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Abstract to a vocabulary of points and planes only, and involved only
six primitives. In this paper, we investigate the larger class
We discuss how to solve variational constraint problems of problems involving lines as well.
involving points, lines and planes. We concentrate on small

problems that must be solved simultaneously. 1.2. Instance and Generic Solvers

We classify geometric constraint solvers by the manner
1. Introduction in which they use the geometric information. In particular,
the family of instance solversolves a constraint problem
Geometric constraint solving is an integral part of com- using only specific instance information yvith fully valuated
puter aided design, serving the role both of precisely situ- cOnstraints. In contrasgeneric solversfirst analyze the
ating geometric elements in relation to each other, as wel| constraint p_rqblem without regard of the specific constraint
as dimensioning and constraining their shapes accurately?2/ues, deriving a plan on how to decompose the problem

There is a large literature on the subject, addressing the®"d SOlve it subsequently. In a subsequent phase, the plan is
problem with a variety of approaches. For a recent com- then executed and the constraint problem instance is solved.

prehensive survey of this literature see [4]. Wg advocate generic solvers be_cause they allow the fpr—
mulation of templates to solve entire classes of constraint
problems, increasing solver efficiency. Moreover, interac-

tive changes of dimensional constraint values allow recom-

. . . putation with the same solution plan. In such cases, deriving
Since geometric constraint systems correspond to non- . X
. ) o the solution plan becomes a preprocessing step, another ef-
linear systems of equations, one difficulty that must be ad- _. . .
. . X : ficiency gain. In this paper, we look at the problem of how
dressed is to select the “right” solution from a possible set . . o
A ; a generic solver would solve certain templates that arise in
that can be exponential in size for well-constrained prob- . ; :
. e spatial constraint systems. The formulation of templates has
lems. Here, the meaning of “right” depends strongly on the

application. For example, if the constraint system is to ex- been explored in [11] and [10].
press that two bodies should be mated on a common face

plane, an acceptable solution would have to ensure that the?. TWO Sample Problems
bodies do not interpenetrate.

Itis possible to express rigorously many of such applica-  We illustrate the issues we are facing in spatial constraint
tion requirements, but this is not normally done for reasons solving by considering two simple configurations, each in-
of efficiency [3]. Rather, one relies on heuristics which in volving six primitives. The first such configuration consists
many cases succeed. When the heuristics falil, it become®f six points, with distance constraints between them in the
necessary to select a different solution, and this motivatestopology of octahedron edges.
finding, for subproblems that cannot be decomposed fur-  The problem has been analyzed before. In [22], the prob-
ther,all possible solutions. lem is studied in the context of kinematics of mechanisms

In earlier work we have investigated the case of planar and, in [6], as a problem in molecular design. In [11], it
constraint solving, as well as some spatial constraint prob-was studied using geometric reasoning and applying deter-
lems; e.g., [7, 11, 12]. The spatial problems were restricted minant theory.

1.1. Multiple Solutions



Figure 1. Octahedron Problem: Vertices
p1,---,Pe represent points, edges represent
distance constraints.

We will show that this problem is approachable by a mix
of standard symbolic and numerical techniques in a system
atic framework. Furthermore, variations of the problem, in
which some of the points are replaced with planes and som
of the distance constraints with angle constraints, are als
solvable with this generic approach.

The second problem to be considered also involves six
primitives, but they are now three points and three lines. Be-
tween each pair of primitives there is a constraint, distance
for point pairs and point/line pairs, and angle constraints
between line pairs. Here we encounter significantly greater
complexity.

Figure 2. 3p3l Problem: Vertices pi, p2, p3
represent points, vertices [, I, I3 lines.
Solid edges represent distance constraints,
dashed edges angle constraints.

The proposed framework combines geometric reasoning
with algebraic and analytical methods.

The geometric problem is translated into associated
algebraic systenusing an algebraic representation of the

primitives. The associated algebraic system is reduced to a

core systemafter symbolic simplification. The coefficients
of the core system depend only on the constraint values.
Moreover, the solutions of the constraint problem and the

associated algebraic system can be computed easily from

€
(0]

the solutions of the core system.

