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On Recursive Oblique Projectors

Chun-Yi Peng and Xian-Da Zhang, Senior Member, IEEE

Abstract—This letter proposes a recursive oblique projector. To
understand better the recursive oblique projector, we provide a ge-
ometrical interpretation of recursive computation and present a
brief numerical example.

Index Terms—Adaptive filter, innovation matrix, oblique projec-
tion, recursive computation.

1. INTRODUCTION

INCE the 1980s, oblique projection has found wide appli-
S cations in engineering. Especially in recent years, oblique
projection has drawn lots of attention in signal processing
[11-[4].

The projection operators (i.e., projection matrices or projec-
tors) can be divided into orthogonal and oblique projectors, and
any orthogonal projector is idempotent and Hermitian, while the
oblique one is idempotent and not Hermitian. It is well known
that the orthogonal projector is a special example of the oblique
projector, and the recursive orthogonal projector plays a key
role in adaptive signal processing [6]. Unfortunately, there is no
recursive oblique projector that severely limits applications of
the oblique projector in adaptive signal processing. The aim of
this letter is to fill in this gap. To facilitate better understanding,
we provide a geometrical interpretation of the recursive oblique
projector and present a brief example of its application in blind
adaptive multiuser detection in wireless communications.

II. RECURSIVE OBLIQUE PROJECTORS

We use uppercase and lowercase boldfaced letters for ma-
trices with (-)T, (:)¥, ()71, and (-)" denoting the transpose,
Hermitian, inverse, and Moore—Penrose pseudo-inverse opera-
tors, respectively. Calligraphic letters denote subspaces, and C"
represents the n-dimensional complex Euclidean space. For a
given matrix A, its row and column spaces are represented by
Row(A) and Col(A), respectively. In this letter, we mainly con-
sider the case of column spaces and use the calligraphic letter A
for the column space Col(A) in most cases. For a given space
H, Py = H(H, H)~'H and P3; = I- P+, denote the corre-
sponding orthogonal projectors on H and H*, where H= is the
orthogonal complement of H, and (A, B) = A¥B is the inner
product of A and B. For two given subspaces H and S, Ey s
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denotes the corresponding oblique projector onto H along S.
The oblique projection onto H along S of any vector v € C"
is computed by E|sv. The symbol H & S or (H,S) denotes
the direct sum of ‘H and S, and ‘H N S for their intersection.

The idea of oblique projection and its applications in signal
processing is well known [1]. Consider the matrices H and S
with column spaces H = Col(H) C C™ and S = Col(S) C C™.
When H and S are disjoint, that is, H NS = {0}, the oblique
projector onto H along S can be computed as [1]

Eys = H(HZPLH)  HYPS (1)

where the two subspaces H and S are called the range and null
spaces of the projector Eqs, respectively.

It is well known that for the matrix [U, W], the orthogonal
projector P 1y onto the subspace (U, W) = Col([U, W])
has the recursion formulae [6]

P = Pu + PEW (PLW, PLW) ™ WHPS
=Pu+Pcoipiw) (@)

Pl =Pl — PLW (PLW,PLW) ' WHP
=Py — PCol(psw)- 3)

These formulae play an important role in adaptive signal pro-
cessing [6], such as adaptive least square lattice filter [5]. The
importance of the oblique projectors in signal processing appli-
cations compelled us to ask for the big picture: How do you ef-
fectively compute the oblique projectors Ej; s and Eg 5 from
Ey s and Eg|3,? The following theorem provides a solution.

Theorem 1: If H = [H, V] and H = Col(H), and the two
column subspaces H and S = Col(S) are disjoint, then new
oblique projection operators are given by

Efxis =Exis + Eps 4)
Esiy =Espn — PsEyps (5)

where V = Col(V) with V.=V — EysV.
Proof: Since the column subspaces H and S are disjoint, it

is known from (1) that the oblique projector E; s can be written
as

E; s — H(HYP{H) T AYPS. 6)
Since P§ is Hermitian and idempotent, (6) is simplified to
)" )"

_ _ _\ 1 _
PiE; s —PiH ((P§H P§H) (PiH

=Pcol(pim) O
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Substituting U = PgHand W = PgV in (2), then [U, W]
[P$H,P$V] = PsH. Hence, we have (U, W) = Col(P%
and can rewrite (2) as

]

)

Feol(psm) = Feoleem) oo (py pev) @

S
S

Calculating P#lHPéV, we have
S

P}, PEV = (I- P{H (PSH PEH) ™ (PEH)”)

X PV
=PLV - PLH (PLH,PEH) HYPLV
=P (I-Eys)V. 9)
Combining (7), (8), and (9) and denoting V = (I — Eys)V,
we get
PsEg s = (PP§H + PP§\7)
=PLH (HYP{H) 'HYP:
+ PV (VEPLV) T VEPL
=P5Eys + PsEys (10)
namely
P35 (Ezs — Exjs — Eps) = 0. (11)

