STABILITY CONDITIONS FOR SOME DISTRIBUTED SYSTEMS: BUFFERED RANDOM ACCESS SYSTEMS

August 18, 1993

Wojciech Szpankowski^∗ Department of Computer Science Purdue University W. Lafayette, IN 47907 U.S.A.

Abstract

We consider the standard slotted ALOHA system with a finite number of buffered users. Stability analysis of such a system was initiated in 1979 by Tsybakov and Mikhailov. Since then several bounds on the stability region have been established, however, the exact stability region is known only for the symmetric system and two users ALOHA. This paper proves necessary and sufficient conditions for stability of the ALOHA system. We accomplish this by means of a novel technique based on three simple observations: applying mathematical induction to a smaller copy of the system, isolating single queue to which Loynes’ stability criteria is adopted, and finally using stochastic dominance to verify the required stationarity assumptions in the Loynes’ criterion. We also point out that our technique can be used to assess stability regions for other multidimensional systems. We illustrate it by deriving stability regions for buffered systems with conflict resolution algorithms (see also Georgiadis and Szpankowski (1992) for similar approach applied to stability of token passing rings).

To appear in Advances in Applied Probability, June 1994.

∗This research was supported in part by the NSF grants NCR-9206315 and CCR-9201078, by AFOSR grant 90-0107, and in part by NATO Collaborative Grant 0057/89. This paper was revised while the author was visiting INRIA, Rocquencourt, France, and he wishes to thank INRIA (projects ALGO, MEVAL and REFLECS) for a generous support.

1. INTRODUCTION

A fundamental issue in the design of any distributed system is its stability, loosely defined as its ability to possess required properties in the presence of some disturbances. Hereafter, by stability we understand an ability of a system to keep a quantity of interest (e.g., queue length, waiting time, etc.) in a bounded region, or more precisely the existence of the limiting distribution for a quantity of interest.

In this paper, we investigate the buffered ALOHA system, propose a method of evaluating its stability, and show that this new approach can be extended to a larger class of distributed systems. Stability analysis of the buffered ALOHA system was initiated by Tsybakov and Mikhailov (1979) who obtained a simple bound for the stability region, and exact sufficient and necessary conditions for the ergodicity of the symmetric system (e.g., all input rates and probability of transmissions are the same). It was generalized in Szpankowski (1988) who derived some improved bounds for the stability region, and some new bounds for the instability region. Falin (1981) used the Lyapunov test function approach (cf. Tweedie (1976)) to obtain another bound for the stability region (cf. also Szpankowski (1988)). Recently, Rao and Ephremides (1989), using stochastic dominance method constructed the best up-to-date bound for the stability region for not-too-asymmetric buffered ALOHA system. Finally, for a simple arrival process Anantharam (1991) obtained the closure of the ergodicity region (i.e., a stability region for which there exists a vector of transmission probabilities that assures system stability).

The exact stability region for the ALOHA model is known only for M = 2 users system, and the symmetric model. The case M = 2 was solved by Tsybakov and Mikhailov (1979) who applied general stability criteria for two-dimensional homogeneous Markov chains derived by Malyshev in his seminal paper Malyshev (1972). These general stability criteria have been extended to higher dimensions by Mensikov (1974), and Malyshev and Mensikov (1981). For two-dimensional homogeneous Markov chains Vaninskii and Lazareva (1988), Fayolle (1989) and Rosenkrantz (1989) relaxed some of Malyshev’s restrictions (e.g., boundness of the arrival process). We point out that so far the above criteria for dimension higher than two have been rarely applied in practice despite the fact that they are known for almost twenty years, and up-to-date only few real systems have been analyzed through this approach. However, contrary to token passing rings, stability region of ALOHA is not represented by a system of linear equations (with respect to input rates). Actually, it depends on the distribution of the arrival process, while in the case of token passing rings (also networks of queues, etc.) the stability region is a linear function of the arrival rates.

In this paper, we solve the stability problem of the ALOHA system originally posed by Tsybakov and Mikhailov (1979), that is, we prove necessary and sufficient condition for stability of the ALOHA system. Our approach is novel, and it was already outlined in Szpankowski (1990). This technique was recently rigorized in Georgiadis and Szpankowski (1992) where sufficient and necessary stability condition was established for token passing rings (cf. Georgiadis and Szpankowski (1993)).