We find the solutions of the core system using homo-
topy continuation. Homotopy continuation has been applied
successfully to problems in many areas, including robotics,
kinematics of mechanisms, chemical equilibrium determi-
nation, geometric intersection [19, 29, 23, 26, 28, 14, 13]
and, more recently, to constraint solving [15]. The method
employs a predictor-corrector scheme to deform all the so-
lutions of a known system, th&tart systeminto the solu-
tions of the system we want to solve (tiaeget system The
process is also callepth tracking because it evaluates a
homotopy pattbeginning at a solution of the start system,
and the path may converge to a solution of the target sys-
tem. Therefore, the number of paths to be tracked depends
on the number of solutions of the start system. It is impor-
tant to minimize the number of paths by choosing a good
start system; [4].

We use two software packages, which implement dif-
ferent flavors of homotopy continuationContinuum[5],

which we implemented, uses a projective approach (also
referred as standard homotopy) based @zdit's theo-
rem [18]. PHC, [28, 27], implements real homotopy con-
tinuation based on Bernstein’s theorem. For more theory
see [18, 26, 1, 16].

Since the coefficients of the system depend on the con-
straint values, we can further exploit the structure those pa-
rameters impose on the solution set by using parameter ho-
motopy. Morgan and Sommese [21] have shown that, if the
coefficients of a system are given by parameters, we can
solve a system for generic set of parameter values (i.e. by
standard homotopy), and then use that systemaanyglits
affine solutions in a homotopy to find all the affine solu-
tions of any other system with the same parameter structure.
Solving the generic system is now only preprocessing.

This technique is specially useful when a system has to
be solved repeatedly for different parameter values, whichis
the case here. We have used Continuum for our experiments
with parameter homotopy and have found that this reduces
the number of paths significantly and so sharply reduces the
computation time.

The representation of the primitives, simplification of the
associated system, and the selection of the core system are
driven by the following quantities which constitute a mea-
sure of the complexity of a system; [20, 19]:

Number of terms per equation,
Number of variables per equation,
Total degree (or Bezout bound),
Mixed volume (or BKK bound),

Numerical conditioning of the Jacobian matrices
along the homotopy paths.



Intuitively, the number of terms per equation and the num-
ber of variables per equation provide a measure of the
sparseness of the system. The total degree and the mixed
volume give an upper bound on the number of solutions,
and so give an intrinsic measure of the number of paths to H
be tracked by the homotopy method. Finally, well condi- )
tioned Jacobian matrices along the paths indicate that the
numerical computation is stable.

Note that a system with fewer variables need not be a
simpler system. Morgan [20] gives a number of examples
where symbolic reduction degrades the numerical stability
of a system, especially when the reduction is carried be- Figure 3. Placement of 3 points.
yond a certain point. Therefore, a balance should be struck
between seeking to reduce the number of variables, by sym-
bolic algebraic computation and maintaining stable paths. Placement of3 Points:

Finally, unless otherwise noted, all the running times re- | et 5, | p, andp; be 3 points with pairwise distance con-

ported in were obtained on a Sun Sparc Station 20 with straintsd, ;. A generic placement can be obtained by the
128MBytes of memory and SunOS 5.5.1. following rules:

X

1. is placed at the origin.
3. The Octahedron Solved pLisp g

2. py is placed on the positive side of theaxis at dis-

tanced;» from p;.
We present the framework used to solve the the octahe-

dron problem shown on Figure 1. 3. ps is placed on the:z-plane according to the dis-
tancesl; 3 anddss, with z > 0.

3.1. Representation See Figure 3. The points are now represented by
A point p; is represented by its Cartesian coordinates pr: EO’ 0’002))
D2 1 (o, Y,

2 (z1,0,2
pi ¢ (@i, Y3, %), ps ¢ (21,0, 22)

Moreover, the placement rules and the constraints com-

and the distance between two points and p;, by pletely determine the values of, z; andxs:
_____ 122 — d2, + d?
| Gist oo p;) = i R §w ©s = /—2% + &2y
vector |lpip;|| = dij v )
- 2 2 2 =2 i [ [ i
Cartesian| (z; —z;)° + (yi —y;)* + (2 — 2))* = d}; The associated system, obtained in this way Inagua-

tions and12 variables. Furthermore its total degree and
BKK bound equal2'2. Therefore4096 homotopy paths
must be tracked to solve the system. Considering that each
path is computed il second, more than one hour would
required to solve the problem.

