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Abstract: We present a calibration procedure that achieves a sub-pixel accurate model of the catadioptric imaging system
defined by two corneal spheres and a camera. First, the eyes’ limbus circles are used to estimate the positions of
the corneal spheres. Then, corresponding features in the corneal reflections are detected and used to optimize
the corneal spheres’ positions with a RANSAC framework customized to the corneal catadioptric model. The
framework relies on a bundle adjustment optimization that minimizes the corneal reflection reprojection error
of corresponding features. In our experiments, for images with a total resolution of 5,472× 3,648, and a
limbus resolution of 600×600, our calibration procedure achieves an average reprojection error smaller than
one pixel, over hundreds of correspondences. We demonstrate the calibration of the catadioptric system in
the context of sparse, feature-based, and dense, pixel-based reconstruction of several 3D scenes from corneal
reflections.

1 INTRODUCTION

Digital cameras now capture images with a resolu-
tion that far exceeds conventional displays. Whereas
a display cannot show simultaneously all the pixels
of the image, the underlying high resolution is use-
ful for digital zoom-in operations or for large format
printing. Another important benefit of high resolution
is increasing the quality of 3D scene reconstructions
derived from images.

Many real world scenes contain reflective objects,
and high resolution images capture a wealth of scene
information in fortuitous reflections. Reflections on
convex surfaces are particularly rich in information,
as the divergent reflected rays sample the scene com-
prehensively, with a large field of view. Furthermore,
reflections introduce additional sampling viewpoints,
which allow measuring disparity and triangulating 3D
positions from a single image.

The human eyes are convex reflectors, and re-
searchers have long speculated on the possibility of
using corneal reflections to infer 3D scene structure.
One challenge is the small baseline, i.e. a typical
interpupillary distance is 63 mm (Dodgson, 2004),
which translates to low depth accuracy at distances
of 0.5 m and beyond. Another challenge is the low
resolution of the corneal reflections. Both challenges
are alleviated by increases in the overall image res-
olution. A third challenge is accurate calibration of

the catadioptric system defined by the two eyes and a
camera. An accurate catadioptric model is needed to
limit the search for correspondences between corneal
reflections to 1D epipolar curves, and for accurate tri-
angulation of 3D scene points.

In this paper we present a procedure for calibrat-
ing the catadioptric model defined by two corneal
spheres and a camera. The input is a high resolution
image of a person looking at a 3D scene. In our ex-
periments, the image resolution is 5,472×3,648 and
each corneal reflection has a resolution of approxi-
mately 600× 600. First, a preliminary corneal cata-
dioptric model is inferred from the projection of the
limbus circles in the corneal reflections. Then, the
model is refined iteratively using a custom RANSAC
approach that relies on bundle adjustment to minimize
feature reprojection error. We obtain an error between
0.16 and 0.58 pixels. We use the corneal catadioptric
model to recover dense depth through stereo match-
ing with the support of epipolar-like constraints (Fig-
ure 1). The truth geometry used for comparison (grey
points in Figure 1c) was obtained by scanning the toys
with an active depth sensing camera.

2 PRIOR WORK

We first give an overview of prior efforts on acquir-
ing scenes using catadioptric imaging systems, and



(a) Input image cropped to eye region.

(b) 3D reconstruction visualized in filled and wireframe
mode.

(c) 3D reconstruction (shaded) aligned with truth geometry
(grey).

Figure 1: 3D scene reconstruction with our catadioptric modeling approach.

then we review prior work in modeling the catadiop-
tric imaging system defined by a camera and the two
human eyes.

Researchers have long noticed the benefits of de-
vising acquisition systems that combine refractive and
reflective elements. One such benefit is an increased
field of view. Debevec used a chrome ball as a light
probe to capture the complex illumination of a real
world scene with a single shot, and to apply it to
synthetic objects integrated into the scene (Debevec,
2008). Nayar has developed omnidirectional cameras
using paraboloidal mirrors with a single viewpoint, so
their images can be resampled to conventional images
(Nayar, 1997). A second scene acquisition benefit of
catadioptric systems is the ability to integrate multi-
ple perspectives in the same image. The additional
perspectives encode depth disparity, which enables
single-shot depth from stereo (Kuthirummal and Na-
yar, 2006). The additional perspectives are also useful
for devising acquisition systems that are robust to oc-
clusions, by guiding the scanning laser beam towards
hard-to-reach places (Fasano et al., 2003).