Our technique is based on three simple observations. Informally speaking: (i) we use mathematical induction to reduce the dimensionality of the problem; (ii) we apply an old result of Loynes (1962) that allows to assess stability of an isolated general queue with stationary input process; (iii) finally, we use stochastic dominance to verify a technical stationarity requirement in Loynes’ criteria and to apply induction arguments. It should be stressed, however, that within this general framework every multidimensional model requires subtle but significant modifications that are often far from obvious.

This paper is organized as follows. In the next section we present sufficient and necessary condition for stability of the buffered ALOHA system. In particular, we derived explicit formulas for the stability regions of the system with M = 2 and M = 3 users. The proof of our main result is delayed till Section 3 which discusses in length our approach. The proof of the sufficient part (cf. Section 3.1) resembles the idea already used in Georgiadis and Szpankowski (1992), but the necessary part (cf. Section 3.2) requires quite a new approach. From the discussion in Section 3 one should conclude that our method is not restricted to stability analysis of the ALOHA system, and other distributed systems can be approached in a similar manner. To illustrate this we present in Section 4 stability conditions for another distributed system, namely buffered multiqueue system with a conflict resolution algorithm (cf. Capetanakis (1979), Paterakis et al. (1987)).

2. MAIN RESULTS

This section presents sufficient and necessary stability conditions for the buffered ALOHA system. The proof of our main Theorem 1 is given in the next section. 2.1 Model Formulation

We start with a short description of the buffered ALOHA system (cf. Tsybakov and Mikhailov (1979), Szpankowski (1986)). The system consists of M distributed users, each having an infinite buffer for storing fixed-length packets. The channel is slotted, and a slot duration is equal to a packet transmission time. The arrival process is i.i.d. with respect to slots, and arrival processes are independent from a user to a user. A nonempty user transmits a packet with probability r_i in a slot, where i ∈ M and M = {1, 2, . . ., M} is the set of users. If two or more users transmit simultaneously, then a collision occurs and the packets must be retransmitted in future. When exactly one packet is transmitted in a slot, then a successful transmission takes place, the packet is removed from its queue, and another packet, if the queue is nonempty, gets its chance to be served. For technical reasons we additionally introduce slot availability. We assume that a slot is available to all users with probability 1 − b, and blocked with probability b. In the standard ALOHA we have b = 0.

Let N^t_j represent the queue length in the jth user at the beginning of the tth slot, where t = 0, 1, . . . . Under the above assumptions, the M-dimensional process N^t = (N^t_1, N^t_2, . . ., N^t_M) is a Markov chain (cf. Tsybakov and Mikhailov (1979), Szpankowski (1986)) since

N^{t+1}_j = (N^t_j − Y^t_j )^+ + X^t_j (2.1)

where X^t_j represents the number of customers arriving during the tth slot to the jth user with EX^t_j = λ_j < ∞, and

Y^t_j = (1 − B^t)R^t_j 1 − ∑ k∈M−{j} R^t_kχ(N^t_k) + . (2.2)

In the above: 1 − Pr{R^t_j = 0} = Pr{R^t_j = 1} = r_j, and Pr{B^t = 0} = 1 − Pr{B^t = 1} = 1 − b, and for all k ∈ IN_0 χ(k) = 0 if k = 0 1 if k ≥ 1 where IN_0 is a set of nonnegative integers. 2.2 Stability Criteria

A multidimensional processes N^t = (N^t_1, . . ., N^t_M) (not necessarily Markovian process) is stable if for x ∈ IN^M_0 the following holds

lim_{t→∞} Pr{N^t < x} = F (x) and limx_{→∞} F (x) = 1 (2.3)

where F (x) is the limiting distribution function, and by x → ∞ we understand that x_j → ∞ for all j ∈ M = {1, . . ., M}. If a weaker condition holds, namely,

limx_{→∞} lim_{t→∞} inf Pr{N^t < x} = 1 , (2.4)

then the process is called substable by Loynes (1962), tight by Breiman (1968), and bounded in probability by Meyn and Tweedie (1992). Otherwise, the system is unstable (for more details see Loynes (1962), Borovkov (1976), Walrand (1988)).

