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Abstract
We present a new real-time hydraulic erosion simulation for Computer Graphics. In our system water runs over
the surface and disintegrates the underlying layer of soil. The grit is simulated as a fluid with higher viscosity
and moves on the ground of the water pool. When water evaporates, or the dissolved soil exceeds a critical level,
the dissolved matter is deposited back on the ground for accumulation to occur. The grit motion as well as the
water simulation are calculated by the shallow water simulation that is a 2D simplification of Navier-Stokes
equations. This simulation has proven to be useful in many Computer Graphics applications because of the speed
of calculation and the visual plausibility of the results. Our experiments show that the shallow water-based erosion
is suitable for real-time simulation of a wide variety of phenomena including river and lake formation due to rain
and evaporation, erosion of surfaces affected by a sudden splash of high level of water, mountain erosion, etc. The
speed of simulation makes the algorithm suitable for real-time surface modeling and editing.

Categories and Subject Descriptors (according to ACM CCS): I.3.5 [Computational Geometry and Object Model-
ing]: Physically based modeling

1. Introduction

Terrains are important visual clues that are indispensable in
Computer Graphics applications and that is why terrain gen-
eration and modeling pose an important problem in Com-
puter Graphics. Techniques for terrain geometry and topol-
ogy generation range from procedural techniques [EMP∗02]
to conversion of data from remote sensing tools and Ge-
ographical Information Systems. A terrain generated from
those techniques is usually not sufficient for a particular ap-
plication and must be further edited or improved. Interac-
tive tools and applications are typically used for computer
animation, gaming purposes, etc. They provide algorithms
for features smoothing, sharpening, river, mountain, or lake
generation, etc. These techniques can be used in an interac-
tive manner, where the user "paints" the desired effect on a
surface. The results, although visually plausible, are barely
physically correct and can lead to further problems when in-
tegrated into large systems. There is also a common agree-
ment that physically-based techniques provide visually cor-
rect and better results. This has lead attention to physically-

based terrain generation and erosion models that are usually
slow and involve many input parameters.

We present a new physically-based method that simulates
hydraulic erosion on 2D height-fields of sizes up to 400×
400 elements at interactive rates on an off-the-shelf com-
puter. An example is shown in Figure 1, where two columns
of water erode a fractal terrain. The water spreads on the
surface in a realistic way and leaves eroded areas behind.
The first image shows the original surface and the image d)
shows the final eroded surface after evaporation. Images b)
and c) show the water progressing on the surface.

The principal idea of our technique is to use a shallow wa-
ter equation to simulate water motion and the transportation
of dissolved material. Water motion is first calculated by the
shallow water equation. At the same time water dissolves a
layer of material on the ground. This grit then moves as a ma-
terial with higher viscosity, but only if water is present. By
using this method a motion of low-layered mud and sand in
water as well as fluvial erosion caused by rain are simulated.
Motion of this layer is also solved by the shallow water equa-
tion again. As water moves through the terrain, it dissolves
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a)

b)

c)

d)

Figure 1: An example of erosion by two columns of wa-
ter suddenly splashing a fractal surface. Water trajectory is
clearly smoothed by the erosion process

underlying soil that moves as well. When water disappears
or its level is smaller than a user-defined level, some mate-
rial is deposited back to soil, carving the terrain features. Our
method has proven to simulate a wide variety of phenomena
ranging from river formation, smoothing terrains due to rain,
bank and river-bed erosion, etc. The main advantage is its
speed that allows, even for the non-optimized CPU version,
to run medium-size terrains at interactive framerates.

2. Erosion and Geomorphological Processes

The most important morphological phenomenon is erosion
that is a process of material transportation which smoothes
a surface by moving material away. Erosion, in general, can
can be described as a three step process. First some part of
material is captured by an external force and disintegrated

from the surface. Another force then takes the material and
moves it away. In the third phase, the material is deposited
to a new location. The external force that causes the erosion
gives different names to different kinds of erosion. A good
classification of terrain erosion for Computer Graphics can
be found in the book [DL04].