3.2. Equation Formulation

The solutions of well-constrained problems are rigid re-
alizations with six degrees of freedoshttanslational and 3.3. Algebraic Simplification
rotational). The remaining degrees of freedom will be elim-
inated by a suitable placement of some of the primitives. 1 associated system can be simplified in the following
We assume nonzero distances to avoid enumerating degergteps (refer to [4] for the details):
erate cases.

For the octahedron problem there is only one placement 1. Gaussian elimination. The resulting system should
choice: have as few squared variables as possible.

1This can also be thought of as choosing the coordinate systems such 2. Eliminate univariate e-quatio.ns, since the variables in-
that (some of) the coordinates of those primitives are known in advance. volved can be determined directly.



3. Parameterize all bilinear equations and replace the
occurrence of each parameterized variable, by the
corresponding parametric expression.

4. Parameterize the bivariate quadratic equations (using
sin andcos) and replace the occurrence of each pa-
rameterized variable, by the corresponding paramet-

ric expression.

5. Use the standard trigonometric sub-
stitution cos(;) = T, sin(a;) = 245, where
y; = tan ().

The resulting core system

(1 y2? + ) yi® +azy2y1 +asy® + a5 =0
(Brys® + B2) y1®> + Bsysyr + Bays® + B =0
(mys®>+72) 2> +v3ysy2 +7ays® +v5 =0

1)
has only3 equations of degre¢. The coefficientsy;, 5;,
and~y;, i = 1,...,5 depend ultimately on the distance con-

straints. Furthermore, given a solution of the core system,
a solution of the original system, and, consequently, a real-
ization of the problem can be easily computed.

The total degree of the system 164 and its BKK
bound isl6. Moreover, we used Continuum to solve various
generic instances of system 1 and found that it has indeed
16 affine solutions.

3.4. Solution with Homotopy Continuation

Table 1 summarizes the application of homotopy con-
tinuation to a typical octahedron problem. Figures 4, 5, 6,

| | Typical problem|

Figure 4. Realization #1 of a typical octahe-
dron problem

Figure 5. Realization #2 of a typical octahe-
dron problem

4. The Points/Lines Problem

Continuum # paths 64
Std. Homotopy| time (in sec.) 27
Continuum # paths 16 We consider now how to solve the 3p3l problem of Fig-
Par. Homotopy| time (in sec.) 2 ure 2.
PHC # paths 16
time (in sec.) 2 4.1. Representation
Real 8
Solutions Complex_ 8 Points and distance between points are represented as de-
Geometric 8 fined in section 3. Aliné; is represented by the pdir;, ¢;),

whereb; = (bx;, by;, bz;) is the point on the line closest

Table 1. Summary of the results of the appli-
cation of homotopy continuation on a typical
octahedron problem.

to the origin and; = (¢, ty;, tz;), the unit tangent; i.e.,
||t,|| =1 andbi -t; =0

i = (bas, bys, bz; : tay, ty;, t2;),

and 4, show the realizations of a typical octahedron prob-Based on this representation, we can define the equations
lem. associated with the following constraints:



Figure 6. Realization #3 of a typical octahe-
dron problem

—

Figure 7. Realization #4 of a typical octahe-
dron problem

Distance Point-Line

| diSt(pi, lj) = dij |
vector b, — pill” = di;+ < pi,t; >
Cartesian| (bz; — z;)* + (by; — yi)* (bz; — z1)*—
(i tw; + yitys + zitz)? = dZ;

Angle Line-Line

| ang(li, ;) = as |
vector t; - t; = cos(aij;)
Cartesian t.’L‘itJ?j + ty,'tyj + tZith = COS((I,‘j)

We could represent lines alternatively with Grassmann-
Pliicker coordinates [25, 24]. However, we found that the
resulting equations are more complex according to our cri-

X

Figure 8. Placement of 1 point and 1 line

teria.