We start with an informal overview of our approach. First of all, we construct a modified ALOHA system as follows. Let P = (S, U) be a partition of M such that users in S ≠ M work exactly in the same manner as in the original ALOHA model, while users in U persistently attempt to send (dummy) packets even if their buffers are empty (e.g., dummy packets). We call users in U persistent (or jamming or saturated), and users in S nonpersistent. Note that the system consisting of users in S forms a smaller copy of the original ALOHA system with a new probability of slot availability, namely 1 − b = ∏ j∈U (1 − r_j). In passing, we observe that our sets U and S resemble faces and induced Markov chains of Malyshev and Mensikov (1981).

For a given partition P = (S, U) of M such that S ≠ M, let N^t_P = (N^t_S , N^t_U ) denote the queue lengths in the modified system where N^t_S (resp. N^t_U ) represents the queue lengths in S (resp. in U). It can be proved (cf. Tsybakov and Mikhailov (1979) and Szpankowski (1986)) that N^t_P dominates the original queueing process N^t, that is,

N^t ≤_{st} N^t_P (2.5)

provided N^0 = N^0_P .

Note that by our construction, the process N^t_S is an |S|-dimensional Markov chain that mimics the behavior of the ALOHA system. Since |S| < M, we can apply mathematical induction to establish its stability. We further assume that the Markov chain N^t_S is stationary and ergodic (this is explained in details in Section 3). We denote this stationary version as N^0_S to indicate that the process starts from the stationary distribution.

Let Y^t_j (S) be the output process from the jth queue in the dominant system. We write P^j_{succ}(S) = EY^t_j (S) to denote the probability of a successful transmission from the jth user in the dominant system P^j_{succ}(S) = EY^t_j (S) provided Y^t_j (S) is a stationary sequence. This is assumed to hold as a simple consequence of our assumption regarding stationarity of N^t_S . Then, by (2.2) (cf. Tsybakov and Mikhailov (1979), Szpankowski (1986))

P^j_{succ}(S) = r_j ∏ k∈U−{j} (1 − r_k) ∑ z_S ∈Θ_S

Pr{χ(N^0_S ) = z_S } ∏ k∈S−{j} (1 − r_k)^{zk} , (2.6)

where the summation is over the set

Θ_S = {z_S : z_S = (z_1, . . ., z_{|S|}), z_j ∈ {0, 1}, j ∈ S} . (2.7)

In the above, χ(N^0_S ) = (χ(N^0_{i1} ), . . ., χ(N_{i|S|} )) where i_j ∈ S for all j = 1, . . ., |S|, and by k ∈ A − {j} we mean that k belongs to A and it is not equal to j (even if j /∈ A). We set by convention Pr{χ(N^0_S ) = 1} = 1 in the case N^t_S is unstable.

Observe also that one can view (2.6) as the probability of success in an S-copy of the ALOHA system with slot availability equal to 1 − b_U = ∏ k∈U (1 − r_k). Furthermore, if one considers a version of ALOHA with (external) slot availability equal to 1 − b, then the righthand side of (2.6) must be multiplied by 1 − b.

To present our result in a compact form we introduce some more notation. Let R_M, R_S and R_U be respectively stability regions for the whole system, and the systems consisting of nonpersistent users S and persistent ones U in the modified ALOHA system under the partition

P = (S, U). We set R_P = R_S ∩ R_U . Sometimes, we write more explicitly R_M[b] and/or R_S [b] for the stability region of a system with slot availability 1 − b. We use below R_M (R_S ) and R_M[b] (R_S [b]) interchangeable to simplify notations as long as it does not lead to a confusion. In addition, we define M_k = M − {k} so that the corresponding partition is P_k = (M_k, {k}). Thus, R_{Mk} [r_k] denotes the stability region of an M − 1-dimensional ALOHA system with probability of blocking b = r_k. We also write ˘_S = {λ_i}_{i∈S} .

The next theorem is our main finding, and it provides sufficient and necessary condition for stability of the buffered ALOHA system. It is proved in Section 3. Below, we write iff^∗ to mean: if and only if with possible exception of the boundary points of a stability region. (In fact, our technique usually does not establish stability of boundary points, however, in most cases only minor modifications are necessary to prove instability of boundary points; e.g., Georgiadis and Szpankowski (1992)).

Theorem 1. The stability region of the buffered ALOHA system with slot availability 1 − b is

R_M[b] = M⋃ k=1 {˘ = (λ1, . . ., λM ) : λk < P^k_{succ}(Mk), and ˘M_k ∈ RM_k [1 − (1 − b)(1 − rk)]} . (2.8a) In particular, the original ALOHA system is stable iff^∗ ˘ ∈ R_M[0].

