already establishes asymptotic security for k = 3,4, and, more generally, for every fixed k > 3.
It also gives the basic scaffolding used later in the near-dyadic setting. For N = 2" — 1, however,
one can sharpen the base case and recover the stronger bound of Theorem 1.

Step 4: Stop at F,. For the sharper Mersenne estimate, we avoid the final contraction Fb <
n~1/2F} and stop the iteration one step earlier:

2Ei(s) < Fr_y < n~ k=32, (15)

The remaining task is a direct estimate of

B= Y Y I8u®fSu®]] - (16)

w1, we€W \ 10
Lemma B.4 in Appendix B.4 proves
Fy < n Y?logn, (17)
using the following external fourth-moment estimate.

Imported Lemma 3.5 (Technical Input: Energy estimate [BHM™26, Theorem 3]). For w €
{0,1,...,n — 1} and S,, denoting the subset of all elements v € Z/(2" — 1)Z of Hamming weight

w, the following bound holds.
4
Z‘Sw(t)‘ <n’3.

t£0
Finally, substituting Equation 17 into Equation 15 gives

Ei(s) < n~ k3207121050 = n k24 og p,

as claimed in Theorem 1. O
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4. UPPER BOUND: MODULI CLOSE TO A POWER OF TwoO

We now extend the upper bound beyond Mersenne-type moduli to every modulus in a near-
dyadic window. Throughout this section, set @) = 2" and assume that |N — Q| < @/n. The main
result is the following.

Theorem 2 (Near-dyadic moduli upper bound). There is an absolute constant ¢ > 0 such that
the following holds. Let n > 3, let N satisfy |[N — 2" < 2"/n, and fix an integer k > 3. Then, for
every s € {0,1,..., N — 1},

Ek(S) < (cn)fk/2+5/4.

Note that, unlike results in Section 3, n is not required to be prime.

Proof roadmap. Set @ = 2". We first replace the actual slices in {0,...,N — 1} by the
full n-bit range multiplicity functions B,, coming from {0,...,Q — 1}, while retaining addition and
Fourier analysis modulo N. The reduction to an energy and the [} base estimate parallel Section 3.
The new input is a one-share contraction for the model energies, obtained from a spectral estimate
along the Bernoulli-doubling orbit. Finally, our transference Lemma 4.8 transfers the model bound
back to the actual slices, with an error controlled by |[N — Q|/Q.

4.1. Full-range Model. The arithmetic lives on the N-grid G = Z/NZ, whereas the Hamming-
weight geometry is most naturally organized over the full n-bit residue range R,, = {0,1,...,Q —
1}. Our model separates these two roles: the summation variables range over R,,, while all additions
and additive characters remain modulo N.

For w € Wy :={0,1,...,n} and = € G, define the multiplicity function

By(z) = #{0§y<@ :y=2xz (mod N), and wt(y) :w}. (18)

Each y € R,, contributes exactly once, namely to By (,)(y mod N).
Since |N — Q| < Q/2, every residue class has at most two representatives in [0, ()), and hence
By, (z) € {0,1,2}. More explicitly:
(i) f N > @Q, then
Bo(z) = {1, 0<x < Q@ and wt(z) = w,
0, otherwise.

(ii)) If N < @, then every = € {0,1,..., N — 1} receives the contribution from y = z, and the
residues 0 < x < @ — N may receive one additional contribution from y = x + N.

Example 4.1 (The Mersenne endpoint). Let N = @ — 1 = 2" — 1. Then, for every 0 < w < n,
one has B,, = S,,. The unique element of R, having Hamming weight n is ) — 1, which reduces to
0 (mod N); consequently, B,, = dyg, where dp denotes the indicator of {0} C G. A

The Fourier transform of By, is

— 1 1
Bu(t) =+ > Bu(w)en(—at) = v > en(—yt). (19)
zeG 0<y<@Q
wt(y)=w
Thus, B:U(t) is the Fourier sum over the full weight-w layer of R,,, sampled using the N-periodic
character ey.
We now introduce the model analogs of the insecurity and its Fourier-energy proxies. For k > 2
and 0 < s < N, define

k

EPS(N,5) = % SIS ew(st) [ Boy (8. (20)

weWk, [ t#0 Jj=1
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For every integer m > 1, define

EN) = 3 (T8 @

weWm \ t£0 j=1

, 1/2
| (21)

The distinction from the original energy F),

D S by | =10

wewm \ t£0 j=1

1/2
’2

is that the model runs over the complete weight range Wy of R,, and uses the functions B,,, rather
than the actual weight slices S, C G.

Example 4.2 (Comparing F53'™(N) and F» at N = 2" — 1). Retain the setting of Example 4.1.
Since B, = Sy, for w < n, B, = dy, and E:L(t) = 1/N, partitioning the sum according to whether
each weight equals n gives

N -1

NZ
Indeed, the two mixed cases each contribute F1(N)/N, while the case (w1, w2) = (n,n) contributes
V/N — 1/N?2. This identity also illustrates why one should not compare F2™(N) and F,, by a naive
union bound: the energies are nonlinear expressions in Fourier space, rather than event probabilities
in physical space. A

2
FQBIN(N) = F2 + NFI +

4.2. Fourier-energy Scaffolding in the Full-range Model. The model quantities admit the
same three-step scaffolding as in the Mersenne case: reduce insecurity to an energy, contract by
one share, and finish with a one-share base estimate. A substantive new ingredient is the spectral
parameter governing the contraction.

Lemma 4.3 (Model reduction). For every k > 3 and every 0 < s < N,
2E™(N, s) < 2™ (N).

The proof in Appendix C.1 is the model analogue of the Fy-to-Fj_1 reduction. The additional
factor of 2, relative to the sharper inequality 2F(s) < Fji_1, comes from the overlap bound
> wew,, Buw(z) < 2, for any z € G.

Lemma 4.4 (One-share model contraction). For every integer m > 2,

1/2
) < () a0 B ),
where
B, (t)}2
w 1/n
BIN - = —
a”N(N) = Tﬁg{ o) and py(N) : N(w)

Appendix C.2 proves this lemma. The factor (Q/N)'/2 is harmless throughout the near-dyadic
regime. Thus, all of the arithmetic difficulty is concentrated in estimating the single quantity
a®™N(N), proved below in Section 4.4.

Lemma 4.5 (Key spectral estimate). For [N — Q| < Q/n, o®™(N) < n~ L.

The proof is given in Section 4.4. Tt follows the orbit T7(¢/N) = {2/t/N} under the Bernoulli
map introduced in Section 2 and replaces exact Mersenne periodicity with a quantitative dispersion
estimate.
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Combining Lemma 4.4 and Lemma 4.5 with /N < 2 yields the desired per-share contraction
FRN(N) < n”PERN (V).

At the bottom of the scaffolding, we use the following model analog of the F} estimate (proved
in Appendix C.3).

Lemma 4.6 (The model F} base case). Uniformly for [N — Q| < Q/n, FF'™N(N) < n'/*.
We may now finish the model analysis.
Lemma 4.7 (Model bound). For every k > 3 and every 0 < s < N,
EPN(N, s) <, n—k/2+5/4
Proof of Lemma 4.7. By Lemma 4.3, followed by (k — 2) applications of the one-share contraction,
EPN(N,s) < FPN(N) <, n~ k=272 RN (),
Invoking Lemma 4.6 gives EPN(N, s) < n~*k=2/2. nl/4 = p=k/245/4, O

4.3. Transference from the Full-range Model to the N-grid. It remains to compare the
model quantity with the actual insecurity. A direct union bound would charge each share separately
for the discrepancy between [0, Q) and [0, N), and would only preserve an n~*/2-scale estimate in
a much narrower window. The transference theorem instead expands in terms of the number of
perturbed factors and controls the surviving factors by the model energies. In this sense, it packages
the boundary discrepancy into an economical Fourier-space analog of a union bound.

Lemma 4.8 (Transference). Suppose that |[N — Q| < P. Then, for every k > 2 and every 0 < s <
N,
k—1 /2 k/2
k P P
ne<arws + Y (5) (5) B+ (5) ve

We use Lemma 4.8 to prove Theorem 2. Lemma 4.8 is proved in Appendix D.1.

Proof of Theorem 2. Proving Theorem 2 needs specializing Lemma 4.8 to P = [N — Q| < Q/n.
Since N > @Q/2, P/N < 2/n. Moreover, iterating Lemma 4.4 and Lemma 4.5, and applying
Lemma 4.6 gives, for every 1 < £ < k,

Fl?l_l\le(N) < nf(kfffl)/2+1/4‘

Consequently,
P2
(N) FEN(N) < n= b2 = =t=D/241/4 _ p—k/243/4. (22)
while
P\ k2
(N) Vn < TR, (23)

Both errors are smaller than the model contribution from Lemma 4.7. Hence
Ex(s) <x nk/2+5/4
which proves Theorem 2. O
We can extend Lemma 4.8 from the insecurity Ej to the stronger, intermediate quantity Ag_q
(defined in Lemma 3.1) where the adversary learns the Hamming weight of the first k¥ — 1 shares

and the aggregate of them for their k-th leakage. The details are deferred to Appendix D.2 as
Corollary 1.
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Remark 4.9 (Full disclosure of the aggregate in near-dyadic moduli). The same analysis bounds
the stronger quantity Ag_; of Lemma 3.1, in which the adversary learns the Hamming weights of
the first k — 1 shares together with their exact sum, rather than the Hamming weight of the final
share. In particular, Corollary 1 gives, under the same condition as Theorem 2,

A1 < n—k:/2+5/4.

