CS NOTES: 11-15 JULY

NOTES BY: ANIKA ROUNDS

1. 11 JuLy 2011

e Last time we talked about splines and their properties. We found that there
are 3 properties that must be met:
— The equation must pass through every given point
— The function must be continuous (where one section ends, the other must
begin)
— The function must be continuous in the first and second derivatives
e For each polynomial si(z) there are four coefficients to be determined s o, Sk.1, Sk.2, Sk.3
(four degrees of freedom)

$1(7) = Spo + sk (T — 2p) + spa(r — 1) + spa(r — 23)°

Xy ®

e There are n polynomials (n 4+ 1 data points)
e Each polynomial has 4 coefficients to be determined
— 4n coefficients in total
e From II (each polynomial passes through the n + 1 data points)
e From III, IV, V each supplies n — 1 constraints, so in total II, III, IV, V give

n+ 14 3(n— 1) = 4n — 2 constraints

e So since we have to compute 4n coefficients, that leaves 2 additional degrees

of freedom
1
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e Since si(z) is cubic, the second derivative is a line we can use lagrange to
obtain the equation of the second derivative

i) = S + ) G

— So s{(z) = §"(x)) when z = xy
— So sj(z) = §"(xg+1) when © = x5
— Use my, = §"(zx), mgs1 = " (xp41) and hy = Tpq — xp
_ S;c/(x) = my (xk}r;;w) + Mips1 (m;:k)
— integrate s} (z) twice
sk(:v) _ f$k+1 ffﬂk+1 // d:vd:z:
_ zk+1 zk+1 $k+1 x) k) dxd
f%k-&-l f k2 ;ZILI 2 var
= ka (Qhk (ka ﬁ) + S (@ — :ck) + ¢1)dx
o (T — z)®+ o (z — 1)+ cr + e

— We can express ¢12 + ¢o as follows (by change of constants)

QT + C = prp * (Tpe1 — ) + G * (T — )

— So we have
(%) = = (Xaep1 — %)% + L (x — 310+ Pk (Xaepn — X) + a # (x = xa) (1)
6hy. 6hy.
— Substituting xy, xk.+1, and sx(z) = Yk, Spr1 = Yrs1 in (1)
se(@r) = e = g (@r — o)’ + T (o — )’
i * (Tpg1 — Ti) + Qi * (Tl — T1)
Y = (e — 2)’ + pox (Ter — k)
y = gl ol
Yk = & h2 + pxhx (a)
sk(The1) = Ypp1 = énTZ(ka — Tpp1)® + 5 th L (Zpg1 — k)?
i * (Tpg1 — Trg1) + @ * (Tpg1 — T)
Yt = gt (T — 1)+ @ * (T — )
Yot = g+ el

Vi1 = gt h2 + qkhy (b)
— From (a), obtain

Yk
___h 2
Pk = ]k 6 k ( )

— From (b), obtain

Ykl Mg
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— Substituting (2) and (3) into (1),

m m Ye m y m
sp(z) = 6—£€(Ik+1—$)3+ 6];:,;1 (x—xk)?’ﬂh—];—fkhk)($k+1—$)+(2—:1— gﬂhk)(x—xk)

— Only the terms my and my,; are unknown.
— To obtain these values we differentiate s(x)

my

/ o IMkiq 2 Yk Mg Yk+1 Mgkt
00 = — g Gk =)+ (e (= S o (- e (4)
/ my o Mp41 2 Yk myg Yk+1  Miy1
= —_—— —_ —_ —_ —_—— — —_— h
sy (zr) 2hk(33k+1 Tr)” + 2%, (Tp — 1) (hk 6 )+ ( I 6 k)

/ _ "k _ 2 _ydr TR Rl
mghi Yoo Mgl Yk Ml

5 6 6

mgh Yk Ykt Ml
3 hy, hy. 6

— Let di = ¥41-* (c)

_mkhk _ mk+1hk

sy (i) = 3 6 Tk (5)
— Substituting £ by £ — 1 in (4)
/ ME—1 2 myg 2 ,Yk—1 M1 Yk my
= — — —Xp_1) — — hy_ ——hg_
Sk*l(aj) 2hk—1 (I‘k ZU) + 2hk—1 (I’ T 1) <hk—1 6 k 1)+(hk—1 6 k 1)
/ M1 2 my 2 Yk—1 Mi—1 Yk my
= — — —Tp_1)"— — hy_ —— N
81 (1) o, l(ﬂfk Ty AT (Tr—2k-1) (hIH o 1>+<hk—1 o T 1)
myhy—1 Mg—1 Yk — Yk—1
S;c—l(xk) = 3 + 6 hk—l + T
~ Lot diy = 25¥1 (d)
hy_ _1hy
Si{_l(Xk) _ myhg_1 myg 10k 1 4 di s (6)
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2. 12 Jury 2011

Continuing from 11 July,
e Set (5) and (6) equal to one another,
mihy My . mphp—1  Mp_1hi_
— _ + dk —
3 6 3 6

—2myh — mpprhy + 6dy = 2myphg_1 + myg_1hgp_1 + 6di_1
6(dr — de—1) = +mp_1he—1 + 2mp(hg + hg_1) + Mpq1hy

o Let Up = G(dk — dkfl)

uy = +my_1hy, y + 2my (hy +hy_y) +my 1 hye (7)

+ di—

e (7) gives n — 1 equations that can be used to solve mg, mq, ..., m,, but since
we have n 4+ 1 unknowns we need two more equations.

e These next two equations are used to evaluate mg and m,,:

— Assume that mg = s”(xy) and m,, = s”(x,,) are given.