Remarks. (i) Actually, in Section 3 we prove that the stability region R_M can also be represented as

R_M = M⋃ k=1 {˘ = (λ1, . . ., λM ) : λj < P^j_{succ}(Mk), for all j ∈ M} , (2.8b) where one has to interpret the above in the spirit of (2.8a). That is, for the partition P_k = (M_k, {k}) the stability of (the smaller copy of the system) M_k is computed recursively under the assumption that b = r_k (i.e., the kth queue is saturated). In fact, in Section 3 we prove even stronger results, namely, a local stability condition. More precisely, for a partition P = (S, U) we prove that R_U = {˘_U : λ_j < P^j_{succ}(S) for all j ∈ U}, and R_P = R_U ∩ R_S , where R_S (more specifically, R_S [b_U ] with b_U = 1 − ∏ j∈U (1 − r_j)) is given recursively by the induction.

(ii) Observe that R_M = ⋃ Pk R_{Pk} = ⋃ P R_P where P_k = (M_k, {k}), that is, only partitions P_k contributes to the final stability region. This follows from (1 − r_k)^{zk} ≥ (1 − r_k) where z_k ∈ {0, 1}, and the following monotonicity property of the probability of success P^j_{succ}(S) (cf. Tsybakov and Mikhailov (1979), and Szpankowski (1986)) S^′ ⊂ S =⇒ P^j_{succ}(S^′) ≤ P^j_{succ}(S) .

(iii) From Theorem 1 one concludes that the system is unstable for ˘ ∈ R_M where

R_M = M⋂ k=1 {˘ : λk > P^k_{succ}(Mk) or ˘M_k /∈ RM_k } = M⋂ k=1 {˘ : λk > P^k_{succ}(Mk) and ˘M_k ∈ RM_k } ∪ {˘M_k /∈ RM_k } . It should be clear from our inductive arguments in Section 3 that to establish the above we need only to show that the original system is unstable for {λ_k > P^k_{succ}(M_k) and ˘_{Mk} ∈ R_{Mk} }. This is proved in Section 3.2.

(iv) Our proof of Theorem 1 can be used to give a detailed characterization of the instability region. More precisely, we can partition the instability region R_M into subregions R^{(k1,...,kd)}_M (k_i ∈ M for i = 1, . . ., d) such that for λ ∈ R^{(k1,...,kd)}_M only queues N^t_{k1} , . . ., N^t_{kd} are unstable while the remaining are stable. For example, of Section 3.2 we show that in the region

R^{(k)}_M = {˘ = (λ_1, . . ., λ_M ) : λ_k > P^k_{succ}(M_k) and λ_{Mk} ∈ R_{Mk} }

only the kth queue is unstable while the others are stable.

(v) The stability region for the ALOHA system (and several others) can be simplified if one considers the so called closure of the stability region which is defined as the set of all ˘ = (λ_1, . . ., λ_M) such that there exists a vector of transmission probabilities (r_1, . . ., r_M ) for which the ALOHA system is stable. Tsybakov and Mikhailov (1979) conjectured that the closure C of the stability region for the ALOHA can be characterized as follows

C = {˘ = (λ_1, . . ., λ_M) : λ_j < r_j ∏ k≠j (1 − r_k) , 0 ≤ r_j ≤ 1 for all j ∈ M} .

Anantharam (1991) proved this fact for a simple input process. However, for general ALOHA it is still an open problem. We hope that our Theorem 1 will help to settle this conjecture. 2.3 Special Cases and Bounds

Provided Theorem 1 is proved, we shall show how to apply it to establish stability regions for M = 2 and M = 3, and the symmetric ALOHA system. We also discuss some bounds on R_M. Stability characterization for M = 3 is new. (We shall write below R instead of R_M to simplify notations.)

We start with M = 2, and let P_1 = (M_1, {1}) and P_2 = (M_2, {2}) where M_1 = {2} and M_2 = {1}. We write R_i to denote the stability region for the partition P_i for i = 1, 2. Below, only the construction of R_1 is discussed in details. By (2.6) we have

P^1_{succ}(M_1) = r_1(Pr{N^0_2 = 0} + (1 − r_2)Pr{N^0_2 ≥ 1}) P^2_{succ}(M_1) = r_2(1 − r_1) .