Thus, the one-time-pad interpretation in Remark 1.1 (and Remark 3.2 is also justified for near-
dyadic moduli. A

4.4. Proof of Key Spectral Estimate (Lemma 4.5). We have to prove agy(N) < n~!. Fix
t # 0. We first discard the non-central weights by a binomial-tail estimate. For the remaining
weights, Lemma 4.10 gives a uniform coefficient bound; summing its square against p,(N)~! then
yields a”™(N) < n~!

1. From individual coefficients to ag(N). Fix t # 0 and let

Weent = {wEWBIN: ’w— ‘ nlnn}

The trivial bound |By, (t)\ pw(N) and a binomial tail estimate make the total contribution of
w ¢ Weent equal to (’)( ) which is insignificant as compared to n~1.

Z p (Nl Z ‘ ’ Z Pw(N) (trivial bound ]B;(t)] < pw(N))
w¢chm w ’w¢ cent 'LU¢chnt

% Pr[|X —n/2| > m} (where X ~ Bin(n,1/2))

< % -2exp(—2- (nlogn)/n) (by Chernoff bound)

<n? (since Q/N < 3/2)

For central weights, we prove:

Lemma 4.10 (Krawtchouk-type Estimate). For every w € Weent and 0 < t < N, we have:

o] <) ("5 5)

From Lemma 4.10, the cumulative contribution from central weights is:
o 2
¢ ‘ —2 n — 2w 12
> I
N) n vn

wWEWeent

0

wWEWeent

- Z Q_1<n) . ((7121U)+> < — - Var(X) + - < —.
w n n n n n

wEWeent
(note that X ~ Bin(n,1/2))

2. From coefficient extraction to individual coefficients. Let us prove Lemma 4.10. For
3 < n <9, the trivial estimate | By, (t)| < pw(N) proves Lemma 4.10 after enlarging the absolute
constant. Henceforth, assume n > 9.
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For w € Weent, put p = w/n and
n—1

P(z) = [[(1+zen(=2t)),  Bu(t) = =["]P(2).
§=0
Applying the estimate from Section 2 to P; with ¢; := {th/N} gives

x n—1

_ I
Bwt‘g , I::/ L, (0 + 276;)do,

where L, (u) := |(1 —p) +pexp(w)|. By Stirling’s formula p~% (1 —p)~=%) < \/n("), Lemma 4.10
therefore follows from the stated bound on I below.
Lemma 4.11. Forn>9,0<t <N, |N — 2" <2"/n, w € Weent, and ¢; = 27t/N, we have:

x n—1

_ A 1-2p 1
I/ﬂjl;[o‘(l p) +pexp(10 +1-2mp;)|do < NG —i—n,

Appendix C.4 proves this lemma; below we present our proof roadmap.

Proof roadmap for Lemma 4.11. We split the factors in the integrand into two groups with
different jobs: a short group makes the product small near § = 0, while the remaining factors
give a rapidly decaying upper bound away from 0 Retain p = w/n, ¢; = {27t/N}, and L,(u) =
|(1 —p)+pexp(wu)]. For @ ={0,...,n— 1} and J C ), write

Py(0) = [ £o(0 + 27)).
Jje€J
Thus I = ["_Po(6) d6.

A few factors make the product small. At angle 7, the two terms in L, point in opposite directions,
giving L,(m) = |1 — 2p|. An index with ¢; close to 1/2 therefore gives a small factor when 6 is close
to 0. When no single index gives a sufficiently strong bound, we use several consecutive factors
together. Claim C.1 finds a consecutive group J, independent of 8, with 1 < #J < {y = [% logs n] ,
such that

Py(0) < [1=2p|+ 0] +n "2 |0 <
To find this group, replace ¢t by N —t and 6 by —6 if necessary, so that 0 < t/N < 1/2. Let r be the
first index for which 2"t/N € (1/4,1/2]. If r+ 4y < n, take J = {r,r+1,...,r+ ¢y —1}. Claim C.2
bounds their product by O(|1 — 2p| + || +27%), and 27% < n~/2. Otherwise, write ¢ = 2% with
b odd. In this case b < /n, and the assumption |[N — 2"| < 2"/n places ¢p—q—1 within O(n_l/Q)
of 1/2, modulo 1. This one factor gives the same bound by Claim C.3.2.

The remaining factors restrict the width. Removing a consecutive group leaves at most two
consecutive groups, containing n — O(logn) indices in total. The identity L,(u)? = 1 — 4p(1 —
p)sin?(u/2) shows how an angle away from 0 modulo 27 makes a factor smaller. The central-
weight condition keeps p away from 0 and 1. Moreover, successive angles satisfy

0+ 2mpj 1 =2(0 +2m¢;) — 6 (mod 27).

They therefore cannot all stay close to 0 unless 6 is itself close to 0. Our dispersion lemma
(Lemma C.4) makes this observation quantitative; together with Claim C.3.1., it gives

Poys(6) < exp(—en?), (6] <,

for an absolute constant ¢ > 0. The integral of this upper bound is O(nfl/ 2).
Multiply the bounds, then integrate. The two disjoint groups include every factor. Hence

" “1/2) . oxp(—end? t=2p| 1
I<</_7r<|1 2p| + 10| +n ) exp(—cnf?) df < Tn +n.



20 A. BISWAS, J. HWANG, H. K. MAJI, I. D. SHKREDOV, AND X. YE

Indeed, the constant terms acquire a factor n=/2 upon integration, while the term containing |6
integrates to (’)(nil). In particular, when p = 1/2, the short group is O(n*1/2) on the scale
0] = O(n_l/Q), while the width of this region supplies the other factor n=/2.

4.5. Sharper Bound for Mersenne Moduli. For N = 2" — 1, the full n-bit range differs from
the canonical residue set only at the all-ones string, which reduces to 0 modulo N. Consequently,
the model energy F3™(N) can be compared explicitly with Fb, and Lemma B.4 lets us stop the
contraction at two shares. This yields the following refinement of Theorem 2 for every exponent n.

Theorem 3 (Mersenne-moduli upper bound). There is an absolute constant ¢ > 0 such that the
following holds. Let n > 3 be an integer and N = 2™ — 1, and fix an integer k > 3. Then, for every
se€{0,1,...,N —1},

Ei(s) < (en)*?H logn.
Equivalently, Ey(s) <i n~*?t1logn.

Proof of Theorem 8. For N = @ — 1, the full n-bit range and the canonical representative set
{0,1,..., N — 1} differ only at the all-ones string ) — 1, whose image modulo N is 0 and whose
Hamming weight is n. For N = 2" — 1, Example 4.1 gives B,, = S, for every actual weight
0 < w < n. Every summand defining Ej(s) therefore appears unchanged in EP™(N,s), and the
additional summands are nonnegative. Hence

Ei(s) < EZ™(N, 5).
The same comparison gives F,, < FPN(N) for every m > 1. By Lemma 4.3 and the model
contraction (Lemma 4.4 and Lemma 4.5),
Ei(s) < FE™ (N) << n- =92 EE (),

Using Example 4.2,
2 N -1
FP"(N)=F+ —F + ———.
y (N)=F2+ NI TR
The estimates established earlier in Lemma 3.4 and Lemma B.4 give
< n~1/2 logn and i< nl/4,

Hence

E —(k=3)/2 [ ,—1/2] nt/4 1
k(s) <k n n ogn—i—T—i—W :

Because N = 2" — 1, the terms containing N~! are exponentially small in n. The dominant
contribution is therefore

n~k=3)/2,=1/2 100 — 1 =k/24 1 g0 .

as required. O

5. LOWER BOUND: MERSENNE MODULI, EVEN NUMBER OF SHARES

Upper bounds show that leakage becomes small; lower bounds identify the remaining correlations,
revealing live side-channel threats. For the Mersenne family, the doubling symmetry leads to a
particularly transparent obstruction that already gives a n~1/2-per-share scale. It will serve as a
warm-up for more complex lower-bounding strategies in the next section.

Theorem 4 (Mersenne lower bound). For any integer n > 3 with N = 2" —1 and any even integer
k>4,

Erp(0) > =107k . p=h/241

N
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Proof idea. Numerical evidence singles out the canonical doubling orbit {—27: 0 < j < n}
as carrying unusually large aggregate Fourier mass. We choose product phases aligned at the
representative frequency ¢ = —1. The weights w and n — w pair by complex conjugation, so
the resulting contribution is real at every frequency. Because k is even, this sum’s k-th power is
nonnegative. We may therefore retain only the canonical orbit and obtain

250 ¥ 5]

weWw

Lemma 5.1 supplies the required lower bound for the remaining one-frequency mass. The proof
below implements this phase choice.

Proof of Theorem 4. Recall first that

250 = Y SIS0

weWk | t#£0 j=1

Step 1. Consider arbitrary phases ® = ('I>w T WE Wk) Then, by duality,

2-Ek(0)—max Z WZHS‘”]

weWwk 1#0 j=1

Step 2. Next, restrict to product phases ®, = H§:1 Ow;- This restriction leads to a lower bound.

k
2 B> x| 3 S Lo 0] s, Z(Z bu- Sl ) e

weWk t#£0 j=1 (Pw: t£0 \weWw

Step 3. Choose specific phases ¢y = 1 and, for others, ¢,, defined below:

Pw = {S/’;(_D/S’;(_lﬂv if S"L\u(_l) #0
L

otherwise.

