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Planar (Triangular) Patches vs %
\/
Curved Patches
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lce Sculptures and more

e Carlo Sequin @ Berkeley et al.

— https://people.eecs.berkeley.edu/~sequin/PAPERS
/Bridges04 Snowball.pdf
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Connecting the Dots

What is the formula for this line?

f)=xfx)=C-x)*1+(x—1)*2



Connecting the Dots

Write a formula for a piecewise linear function
that interpolates five given data points

(3,2.5)

0 I 2 3 4 5 6
[ x if1<x<2]
() 1x+1 if 2<x<3
x) = X S
—x+4 if 3<x<4
FX—3 if 4<x<35]




Connecting the Dots

Alternatives?

(3,2.5)

(4.1.5)

(L)




Connecting the Dots

Interpolating Polynomial

(2.2)

0 1 2 3 4 5 6

f(l)=1and f(2) =2

ho(x) = —2is 1 when x = 1 and is 0 when x = 2
X0—X1
hi(x) = —%is 1 when x = 2 and is 0 when x = 1

X1—Xp



Connecting the Dots

Interpolating Polynomial

f(l)=1and f(2) =2
f(x) = yoho(x) + y1hy(x)

thus f(xy) = yo and f(xy) = y;



Connecting the Dots

Interpolating Polynomial

(3,2.5)

(2,.2) ( 5’.2)

(4.1.5)

1 2 3 4 5 6

b;(x) = Hjii(x — Xj) Lagrange Interpolation
l Hjii(xi — xj) Basis

¢;(x;) =1whenl=1ielse0

flx) = z Vigi(x) Lagrange Polynomial
;



N

https://lI-e-webb.qgithub.io/interpolate/webdist/index.html
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But not very stable...
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Alternatives?
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Connecting the Dots

Bezier Curves

(3,2.5)

(4.1.5)

History:

m Mathematical basis established in 1912 using Bernstein polynomials

m Paul De Casteljau used for Citroen’s in 1959 (patented, released in 1980s)
m Pierre Bezier used for Renault in 1960s (widely publicized)
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Connecting the Dots

Bezier Curves

(3,2.5)
If two (end) control points, then
“first mid-point” is the new (mid)
control point...
(4,1.5)
(1.1)
0 1 2 3 4 5 6
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Connecting the Dots

Bezier Curves

(3,2.5)

(2.2)

(4.1.5)

Types ([0 <t < 1)):
Linear: B(t) =1 —t)py + tpg
Quadratic: B(t) = p; + (1 — t)*(po — p1) + t*(p2 — p1)
Cubic: B(t) = (1 —t)By,p,p, T tBp, p,p, (t)
B(t) = (1 -1)%pg + 3(1 — )’tp; + 3(1 — Ot*p; + t°p3



Connecting the Dots

Bezier Curves

(3,2.5)

(2.2)

(4.1.5)

0 1 2 3 4 5 6

Cubic:  B(t) = (1—1t)3pg +3(1 — t)%tp; +3(1 — Ot*p, + t3p;
Bernstein polynomials:

byn(z) = (ﬂ) (1 —z)" ", for v=0, ... ,n,

L

where [:’:) is a binomial coefficient.




Connecting the Dots

Bezier Curves

(4.1.5)

(L)

Properties:
m Curve begins at p, and ends at p; (and does not necessarily pass thru p; and p,)
m Start and end is tangent to first/last section

m  Curves have the variation diminishing property — do not undulate more than its control
points



Connecting the Dots

Alternatives?

(3,2.5)

(2.2)

(4.1.5)




Connecting the Dots

B-splines (Basis Splines)

(3,2.5)

(4.1.5)

0 1 2 3 4 5 6

A spline uses a set of basis functions to express the line as a sum of
weighted components (not necessarily Bernstein Polynomials):

f(x) = p¥ (x)+ 0¥, (x)+ - +p,¥,(x) = Zn:yl.\Pl. (x) ,forall x, <x<x,
i=1



B-splines:
With linear basis functions...




A closer look at a linear combination
of basis functions

F(x) = p W, (x) + 3,8, (x) + 42, (x) = Zy‘l’ (x)




Cubic Splines

Sequence of segments defined by :

(x@w)) (au’+bu®+cu+d, \ /

_ _ 3 > men
P(u)=| y(u) |=| a,u” +bu’ +cu+d, Segments
z(u) ) \azzf +bu’+cu+d.

J
with 0 <u <I1.



Cubic Splines (in 2D)

(xzayz)

Y

4

Let p(x)zax3+bx2+cx+d SO

Using the data p(x)=ax’+bx’ +cx, +d =y,

we have p(x,)=ax,’ +bx," +cx, +d =y,
p'(xl) = 36le2 +2bx, +c =y
p'(xz) =3ax,’ +2bx, +c =y,

X,

p(x)= 3ax® +2bx +c

We have 4 equations in the
four unknown coefficients.
So we

can solve for a, b, ¢, and d.