Figure 1: Stability region R for M = 2 as a union of stability regions R_1 and R_2.

But, for λ_2 < P^2_{succ}(M_1) the probability Pr{N^0_2 ≥ 1} = λ_2/(r_2(1 − r_1)), and hence one obtains the stability region R_1 (see Corollary 2 below for the formula on R_1 and Figure 1 for a graphical illustration). In a similar manner, considering M_2 we obtain the stability region R_2. The whole stability region R is the sum of R_1 and R_2 as illustrated in Figure 1.

Putting everything together, we summarize the stability result for M = 2 in the following corollary. Under stronger assumptions, this result was already known to Tsybakov and Mikhailov (1979) (cf. also Rao and Ephremides (1989)).

Corollary 2. For M = 2, the buffered ALOHA system is stable for all (λ_1, λ_2) ∈ R such that

R = {λ_1 < r_1(1 − λ_2/r̄_1) and λ_2 < r̄_1r_2} ∪ {λ_1 < r_1r̄_2 and λ_2 < r_2(1 − λ_1/r̄_2)} , (2.9a)

and the system is unstable for (λ_1, λ_2) ∈ R where

R = {λ_1 > r_1(1 − λ_2/r̄_1) or λ_2 > r̄_1r_2} ∩ {λ_1 > r_1r̄_2 or λ_2 > r_2(1 − λ_1/r̄_2)} , (2.9b)

where r̄_j = 1 − r_j.

Now, we consider the case M = 3 which is more intricate. We only investigate three partitions P_i = (M_i, {i}) where M_1 = {2, 3}, M_2 = {1, 3} and M_3 = {1, 2} (cf. Remark (ii)), and only the first partition will be discussed in details. As before, the stability region R is the sum of three regions R_1, R_2 and R_3 each corresponding to M_1, M_2 and M_3, respectively.

Consider now R_1. The dominant system can be viewed as a two-user ALOHA system with appropriate probability for the slot availability. Such a system was analyzed by Nain (1985). We first briefly summarize some of Nain’s results adopted to our setting.

Let F_1(x, y) denote the generating function of (N^t_2, N^t_3) with slot availability 1 − b = 1 − r_1. Then, with a minor modification, it is proved in Nain (1985) (see also Szpankowski (1986)) that λ_2 = r̄_1r_2r̄_3(1 − F_1(0, 1)) + r̄_1r_2r_3(F_1(1, 0) − F_1(0, 0)) , (2.10a)

λ_3 = r̄_1r̄_2r_3(1 − F_1(1, 0)) + r̄_1r_2r_3(F_1(0, 1) − F_1(0, 0)) , (2.10b)

where, as before, r̄_i = 1 − r_i. Moreover, for z_2, z_3 ∈ {0, 1} we use the following simplified notation P_1(z_2, z_3) = Pr{χ(N_2) = z_2, χ(N_3) = z_3} with the first user being a persistent one. From Nain (1985) we have

P_1(0, 0) = ( 1 − λ_2 r̄_3r̄_1 − λ_3 r_3r̄_1 ) exp ( γ(1) 2πi ) ∫ |t|=1 log g(t) t(t − γ(1)) dt (2.11a) or P_1(0, 0) = ( 1 − λ_2 r_2r̄_1 − λ_3 r̄_2r̄_1 ) exp ( γ(1) 2πi ) ∫ |t|=1 log g_1(t) t(t − γ(1)) dt (2.11b) depending whether P_1(0, 0) is computed from F_1(0, y) or F_1(x, 0). We note that γ(1) and g(t) depend of the input rates λ_2 and λ_3 ! For example, F_1(1, 0) corresponding to (2.11a) becomes

F_1(1, 0) = ( 1 − λ_2 r̄_3r̄_1 − λ_3 r_3r̄_1 ) ( 1 − r_3r̄_1 1 − r_3r̄_1 − r_2r̄_1 ) ∫ |t|=1 log g(t) ((t − γ(1))^2 dt − r_2r̄_1 1 − r_2r̄_1 − r_3r̄_1

P_1(0, 0)

The region of validity of (2.11) is defined in Nain (1985). In (2.11), γ(x) |_{x=1} is the inverse of a conformal mapping of a unit circle onto a curve L_x defined in Nain (1985) (p. 54 and Lemma 4.1). The functions g(t) and g_1(t) are defined in Nain (1985), too.