For arbitrary ¢, these specific choices of phases ¢, ensure that )y dw - g’;(t) is always a real
number. This comes from the following reasoning:

(1) For w =0: g’;(t) eR.
(2) For w € W\ {0}: Recall, S/n:U(t) = g;(t) (because = € Sy, implies —z € S,,_,,). Further-

more, ¢, = ¢ as well. So, ¢y, Sy (t) and qbn,wéf,\w(t) are conjugates of each other, and,
hence, their sum is real.

Hence, Y cp Pw - g;(t) € R for every t.

Step 4. After that, since k is even, for every ¢,

k

weW
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As a result, continuing from Equation 24, further restricting the phases to our specific choices, we
conclude that

k k
2-Ek(0>>z<z %SZ(t)) > Y (Z qwaTU(t))

t£0 \weW te{—27: 0<j<n} \weW

>0

=n- ( > ¢wSTU<1)>

weW
(since §:U(2jt) = S';(t) for j € {0,1,...,n— 1} and #{-27: 0 < j <n} =n)

k
=n- ( Z ‘@(1)‘) (due to our specific choice of ¢y,)
weW

> 107F . k2L (by Lemma 5.1; see Section 5.1)

This completes the proof of Theorem 4. O

5.1. Statement and Proof of Technical Lemma 5.1.

Lemma 5.1 (Technical: Lower bound). Let N = 2" —1 where n > 3 and let W = {0,1,...,n—1}.
Then, the following inequality holds

Proof of Lemma 5.1. Recall from Equation 3 that the slice coefficients have the generating-function
representation

n—1
So(t) = % S en(—at) = % (e T (14 = en(-270)) (25)
TESw 7=0
Define ¢, := Ngw(—l), ie.
n—1
Cw = Ngw(—l):[zw]H<1+z-eN(2j)), 0<w<n.
=0

It is hence sufficient to prove the following
N
el Xt
weW

Other frequencies may carry comparable mass, but they are irrelevant for this one-frequency lower
bound.
We first handle n = 3,4 together, and then assume that n > 5.

Case 1: when n € {3,4}. Since, ¢g = 1, we have

N
> lewl Zleol =1> 15072 ne {34}
weWw
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Case 2: when n > 5. We first introduce the following auxiliary variables:

Ay = Z en(x) and a_y:=0.
0gz<2nt
wt(z)=w
Note that
n—1 1 1
Cw:aw+eN(2 )'awflzaw_eN 5 'awflz(aw_awfl)‘F 1—en 5 *Qy—1-

So, we get the following lower bound:

> few] = (Zmawu) - (\1N(§>\ Zmu) (26)

weW weWw wew

Main term Perturbation

First, we will show that the perturbation is small. Note that

1 T n—1
1—epn 5 gﬁ,and |aw—1| < w1

From these, the perturbation is upper-bounded as follows:
perturbation < % 2l < (27)

Next, we lower bound the main term. Let ¢ := |n/2]. Using the triangle inequality, we have

t
> law — aw1] = lar —aa| > [Tm(a; — a_1)| > Tm(ay),
w=0
n—1
D Jaw = aw-1] = lag — an-1] = |Im(a; — ap_1)| > Im(a;) — Im(ap—1) > Im(a;) — 1.
w=t+1

Therefore, the main term will be strictly greater than 2 - Im(a;) — 1. So, it will suffice to lower
bound Im(a;). Let us denote the j-th octant by the interval

j—Dm g7 .
|:(4),4>7 ]:1,,8

Note that, for every w, a,, is a sum of ey (x) with 0 < z < 21 since 0 < 27z/N < 7—7/N < 7, all
these terms have nonnegative imaginary parts, and hence the non-selected terms may be discarded
when lower-bounding Im(a;). Our strategy will be to show that the Im(ey(x)) contributions with
arguments in octants 2 and 3 already suffice to reach our target lower bound. We use the following
two observations.

e If the binary representation of z begins with 010 or 001, then 2”3 < 2 < 3-2"3—1 < 3N/8.
Hence, 7/4 < 2mx/N < 3r/4, and therefore we have Im(ey(z)) > 1/v/2.
e The total number of such x with wt(z) =t is exactly 2- (Z:f) because there are ¢t — 1 many

remaining 1’s to go into remaining n — 3 many bit positions, with two prefix options 010
and 001.

Combining these two observations, we get

Tm(a;) > \%'2' (::f) =V2: (ﬁ:f)
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and hence, by Equation 26 and Equation 27,

-3 3 29
Z lcw| = 2V2- (? 1> (m4+1)>2v2- ( 1> - (since ™ < 22/7)
weW N N
Hence, it remains to prove the following inequality for n > 5.
29 1
2 N .-n" V2,
V2. <t . 1) 720N

For n = 5 and n = 6, we prove it by computing the exact values of binomial coeflicients.

2 29 20 —1
Ifn=>5: Y lewl >2v2- <1> — 1513 > — 572 =1.386...

7 10
weW
3\ 29 26—1 1o
Ifn=6: Z]cw|>2\/§-<2>—7—4342 >S5 672 =2571

weWw

Now suppose n > 7. The central binomial coefficient estimation [MN23, Section 3.6, Proposi-

tion 3.6.2, pp. 96-97| gives us
<n - 3) on—3
>
t—1 2(n — 2)

Therefore,
29 2"=2 29 N/4 29 () N
2 > —=>F=-=> 7
V2, (tl) 77 =2 7 Va 17 10va
where the last inequality (x) holds for n > 7 and (2" — 1)/4/n is increasing for n > 1. O

6. LOWER BOUND: MODULI CLOSE TO A POWER OF TwoO
We prove a general lower bound for any N that is close to a power of 2.

Theorem 5. Let k > 2 and n > 4 be integers, let m € [0,n — 1] be real, and let N be an integer
satisfying |[N — 2™ < 2™. Then the following bound holds.

max Fy(s Z Ey(s Ll/2 (1/25)F . n=F/2,

0<s<N
O<S<N

where L = (n—m — 3logyn — C) C > 0 is an absolute constant, and (x); = max{0,z}. In
particular, when m = (1 —e)n and en > logy n+ 2C, then (for sufficiently large n, as a function of
€)

1

E > Lel/2 (1 /95)k .y k/241/2
Jmax Ei(s) Nk (1/25)% -n

Appendix E proves Theorem 5. Note that Theorem 5 does not claim that Ej(0) is large; it

proves the existence by demonstrating that the (L2-)average of Ej(s) is large. Like the proof of

Theorem 4, restrict to a specific type of product phases

k

By, = [[ o™

j=1
but this choice is different from that in Theorem 4. For this restriction, the lower bound turns out
to be
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2k

P

140

> 8" Su(t)

weW

T(t)Qk
We will identify a set H of candidate frequencies H C {—2j c0<j< n} such that #H > e-n/2
and T'(t) > n~Y2, for every t € H. To this end, because N is very close to 2", we argue that
instead of the spectral properties of Sy, it suffices to investigate the “idealized set” of all weight-w
elements of {0,1,...,2" — 1}. The analog of T'(t) for these idealized sets admits a closed-form
expression:

n—1

% H(l +¢-eN(—2jt)> .

j=0
We make a careful choice ¢ = exp(—1/+/n) and prove that these idealized quantities are > n~1/2.
6.1. Insecurity of Two Shares. Finally, we present an attack on the k = 2 case.

Theorem 6. Let 2™ be a power of two closest to N. For s =2" —1 (mod N), we have

Ey(s) =2 1— 2"};]\7\ — O(n_l/Q) > % - O(n_1/2>.

Proof of Theorem 6. Let Q = 2", d = |N —Q|, and 6 = d/N. Consider the event
A = {(wl,wg) eEW?: wy +wy = n}
We first show that D(s)(A) > 1 — 0, where s = Q — 1 (mod N). Suppose first that N < @, and
here d = @Q — N. For every z € {d,d+1,...,N — 1},
s—x (modN)=N+d-1-2=Q—-1-=.

Thus, x and s—z (mod N) are complementary n-bit strings, and hence wt(z)+wt(s—z (mod N)) =
n. There are N — d such values of z.
If N > @, then for every z € {0,1,...,Q — 1}.

s—x (mod N)=Q—-1-u,

Their lower n bits are complementary, and both leading bits are zero, so the same weight identity
holds. Again, there are N — d such values. Consequently,

D@m®>1_%:1_d

For a uniformly random secret, the two shares are independent and uniform over G. Hence
1
D(U)(A) = Nz #{(z,y) € {0,...., N —1}*: wt(z) + wt(y) = n}.

If N < @Q, then the cardinality of the set above is at most (27?), because the concatenation of the
n-bit representations of z and y is a 2n-bit string of Hamming weight n. So, we have

lXUXA)gA;(iv.

If N > @, note that N < (3/2) - Q < 2""!. Hence, the cardinality of the set above is at most
2"+2), because the concatenation of (n + 1)-bit representations of = and y is an n-weight string of

(21 + 2) bits.
D(U)(A) < % (2”; 2).
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Since @ = 2" is a power of two nearest to N, comparison with /2 and 2@Q gives
3 3
-Q <N <L =Q.
4Q QQ
Thus d/N < 1/3, while N =< 2" and the standard central-binomial estimate imply, in both cases,
that
D(U)(A) < n~1/2.