Weathering is a small-scale erosion that typically affects
stones and rocks creating rifts on their surfaces either in a
thermal or a chemical way. Thermal weathering causes dis-
integration of the material by thermal shocks in the presence
of moisture that has bigger dilatations than the rock itself.
Chemical weathering is caused by a moisture layer on the
surface and is expressed as a chemical change of the mate-
rial.

Denudation is another kind of erosion process that acts
typically in a planar manner. The first case of denudation
is gravity-conditioned mass movement. An example is mov-
ing sand or gravel when it reaches an equilibrium between
the gravity and its inner tension. So called splash erosion
is caused by raindrops falling onto the surface and creating
elliptical footprints in the sand. The last case of the denuda-
tion is fluvial erosion which is probably the most important
case because of its global influence. Fluvial erosion can be
described as water running down the surface and carrying
forward soil particles, sand, grit, debris, etc.

The above classification describes erosion processes ac-
cording to the scale of which occurs. Another classification
can be made according to the main force that causes the ero-
sion. The term hydraulic erosion denotes geomorphodynam-
ics phenomena that acts as a 3D force causing rills, brooks,
rivers, and lakes to carve the underlying surface and it is
driven by water. Wind erosion causes material relocation to
move through the air. Typical examples of wind erosion are
sand dunes and wind ripples. Human erosion takes various
forms, the best known is probably deforestation.

3. Erosion and Weathering Models
in Computer Graphics

The Computer Graphics community has considered the im-
portant role of erosion since the first computer models of
terrain were generated. In the following text we describe ex-
isting methods for terrain modifications and erosion simula-
tion. We present them according to the above described clas-
sification and all models will be further classified according
to the main force that causes them, i.e., wind or water.

Musgrave et al [MKM89] presented one of the first pa-
pers on erosion simulation that introduced thermal weather-
ing and fluvial denudation. Thermal weathering works only
on a local scale and the eroded parts are transported by a
simple diffusion model which moves them only to the lo-
cal neighbors of each vertex of the height field. This causes
the speed of erosion to be very slow. Fluvial erosion intro-
duced in the paper uses the same transportation model not
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for the eroded material, but for the water that holds it. Water
dissolves the underlying material until saturation is reached
and relocates it when water evaporates.

This paper was later extended by many authors and the
main application of this algorithm is sand and mud move-
ment simulation. Local diffusion and material relocation can
be applied to move sand particles in order reach equilibrium
and, such applications can be seen in [BF02] or [SOH99].
Onoue et al [ON03] used a virtual sandbox where sand was
manipulated interactively. Dual representation of sand was
used. Sand was represented as a height field on the ground
and as particles in the air when dropped.

Sand and wind erosion was addressed by the work of the
same authors in [ON00]. The physically-based model for
dunes and sand ripples simulation proved to be very quick
in forming and animating both phenomena in real time.

All of the above mentioned techniques for sand simula-
tion deal with 2D height fields only. A fully 3D technique
that simulates sand as viscous fluid was recently presented
in [ZB05].

A chemical weathering method for sandstones and rocks
was described in [DEJP99]. In this paper an eroded object is
modeled as a set of layers with a polygonal core and a slab of
voxels on its surface. The erosion occurs in the voxel layer
and is modeled by a set of differential equations. The mois-
ture enters the material and pulls out other chemical materi-
als by their recrystallization. This defines simulated changes
in color on the surface of the object. The model also accounts
for erosion of the surface that causes its smoothing. Eroded
stones are rendered by Monte Carlo ray tracing with subsur-
face scattering.

Splash erosion simulation and rainfall erosion were pre-
sented in the work of [VPLL06]. The Soil Degradation As-
sessment SoDA project is a collaborative activity that in-
volves measuring real data and their simulation and visu-
alization.

Chiba et al [CMF98] introduced a physically based model
of erosion that takes into account physical forces caused
by moving water and their effect on the underlying ter-
rain. This algorithm was recently extended by Neidhold and
Deussen [Nei05] who showed that this erosion can be pro-
vided in real time. The main disadvantage of these methods
is the ad hoc water motion simulation.

An ad-hoc method for rocky mountains was introduced
in [IFMC03]. The main asset of this technique is that it uses
a fully 3D representation for erosion. The method describes
a limited set of phenomena and it focuses on a special case
of rocks.

