"incomplete"

small systems

1 cycling

real-valued

singledimensional

derived

λ

appears to

" "

identify

x_1 ≡ i and x_2 ≡ j x_3 ≡ i and x_4 ≡ j

2x_1 +3x_2 − x_3 +x_4 = 3x_1 +x_2 − 2x_3 +x_4 ≤ x_1, x_3 ≤ ≤ x_2, x_4 ≤

× × 7x_2 +x_3 +x_4 =

A

(x_1, x_2, x_3, x_4 x_1, x_2, x_3, x_4

depen- [22].

index i different

i_1 = j_2 (2.4) j_1 =i_2 (2.5) 1≤ i_1,i_2, j_1, j_2 ≤ i_1 =i_{2,} j_1 < j_2 (2.7) i_1 =i_2 j_1 < j_2 j_2 < j_1.

i_1 = j_2 j_1 = i_2

i A

2.

independence

λ λ -test λ - real-valued solutions.

(r_1, r_2 A of m dimensions. r_1 l_1 loops. r_1 ≡ A(f_1(i_1, i_2, ..., i_{l1}), f_2(i_1, i_2 i_{l1} f_m(i_1, i_2 i_{l1} i_1, i_2 i_{l1} L_{i1}, L_{i2} L_{il1} U_{i1}, U_{i2} U_{il1}. r_2 in l_2 loops. r_2 ≡ A(g_1(j_1, j_2 j_{l2}), g_2(j_1, j_2 j_{l2} g_m(j_1, j_2 j_{l2} j_1, j_2 j_{l2} L_{j1}, L_{j2} L_{jl2} bounds U_{j1}, U_{j2} U_{jl2} r_1 and r_2

f_m(i_1,i_2,...,i_{l1})=g_m(j_1,j_2,...,j_{l2})

......

f_2(i_1,i_2,...,i_{l1})=g_2(j_1,j_2,...,j_{l2}) f_1(i_{1,}i_2,...,i_{l1})=g_1(j_{1,}j_{2,}...,j_{l2}) (3.1)

(r_1, r_2 i_1^0 , i_2^0 i_{l2}^0 , j_1^0 , j_2^0 j_{l2}^0 L_{i1} ≤ i_1^0 ≤ U_{i1}, L_{i2} ≤ i_2^0 ≤ U_{i2} L_{j1} ≤ j_1^0 ≤ U_{j1}, L_{j2} ≤ j_2^0 ≤ U_{j2} r_1, r_2 i_1^0 , i_2^0 i_{l2}^0 , j_1^0 , j_2^0 j_{l2}^0 ). f_i and g_i is <, > } is θ^→ = (θ_1, θ_2 θ_n θ_i r_1 and r_2 have l_c i_{lc} in r_1 j_{lc} in r_2), l_c ≤ min(l_1, l_2 r_1, r_2 vector θ^→ θ_1, θ_2 θ_{lc} i_1^0 , i_2^0 i_{l1}^0 , j_1^0 , j_2^0 j_{l2}^0 i_1^0 θ_1 j_1^0 , i_2^0 θ_2 j_2^0 i_{lc}^0 θ_{lc} j_{lc}^0 r_1, r_2 r_1, r_2 i_1, i_2 i_{l1}, j_1, j_2 j_{l2}} r_1, r_2) j ≤j≤d IND_j i i ∈ f_j or g_j }.

IND_{j1} ∩ IND_{j2} j_1 j_2 coupled r_1, r_2 coupled subscripts; j_1 and j_2 j_2 and j_3 j_1 and j_3 coupled.

f_i ’s and g_i n

a_m^{(1)}v^{(1)} +a_m^{(2)}v^{(2)} + +a_m^{(n)}v^{(n)} +c_m =0 a_2^{(1)}v^{(1)} +a_2^{(2)}v^{(2)} + +a_2^{(n)}v^{(n)} +c_2 =0 a_1^{(1)}v^{(1)} +a_1^{(2)}v^{(2)} + +a_1^{(n)}v^{(n)} +c_1 =0 (3.2)

π in R^n space. S m S S S V in R^n π intersects V π intersects V S V V S V intersects V S and V π_1 and π_2 V π_1 and π_2 V S V S and V π_3 S and V R^n S V S and V exists.