Finally, by the event characterization of total variation distance,
Es(s) > D(s)(A) = D(U)(A) > 1 — % ~o(n 1),

as claimed. O
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APPENDIX A. BASELINE RESULTS

A.1. Revisiting the Analysis of Faust et al. This subsection recalls the Fourier argument of
Faust et al. [FMM*24]. Throughout, we assume

N=2"-1 with n prime;

the modulus N itself need not be prime. For completeness, we review how the Mersenne rotation
identity (Equation 8) gives nonzero doubling orbits of length n, and how their pointwise Fourier
bound yields the insecurity estimate Ej, < n~*/4t1,

Proposition A.1 (Faust et al. [FMM*24, Theorem 6]). Let N = 2" —1 where n is a prime number.
° Then, for any k >3 and s € G,

Ex(s) <k pk/A+1
and this gives asymptotic security for k > 5.

Doubling-orbit structure. By the Mersenne rotation identity (Equation 8), multiplication by 2
modulo N acts as a one-position cyclic rotation of the n-bit representation and therefore preserves
each slice S,,. The orbit length remains to be determined. For x # 0, consider

T 2r - — 2" g 2"z =2 (mod N).

This orbit has length exactly n. Let R denote cyclic rotation of an n-bit string by one position.
Since R" is the identity, every orbit under R has size dividing n. As n is prime, each orbit therefore
has size either 1 or n. An orbit has size 1 only if the bit string is fixed by a one-position rotation,
in which case all of its bits are equal. Its Hamming weight is then either 0 or n. Consequently, no
element of Sy, for 1 < w < n — 1, can lie in an orbit of size 1. Thus, the doubling map partitions
every nontrivial Hamming-weight slice S, into orbits of length exactly n.

A pointwise Fourier bound. Let p, := [Sy|/N = () denote the density of S,. Since
doubling permutes S,

Su(t) = Su(2t) =+ = 5y (27 11).
For every nonzero frequency ¢, the frequencies t,2t,...,2" 't (mod N) are distinct by the same
orbit argument. Parseval’s identity therefore gives

n—1
po = Y [5utw| > Y [sa@n] = nlsun|
ueG 7=0
Consequently,
%?8{‘31\”@‘ < %w- (28)

For the endpoint slice Sy = {0}, the same estimate follows directly from \35(15)\ =1/N and N > n.

Faust et al. [FMM™*24, Theorem 6] state their result for p = 2™ — 1 with n merely odd, but it rests on [FMM™*24,
Theorem 7] whose proof partitions the nonzero frequencies into classes closed under o — 2« and asserts each class
has at least n elements. This holds when n is prime, but fails for n odd composite: for example, take n = 9 and
a = (001)* = 73, its orbit has size 3 not n = 9. Their notations (F,, etc.) suggests they intended p to be a Mersenne
prime, which forces n prime (as they also observed in [FMM"24, Remark 1]). We therefore make the condition
explicit. Primality of p was also not used in their proof.
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The resulting insecurity bound. We now insert Equation 28 into the Fourier expression for
Ex(s). For the first two factors, we retain the full Fourier sum and apply Cauchy—Schwarz; for the
remaining k — 2 factors, we use the pointwise estimate above. Thus,

2. F) = 2. F
k = max k(s)

k
= (st) TT Sw, (¢ by Equation 7
max Z ZeN s ]1;[1 () (by Equation 7)

weWk|t#0

< max Z Z H‘Swj (t)‘ (triangle inequality)
weWk 10 j=1

- Y Y10

weWk t#£0 j=1

k—2
<(z VATE) X Sfse]jso (by Equation 2

weW wl,wQEW t#0

o () GG

weW t#0 t#0
(by Cauchy—Schwarz)

k—2
< n~(k=2)/2 (Z m) Z N (by Parseval’s identity)

weWw w1, we €W

k
_ n—(k:—2)/2 ( Z M)

weW
< n~B=2/2 k4 = pmk/AH (by Appendix B.3, a standard sum)

Here, the penultimate line uses the standard estimate

Z \/E<< n1/4

weWw

Accordingly, this analysis establishes asymptotic security only for k£ > 5. Our upper-bound argu-
ment replaces this pointwise treatment with an iterative Fourier-energy contraction, allowing each
additional share to contribute a net factor of order n=1/2.

A.2. A Sharper Baseline Bound via Chang’s Lemma. In this subsection only, assume that
N = 2" — 1 is a Mersenne prime

We keep the triangle-inequality framework of Faust et al. unchanged and improve only the pointwise
estimate inserted into it.

Proposition A.2 (Chang-enhanced Faust et al. bound). If N = 2™ — 1 is a Mersenne prime,
then, for every fixed k > 3 and every s € G,

Ei(s) < n~F/23/2 . (1og n)F=2)/2, (29)
In particular, this refinement proves asymptotic security for k > 4

We use the following version of Chang’s lemma stated in [Shk11, Theorem 1.2].
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Imported Lemma A.3 (Chang’s Lemma [Cha02, Lemma 3.1] and [Shk11, Theorem 1.2]). Let G
be a finite abelian group, A C G be a dissociated set: a subset A C G is said to be dissociated if

D ex-A=0 with ey € {0,£1}

AEA
implies €y = 0 for all A € A. Let S C G be a subset such that #S = § - #G for some § € (0,1].
Then, for some absolute constant C > 0,

Z‘§(A)‘2 < C - 81og(1/6)
AEA

Proof of Proposition A.2. Fix a nonzero frequency ¢. Since N is prime, t is invertible, and we claim
that
A= {t,2t,...,2" %t}

is dissociated. To see this, consider any linear combination evaluating to 0. Indeed, after multiplying
this {0, +1}-relation by ¢+, the relation becomes one among the distinct powers 1,2, ...,2" 2, Its
absolute value is strictly smaller than N, so congruence modulo N is equality over the integers;
uniqueness of binary expansion then makes the rela/t\ion trivial.

By the doubling established in Appendix A.1, S,, is constant on A;. Chang’s large-spectrum
lemma (Imported Lemma A.3) therefore gives, for every w € W,

log(1/pw)
n—1

Sut)] < pu (30)
Recall that Parseval’s identity previously gave only < \/py/n.

We now repeat only the final aggregation in the argument of Faust et al. [FMM™*24]: retain two
Fourier factors in £9, and apply (30) to the remaining (k—2) factors. Parseval’s and Cauchy-Schwarz
yield

k-2

2
2- Ei(s) < (Z m) . ( nl_l S pw 10g(p1>> . (31)
ew

weW w w

The first factor is O(nl/ 2), by the estimate in Appendix B.3 (also used in Appendix A.1). For the
second, Jensen’s inequality and the entropy bound give

1/2
> pwmog(pl) < (Z Puw 10g<p1>> < Vlog(#W) < /logn.
weWw w weW w

Substitution into Equation 31 proves Equation 29. [l

What this comparison establishes. The comparison isolates two independent limitations:
dividing by the frequency t requires every nonzero frequency to be a unit, while the coefficient-wise
triangle inequality is too costly in the three-share case. The energy argument in Section 3 removes
both losses.

APPENDIX B. PROOFS FOR ANALYTICAL PROXIES

B.1. Reduction to Fj,_q: Proof of Lemma 3.1. Set
D' = (wt(X1),...,wt(Xg_1)) and Y = X1+ -+ Xp_1.
For a fixed secret s € GG, consider the deterministic map
U, Wl g — Wk, Us(w,z) = (w,wt(s —x)).

Then U4(D’,Y) has distribution D(s). Moreover, ¥4(D’, X}) has distribution D(U). Indeed, after
averaging the secret uniformly over G, the final share is uniform and independent of the first (k—1)
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shares; and s — X}, is likewise uniform over G and independent of D’. Hence, by the data processing
inequality for the total variation distance,

Ep(s) = ||0s(D"Y) = Us(D', Xp) || oy < [[(D,Y) = (D, Xpe) || oy = Dkt
Thus, it remains to prove that 2A;_1 < Fj_1.
For w = (w1, ...,w,_1) € W+ ! and 2 € G, Fourier inversion formula (Equation 4) gives

tEG
whereas
1 k—1 |S |
/ L Pw
PI‘[D =W, Xk = .Z'] = ]\]]lzl1 pwj and Pw ‘= T,

is precisely the zero-frequency term. Therefore

2Ap1 = Z Z ZeN (xt) H ()]

weWk-1zeG t;ﬁO =1

To bound the inner sum for a fixed w € W*~!1  instantiate Claim B.1 below with Q = G,
fo = Ty and 2z = H g\;ﬂ(t)
Under our Fourier convention,

Jalt) = en ().

Since (f,)wec is a partition of G, we have HZWQQ | fu = 1. Claim B.1 consequently yields

] o

1 1/2
S S entar stj < (TTIIjso|
re: t7£0 t£0 j=1

Summing over w € W*~1 gives 2A;,_; < Fj_;. Together with the data-processing inequality above,
this proves 2Ey(s) < 2A,_1 < Fi_1. O

Claim B.1. Let Q be a finite set, and for each w € Q let f,: Z/NZ — C. For any complex
numbers (z;: 0 <t < N), we have

Z Zzt ()

weN | t#£0

> Il

we

D L=l

L2 t#£0

SBA

we

D _laf*

oo t#0

A useful way to interpret the claim is as follows. Suppose that, for every z € Z/NZ, we
have Y qlfu(x)| < B, where B > 0 is an absolute constant. For instance, if the f, are the
indicator functions of a partition of Z/NZ, then B = 1. Later we will also encounter function
families for which B = 2. Under this pointwise upper bound, the rightmost expression simplifies

to < \/Zt¢0|zt|2.