Full 3D hydraulic erosion was introduced in [BTHB06].
In this paper Navier-Stokes equations are coupled with ma-
terial transportation and solved on a 3D grid. Two different
kinds of material are used, cohesive and cohesionless. This

method is able to simulate a wide variety of phenomena,
such as receding waterfalls, river bed and river bank ero-
sion, meander break, etc. Although this model provides high
quality results the main disadvantage of the full 3D erosion
algorithm is its speed, which makes it impossible to use in
real-time applications today.

The previous work shows a clear tendency from ad-
hoc models to models that are physically-based or at least
physically-inspired. Another important property of a good
erosion algorithm is its response. Interactive, or preferably
real-time, techniques are the most important because they
provide very quick feedback and allow for model changes
and recalculation. One of the disadvantages of physical mod-
els is their dependence on constants and parameters whose
influence is not often clear to the user and their effect can be
sometimes very subtle or confusing.

We present a new method that addresses these issues. The
shallow water simulation is a real-time technique and the
main parameter of the simulation is the erosion speed that is
easy to understand and easy to control. Our technique deals
with 2D height fields, which is the main drawback that we
exchange for the speed of the algorithm. It could be better
classified as layered erosion as it uses data structures intro-
duced in [BF01].

Very recently, in fact in parallel with this paper, an-
other paper about hydraulic erosion using shallow equation
was published [MDH07]. Their work use GPU to present
hydraulic erosion at interactive framerates using concepts
from [BF02, Nei05].

The paper continues with Section 4 that describes the
shallow water equation and its solution in depth. Followed
by Section 6 which shows examples and discusses the im-
plementation. The last section concludes the paper and opens
some questions for future work.

4. Shallow Water Equation

Fluid dynamics is fully described by the Navier-Stokes equa-
tions that capture various phenomena such as swirls, turbu-
lence, jets of water, etc. The downside of the full 3D solution
is the time complexity that is O(n3), where n is the number
of grid elements used for calculation. Water simulation is a
very important topic in Computer Graphics and we do not
discuss the vast of papers and techniques that were recently
introduced. We focus only on the shallow water simulation.

The shallow water equation introduced to Computer
Graphics by Kaas and Miller in [KM90] shows a simpli-
fied solution of these equations for a 2D case with non-
overlaping waves that has proven to be suitable for many
Computer Graphics applications. We will follow their de-
scription in this part of the text.

The shallow water is a simplification of the Navier-Stokes
equations. It is assumed that water is simulated only as a
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regular 2D height field and cannot form breaking waves or
another full 3D phenomena. Another assumption is that the
horizontal speed of a column of water is constant. These as-
sumptions are limiting for a full 3D simulation but work
well for medium and large scale simulations where small
dynamic features cannot be observed.

4.1. 1D Shallow Water

We describe the shallow water equation and its numerical
solution for the purposes of the implementation only. For
details on the derivation of the terms and the equation itself
we refer reader to [KM90] or to [ESHD05].

Figure 2: Depth of water is denoted by d(x), level by h(x),
and bottom by b(x)

The shallow water equation is separable and can be de-
scribed as a one dimensional case that is applied in the x
and the y direction to get the full 2D solution. In the fol-
lowing text we suppose (see Figure 2) the level of water to
be denoted by h(x), bottom by b(x), and the depth of wa-
ter by d(x). It also holds h(x) = d(x)+b(x). The continuous
shallow water equation has form:

∂2h
∂t2 = gd

∂2h
∂x2 , (1)

where g = 9.807[ms−2] is the gravitational constant and
the wave velocity is

√
gd[ms−1]. This equation can be dis-

cretized into

∂2h
∂t2 = −c(di−1 +di)(hi −hi−1)+ c(di +di+1)(hi+1 −hi),

(2)
where c = g/(2(Δx)2) and the Δx is the space discretization
of x into n discrete intervals with i = 0,1, . . . ,n− 1. The in-
tegration of the equation (2) leads to

Ahi(t) = 2hi(t −Δt)−hi(t −2Δt). (3)

Where hi(t) denotes an element at the position i at the time t.
One needs to store the two previous solutions of the level
of water in order to calculate the new one. The tridiagonal

matrix A has the form

A =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

e0 f0 0 0 0 0 0
f0 e1 f1 0 0 0 0

0 f1 e2
. . . 0 0 0

0 0
. . .