Human eyes are often captured in images, and
leveraging corneal reflections to infer information
about the scene is appealing and has been carefully
studied (Nitschke et al., 2013). The corneal reflec-
tions are readily available, without the challenge of

augmenting the camera with reflective elements. Fur-
thermore, the corneal reflections introduce additional
viewpoints that capture parts of the scene missed from
the camera viewpoint. The additional viewpoints not
only provide a comprehensive image of the scene,
but also allow measuring disparity to extract depth.
The catadioptric system defined by a camera and two
eyes requires modeling the cornea’s reflective surface.
Prior work models this surface as a sphere cap, which
is part of the corneal sphere, and delimited by the
sclera sphere (Nishino and Nayar, 2006). We use the
same cornea surface model. Another challenge is that,
unlike for catadioptric imaging devices where the re-
flective elements have a fixed, pre-calibrated position
and orientation with respect to the camera, in the case
of corneal reflections the eyes are free to move with
respect to the camera, and their position has to be re-
covered in every image.

One use of corneal reflections is to capture a
panoramic image of the scene, leveraging the large
field of view sampled by the reflected rays (Nishino
and Nayar, 2006). The information in the corneal
reflection can be used to extract gaze direction in
camera-display systems (Nitschke et al., 2011a), and
also to reconstruct a super resolution image of the en-
vironment reflected in the user’s eyes (Nitschke and
Nakazawa, 2012). Corneal reflections have also been



proposed as a way of gaining insight into a crime
scene, demonstrating that camera resolution is now
sufficient for identifying humans present in such re-
flections (Jenkins and Kerr, 2013).

We discuss in detail the two prior art papers most
relevant to our work. One describes a system that
does not recover 3D scene structure from corneal
reflections, but rather from parabolic metal mirrors
(Agrawal et al., 2011). Metal mirrors greatly sim-
plify catadioptric scene reconstruction by providing
a precisely known reflective surface shape, and by
generating clear and high contrast reflections. Fur-
thermore, metal mirrors are perfectly stationary which
avoids the blurriness that results from the slight user
head motion as the picture is taken. Moreover, the
metal mirrors used are about three times larger than
the corneal sphere, and about four times larger than
the limbus circle, which delimits the reflection in our
case. Consequently, the prior work reflections have a
resolution of 2M pixels, compared to the 0.1M pix-
els for our work, which aids significantly with recon-
struction quality. The earlier system refines calibra-
tion without a preliminary RANSAC step to weed out
mismatched features. The reprojection error achieved
by the earlier system is about five times larger than
ours, most likely due to the simpler calibration re-
finement step, as discussed above. Finally, the earlier
work does not report any quantitative measure of the
3D reconstruction error. Our work validates the 3D
reconstruction quality in an absolute sense by recon-
structing objects of known size, as discussed in the
following sections.

The other paper highly relevant to our work is
the only prior art paper that actually recovers any 3D
structure from corneal reflections (Nishino and Na-
yar, 2004). The paper proposes the idea of finding
correspondences between a pair of corneal reflections
and of triangulating them into depth. We extend this
work in the following ways. First, the earlier system
calibration stops at our precalibration phase. The ear-
lier system is crudely calibrated by inferring the po-
sition of the corneal spheres from the limbus circles,
whereas our system refines this initial calibration with
our custom RANSAC + bundle adjustment approach,
which reduces the reprojection error substantially. We
achieve sub-pixel accuracy, whereas the previous pa-
per doesn’t report calibration accuracy, which we es-
timate as being orders of magnitude lower based on
the accuracy achieved by our similar precalibration
stage. Second, the earlier system requires establishing
correspondences between the two corneal reflections
manually, by clicking corresponding points. Our sys-
tem detects, matches, and validates correspondences
automatically. Third, the earlier system does not per-

(a) Outer view. (b) Geometric model.

Figure 2: Eye model.

form dense stereo reconstruction, whereas our system
does. Finally, the only scene where 3D reconstruction
is demonstrated is that of a large cube with uniformly
colored faces. Inspired by their pioneering work, with
the help of our subpixel catadioptric modeling frame-
work, we demonstrate 3D scene structure recovery
from corneal reflections.