S ∩ ∅ π (3.2): <_{i=1}Σ^m λ_i a^→_i , v^→ > +_{i=1}Σ^m λ_i c_i ∅ . <a^→_i , v^→ > a^→_i ≡ (a_i^{(1)}, a_i^{(2)} a_i^{(n)} v^→ ≡ (v^{(1)}, v^{(2)} v^{(n)}). λ_1, λ_2 λ_m λ S and V m

f_1 f_2 f_i ≡ a_i^{(1)}v^{(1)} +a_i^{(2)}v^{(2)} + +a_i^{(n)}v^{(n)} +c_i n λ_1f_1 + λ_2f_2 λ_1, λ_2 R2 f_{λ 1,λ 2 1}f_1 + λ_2f_2 f_{λ 1,λ 2} ≡ (λ_1a_1^{(1)} + λ_2a_2^{(1)} )v^{(1)} λ_1a_1^{(2)} + λ_2a_2^{(2)} )v^{(2)} λ_1a_1^{(n)} + λ_2a_2^{(n)} )v^{(n)} f_{λ 1,λ 2} λ_1, λ_2 f_{λ 1,λ 2} v^{(1)}, v^{(2)} v^{(n)} Rn (v^{(1)}, v^{(2)} v^{(n)} λ_1, λ_2 R2 v^{(i)} in f_{λ 1,λ 2} λ_1, λ_2 R2 ψ^{(i)}_1a_1^{(i)} + λ_2 a_2^{(i)} .

Definition ψ^{(i)} ≤ i ≤ ψ-equation ψ R2 which ψ-line.

Definition Each ψ Ψ_i^+ (λ_1, λ_2)^{(i)} ≥ 0} and Ψ_i^− (λ_1, λ_2)^{(i)} ≤ 0}. ψ R2 a λ λ ψ^{(i)} ψ-

Suppose V f_{λ 1,λ 2} V λ_1, λ_2 ψ f_{λ 1,λ 2} V for λ_1, λ_2 R2. f_{λ 1,λ 2} V f_{λ 1,λ 2}) ≤ 0 ≤ max(f_{λ 1,λ 2} V V f_{λ 1,λ 2} V λ_1,λ_2 v^→_{min} ∈ V such f_{λ 1,λ 2} f_{λ 1,λ 2}(v^→_{min} v^→_{max} ∈ V f_{λ 1,λ 2} f_{λ 1,λ 2}(v^→_{max} λ_1, λ_2 v^→_{max} and v^→_{min} v^{(i)}:

v_{min}^{(i)} = x ψ^{(i)} =0

U^{(i)} ψ^{(i)} <0,

L^{(i)} ψ^{(i)} >0,

v_{max}^{(i)} = y ψ^{(i)} =0

L^{(i)} ψ^{(i)} <0,

U^{(i)} ψ^{(i)} >0,

where L^{(i)}, U^{(i)} v^{(i)} respectively. x, y L^{(i)}, U^{(i)}]. v^{(i)} in f_{λ 1,λ 2}, ψ^{(i)} λ v^→_{max} and v^→_{min} λ f_{λ 1,λ 2}(v^→_{min})_1(a_1^{(1)}v_{min}^{(1)} +a_1^{(2)}v_{min}^{(2)} + +a_1^{(n)}v_{min}^{(n)} +c_1 λ_2(a_2^{(1)} v_{min}^{(1)} + a_2^{(2)} v_{min}^{(2)} a_2^{(n)} v_{min}^{(n)} + c_2 λ_1,λ_2 λ

f_{λ 1,λ 2}(v^→_{min}) ≤ λ_1, λ_2 λ_1, λ_2 f_{λ 1,λ 2}(v^→_{min}) ≤ λ R2 f_{λ 1,λ 2}(v^→_{max}) ≥ λ_1, λ_2 R2 λ_1, λ_2), f_{λ 1,λ 2} intersects V in Rn space.