Proof of Claim B.1. Consider the dual characterization. We remind the reader that phases are
unimodular complex numbers. Over phases ® = (®,,: w € Q) we have the following guarantee:

DD fult) = sup > D fult)

weN| t£0 weQ  t£0
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|3 (z «m:(t))
® 1120 weQ
= sup Zzt : J/";(t) (define fa = > Py, - fu)
P 40 weN
2 )
< sup Z]zt\ Nf®ll 2 (Cauchy-Schwarz and Parseval’s)
® \/ =0

Pointwise, |fe(2)| < > cqlfu()], and hence

> 1l

weN

[ fallzz <

L2

This proves the first inequality. The second inequality follows from the monotonicity of norms. [J

B.2. Reduction from F}, to F,,_1: Proof of Lemma 3.3. We begin with two technical claims.

Claim B.2. For any t # 0,

where py, = [Sy|/N.
Proof of Claim B.2. Consider the function f;: G — C defined by

ft = g Zw,t - Sy where 2y, =
weW Pw

Note that ft = wew Zwt - §; In particular,

S R;o
weWw Pw

By rotation symmetry and n being prime, we have #{¢t,2¢,...,2" "1t} = n and fi(t) = f,(2t) =
.-+ = fy(2""1t). By Parseval’s theorem, we get

afwf = 3 [hen| < X fw

‘ 2

0<j<n

1

=N Z|ft(x)|2 (by Parseval’s)
X

1 2

=5 2 pu - [zud
weWw
2

D
=Y L =)

weW Pw

From the extreme LHS and RHS expressions, we conclude that ﬁ(t) <n L O
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Claim B.3. Let Q be a finite set of indices. Let ay, by ¢, fty be nonnegative real numbers, and
assume that 1, = 0 implies b, ; = 0 for every t # 0. Put Q = {w € Q: p,, > 0}. Suppose that
« > 0 satisfies

b
Z b <o for every t # 0.
w€Q+ ,u/w
Then,

Z Zat'bw,t <al’?. Zﬂw'\/zat-

weQ \| t£0 WwER t£0

Proof of Claim B.3. The terms with w ¢ Q. vanish. If Q, = (), both sides are zero; otherwise,
apply the weighted Cauchy—Schwarz argument below over 1.

Z Zat’bw,t: Z Viw - Z at - bt/ tw

wey \| t£0 weN L 0<t<N
< Z My Z az Z bu.t/ tw (by Cauchy-Schwarz)
we 4 0<t<N  wefdy
1/2
< b . . .
Oglti%\/ w,t/,U/w Z Hw Z ag
wEN 4 wEN 4 t#£0
The claim follows since
bwt
b« d — )
w€Q+ ZUEQ+ 'LUGQ
O
Now, to prove Lemma 3.3, we use these two technical claims.
mo__ 2
RSN | (EM0]
weWwm t#0 j=1
m—1 - 9 9
D SRV BY | {CI O]
wewm—1 weW | t#0 j=1 T’—/
——-—r w
at ‘= ot
m—1 - 9
SD DIRG9l § (501
weWwm—1 t£0 j=1
=n 2. F, 4. (by Claim B.3 and pi,, = #S,/N and a = n~! from Claim B.2)

This completes the proof of Lemma 3.3.

B.3. Estimating Fj: Proof of Lemma 3.4. We present a self-contained elementary upper
bound. Let us begin by first upper-bounding the following expression.

SO

o<w<sn
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Set py = () -27" and a, =1+ (w—n/2)*/n. Then we have

w
1/2 1/2
> e (S na) (¥ )
o<w<n 0<w<n 0<w<n

Var(X)\ /2 1 2
_ (1 n T§)> . (Og@ e n/2>2/n> (X ~ Bin(n,1/2))

oo 1/2
< \25 . 2<1 + / 1+1§2/ndt> (because Var(X) =n/4)
0

/2 1/2
=V5- (1 ++/n / de) (substituting t = /1 - tan )
0

< VB4 /5m/2 - Mt < nl/4, (Jensen’s inequality on /- )

Using this estimate, we can upper bound Fj.

r=Y [Yso = 2 <Z>-2”<<n1/4.

weW | t#0 0<w<n

after using Parseval’s identity and accommodating some edge terms. (|

B.4. Tighter F, Upper Bound (Lemma B.4). When n is prime, note that by our one-share
contraction and F} estimation, we already have the upper bound Fy < n Y2 F, < n~1/4. The

objective here is to improve the upper bound to n=/2 . poly(logn), roughly a further n=/4 im-
provement.

Lemma B.4. Let N = 2" — 1 for any integer n > 3.

1/4
A=Y Z\é:,,@)

4
‘ <<n*1/4-\/10gn.
weW \ t#£0

In particular, as a consequence, Fy < n=/2 . logn.

Proof of Lemma B.J. From the upper bound on A, the bound F» < A% < n~1/2.1logn follows from
the Cauchy-Schwarz inequality.

For the first bound, we will use Imported Lemma 3.5. From this technical lemma, the proof
of the theorem follows directly. Consider the contribution to A by the central weights Weent =

{weW:|n/2 —w| < /nlogn}.

Q1= Z Z‘g;(t)

wWEWeent t7£0

1/4

4
‘ L #Weent - n3/t <« p VAL v/logn.

The contribution from the remaining weights is

1/4
= > (X5

wEW\chnt t7é0

< Y (s

wEW\chnt t;ﬁo

’4
1/2

2
’ (for a,b >0, a? +b*> < (a + b)?)
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< Z VPw (by Parseval’s identity)
wEW\WCent

< VIW\ Weent| - > (by Cauchy—Schwarz)
wGW\chnt

<Vn-\/2"/N - \/Pr[]Bin(n, 1/2) —n/2| > \/nlogn]

< V/n-+/27/N - \/2exp(—2logn) (by Chernoff bound)
< V2N 072 < on T2,
After this, A = Q1 + Q2 < n~'/*. \/logn upper bound is immediate. O

APrPENDIX C. FuLL RANGE MODEL

Throughout this appendix, we write W = Wyy.

C.1. Proof of Lemma 4.3. We will use Claim B.1 with f,, = B,,, and in that claim, we will use

2. |Bul

weWw

the fact that < 2. Then Lemma 4.3 is immediate at this point:

oo

k
9. EBIN(N’S): Z ZGN(St)HE\Wj(t)

k—1
- Z Z Z H By (t) - Bw, (1) (rearranging)

w/eEWk=1 wieW|t#£0 j=1

Zt =

e, 1/2
< > (X H’Bw; (t)’ =2 FN(N). (by Claim B.1)
w/eWk-1 t£0 j=1

as desired. ]

C.2. Proof of Lemma 4.4. We apply Claim B.3 with p1,, = py(N), a = o®(N),and Y cy pu(N) =
Q/N.

1/2

2

BN =YY ZH!B 0 B )

w/ eWm—1w,eW \ t#0 j=1 N —’
N———— bwop ¢

' . 1/2
BIN 1/2 1/2 » :
< %: a (N2 . (Q/N) ;H’ » ‘ (By Claim B.3)

w/eWm— =1

= (Q/N)"/2 - aP™(N)/2- Fp ().
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C.3. Proof of Lemma 4.6.

1/2
2
FN) = Y [ Yo [Bu)|
weW \ t#0
1/2
1 9 :
< Z N Z By(z) (by Parseval’s)
wew 0<z<N
2 n\\ /2
< —. because By,(z) = (") and B, (z) <2
w;iv(N () (boomse 32 Be) = (2) and Bufe) <
N1/2 QP! <t/ (see Lemma 3.4 and since Q/N < 2)

0

C.4. Integral Estimation: Proof of Lemma 4.11. We let again ¢; = {2jt/N}, p = w/n,
and Ly(u) = [(1 —p) +p - exp(ewu)|. For |w —n/2| < y/nlogn, our target is to prove the following

integral
2 - 27
(1—p)+p~exp(z-<0— T t>> ‘de
N
T n—1

:/WnHl (1—p)+p~exp(z-(0+ 2jt>> ‘dﬂ—/ﬂ]HOLp(@Jr%@ﬁj)d@

-7 520

T n—l1

I:/H

-7 520

Thus, to prove Lemma 4.11, we need to prove the following inequality:

n—1
4 1-2 1
Target: / H Ly(0+2m¢;)dd < ’\/ﬁm + e (32)

Let @ ={0,1,...,n— 1} and, for J Q Q, define
Py(0) = ] Lp(6 +270;)

JjeJ
Claim C.1. Assume that |V —2"| < 2"/n and p € [0,1]. For n > 2 and every 1 < ¢ < N, there is
an interval J C ) such that
(1) 1 < #J < [Llogyn], and
(2) Py(0) < |1 —2p| + 10| +n~ /2, for all |6 <7

We prove Claim C.1 below after this proof. For now, we use Claim C.1 to prove our target
Equation 32 which proves our goal Lemma 4.11. Note that Q\ J splits into (at most) two intervals,
say of size s and t.

Recall that w € Weep. Now, in Weey, consider the smallest relative weight

n/2 —+vnlnn
T(n) = ————
n
7(n) > 0 and increasing for n > ng := 9. We choose g := 7(ng). Then, we will have g < w/n <

(1 — &) for all n = ng and w € Weens.©

6In the current proof, the emphasis is not on optimizing the constants, but on getting the asymptotics correct.
If one wants to specialize the analysis for larger ng, then a larger 9 can be chosen. However, the objective was to
obtain results for as many values of n as possible, so we chose the smallest nyg.
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We use Claim C.3.1. and Lemma C.4 to upper bound

Py (6) < exp (260(110_50) (s — 1), sin? <Z>> -exp<250(110_50) (t— 1), sin? (Z))

Since, #J < % log, n}, we have

1
(s—Dsr+(t—1Dr=(s+t)—2>=n-— [2log2n-‘ —2>=n/2. (for n > 8)

Using the fact that sin(|6]/2) > |0|/7, when |0| < 7, we get the bound:
Poy () < exp(—Cnb?),

where C' > 0 is an absolute constant.
After that, using Claim C.1, we have

Po(f) < ( 11— 2p| + |6] +n~ Y2 ) -exp(—Cnb?).