3 CATADIOPTRIC MODEL OF
CORNEAL REFLECTIONS

Many scenes of interest to computer vision applica-
tions contain humans, and corneal reflections present
the opportunity for catadioptric stereo scene recon-
struction. Before scene reconstruction can begin, one
has to model the catadioptric system defined by two
eyes and a camera.

3.1 Eye Model

Figure 2a shows an outer view of the human eye. The
most distinctive components are the color-textured
iris and the surrounding white sclera. The cornea is
the transparent outer layer of the eye that covers the
iris. The cornea has an internal pressure higher than
that of the atmosphere, which maintains the cornea’s
convex shape. The cornea surface is coated with a
thin film of tear fluid which makes it smooth, with
mirror-like reflective characteristics (Nitschke et al.,
2011b).

Geometrically, the eye is well approximated by
two intersecting spherical segments of different radii:
a smaller, anterior corneal segment, and a larger, pos-
terior scleral segment (Figure 2b). The intersection of
the two segments defines the limbus circle, i.e. the
perimeter of the iris. In the field of anatomy, exten-
sive measurements of the shape and dimensions of the
cornea have been conducted (Mashige, 2013). The
corneal segment covers about one-sixth of the eye,
and has a radius of curvature rC of 7.8mm. The ra-
dius of the limbus circle rL is 5.5mm. The displace-
ment dLC between the center of the limbus circle and



Figure 3: Corneal catadioptric imaging system.

the center of the corneal sphere can be obtained as

dLC =
q

r2
C− r2

L ≈ 5.53mm . (1)

3.2 Catadioptric Model

We model the catadioptric system defined by a cam-
era and two eyes with the following parameters: (1)
the intrinsic parameters of the camera, (2) the limbus
circle radius rL, (3) the corneal sphere radius rC, and
(4) the 3D positions of the centers of each of the two
corneal spheres in the camera coordinate system.

We measure the camera intrinsic parameters with
a standard calibration process (Zhang, 1999). We as-
sume that both eyes have the same limbus circle ra-
dius, and we use the average value of 5.5 mm. We as-
sume both corneal spheres have the same radius, and
we use the average value of 7.8 mm. We confirm the
validity of these assumptions in Section 5.3. The 3D
positions of the corneal sphere centers are found for
each image as described in the next section.

Using the catadioptric model (Figure 3), given a
pixel s in the corneal reflection, one can compute the
corresponding reflected ray SP by reflecting the cam-
era ray OS off the corneal sphere. The converse, pro-
jection operation is more challenging. Given a scene
3D point P, we compute its corneal reflection projec-
tion s = p(C,P) by first finding its reflection point S
with a fourth order equation (Eberly, 2008). Then s is
computed by projecting S on the image plane.

3.3 Epipolar Geometry

Epipolar geometry is used in stereo matching to re-
duce the dimensionality of the correspondence search
space from two to one. In our case the rays re-
flected by the corneal sphere are not concurrent, so
the epipole is ill-defined, and traditional epipolar ge-
ometry does not apply. However, we derive epipolar-
like constraints as follows. Given a pixel s1 in the
left corneal reflection (Figure 4), we compute its left
corneal sphere reflected ray rrr, we sample rrr with 3D

Figure 4: Epipolar geometry of corneal catadioptric system.

Figure 5: System pipeline overview.

points, and we project each 3D point P onto the image
plane using the right corneal sphere, leveraging the
projection operation described above. The projected
points define an epipolar curve in the right corneal
reflection which is known to contain the correspon-
dence s2 of s1, if such a correspondence exists. Like
in traditional stereo, the search for correspondences is
confined to a 1D subset of the image pixels. We note
that the epipolar curve can be described analytically
with a quartic (Agrawal et al., 2010). However, we
have opted to sample the epipolar curve by sampling
the 3D ray for a better control of the sampling rate,
as it is challenging to sample a high-order parametric
curve with steps of equal Euclidean length.

4 SYSTEM PIPELINE

Figure 5 shows the stages of our system pipeline.
Please also refer to the supplementary video for re-
sults of each stage.

4.1 Eye Region Extraction

The first stage crops the input image to only contain
the eyes region. We use a Haar feature-based cas-
cade classifier specialized for eye detection, proposed
by Viola (Viola and Jones, 2001) and improved by
Lienhart (Lienhart and Maydt, 2002). Previous ap-