In the following, we use (11) to prove (4). It is known from

(11) that any vector x € C" satisfies Pg(Eg s — Exs —
Eyps)x = 0. In other words
(Exis —Ens —Epg)x€S. (12)

Since S and H are the range and null spaces of the projector
Ey s, respectively, and the subspace H=Ho&V=HoVis
the direct sum of the two subspaces, we have

(Efys — Engs —Epis)x € H. (13)
Equations (12) and (13) yield the result
(Exs — Enis —Epg)x = HNS={0}, VxeC"
which implies that
(Erys — Exnis —Epg)x=0, VxeclC"
or B s = Exis + Ey s, i.e., (4) is true.
By the oblique projector property Esjyy = Ps — PsEy s

and (4), we immediately have

=Egin — PsEys

Ps(Eys + Ep)s)

which is (5). This completes the proof of Theorem 1.

The three remarks on Theorem 1 are given next.

Remark 1: 1f the subspace H is orthogonal to S, then the
oblique projectors Ej s and Ey s are equal to Py and Py,
respectively. Denote V = (I — P3)V = P3,V; then, Epsis
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simplified to Py, and PsPy, = Py, and thus, (4) and (5) reduce
to (2) and (3). In other words, the recursion update of orthogonal
projectors is a special case of Theorem 1.

Remark 2: Theorem 1 can be understood from the viewpoint
of the innovation process, which plays a key role in the Kalman
filtering theory. As an extension of the innovation process, in
the case of the orthogonal projector, given a data matrix V, its
mean-square estimate in the subspace H = Col(H) is given
by P« 'V, and hence, we can refer to the error matrix VvV =
V — P4V as the innovation matrix of the original data matrix
V in the subspace H and the subspace V = Col(V) as the in-
novation subspace in orthogonal projection. Similarly, E4; sV
is the mean-square estimate of the data matrix V in the sub-
space ‘H along the disjoint subspace S, and we can view V =
V — EysV in Theorem 1 as the innovation matrix of the data
matrix V in H along S and V = Col(V) as the innovation sub-
space in oblique projection.

Remark 3: From a subspace point of view, the vector space
C"=HadS®(H®S)L, where H, S, and (H @ S)* represent
the expected signal (range), structured noise (or interference),
and unstructured noise subspaces, respectively. From Theorem
1 and P(H,S) = EH|3 + ES\H, we have

V= (I-Eys)V =EsuV+Ph 5 V=Vs+ Vs

That is to say, the innovation matrix V of the data matrix V in
‘H along S consists of the structured noise component Vg =
E5|HV in § and unstructured noise component Vy 5)1 =
P(H sV in (H @ S)*. Clearly, the innovation matrix V =
V(u,s)+ if the contribution of the structured noise component
reduces to become negligible as compared to the unstructured
noise. In this case, PV ~ PgV (3 51 = V(31.5)¢, and the
oblique projector reduces to

Eps =V (VEPLV) T VEPS

:V(Hvs)L (V(IiITS)LV(Hys)l) V(P;LS)‘L (14)

which is just the projection matrix of V(3 gy:.

Theorem 1 is only available for the column spaces, but its ver-
sion in the row spaces can be easﬂgr derived. In row spaces, the
orthogonal projector is given by P\'*") = HH (HH")~'H. In

a similar way in [1], the oblique prOJector EE{T‘V;) onto the row
spaces H = Row(H) along S = Row(S) can be defined as

HsH}1 [H

HH
ss7 | 1o } .19

(I‘OVV)
B SHY

G = s |
and (15) can be rewritten as

—1
BV = pLoovgH (HPé(“’W)HH) H  (16)

H|S

Then, the oblique projection of any vector v € C" is given by

VE;]ET;V) The following corollary is a version of Theorem 1 in

the case of row spaces.

Corollary 1: 1fH = [H, V] and H = Row(H), and the two
row subspaces H and S = Row(S) are disjoint, then we have
the following recursive formulas:

(TOVV) _ (I‘OVV) (I‘OW)
Em s =E +E

=Enis” T By an
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E(row) — E(row) . E(—TOW)P(;OW) (18)

S|H SIH VIS

where V) = Row(V) with V = V — VE{?Y.
Proof: The proof is straightforward. Using Row(H) =

Col(H*), it is easy to show that

E(row)

H
Row(H)|Row(S) — (ECol(HH)|Col(SH)) (19)

From Theorem 1 and (19), E%T;V) can be rewritten as

(row) "
Ems = (ECOI(ﬁH)\COI(SH))
H
= (ECOI(H“)\COI(SH) + ECol(VH)|Col(SH))

_ ga(row) (row)
_E'H\S +E\7|S :

Similarly, we can show (18).

III. GEOMETRICAL INTERPRETATION

For a geometrical interpretation of the recursive construction
of oblique projectors described by (4) and (5), consider the re-
cursive quantities of oblique projectors in Fig. 1, where sub-
spaces are represented by directed lines or planes, whereas ma-
trices or data are represented by vectors with specific lengths.
For example, the directed lines (ﬁ s E’q and plane HOS de-
note the subspaces H, S and H @ S, and the vectors O_)V and
OY denote the added data matrix V and arbitrary datay € C™,
respectively. Assume without loss of generality that y lies in the
subspace H & S @ V.!