. . .
. . . 0 0

0 0 0
. . . en−3 fn−3 0

0 0 0 0 fn−3 en−2 fn−2
0 0 0 0 0 fn−2 en−1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (4)

its elements e and f are

ei =

⎧⎨
⎩

1+ k(d0 +d1) i = 0
1+ k(di−1 +2di +di+1) 0 < i < n−1
1+ k(dn−2 +dn−1) i = n−1

fi = −k(di +di+1),

and the k = g(Δt)2/(2(Δx)2).

The damping of the water (viscosity) can be simulated by
changing the right hand of the equation (3) as follows:

Ahi(t) = hi(t −Δt)− (1− τ)(hi(t −Δt)−hi(t −2Δt)).

where 0 < τ < 1 is the damping coefficient. Usually very
small values, around τ = 0.01 provide reasonable damping
effects.

The tridiagonal matrix A from the equation (3) can be
solved with the time complexity O(n) by a modified version
of Gauss elimination method [PTVF92]. The solution of the
equation (3) provides level of water at the actual time that is
evaluated from the two previous states.

4.2. 2D Shallow Water

The transition from the 1D case into the 2D case is simple
because the equation (3) is separable. It means that in order
to obtain the full 2D solution the 1D solution must be applied
successively to the rows and columns of the matrix and no
special 2D version is necessary.

It is important to mention that the above presented solu-
tion is not the only possibility. There are different solutions
to the shallow water problem and a good starting point is the
book [ESHD05].

4.3. Issues and Problems

Even though the continuous shallow water equation (1)
is volume preserving, this is not true for the discretized
case (2). This subtle problem is critical, especially when
dealing with small volumes of liquid. If the water level dur-
ing the calculation crosses the depth level (negative water
is created) the solution will automatically add it elsewhere.
This is shown as a leak where the simulation will drop ac-
cumulated water at undesirable locations and present serious
problems. The solution proposed in [KM90] is to analyze the
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1D continuous pools of water, store the volume before and
after the iteration, and redistribute the difference equally in
the new pool. It does not provide realistic results and a better
solution must be used. Instead of using 1D cases, we have to
perform the volume preservation step in 2D. The problem
reduces to finding all continuous pools in a 2D matrix, and
calculating the volume difference before and after the itera-
tion step and redistributing the pool.

5. Erosion Using Shallow Water

Erosion algorithms can be described as a three step pro-
cesses: soil disintegration, material transportation, and its
deposition. We build our algorithm on the following assump-
tion: the disintegration of soil is caused by water interacting
with the soil surface. As it penetrates into certain depth and
mixes with the particles of soil, water creates a layer of re-
golith on the ground of the pool. Even when the water is still
this layer will move and reach equilibrium. In moving water
the bottom layer moves as well. The water motion is driven
by gravity as is the regolith layer at the ground of pools.
As long as the layer is fed by water it lives its own life and
moves as a viscous fluid. When water evaporates or its level
decreases deposition occurs. The soft layer on the ground
hardens and changes back to soil.

The entire algorithm can be described by the following
snippet

• Calculate the shallow water.
• Calculate the disintegration/deposition of the soil in the

water.
• Calculate the shallow water applied to the soft layer of

regolith.

The shallow water equation solution was described in Sec-
tion 4, so we focus in this part of the text on the disin-
tegration and deposition problems. To do this we have to
extend the concept of level of water and depth in the fol-
lowing way (see Figure 3). As in the case of shallow wa-

Figure 3: Symbols used in the erosion process. Depth of wa-
ter is denoted by d(x), level by h(x), bottom by b(x), regolith
width is denoted by r(x) and the level of regolith by br(x)

ter in Figure 2 depth of water is denoted by d(x), level

by h(x), bottom by b(x). The erosion related terms are re-
golith width r(x) and the level of regolith by br(x). Ap-
parently h(x) = b(x)+ r(x)+ d(x), br(x) = b(x)+ r(x) and
also h(x) = br(x)+d(x).