If V v^→_{min} and v^→_{max} θ v^{(i)}, v^{(j)} L^{(i)} = L^{(j)}, U^{(i)} = U^{(j)} v_{min}^{(i)} , v_{min}^{(j)} , v_{max}^{(i)} and v_{max}^{(j) (i)}v^{(i)} + a^{(j)}v^{(j)} v_{min}^{(i)} , v_{min}^{(j)} v_{max}^{(i)} , v_{max}^{(j)} v^{(i)} v_{max}^{(i)} and v_{min}^{(i)} f, f ≡ a^{(1)}v^{(1)} + a^{(2)}v^{(2)} a^{(n)}v^{(n)} V

Rules If v^{(i)} = v^{(j)}, v_{min}^{(i)} =v_{min}^{(j)} = x a^{(i)} +a^{(j)} =0

U^{(i)} a^{(i)} +a^{(j)} <0,

L^{(i)} a^{(i)} +a^{(j)} >0,

v_{max}^{(i)} =v_{max}^{(j)} = y a^{(i)} +a^{(j)} =0

L^{(i)} a^{(i)} +a^{(j)} <0,

U^{(i)} a^{(i)} +a^{(j)} >0,

If v^{(i)} < v^{(j)} (i.e. v^{(i)} ≤ v^{(j)} a^{(i)} < a^{(j)} >

v_{min}^{(i)} = x a^{(i)} =0

U^{(i)}− a^{(i)} <0,

L^{(i)} a^{(i)} >0,

v_{min}^{(j)} = y a^{(j)} =0

U^{(j)} a^{(j)} <0,

L^{(j)}+ a^{(j)} >0,

where L^{(i)} ≤ x ≤ U^{(i)} ≤ y ≤ U^{(i)} a^{(i)} < a^{(j)} >

a^{(i)}v^{(i)} +a^{(j)}v^{(j)} ≥ a^{(i)}v^{(i)} +a^{(j)}(v^{(i)} +1) = (a^{(i)} +a^{(j)})v^{(i)} +a^{(j)}

v_{min}^{(i)} = x a^{(i)} +a^{(j)} =0

U^{(i)}− a^{(i)} +a^{(j)} <0,

L^{(i)} a^{(i)} +a^{(j)} >0,

v_{min}^{(j)} = y a^{(i)} +a^{(j)} =0

U^{(j)} a^{(i)} +a^{(j)} <0,

L^{(j)}+ a^{(i)} +a^{(j)} >0,

where L^{(i)} ≤ x ≤ U^{(i)} ≤ y ≤ U^{(i)} v_{max}^{(i)} and v_{max}^{(j)}

a_{(i)}> a^{(j)}<

v_{max}^{(i)} = x a^{(i)} =0

L^{(i)} a^{(i)} <0,

U^{(i)}− a^{(i)} >0,

v_{max}^{(j)} = y a^{(j)} =0

L^{(j)}+ a^{(j)} <0,

U^{(j)} a^{(j)} >0, where L^{(i)} ≤ x ≤ U^{(i)} ≤ y ≤ U^{(i)} a^{(i)}> a^{(j)}<0,

v_{max}^{(i)} = x a^{(i)} +a^{(j)} =0

L^{(i)} a^{(i)} +a^{(j)} <0,

U^{(i)}− a^{(i)} +a^{(j)} >0,

v_{max}^{(j)} = y a^{(i)} +a^{(j)} =0

L^{(j)}+ a^{(i)} +a^{(j)} <0,

U^{(j)} a^{(i)} +a^{(j)} >0,

where L^{(i)} ≤ x ≤ U^{(i)} ≤ y ≤ U^{(i)} v^{(i)} > v^{(j)} omitted.