Cubic Spline
Representation Options

4 \

a. ay da,

b. b, b,
Var.l:P(u):(u3 u’ u 1) g

C. Cy C,

d, d, d,,

/Moo Mm Moz M03\/P0\

M M, M M P
Var.2:P(u)=(u3 u>  u 1) 10 H 12 = :

Mzo le Mzz M23 Pz

\M30 M31 M32 M33/\P3/

Var.3: P(u) = in (u)P,



Cubic Splines

Variant 2 :
(MOO MOI M02 M{B\ /})Ox ]D{)y })Oz\
P(u) = (u3 2w 1) M, M, M, M; Plx Ply Plz
M20 M21 M22 M23 })236 })2}’ })22
\M:so M31 M32 M33) \Psm P3y sz/
(P,
. |
= UM, ;.. p|= UM, .M, Control points or
’ Control vectors
P )
Matrix M,  translates’ geometric info to coefficients



Bézier Spline Curves

Cubic Bézier spline :
P(u)=(1—-u)’P, +3u(l—u)’P, +3u>(1-u)P, +u P,

In matrix representation :
(-1 3 =3 1\(P,)
3 -6 3 0} P
-3 3 0 0} P,
1 0 0 0)\P;)

P(zu)z(u3 u’ u 1)




Catmull-Rom Splines

These splines “go through” the points P,, P, P,, P5

In matrix representation:

P(u) —T 2—-1 T1T-2 T P,
2t 17—3 3-21 —T P,

— (.3 .2
w® u? u 1) s 0 . 0 P,
0 1 0 0/ \Ps

With T being the “tension” or sharpness at the control points (e.g., 0.5)
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Spline Surface

Control points : 4 x4 matrix of points P;

Define a smooth patch.

P33



&

Spline Surface

Control ponts : 4 x4 matrix of points P,

Define four curves.

Surface : Smooth these four curves.
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Spline Surface

Control ponts : 4 x4 matrix of points P,

Define four curves.

Surface : Smooth these four curves.



Spline Surface

Surface :

Control points :4 x4 matrix of points P, .

Curve:P(u)="> B, (u)P
rve u kzz(;kuE

™~

3
Surface : P(u,v) = ZBi (u
1=0

3
)(ZB‘, (v)Py]

3 3
ZZB w)B,(v)P,

i=0 j=0




Spline Surface

Display of surface

P(u,v)= 23123:81. (u)B;(v)P;

i=0 j=0

du := 1/nu; // nu: #facets u-direction
dv := 1/nv; // nv: #facets v-direction
fori:=0to nu-1do

u = i*du;
forj:=0tonv—-1do
V = j*dv;

DrawQuad(P(u,v), P(u+du, v), P(u+du, v+dv), P(u, v+dv))



Spline Surface

// Alternative: calculate points first

fori:=0tonudo
forj:=0tonvdo
Q[i, j] := P(i/nu, j/nv);

fori:=0tonu-1do
forj:=0tonv-1do
DrawQuad(Ql[i, jl, Q[i+1, j], Q[i+1, j+1], Q[i, j+1])



Spline Surface

// Alternative: calculate points first,
// triangle version

fori:=0tonudo
forj:=0tonvdo
Q[i, j] := P(i/nu, j/inv);

fori:=0tonu—-1do

forj:=0tonv—-1do
DrawTriangle(Q([i, j], Q[i+1, j], Q[i+1, j+1]);
DrawTriangle(Q[i, j], Q[i+1, j+1], Q[i, j+1]);



Spline Surface

// Alternative: calculate points first,
// triangle variant, triangle strip

fori:=0tonudo
forj:=0tonvdo
Q[i, j] := P(i/nu, j/inv);

fori:==0tonu-1do
glBegin(GL_TRIANGLE_STRIP);
forj:=0tonv-1do
glVertex(Q[i, j]);
glVertex(Q[i, j+1]);
glEnd;



Bézier Surface Patches

Generic : P(u,v) = izn:B i(MB, ()P

=0 k=0

n! k n—k
u (1—u

oo 47 E

Often m =n =4 :bicubic patch

with B, | (u) =



\F

Lets get a bit more complicated..






There are two 1-D elementary basis functions




How many 2-D elementary basis functions are
there?

?? Here is one of them:




How many 2-D elementary basis functions are
there?

?? Here is one of them:

We define this bilinear 2-D
elementary basis function as
follows:




The two 1-D elementary basis functions

There are four bilinear 2-D
elementary basis functions




Similarly, we can construct the 2-D bilinear
spline basis functions directly from the 1-D

linear spline basis functions

‘Pl.(x)
X, X, X
¥, (»)
yj—l yj yj+l

As in the 1-D case we want our
basis functions to be zero at all
but one of the data points.

We define the ijth 2-D bilinear
spline basis function as follows:

LPij (xay) :LPi(x)LPj ()/)




Similarly, we can construct the 2-D bicubic spline
basis functions directly from the 1-D bicubic
spline basis functions

=

O

A7
Py

é

Y (x
(%) At each data point we define four 2-D
bicubic spline basis functions as follows:
X X; Xisl @TLPI-J- (X,y) = \Pi (X) \Pj (y)
@, (x)




The 2-D bicubic spline basis functions

.“‘:l ; A =
D e
£ i i e Al s
£ @#ﬁf*#.#illl‘i

e
yj g
Yia
X, TR
i g




N 2

Iith 2

Iith 2

Thus, what can we do?

D elementary basis functions?
D bilinear spline basis?

D bicubic basis functions?




Lots! Welcome to the world of &
Basis functions!

* Radial Basis Ftns: “§.'@x

* Haar Basis (Wavelets):

]
1 .
—_

1D 2D Image compression
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