5.1. Disintegration and Deposition

During the process of disintegration the level of water pen-
etrates the bottom b(x) and changes its upper part into the
regolith r(x). In nature the process depends on the type of
soil, the time water interacts with the soil, and the amount of
water. For this to occur the simulation would; slow down, in-
troduce more parameters, and contribute little to large scale
simulations, all of which is not the focus of this text.

We define material property cr that characterizes the ma-
terial and defines how deep the soil will be eroded out, in
other words cr characterizes the highest amount of penetra-
tion and the maximum depth of the layer r(x). We found
useful values of 0.000 ≤ cr ≤ 0.01 in our simulations. The
smaller the constant is the softer the erosion and the longer
the time needed to simulate the erosion process. Large num-
bers can lead to unwanted oscillations in the disintegration
and deposition that show as waves and ridges in the de-
posited material.

Keeping in mind the assumptions are oversimplifying for
hydrology we assume that the level of penetration scales lin-
early with the amount of water up to the level of saturation cr

that is defined by user. The actual value of r(x) is determined
by the following equation:

r(x) =
{

d(x) d(x) < cr

cr d(x) ≥ cr
(5)

The response of the system is calculated as immediate.
In reality the disintegration takes some time and should be
calculated by eliminating some small ε of the material until
the desired level is reached. In our system we consider the Δt
is in order of tenths of seconds and we assume the water has
enough time to penetrate into the desired level. Instead of
iterating the erosion we subtract the entire level as a whole
in one step.

The process of deposition is inverse to the disintegration.
If the amount of dissolved material is higher than the al-
lowed level specified by the equation (5) the excess of mate-
rial is deposited and changed into the bottom b(x). In other
words, in every point of the surface the actual level of re-
golith is compared with the desired level specified by the
equation (5). The difference is added or subtracted from the
bottom b(x) and subtracted or added to the r(x).

Figure 4 shows the process of deposition and erosion
taken from a 1D case of the shallow water equation. The
simulation was calculated on an 1D array of 2k vertices and
was running at a speed of about 2500 frames per second.
The parameters of the simulation were Δx = 0.1, Δt = 0.01
and τw = 0.001 for water and τr = 0.01 for regolith. The
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Figure 4: An example of 1D erosion. A level of water that
does not move at all has smoothing effect on the bottom

process shows three images with the level of water, regolith,
and bottom. The level of water is not moving significantly,
but the regolith accumulates at the bottom and deposits be-
cause of the level of saturation. This causes smoothing of the
ground.

5.2. The Algorithm

The algorithm itself consists of the three following steps.
First, the shallow water is calculated for the level of water;
Second, the disintegration/deposition is applied to the bot-
tom, and lastly the shallow water equation is applied to the
regolith.

Applying the simulation to water only one time and then
running the disintegration/deposition step caused unwanted
peaks and oscillations because water is not in a steady state
after one Δt. To avoid this problem we have to bring the level
of water into a steady state that typically occurs after 5−10
iterations. An apparent adaptive solution would be to mea-
sure the velocity field of the level of water u(x,y) and based
on the maximum value or the speed of convergence decide if
water is in a stable state or not. The entire algorithm has the
following form:

1. Run the shallow water for h(x,y) until water is stable.
2. Calculate disintegration/deposition and update r(x)

and b(x).
3. Run the shallow water for r(x,y) until regolith is stable.

6. Implementation and Results

The entire algorithm is easy to implement and is primarily
a 1D shallow water equation that is applied to the level of
water and regolith. The calculation of regolith is straightfor-
ward and easy to implement as well. We have implemented
the entire algorithm in C++ and use OpenGL visualization
to show the results. All experiments were run on a laptop

a) b)

c)