Blaschke [2] used dual quaternions to represent points,
planes and lines, and to establish certain geometric con-
straints. Hestenes [8, 9] extends Blaschke’s idea by using
the concept of Geometric Algebras (also referred to as Clif-
ford Algebras) to create a uniform representation for ge-
ometric primitives. Both approaches are attractive from a
theoretical point of view, but must rely ultimately on the
Euclidean or projective representations for the actual com-
putation.

4.2. Equation Formulation

We assume nonzero distances and nontrivial anges (
0°,180°) to avoid enumerating degenerate cases.

For the 3p3l problem, there are three placement choices
which yield to different associated systems,,, is ob-
tained by placing points, as described in section 3.
andFj; are obtained, respectively, by placing one point and
one line, or else two lines, as follows:

Placement of 1 Point and 1 Line:F,

Letl; = (b1,t1) be aline,p, a point, andd;-» the distance
betweerl; andp-. They can be placed as follows:

1. [, is put on ther-axis (with tangent vecta{l, 0, 0)).

2. py is placed on the positive side of theaxis and at
distancet;, from!;.

See Figure 8.
Forl, andp, we obtain

I, : (0,0,0: 1,0,0)
D2 (0,0,ZL“O)

wherezy = dy».



System| Before Simplification
#Eq.| Total degree
Fopp 21 | 221 =2097152
Fy 19 219 = 524288
Fy 18 218 = 262144

System After Simplification
# EqQ. Total degree

g From | 9 | 2°x6° = 13824
g F, | 16 | 2 = 65536
Fu | 12 | 27 = 4096

Figure 9. Placement of 2 lines

_ Table 2. Summary of the simplification of the
Placement of 2 Lines:Fy, systems for the different placement choices.

Letl; = (b1,t1) andly = (bs,t2) be two lines, and let

a1 be the angle between them. Then the lines can be placed
as follows: parameters are used to select the core system to be solved

by homotopy continuation.

1. [, is placed as the-axis (tangentl,0,0)). _ . )
System£),; can be excluded, because it has a very high

2. 1, lies in the plane: = z, intersects the axis, and  total degree and BKK bound. SysteR),, seems like the
satisfies the angle constraint. natural choice. Even though it has a large total degree, the
BKK bound indicates that it may have fewer affine solutions

The situation is depicted on figure 9 than the other systems.

The generic coordinates 6f andl, are

L (0,0,0: 1,0,0)
l>: (0,0, : z1,22,0)

System|| terms/equation vars/equation
The values ofz; andz, depend only on the angle between Fppp || 96/11=10.67 | 36/9=14
the two lines, Ey 101/16 =6.31 | 72/16=4.5
Fy 87/12 =725 | 52/12 =4.33
r1 — COS(a12) Ty = \/ 1-— Jff = Sin(alg)
i i System|| Total degree | BKK bound
The value ofzy cannot be determined in advance. It de- F 2565 — 13824 3456
s . ppp
pends on the other primitives and the constraints of the F 516 — 65536 6144
problem. Fu || 2% = 4096 1096

4.3. Algebraic Simplification
Table 3. Complexity parameters of the simpli-

How much each system can be simplified (according to  fied systems F,,, Fy,;, and Fy.
our criteria) depends solely on its structure. Table 2 sum-
marizes the simplification of the three systems of the dif-
ferent placement choices. The columns show the number
of equations and the total degree of the systems before and In this case, however, the BKK bound overcounts the
after simplification. The simplification steps are detailed number of affine roots. Practical experiments solved sys-
in [4]. The techniques included computation steps similar tem £, for various (consistent) constraint values. It was
to those used in section 3, but also include steps familiarfound that1 904 out of the3456 paths converge to affine so-
from Grébner basis computations and other parameteriza-lutions. Similar experiments performed diy found that
tions. only 960 paths out of thet049 paths lead to affine solu-

Table 3 summarizes some of the complexity parameterstions. Therefore; should be chosen as the core system of
for systemsF},,, F,;, and Fy;, after simplification. These  the 3p3l problem.