Therefore, using the standard Gaussian integral, we get:

" 1-2p] 1
/ﬂPQ(e)d0<< N

completing the proof of Lemma 4.11. O

Proof of Claim C.1. Without loss of generality assume that 0 < t/N < 1/2, because (if needed)
one can consider N — ¢ instead of ¢ to make it < 1/2, which leads to the same answer because of

evenness and 27 periodicity of Ly (-) function.
Define

1
h = |logy(N/t)|, b/ :=n —h, and £y := [2 log, n—‘

Then, 2-*D < t/N < 27", and 1 < h < n (roughly speaking, the first non-zero bit appears at
h-th position).
Case: h' < fy. (a huge run of 0’s in the head). Write ¢t = 2%, where b is odd. Consider
J = {j*}, where j* =n —a — 1. Note that ¢ < 2" because t/N < 1/2 and N < 2"*1. Therefore,
J C Q.

After that, we want to prove that b is very small. Note:

b<t< N-27h<ontl=h —oh'+1 < olo < 9.\ /p.

Below, we will use the notation ||z|/} to denote the distance of & from the nearest integer; here
T = R/Z. Our objective, next, is to show that ¢;« is close to 1/2.

1 1
oy -3 =] -3 (because || {a} + bl = ll+bliz)
T T
— 2"‘7“1.2@_1 :Hb.2”_1
N 2y 2N 2,
b 2" b
=z -—=—-= (because b is odd)
2 N 2|g
bIN 2]

N

5 TN (because [lab||p < |a] - |b])
n
L2 o
vn Nn n

N
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Using this fact, the distance between 6 + 27¢;+ and 7w + 27Z is

1
<161+ 27|65} — 5

< 0] +n~Y2,
T

Since these two angles are close, by using Claim C.3.2., we have:
P;(0) < |1 —2p| + |0] +n~ /2

Case: h' > {y. Define J:={h —1,h,..., h+ £y —2}. Itis clear that J C Qand 1/4 < 2"~1t/N <
1/2. Suppose we can prove that

Leftover target: Py(0) < |1 —2p| + 6] + 2777,
then, we are done. Because,
Py(0) < |1 —2p| + 0] + 27 = |1 — 2p| + 0] + 27 < |1 — 2p| + |0] + /2,
The leftover target is a special case of Claim C.2 below (with v = £y and z = 2"~ 1¢/N). O
Claim C.2. For every p € [0, 1], integer v > 1, z € [1/4,3/4], and 0 € R

v—1
[ Zo(0 + 2n{2"2}) < |1 —2p| + 16] + 27",

u=0
Proof of Claim C.2. We begin with a few identities and inequalities:
(1) Let (1 — a) = (1 — 2p)?%. Then,
Ly(u)* = (1 —a) + a-cos®(u/2) (33)

This is because,

Ly(w)? = ((1 = p) +pexp(u) ) - ((1 = p) + pexp(-w))
(1= p)® +p° +2p(1 — p) cos(u)
= (1—2p)? +2p(1 —p)(cos(u) + 1)
= (1-2p)* +4p(1 — p) cos®(u/2)
= (1—a)+a-cos?(u/2) (let (1 —a) = (1 —2p)?)
(2) For o, z,y € [0, 1], we have:

((1—oz)+a-a:>-((1—a)+oz-y)é((l—oz)—ka'my) (34)
(3) For unimodular ¢,£ and k > 0, the following bound holds.

k—1

-9 T[(1+¢”)| <242 -, (35)

J=0

To show this, we proceed by induction on k € {0,1,...}. For the base case k = 0, the LHS
is |1 — &] < 2, which is obviously smaller than the RHS.
Now, we go to the inductive step. By the induction hypothesis (with ¢ and ¢2 and (k—1)),
we have
k—2 i
1-]] <1 +¢(ey)” ) <2+ 281 -

=0
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Next, manipulate the LHS of the inductive hypothesis:

k—1 _
-9 T(1+¢e”)
j=0
k—2 S
=1-90+¢]] (1 +¢(€%) )
/=0
k—2 o k—2 o’
<|1=-90+9 ] <1 +¢(&7) ) +11=-9E-9 1 (1 +¢(&?) )
0 o
’ ! (by triangle inequality)
k—2 ,
<2421 -¢l+|1-9-9 ] (1 + 4(52)” > (by the inductive hypothesis)
/=0
k—2 .
=2+ 2M1 ¢+ |1-6(1 Q) H <1 + 6(52)2 > (because ¢ is unimodular)
5'=0
<24 281 — ¢+ 2%1 - ¢ (all factors are at most 2 in magnitude)
— 24 2k1)1 |,

which completes the induction.
Now, to prove the target statement (Claim C.2), we upper bound:

v—1 v—1
1 20 +2n{2a}) = || T] ((1 —a)+a-cos2(0/2 + 77{2“x})> (by Equation 33)
u=0 u=0
v—1
<G (T—a)+a H cos?(0/2 + m{2%x}) (apply Equation 34 repetitively)
u=0
v—1
<o| (1 =a)+ [] cos?(6/2 + m{2ux}) (because a € [0,1])
u=0
v—1
< |1 —2p| + | [ ] cos(6/2 + m{2"x}) (because vI —a = |1 — 2p|)
u=0
So, it would suffice to prove that
v—1
H cos(0/2 + m{2%z})| < |0] + 27
u=0
Let us rewrite the LHS of the inequality above:
v—1 v—1 1
[T cos(o/2 +w2h)| = ] 5- ‘1 +exp(a(8 + 27r{2“x}))‘
u=0 u=0
v—1
=27" H‘l + exp(e0) - exp(z27m)2“‘
u=0

<2 (2 4 21}-&-1‘1 _ exp(z@)\) 1= exp(2mm)]_1 (by Equation 35)
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< V227V 4+ V2 2lsin(0/2))
(as |1 — exp(2mz)| > /2 for = € [1/4,3/4])
<V2- (6] +27Y).
This completes the proof of Claim C.2. O

C.5. Technical Results for Integral Estimation. Recall from Section 4.4 (and in the proof of
Lemma 4.11 in Appendix C.4) that

Ly(¢) = |(1=p) +p-exple)]. (36)

Claim C.3. For ¢p < p < (1 — &) and every ¢ € [—m, 7| the following bounds hold:
(1) Ly(p) < exp(—2e0(1 — &) - sin*(p/2)). In particular, when g9 = 1/3,

o4 (2)).

(2) If the distance between 7 and ¢ + 27Z is < €, then for every p € [0, 1],
Lp(p) < |1 —2p| +e.
Proof of Claim C.3. We have:
Ly(¢)? = (1 —p)° +p* +2(1 = p)p-cosp
= 1—4p(1 —p) - sin*(p/2)

< exp(—4p(1 — p) - sin?(¢/2)) (because 1 —t < exp(—t))
< exp(—4eo(l — o) - sinz(ap/Q)). (because g9 < p < (1 —¢p))
We rewrite
Ly(p)? = cos*(p/2) + (1 — 2p)? - sin®(p/2)
< cos?(p/2) + |1 — 2p/?
< (cos(p/2) + 1 —2p| )2 (By Minkowski)
For the second bound, note that cos?(¢/2) = sin?((r — ¢)/2) < £2. O
Lemma C.4 (Dispersion Lemma). The following bound holds for any n, o, (:
n—1 ' "1
Spla, B) = ZsinQ(a +278) = 10 sin? av.
j=0
Proof of Lemma C.4. Define §; = a + 27 8. Note that ;411 = 20; — o (mod 7). So,
sin(a)| = [sin(20; — 011)].
Next, note that
sin(260; — 6;11)| < [sin(26;)| + [sin0j41| < 2|sin 0;] + [sin 641
From this, we conclude that
sin?(20; — 0;11) < 4sin? 0 +sin® 041 + 4 - [sin 0 sin 6,41
< 5(sin? 0, + sin®6;11). (because 4ab < a? + 4b?)

We conclude:
sin?(a) < 5(sin”6; + sin® 6;41)
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Adding over all j € {0,1,...,n — 2}, we get:

n—1
(n—1)sin®a < 52 sin®0; + sin®041) < 1OZsin29j.
j=0 j=

and this concludes the proof of Lemma C.4. ([l

APPENDIX D. TRANSFERENCE LEMMA

D.1. Proof of Transference Lemma (Lemma 4.8). Throughout this appendix, we write W =

W = {0,1,...,n} and set S,, = 0 whenever the actual weight-w slice is empty. This zero
extension does not change Ej(s).
Our aim is to express Sy, the actual Hamming slice restricted to {0,...,N — 1}, as a mild

perturbation of B,,, a function that samples the N-grid at the Hamming slice restricted to the full
n-bit range {0,...,Q — 1}.
(1) First, suppose N > Q.
Consider the set P, = {Q <y < N : wt(y) = w}. By = SpN{0,1,...,Q — 1}.
Therefore, S, = By + Py.
(2) Next, suppose N < Q.
Consider the set P, = {N <y <@ : wt(y) = w}. y € P, gets accounted at x =y — N.
Therefore, S, = By, — Py.