— Then from (7) at k =1 we get

u; — +m0h0 + 2m1 (hl + hz) + m2h1 (8)
—Andatk=n-—1
u,_1 = +m,_oh, 5+ 2Innfl(hnfl =+ han) +muph,_; (9)

— Since mgy = §"(zo) and m,, = s"(x,) are given, with (7), (8), (9) we can
determine myq, ..., m,_1

— This gives a strictly diagonal dominant system

T by e 0 ee o eee s 0 171 m 7 TR
a9 b2 Co 0 e e mo U9

0 as b3 Cs3 0
0

. (p—3 bn—?) Cn—3
0 -+ ov ... 0 (2 bn—2_ L Mp—1 | | Un—1 |

e Other end point constraints to choose mgy and m,,:
1) Clamped spline
— The first derivatives at the end points (s'(zo) and s'(z,,)) are given.

hie—1mp—1 + 2(hg—1 + hi)my + by = uy,
2) Natural spline
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— The second derivatives at the ends are given and are zero.
2(ho + hy)my + hyma = w4

3) Extrapolated spline

— 59 and s; are the same spline, s,_5 and s,_; are also the same
spline.

— See equation in the book.

4) Parabolic terminated spline
— 5o and s,_1 are quadratic instead of cubic.

5) End point curvature adjusted spline
— §"(xo) and s"(x,) are given.

e Example. Find the natural spline that approximates y = sin(z) in the inter-
val (0, %) with the four points equally spaced.

k | To B0
0 0 0
12 =05236| 5
2| 2 = 1.0472 | 8660
3|35 = 15708 1
Lo ; -
08| ;3
06
041
02t
I ':]TS I I I I '.IJ."E I I I I '.Ij

§"(xg) = 0 = 5"(x3)

m0:O:m3

T
hk:$k+1—flik:>h0:h1:h2:g

Yk+1 — Yk
dy = Z7F————2=
k I

_ =Y _ S5=0 (o503

d,
0 o x
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—y 866— 5
dy =20 2070 699009
I z

Ys — Y2 1 — .866

dy = = = 0.255921
2 I T

6

U = G(dk — dk—l)
uy = 6(dy — do) = 6(0.699009 — 0.95493) = —1.53553
us = 6(dy — dq) = 6(0.255921 — 0.699009) = —2.65853

From natural spline,

2(h0 + hl)ml + h1m2 = Uq (10)
Substituting hg, hy, b1, u1, ug in (10),

™ ™ ™
2(6 + g)ml tgme =W
2.0944m; + .5236my = —1.5354
h
%ml + 2(% + g)mz = Uy

5236m, + 2.0944m,y = —2.0944
{ 2.0944 5236 ] [ml ] _ { —1.5354}

5236 2.0944 —2.6586
{20944 5236 ] { ] _ { —1.5354}
1.9635 —2.2749
= —1.1585
my = —.4435

3. 13 Jury 2011
How do we build the splines from m; and my? We have the spline:
su(2) = Spo + Sk (T — 1) + spa(r — 1) + spa(r — 2p)* ()
We need to compute sy, Sg1, Sk2, Sk3 from my, ma, di, u, etc.
Yo = So(z0) = S0,0 + So0,1(o — xo) + s0.2(x0 — $0)2 + so.3(zo — 900)3
Yo = So0,0
si(2) = sp1 + 28p0(x — 21) + 3spa(r — 1) (2)
sp(x) = 2852 + 6sp3(x — ) (h)
From the definition of my,
my = s"(x) (7)
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Substituting zj in (h),

From (g),
i (2) = sp1 + 28p0(x — x1) + 3sp3(7 — x1)?

Substitute s (zx) = sk1 and (5),

myhy My he

d
3 G %

Sk1 = —
Making = = x4 in s} (z) in (h),

Sp(Tpy1) = 282 + 68 3(Tpr1 — T)
M

Mmgi1 = 2( 9 ) + 68k73hk
_ My — My
Sk,3 = G—hk (0)
Thus,
Sk,0 = Yk
myh mys1h
Se1 = — l;k_ kJél k—i—dk
B sp(xy) oy,
2T T Ty
Miy1 — My
ST G
50,0 S0,1 S0,2 50,3 0 .9936 0 —.1412
510 S1,1 S1,2 S1,3 = D 8775 —.2218 —.2276
S20 $S21 S22 S23 .8660 .4581 —.5793 .3688

so(7) = .9936(z — x¢) — .1412(z — x0)®
s1(x) = .5+ .8775(x — x1) — .2218(x — x1)? — .2276(x — x1)°
s9(x) = .8660 + .4581(x — x3) — .5793(x — z9)? + .3688(x — 25)*
One way you can check if your spline is correct is by trying,
Sk(Tht1) = Skr1(Tha1)
Sk(Th11) = Spp (Tr41)
Si(The1) = Sgp (Tr41)
4. 14-15 JurLy 2011

Ezram.