Let ϕ^{(i,j)} v^{(i)} and v^{(j)} in f_{λ 1,λ 2} v^{(i)} and v^{(j)} ϕ^{(i,j)}_1(a_1^{(i)} + a_1^{(j)} λ_2(a_2^{(i)} + a_2^{(j)} f_{λ 1,λ 2} in V v^{(i)} ϕ^{(i,j)}.

Definition ϕ^{(i,j)} ϕ-equation ϕ ϕ R2 space. ϕ ϕ ψ R2 λ Suppose V f_{λ 1,λ 2} V (λ_1, λ_2 ψ ϕ f_{λ 1,λ 2} V λ_1, λ_2 R2. f_{λ 1,λ 2} intersects V λ_1, λ_2 ϕ ψ

R2 λ_1 λ_2 f_{λ 1,λ 2} V in Rn for any fixed (λ_1^0, λ_2^0) ≠ every (λ_1, λ_2 f_{λ 1,λ 2} V. f_{λ 1,λ 2} V f_{λ 1,λ 2}) ≤ 0 ≤ max(f_{λ 1,λ 2} V ελ_1^0, ελ_2^0 ∞ < ε < +∞ v^→_{min} for f_{ελ 1}0_{,ελ 2}0 in V f_{λ 1}0_{,λ 2}0.

f_{ελ 1}0_{,ελ 2}0 min(f_{λ 1}0_{,λ 2}0 v^→_{min} for f_{ελ 1}0_{,ελ 2}0 in V v^→_{max} for f_{λ 1}0_{,λ 2}0, f_{ελ 1}0_{,ελ 2}0 max(f_{λ 1}0_{,λ 2}0 f_{ελ 1}0_{,ελ 2}0) ≤ f_{λ 1}0_{,λ 2}0)

≤ f_{λ 1}0_{,λ 2}0) ≥ f_{ελ 1}0_{,ελ 2}0) ≥ Definition a λ_1 + bλ_2 canoni-

(λ_1, λ_2 (λ_1, λ_2 (λ_1, λ_2 > 0; (λ_1, λ_2 < 0.

Definition The Λ ψ ϕ Rn λ_1f_1 + λ_2f_2 λ_1, λ_2 Λ λ -plane Λ n if V V

S intersects V λ V V n λ V λ -planes. λ λ Λ ϕ ψ Λ λ λ sects V any λ V λ V

Λ λ Λ λ V λ ψ Λ Λ = { } λ ψ ϕ λ_1 - λ_2 λ_1 + λ_2 λ -plane: i_1 − i_2 + j_1 − j_2= V f_1 f_2 λ λ f_1 f_2 λ λ

> 2 λ m >

m equa-

λ_1f_{1 2}f_2 + +λ_m f_m = Let f_{λ 1,λ 2,...,λ m 1}f_1 + λ_2f_2 λ_m f_m f_{λ 1,λ 2,...,λ m} ≡ (_{j=1}Σ^m λ_j a_j^{(1)})v^{(1)}_{j=1}Σ^m λ_j a_j^{(2)})v^{(2)}_{j=1}Σ^m λ_j a_j^{(n)})v^{(n)} f_{λ 1,λ 2, ,λ m} V in Rn λ_1,λ_2, ,λ_m v^{(i)} in f_{λ 1,λ 2,...,λ m} λ_1, λ_2 λ_m Rm ψ^{(i)}_1a_1^{(i)} + λ_2 a_2^{(i)} λ_ma_m^{(i)}.

Definition ψ^{(i)} ≤ i ≤ ψ-equation ψ Rm, ψ-plane.

Each ψ Ψ_i^+ (λ_1, λ_2 λ_m )^{(i)} ≥ 0}, Ψ_i^− (λ_1, λ_2 λ_m )^{(i)} ≤ 0}. Let ϕ^{(i,j)} v^{(i)} and v^{(j)} in f_{λ 1,λ 2,...,λ m} v^{(i)} and v^{(j)} ϕ^{(i,j)}_1(a_1^{(i)} + a_1^{(j)} λ_2(a_2^{(i)} + a_2^{(j)} λ_m(a_m^{(i)} + a_m^{(j)}).