We formally define P,,: G — {0, 1}, for w € Wy as follows:

1(Q <z < N)-1I(wt(z) =w), N>Q
Py(z) = 1(0<2x<@Q—N)-I(wt(x+ N)=w), N<Q
07 N == Q
and 0 = (—1)'N<@)  As a result, in general, we have S, = B, + 0 - P, where o € {£1}

depending on N > @ or N < Q. And, the sets (P, : w € W) are pairwise disjoint and their

cumulative density is
3 #Py < P
N N

weW

Now, for w € Wk, let us compute the product of the Fourier coefficients that appears in our
target quantity Fj(s). The terms in the summand can be expanded as:

k k
[15w,) =TI(Bw,() + - P, (t) = Z o | T] Bw,®) | [ T] Py ®)
j=1

J=1 JE{1,2,....k} J¢J jed

For J C {1,2,...,k}, define the restriction:

2- Ep(s)ly; = > D entst) [ [] Bw,® | - | T[] P, (@)

weWk|t#£0 Jj¢J jeJ

By the triangle inequality, we have
s) < ZEk(S) J
J

So, it suffices to upper bound the contributions of individual Ej(s)];’s.
Case J = (. Note that Ei(s)|, = EZ™(s)
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Case J ={1,2,...,k}. In this case, we have

k
2. Ex(s)]; = Z ZeN (st) H

weWk|t#£0

We will use the L? version of the Claim B.1’s upper bound. Fix w € W*~! (the first (k—1) indices)
and we will perform summation over the last index wi € W with the following setup:

(1) fw =P, o
(2) 2zt =en(st)- ngj<k ij (t)
After this, we will have:

2 @< Y | X Pl X I Paf

weWwk—1 wieEW 12 t#0 1<j<k

<y X /T I[Pl
weWk=1 | t#0 1<j<k
(because P, are pairwise disjoint and ), ;- P has density < P/N)

Roughly speaking, this is the density-sensitive version of Lemma 3.1.

When k£ = 2, the interpolation argument below requires zero applications: the preceding estimate
already leaves a single P-index. For k > 3, we apply Claim B.3. Fix w € W2, the first (k — 2)
indices, and we will perform summation over the last index wi_; € W with the following setup:

— 2
(1) @ = Tiejanor | P (8]
— 2
(2) bus = |Pult)]
(3) pw = #Py/N, ie., P,’s density
4) a=1
After using Claim B.3, because ), oy iw < P/N, we have the inequality:

Ek<s>|J<(§)1/2-(§)l/2 RO | I

weWwk—2 \ 10 1<j<k—1

Repeatedly applying this step eliminates one index from the end. We stop when we have one index
left over.
‘2

Ek($)b<<§>(kl > Z‘

weW | t#£0
p (k=12 2
< <N> Vn - N (by Parseval and Cauchy-Schwarz)
P\ /2
-(x)
Case ) # J C {1,2,...,k}. This case covers all remaining cases. In this case, we have

2- Ex(s)|; = Z ZeN (st) HB . H]gv:](t)

weWk|t#0 JgJ jed
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Next, we use the upper-bounding strategy we used above for J = {1,2,... . k}. Denote J :=
{1,2,...,k}\ J. We will get the inequality:

Ek<s>|J<<§)#J/2 > X H|pwol

w eWk=#J \ t#0 \je T

P\ #J/2
= <N> FTy ().

After this, the Transference lemma (Lemma 4.8) is immediate:

Eis)< Y Es)l,

Jg{17277k}

< Ex(s)lp+ Ew(s)l12,. 0y + Z Ex(s)l,
0£IC{1,2,...k}

copo (5" 2 () (2) e

0<t<k

D.2. Statement and Proof of Corollary 1. Recall that for every integer m > 1,

> =SS ewtsn T 5w ) (37)

wewm ' seG|t£0 j=1

by the Fourier inversion formula (Equation 4). We can define the corresponding full-range model
by replacing S’ by By, as we did for Ej:

2-AINN) = Y Z > en(st) ﬁﬁ;j(t) (38)

weWm SGG t£0 j=1
Corollary 1. Suppose that [N — Q| < P. Then, for every m > 2,

A < APN(N) + (ﬁ)m/zﬁ+ 3 <TZ> : (ﬁ)m 2N (N)

0<l<m
If moreover P = |N — Q| < Q/n, then A, <y n~(M=D/2H1/4 - cquivalently, for all k > 3
Ak—l <y, ’I’L_k/2+5/4.

Proof of Corollary 1. Comparing A,, (Equation 37) with E,,(s) (Equation 7), and AZN(N) (Equa-
tion 38) with EBN(N, s) (Equation 20), respectively, yields the following relationships:

A = %Z% SIS ew(st) [[ 5y (8)] = %ZEm(@ (39)

s€eG  weWm™|t#0 j=1 s€G

AN = 2300 S S ewtst) [] B ()] = 5 2 ERNN 5 (10)

seEG  weWm|t£0 j=1 seG

S
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By Lemma 4.8,
1 .
Ay, = N Z En(s) (by Equation 39)
seG
1 P m/2 m P £/2
< = BIN i (B BIN
\NZ<Em (N,s)—|—<N> Vi + Z (€> <N> mt(NV)
seG 0<l<m

(averaging Lemma 4.8 with k = m over s € G)

P m/2 m P £/2
_ ABIN BIN
-2+ () Vit % (%) (%) m,
(by Equation 40: second and third summands do not depend on s)

For the second bound, we first use Claim B.1.

m

1 _
200NN = D 5 Do D en(at) [[ B, (@) (by definition: Equation 38)
weWwm * zeG|t£0 j=1

> S IIE

weWwm t#0 j=1
= FN(N) (41)
Take P = |N — Q| < Q/n. By Equation 41 and Lemmas 4.4 to 4.6,
APN(N) < FRN(N) g =MD FPN(N) &y (1724014,

N

2
‘ (using Claim B.1 with f, = 1;_,)

Equation 22 and Equation 23, with k£ = m, give the same bound for the remaining terms. Hence,
A, <y - mD/241/4

Taking m = k — 1 gives the final claim. O

APPENDIX E. LOWER BOUND: PROOF OF THEOREM 5

Just for this section, we consider W = {0,1,...,n}; any empty S, slice is identified by the 0
function. Since m < (n — 1), this will capture all possible weights. Let ¢ := [2" — N|/N < 2™ /N
denote the distortion from the ideal behavior. In our proof, in fact, we will use the quantity

< 1
L, = #0<j<n—-1: 275<—-n*1/2
107

If L, = 0, the desired lower bound is trivial. Henceforth assume L, > 0.

Claim E.1. Let C be an absolute constant with C' > 1 + logy(107). Then,
1
L, > (n—m—log2n—0) =L
2 +

We defer the proof of Claim E.1 to the end of this section, after the proof of Theorem 5. For
phases

@::(@W; wGWk>

we know that
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We will restrict to
k
= H e
j=1

for some appropriately chosen phase ¢. Then, for this restriction, we have

k
2-Ep(s) =] Y Y en(st) Hqswfs = Z(Z ¢wsTU<t>> cen(st)| = 1f(s)]  (42)

weWk t#0 t#0 \weW

= f(s)

k
= (Z <z>ws$(t>> :
weWw

Define the set H := {—Qj 0K < L*}. Since Ly < n — 1, we have 271 < 2772 < N hence, all
elements in H remain distinct in Z/NZ, ie. |H| = L,.." So,

Note that f(()) = 0, and for non-zero ¢

2-FEr = max 2- Ei(s Z (2Fk(s (monotonicity of norms)
0<s<N 0<s<N
1
> \/N Z 1f(s)? (by Equation 42 above)
0<s<N

[~ |2
= Z’f(t)’ (Parseval’s identity)
¢
2

26" S

So, to prove Theorem 5, it will suffice to show that: There is a choice of phase ¢ such that for
all 0 < j < L, the following estimate is satisfied.

> oS- > (55 ) (13)

weW
Let us begin towards lower-bounding this target expression. We begin by observing that our
target expression (inside the | - |) is the following polynomial.

T(t) = 3 65 Z 50 S en(at) = % S ey (at).

weW wEW €Sy 0<z< N

‘ — L2 (since [H| = L)

>L * mln‘ L HllIl

We will compare this expression against an ideal baseline:

n—1

> ey (at) = % 11 (1 +¢-en <2lt>>.

o<z <2n =0

"Since IN — 2" < 2™ with m < n— 1, we have N > 2" — on~l — 9=l Then, 2871 < 272 < N because
L.<n-1.Sofor 0<i<j< L, we have 0 < 2/ —2° < N, and also —2° # —27 (mod N). Hence, —2°,..., —2F~"1
must be distinct in Z/NZ.
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By the union bound, we have

" — N
7o) > 1) - 2 -6
Thus, it suffices to choose ¢ such that
21 ,
(B> 5= 0?2 forallte {27:0< <Ly}

and it can absorb ¢ into it, which has magnitude at most 1/(107) - n=1/2.
Let us substitute ¢ = exp(—10), where 0 = n~1/2 is a positive angle. Fix j and let us begin on
our new target of proving the lower bound:

; 1 26 21
=0

Our aim is to lower-bound the RHS terms separately based on which of the three conditions it
satisfies below.