theless, this template, and others involving line primitives,

| | Typical Example| have so far resisted an adequate solution that is capable of
Continuum # paths 4096 determining all finite solutions. In our research, we have
Std. Homotopy| time 4h18m considered the nature of this template by exploring the fol-
Continuum # paths 960 lowing choices:
Par. Homotopy| time 1h34m 1. Different coordinatizations of the line primitive;
PHC # paths 3456 _ N )
time (in sec.) 16h20m 2. d|ﬁgrent ways to position t_he_ 900rdmate system, or,
Real 28 equivalently, a subset of primitives in the template;
Solutions Complex 912 3. avariety of symbolic algebraic techniques; and
Geometric 48

4. several different ways to structure homotopy contin-
uation solvers.

Table 4. Typical running times of Continuum

and PHC for a 3p3l problem where the lines

are orthogonal.

Unfortunately, none of these different ways to approach the
3p3l problem has resulted in a template solver sufficiently
efficient to provide interactive solvers for those templates.
The implication of the technology barrier we have en-
countered is this: Allowing the application user to revisit
4.4. A Special Case the solution tree interactively and exploring other, perhaps
more appropriate solution choices by choosing a different
Even though¥, is the simplest core system, it cannot be path through the tree, is not going to be sufficiently fast in
used to solve the 3p3I problem interactively, since there arepractice. Thus, variational spatial constraint solvers built
still too many paths leading to affine solutions. on a comprehensive, generic approach are not sufficiently
We analyzed a special case of the 3p3l problem in which attractive for interactive use.
the lines are pairwise orthogonal. The system that results We already mentioned that the formal incorporation of
is simpler, when considering the number of variables and side conditions is unattractive, because it leads us to solv-
terms per equation, but the bounds on the number of solu-ing nonlinear optimization problems. Therefore, a way out
tions remain the same. As in the general case, the systen®f the apparent dilemma would be to severely restrict the
obtained by using different random distance valuesdtds  vocabulary of spatial primitives. In particular, it appears

affine solutions. that the use of lines as primitives must be restricted so as
to allow interactive solvers that are capable of finding, in
4.5. Solution with Homotopy Continuation principle, all solutions of spatial constraints systems.

In the case of planar constraint problems, there are fast

Table 4 summarizes the running times of Continuum and variational solvers based on restrictions that do not con-

PHC for a 3p3! problem with orthogonal lines. The best fine applications in CAD. In the case of spatial variational
performance is achieved with parameter homotopy. constraint solving, such pragmatic restrictions have not
yet been demonstrated. It would be nice if technological

. . progress would obviate the need to do so.
5. Discussion

We stated in the introduction that instance solvers, such
as the Newton-Raphson solvers familiar from [17], are not
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have very limited ability to decompose large constraint
problems into a set of smaller ones that may be solved in [1] E. Allgower and K. Georg. Continuation and Path Follow-
isolation. While the latter problem can be remedied by us- ing. Acta Numericapages 1-64, 1993.
ing Newton iteration in the second phase of a generic solver, [2] W. Blaschke. Kinematik und Quaternionen Berlin,
the former deficiency cannot be so addressed. This has mo- _ Deutscher Verlag der Wissenschaften, 1960.

. o . [3] W. Bouma, |. Fudos, C. Hoffmann, J. Cai, and R. Paige.
tivated us to augment the possibility of solving template A geometric constraint solver.Computer Aided Design

problems algebraically with the comprehensive numerical 27-487-501. 1995,

fam”_y of homotopy Fonti_nlfa}tion methods. [4] C. Durand. Symbolic and Numerical Techniques for Con-
With six geometric primitives, the 3p3l pattern explored straint Solving PhD thesis, Purdue University, Computer

in Section 4 can hardly be considered very large. Never- Science Dept, 1998.



(5]

(6]

(7]

(8]
El

(10]

(11]

(12]

(13]

(14]

(15]

(16]

(17]

(18]

(19]

(20]

(21]

(22]

(23]

C. Durand and C. M. Hoffmann. Continuum: A Homotopy
Continuation Solver for Systems of Algebraic Equations.
Technical Report TR 98-028, Department of Computer Sci-
ences, Purdue University, 1998.