Figure 5: An example of rivers and lakes creation. A fractal
surface a) is exposed to epochs of rain and evaporations.
After 10 seconds of simulation (100 steps) rivers and lakes
form on the surface b) and c) and the surface is smoother in
the valleys

with Dual Core CPU running at 1.8GHz, with 2GB of mem-
ory and an Nvidia Quadro FX 2500M with 512MB of video
RAM. The 1D cases of up to 2000 vertices were running at
framerates of 1k fps to 3k fps. 2D simulations with height
fields of 300× 300 elements were running at 5-10 fps. The
complexity of the algorithm is linear and depends only on
the number of vertices, which is the greatest advantage of
the entire technique. The solution of the equation (3) has
linear time complexity and must be solved for every vertex
of the height field 2x (once in the x direction and once in
the y). The memory requirements are rather high. For every
vertex of the height field the h(x), its two copies for h(t−Δt),
and h(t −2Δt), as well as for r(x) must be stored. The level
of water, as well as its depth, require only one copy in mem-
ory. The other variables can be evaluated on the fly. On the
other hand since the entire information is only 2D, the re-
quirements are much lower than of any 3D representation.

We have tested the entire system on a set of artificial ex-
periments. In the first one a fractal surface was created by
random faults method and a high frequency white noise was
added to its surface. The mountain was repeatedly splashed
by rain simulated as blue noise (see [Nei05]) and the wa-
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Figure 6: An example erosion of a smooth surface. A sin-
wave-like surface is eroded by seasons of rain and evapora-
tion. A pool of deposited material clearly forms at the bot-
tom, while the walls are eroded

ter was then evaporated. In this way the water had enough
time to run into nearby valleys and erode them out. After
approximately 10 seconds of simulation of the height field
at resolution 400× 400, the water clearly carves rivers and
lakes in the mountain as can be seen in Figure 5.

Another example in Figure 6 shows rain and evaporation
that is being applied onto a smooth sine-like waved surface.
After several iterations the pool of water with deposited ma-
terial arises and the surface of the soil is clearly eroded. The
surface size was 300×300 vertices and the speed of erosion
simulation was about 5 fps.

The last example in Figure 1 shows a sudden dissolving
of two water columns on a fractal surface. It is clearly visible
that the erosion smoothes out the underlying terrain as water
moves through it. Some other examples can be found in the
accompanying video.

7. Conclusions and Future Work

We have presented an important step toward real-time de-
formations of terrain models in Computer Graphics using

an advanced erosion model. Our system demonstrates water
running over a surface and modifying the underlying soil.
The grit is simulated as a fluid with high viscosity and moves
on the ground of the water pool. When water evaporates, or
the dissolved soil exceeds a critical level, it is deposited back
on the ground and changed to soil. The grit motion as well
as the water simulation are calculated by the shallow water
simulation that is a 2D simplification of Navier-Stokes equa-
tions. This simulation has proven to be useful in many Com-
puter Graphics applications because of the speed of calcu-
lation and the visual plausibility of results. Our experiments
show that the algorithm is suitable for real-time simulation
of a wide variety of phenomena including river and lake for-
mation due to the rain and evaporation, erosion of surfaces
affected by a sudden splash of high level of water, etc. The
speed of simulation makes the algorithm suitable for real-
time surface modeling and editing.

The obvious disadvantage of the presented technique is
the numerous simplifications: water dissolves only the ma-
terial but does not interact with it at all, one constant that de-
scribes material is good for interactive applications but is far
from reality, etc. Future work should focus on clear expres-
sion of material properties and their integration into erosion
models. Another step would be an integration of our algo-
rithm into a system that allows for interactive terrain model-
ing. Interesting area of exploration would be an application
of this erosion algorithm to surfaces of different materials.

8. Acknowledgments

We would like to thank to Matt Brisbin and Dave Whit-
tinghill for proofreading the manuscript.

References

[BF01] BENEŠ B., FORSBACH R.: Layered Data Struc-
ture for Visual Simulation of Terrain Erosion. In SCCG
’01: Proceedings of the 17th Spring conference on Com-
puter graphics (2001), vol. 25(4), IEEE Computer Soci-
ety, pp. 80–86.

[BF02] BENEŠ B., FORSBACH R.: Visual simulation of
hydraulic erosion. Journal of WSCG 10, 1 (2002), 79–
86.

[BTHB06] BENEŠ B., TĚŠÍNSKÝ V., HORNYŠ
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