Case 1: /+ j > n. Define the gap g = ¢+ j — n. Note that 0 < g < j. For this analysis, we will
need the signed version of § defined as A = (2" — N)/N. Using this, we can write:

2€+j on+g
exp <27TZ . N) = exp <2m N > = exp(Qm 229 (14 A)) = exp(2m . QQA)

Note that the magnitude of this angle

1
[2m - 20| <7276 < o n~2,

because g < j and 276 < (107)~ - n~Y2 by the definition of the quantity L,. These angles will be
significantly small in magnitude compared to # = n=/2. As a consequence, we will have:

o+ n-1/2 4 1. p-1/2 11.n-1/2
1 —1f+2m - —— )| > 2 = =2cos| —— 4
’ —I—exp( 10 + 2m v >‘ cos( 5 cos 50 (45)

Now, for fixed j, we estimate the cumulative contribution of all ¢ satisfying £ + j > n.

ol+j i1 on+g
H 1+exp(—20—1—2m-N>‘:H1—|—exp<—u9—|—2m- >‘

N
o<l<n: g=0
l+ji=n
102\ Y
> | 2cos —50 (by Equation 45 above)
: 2 [11\?
> 27 . exp <_7r . (20) -n_1j> (by Lemma E.2)
> 2. £ (because j < n and exp(—1/5) > 1—1/5.)

Case 2: {4+ j=n—1. In this case, we have

2K+j 2TL—1 on
exp <2m . N> = exp (271'2 N > = exp (m . N) = —exp(m - A)
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Our concern is that the magnitude of the term ‘1 + ¢ -en(207 )} may become too small. However,

the magnitude of A being much smaller than 6 = n

—1/2 will save us. Indeed,

'1 + exp(—z& + 2772N> ‘ = ‘1 — exp(—16 + 7 - A)‘ = 251n<‘2ﬂ—‘)

> 25in<gg> (because w|A| < w6 < 6/10)
> 9. n=1/2. (because sint > (2/m) - t)

5T

Case 3: /+j <n—1. Again, we write the gap g =n — (¢ + j). Note that 2 < g <n —j. As
before, we rewrite:

2€+j on—g
exp <27TZ . N) = exp <2m N > =exp(2m - 279 (14 A))

Now, we lower-bound the magnitude of the term

20+ 0
'1 +exp(—z¢9 + 27 - N> ‘ = 2008<—2 +7m279(1 + A))

Let us consider the cumulative contributions of these terms:

ol+j n—j )
H '1 + exp<—20 + 27T2N> ‘ = H 2 cos (—2 + 7279 + 7r2_9A>
o<l<n: g=2
l+j<n—1

ni2 T 0 =«
_ on—j—1 —g —g
=" H 005(4-29—<2—4A~29)>.

g'=0

Note that 7279 € (0,7/4]. The angle 72 9A = (7/4)A - 279 will have magnitude < 76/4, which
will be much smaller than 6/2. The argument of the cosine is always < 7/4 (in magnitude) and is
the difference of two positive angles.

We continue simplifying the RHS. We will use the fact that for positive u, v, we have (u — v)? <
u? +v?, and Lemma E.2.

2Z+j
1 —10 4+ 27 - ——
H ’ +exp< W + 2m N )’

0<l<n:
l+j<n—1
n—j—2 2
, 2 /7 N2 2 0 w /
> on—j—1 _f.<f.*g) 2. Z-ZA279 )
=2 H exp ( — (2 2 - (2 4A2 ) > (by Lemma E.2)
g’'=0 ————
u2 02
n—j—2 2
; 2 i Y 2 9 m /
> gn—j—1 _f.<f. *g) S I T
>2 Hexp<7T 72 - (2+452 ))
g'=0
1 05 T 4
> on—i—1 S
eXp( or _ 2 8° '3

small<n—1
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The () step uses explicit numerical calculation: for all n > 4 with § = n~%/? and § < 1/(107)-n~/2,

Tl a5t e < +1+1+1<7r+1 _—
6 2 6 6 10mn ~ 6007 6 T 20 " 2400x
Putting together the three pieces. We can substitute the three lower bounds to obtain a

lower bound on our ideal polynomial.

< log2

. 1 2t ol+j
‘I(Qj)‘ :NH 1+exp<—20+2m- ~ >‘
£=0
L2491
N 5 5w 4
2 9 6
> T nTY2 = ﬁ-n_lp (because 2" /N > 2/3 and m < 22/7)

This is what we set ourselves out to achieve in Equation 44, and this implies the following lower
bound for our target polynomial:

; 6 1 7 1

TN > (——— ) - nVP=—.p 25 —.n71/2 <35

7)) (257r 107r> " 50m 25 " (m < 3.5)
which was our target from Equation 43. So, all in one:

1o (1 P B 1\" _
E. = Ey( Ey( S Sl e 2 2 pt2o( ) oph/2
L o Z K 2 3 (25) " 2 25) "
0<3<N

which gives us Theorem 5. U

Lemma E.2 (Gaussian Lower bound on Cosine). For all |x| < w/4, we have

cosx = exp| ——ax~ ).
s

Proof of Lemma E.2. We prove that the following function is non-negative for = € [0, 7/4].

2
f(z) =Incosz + = - 22

T
This follows from the fact that f'(z) = —tanx + (4/7) -2 > 0 when x € [0,7/4]. The equality
holds at z = 0 and x = 7/4, and between those extremes we have tanz < (4/7) - z. O

We conclude this section with the proof of Claim E.1, which was deferred from the proof of
Theorem 5.

Proof of Claim E.1. Write A :=n —m — (1/2)logyn — C so that L = (A)4+. Since [N — 2™ < 2™
with m <n — 1, we have N > 2" —2™ > 2"~1 and so
n __
N N
Consequently, for every integer j with 0 < 7 < A, since C' > 1 4 log,y(107),

2m—n+1

2]5 < 2A . 2mfn+1 — 2170n71/2 < i . n71/2
107 ’
so every such j is counted by L,. Moreover, m > 0 and C' > 5 give A < n — 1, so all these j lie
in the range {0,1,...,n —2}. If A > 0, the number of such integers is |A] + 1 > A, and therefore
L, > A = L; otherwise, we would just have L = 0 < L, trivially.
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APPENDIX F. COLLECTION OF USEFUL FIGURES

F.1. Comparison of our Proxy (Figure 3). The triangle inequality proxy is defined as

- Y ST

weWk t#0 j=1
We know that 2 - Fx(s) < Ti. However, it is unclear how our proxy Fj_; compares to Tj. Figure 3
illustrates this comparison.

Exact values for N =2" — 1
| | | | | |

8- 2F3(0)
1.2 £ B
—A— T3
1 B
0.8 B
o}
=
£ 0.6 | -
0.4 B
0.2 B
0
B T T T T T T T T T T a
3 ) 7 11 13 17 19 23 29 31
prime n

FIGURE 3. Comparison of 2 - F3(0), F», and T3 for primes 3 < n < 32 and N = 2" — 1.
F.2. Comparison of Zwew‘g;(l)‘ and Zwewyg‘;(fi)’ (Figure 4). Define

A::zwﬁuﬂam_B::zwﬁgw

weW weW

Figure 4 plots the ratio of B/A for moduli N = 2" — 1, and prime n < 31. Over the computed
range, the aggregate Fourier masses remain comparable. The data suggest a positive limiting ratio;
convergence is not proved here.

F.3. Plot of F5(0) (Figure 5). Experimentally, it seems that F3(0) behaves like a - n~!, where
a=B| | v(X,Y,2) ||
where X,Y, Z are independent standard normal random variables, and

U(z,y,2) = Z(m2 —1)yz.

cyc

Figure 5 indicates that n - F3(0) is approximately affine in 1/n over the computed range. For
N =2" —1 and primes 41 < n < 257, we have the plot for n - E5(0) versus 1/n.
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0.9

0.7

B/A

0.6 |

0.5

0.4

0.3

T T T T T T T T T T
3 ) 7 11 13 17 19 23 29 31
n

FIGURE 4. For N = 2" — 1 and prime 3 < n < 31, plot of Zwew)g;(?))‘/zwew‘g;(l)‘.

1.23 o
e data: nFE3(0) for odd prime n > 41 °
1.22 4 — reference curve: a + b/n, a = 1.163229, b = 2.380638 ° -
---a=1.1632287202593.. ..
1.21 -
1.2 -
S
[,5’ 1.19 L
I
1.18 L
1.17 4 L
T T T T
0 0.005 0.01 0.015 0.02 0.025

1/n
FIGURE 5. For 41 < n < 257 and N = 2" — 1, plots n - E3(0) versus 1/n plot, along

with an affine reference curve; no lower-bound claim is made.

F.4. Plot of |§;(3)|/\§’;(1)| (Figure 6). Figure 4 compared the frequencies ¢t = 1 and ¢ = 3 after
aggregating over all weights. Figure 6 instead fixes one central slice (w = |n/2| for N = 2" — 1)
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enlarged view, n > 102

0.50 ‘ .

/ Leven ~ 0.4938730395

0.48 | i
Load ~ 0.4613567888

o |

0.44 T T T T —
102 102 10 10° 109
1.0 |-
= even
-n odd
é 0.8
(o
= 06 |
*
(s —
—_— 0-4 | '-.:..l"
I
=
c 02
0.0 |
I I I I I I
10t 102 103 10 10° 106

n (logarithmic scale)

FIGURE 6. R(n) = |Su(3)|/|8w(1)| for w = |n/2] and N = 2" — 1. The dashed
levels in the enlargement are the numerically extrapolated limits Leven and Loqq;
they are not proved limiting constants.

and plots the ratio
‘Sw(?))‘ 6
R(n) = —— forn <10
5u(0)
The even and odd subsequences appear to approach different positive limits. The dashed levels are
numerical extrapolations; neither convergence nor the limiting constants are proved here.
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