As illustrated in Fig. 1(a), where O1Y are perpendicular to
plane HOS(O, € HOS), and OB and OA are, respectively,
the parallel decomposition components of OO along the di-

. — — —_— —
rected lines OH and O, the vectors OO1, OB, and O A repre-
sent the projections P (3, 5)y, E; sy, and Eg|3/y, respectively.
Similarly, the oblique projections Ezsy and Eg 5y can be

represented by OO3 and ODin parallelogram OO3Y D, respec-
tively. That is, when the range subspace expandsto H = H oV
from H, the updated components of oblique projections are de-

— — .
noted by BO3 and DA. In Figs. 1(b) and (c), we show that
— —
BO3 = Ey|sy and DA = PsEysy.
. e 4 g .
In Fig. 1(b), the vectors OW and OU in the parallelogram
OWO,U represent the projections Ey sV and Eg3/V, re-
— — —
spectively, and thus, WV = OV — OW represents the ma-
trix \7 =V - E'H\SV~ With OzW//OlB and OQV//01Y,
the plane BO1Y O3//WV O, represents the subspace S & V.
To obtain the oblique projection Ey sy, let B—Yl) — OY and

—_ — = .
Y0, L YOg; then, YYl//BO, 1.€.,

—_— — =

IBecause the component of y in the complementary subspace (H&S B V)+
does not affect the projections in 7 ¢p S & V', we can obtain the orthogonal pro-
jection of y onto the subspace H ¢ S & V and then calculate the corresponding
oblique projections using P (7. s v)y,ify € (H$& S & V).
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Fig. 1. Geometrical representation of recursive oblique projectors.

(a) Tllustration of oblique projections. (b) Illustration of Ex sy in (4).
(c) Mlustration of E g7y in (5).

Hence, Y104 L BO3Y Oq, which shows that BO, equals the
orthogonal projection P (s y;)y. Then, the parallel decomposi-

—

tion component BO3 obviously equals the oblique projection
. —_—

Epsy.ie., BO3 = Ey|gy. Now, we have Ez sy = Ey sy +

Ejsy, which is a geometrical demonstration of the recursive

relation of (4) in Theorem 1.

In a similar way, DA = PsEy sy can be easily found in the
. . - = =y
oblique prism OBO3 — DCY in Fig. 1(c). Since CY = BOs;
— /] == — . . .
and DA = C'Oq, then D A illustrates the orthogonal projection
PSE\7|SY’ i.e., ES|7:ty = ESlHy — PSED‘SY, which is a ge-
ometrical interpretation of (5) in Theorem 1.

IV. BRIEF NUMERICAL EXAMPLE

As a brief numerical example of the recursive oblique pro-
jectors, let us consider the blind adaptive multiuser detection.
In a code-division multiple access (CDMA) channel, K users
transmit simultaneously over a shared channel, with different
signature vector sy. For the desired user 1 with signature vector
1, its linear detector has two canonical representations [7]

Typel :

c1(n) =s1+x1(n), subjectto(s;,x1) =0 (21)
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and [8]

TypeIl: ci(n) =s1 — C1nutWi(n) (22)
where the columns of the matrix Cy ny; span the null space of
S1, i~e'7 (Cl,nullysl> = 0.

By [3], the blind multiuser detector can be expressed in the
form of oblique projectors as follows:

§ H

where S is other users’ signature matrix. ~
Let S = s; = span(s;), H = span(0),and V' = S =

span(S) in (5); then, Exgis=0,V=V -EgsV =V, and
then, we have

(23)

+ H
Copt = |:Sl (E51|0 - P51E§|sl):|

=s, — PLS(SHPL§) '8,

=81 — Eg\s] S1 (24)
which unifies Type I and Type II canonical representations for
blind multiuser detection. From (24), we can get the optimal
adaptive filters associated with Type I and Type II canonical
blind detectors, respectively, given by

X10pt = ~El 51 = ~PLS (S"PLS) 'Sfs,  (25)

and

H -1 “\H g(gHpla\ lgH
wl,opt = (Cl,nullcl,null) Cl,nulls (S Ps1 S) S S1.-
(26)
: 1 _ H —1(H
Since P81 - Cl,null(cl,nullcl,null) Cl,null’ we have
—C1 nullW1,0pt(n) = X1 opt, Which means the two types of
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canonical representations for blind multiuser detection are in
complete agreement.

V. CONCLUSION

This letter has proposed a recursive oblique projector that
contains the well-known recursive orthogonal projector as a spe-
cial example. The recursive oblique projector has a clear geo-
metrical interpretation. As a brief numerical example, we have
applied the recursive oblique projector to derive a unified blind
adaptive multiuser detector that gives, respectively, the optimal
adaptive filters of the two well-known canonical representations
for a linear detector. The principal angle associated with the re-
cursive oblique projector is an interesting problem and remains
to be studied.
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