I. Emiris and B. Mourrain. Polynomial System Solving and
the Case of the Six-Atom Molecule. Technical Report 3075,
INRIA, 1996.

I. Fudos and C. M. Hoffmann. Correctness proof of a geo-
metric constraint solveintl. J. of Computational Geometry
and Applications6:405-420, 1996.

D. HestenesNew Foundations for Classical Mechani.
Reidel, 1987.

D. Hestenes. The Design of Linear Algebra and Geometry.
Acta Applicandae Mathematica23:65-93, 1991.

C. Hoffmann, A. Lomonosov, and M. Sitharam. Finding
solvable subsets of constraint graphs. Piinciples and
Practice of Constraint Programming — CP9Fages 463—
477. Springer LNCS 1330, 1997.

C. M. Hoffmann and P. J. Vermeer. Geometric constraint
solving inR? andR®. In D. Z. Du and F. Hwang, editors,
Computing in Euclidean Geometnyages 266—298. World
Scientific Publishing, 1994. second edition.

C. M. Hoffmann and P. J. Vermeer. A spatial constraint prob-
lem. InWorkshop on Computational Kinematié¢gance,
1995. INRIA Sophia-Antipolis.

B. Huber. Solving Sparse Polynomial Syster®D thesis,
Cornell University, 1996.

B. Huber and B. Sturmfels. A Polyhedral Method for Solv-
ing Sparse Polynomial Systemglathematics of Computa-
tion, 64(212):1541-1555, October 1995.

H. Lamure and D. Michelucci. Solving Geometric Con-
straints by Homotopy. Ifhird Symposium on Solid Mod-
eling and its Applicationspages 263—-269, Salt Lake City,
Utah, 1995. ACM.

T. LI. Numerical Solutions of Multivariate Polynomial Sys-
tems by Homotopy Continuation Methodscta Numerica
6:399-436, 1997.

R. Light and D. Gossard. Modification of geometric mod-
els through variational geometr€omputer Aided Design
14:209-214, 1982.

A. Morgan. A Homotopy for Solving Polynomial Systems.
Applied Mathematics and Computatjd8:87-92, 1986.

A. Morgan. Solving Polynomial Systems using Continua-
tion for Engineering and Scientific Problenfrentice-Hall,
Englewood Cliffs, NJ, 1987.

A. Morgan. Polynomial Continuation and its Relationship to
the Symbolic Reduction of Polynomial Systems. In B. Don-
ald, D. Kapur, and J. Mundy, editoiSymbolic and Numeri-
cal Computation for Artificial Inteligencécademic Press,
1992.

A. Morgan and A. Sommese. Coefficient-Parameter Polyno-
mial Continuation Applied Mathematics and Computatjon
29:123-160, 1989.

P. Nanua, K. Waldron, and V. Murthy. Direct Kinematic So-
lution of a Stewart PlatformEEE Transactions on Robotics
and Automation6(4):438-443, August 1990.

N. Patrikalakis. Surface-to-Surface Intersection&EE
Computer Graphics and Applicatigrk3(1):89—-95, 1992.

[24] C. Springer. Geometry and Analysis of Projective Spaces

W.H. Freeman and Company, 1964.

[25] J. A. Todd. Projective and Analytical GeometryPitman

Publishing Corporation, 1946.

J. Verschelde.Homotopy Continuation Methods for Solv-
ing Polynomial SystemPhD thesis, Katholieke Universiteit
Leuven, 1996.

J. Verschelde. PHCPACK, 1997. Available at http://www.
math.msu.edu/” jan/.

J. Verschelde. PHCPACK: A general-purpose solver for
polynomial systems by homotopy continuation. Techni-
cal Report TW 265, Department of Computer Science,
Katholieke Universiteit Leuven, 1997.

C. Wampler, A. Morgan, and A. Sommese. Numerical Con-
tinuation Methods for Solving Systems arising in Kinemat-
ics. Journal of Mechanical Desigi12:59—-68, 1990.