Definition ϕ^{(i)} ≤ i ≤ ϕ-equation ϕ Rm ϕ-plane.

Each ϕ Φ_i^+ (λ_1, λ_2 λ_m )^{(i)} ≥ 0}, Φ_i^− (λ_1, λ_2 λ_m )^{(i)} ≤ 0}. Definition If V_{i=1}∩^n Ψ_i Ψ_{i i}^+, Ψ_i^− } λ - region. Definition If V_{i=1}∩^n Ψ_i ) ∩ (_{i,j}∩ Φ_{i,j} ), where Ψ_{i i,j}^+ , Ψ_{i,j}^− } and Φ_{i,j i,j}^+ , Φ_{i,j}^− } λ -region Φ_{i,j}

Every λ Rm λ Rm λ -line ψ ϕ-planes.

If f_{λ 1,λ 2,...,λ m} V λ_1, λ_2 λ_m λ f_{λ 1,λ 2,...,λ m} V λ_1, λ_2 λ_m Rm.

Rm f_{λ 1,λ 2,...,λ m} V in Rn for any λ_1^0, λ_2^0 λ_m^0 ) ≠ every (λ_1, λ_2 λ_m f_{λ 1,λ 2,...,λ m} V.

Rn S intersects V V V m− 1 n

V m− 1 3n⁄2

set. λ ≥ λ

λ

λ λ

λ

λ λ -

" " λ λ -test

the " "

λ

λ additional λ λ λ λ λ λ λ λ λ -plane.

The λ

the λ

λ goal.

REFERENCES

" Transformations,"

" "

" "

" "

" gram," 1978.

" "

" "

" "

" "

" "

" "

" "

[16] " "

" " vol.

1976. " "

" "

" "

" "

Appendix

The "If" " "

c_1 = c_2 c_m v′^→ = v^→ - v^→_0 v^→_0 S Span(a^→_1, a^→_2 a^→_m

S w^→ in V p^→_w w^→ on S. Since p^→_w - w^→ V and V w^→_0 in V such that p^→_{w0}− w^→_0 =_{w→ ∈ V}min p^→_w - w^→ S and V w^→_0 -

p^→_{w0} S Span(a^→_1, a^→_2 a^→_m <w^→_0 - p^→_{w0}, v^→ > w^→_0 - p^→_{w0} = λ_1a^→_1 + λ_2a^→_2 λ_ma^→_m π be

<w^→_0 - p^→_{w0}, v^→ > <w^→_0 - p^→_{w0}, w^→ w^→ in V ∅ .

<w^→_0-p^→_{w0}, w^→ w^→ in V.

<w^→_0 - p^→_{w0} , p^→_{w0}> <w^→_0 - p^→_{w0} , w^→_0 - p^→_{w0} <w^→_0 - p^→_{w0} , w^→ > = <w^→_0 - p^→_{w0} , w^→_0 -

p^→_{w0}> + <w^→_0 - p^→_{w0} , w^→ - w^→_0> + <w^→_0 - p^→_{w0} , p^→_{w0}> <w^→_0 - p^→_{w0} , w^→ - w^→_0> ≥ 0.

Consider u^→ p^→_{w0} u^→ (t) ≡ t(w^→ - w^→_0 w^→_0 w^→_0 - p^→_{w0} u^→

w^→_0 u^→ p^→_{w0}2 <w^→_0 - p^→_{w0} , w^→ - w^→_0> ≥

λ λ

A ≤ n.

A ≡ am^{(1)} am^{(2)} am a_2^{(1)} a_2^{(2)} a_2 a_1^{(1)} a_1^{(2)} a_1

λ λ

≤ d ≤

(λ_1, λ_2 λ_m)A_d where A_d A A A A_d A_d λ - λ

λ n ψ ϕ V A m− 1 n λ - V A m− 1 3n⁄2 λ