Now we are ready to present the stability region for M = 3 ALOHA system. By (2.6) for P_1 = (M_1, {1}) we have

P^1_{succ}(M_1) = r_1 (P_1(0, 0) + P_1(1, 0)(1 − r_2) + P_1(0, 1)(1 − r_3) + P_1(1, 1)(1 − r_2)(1 − r_3)) ,

P^2_{succ}(M_1) = r_2(1 − r_1)(1 − (1 − F_1(1, 0))r_3) ,

P^3_{succ}(M_1) = r_3(1 − r_1)(1 − (1 − F_1(0, 1))r_2) ,

Figure 2: Stability region for M = 3 users in the slotted ALOHA system.

where the probabilities P_1(z_2, z_3) must be computed according to (2.10)-(2.12). For example, using (2.10) we can show that

P^1_{succ}(M_1) = r_1 ( 1 − λ_2r̄_2/r̄_1 + λ_3r̄_3/r̄_1 + r_2r_3(P_1(0, 0) − 1) 1 − r_2 − r_3 ) . (2.12)

In a similar manner, we can express P^2_{succ}(M_1) and P^3_{succ}(M_1) in terms of P_1(0, 0).

In summary, we obtain the following corollary.

Corollary 3. The buffered ALOHA system is stable iff^∗ (λ_1, λ_2, λ_3) ∈ R =

⋃_3 i=1 R_i where

R_1 = {λ_1 < P^1_{succ}(M_1), λ_2 < r_2r̄_1(1 − (1 − F_1(1, 0))r_3), λ_3 < r_3r̄_1(1 − (1 − F_1(0, 1))r_2)} R_2 = {λ_1 < r_1r̄_2(1 − (1 − F_2(1, 0))r_3), λ_2 < P^2_{succ}(M_2), λ_3 < r_3r̄_2(1 − (1 − F_2(0, 1))r_1)} R_3 = {λ_2 < r_1r̄_3(1 − (1 − F_3(1, 0))r_2), λ_2 < r_2r̄_3(1 − (1 − F_3(0, 1))r_1), λ_3 < P^3_{succ}(M_3)}

where the appropriate probabilities above are computed from the Nain’s (1985) model as discussed in (2.10)-(2.12) with some obvious modifications.

Stability region R for M = 3 is shown in our Figure 2. Note that the following points belong to the boundary of the stability region: ω = (λ_1, λ_2, λ_3) = (r_1r̄_2r̄_3, r̄_1r_2r̄_3, r̄_1r̄_2r_3),

A = (r_1r̄_2, r̄_1r_2, 0), and B = (r_1, 0, 0), C = (r_1r̄_3, 0, r̄_1r_3), D = (0, 0, r_3), E = (0, r_2r̄_3, r̄_2r_3) and F = (0, r_2, 0). In passing, we stress the fact that the probability of success P^j_{succ}(M_k) does depend explicitly on the probability P_1(0, 0), which is a nonlinear function of the input rates. This implies that the boundaries of the stability region for the ALOHA system for M ≥ 3 are not linear functions of (λ_1, λ_2, λ_3).

A generalization of the above to M > 3 is even more challenging, since we need to estimate the probability of empty/nonempty buffers in three and higher dimensional ALOHA systems. Nevertheless, for M > 3 some bounds are easy to obtain from Theorem 1. For example, the bounds derived by Tsybakov and Mikhailov (1979) (cf. also Szpankowski (1988)) directly follow from (2.6) and (2.8). Indeed, since ∏ k∈Mj (1 − rk) zk ≥ ∏ k∈Mj (1 − rk), one immediately

proves from (2.6) that λ_j < r_j ∏ k∈Mj (1−rk) for j ∈ M is sufficient for stability of the ALOHA

system. On the other hand, since ∏ k∈Mj (1 − rk) zk ≤ 1 we prove that λ ≥ r_j for some j ∈ M, is sufficient for instability of the ALOHA system.

The above simple bounds can be used to establish sufficient and necessary conditions for stability of the symmetric ALOHA system. We prove the following result which was already known to Tsybakov and Mikhailov (1979) Corollary 4. Let r_j = r and λ_j = λ for all j ∈ M. Then, such a symmetric ALOHA system is stable if and only if the following holds

λ < r(1 − r)^{M −1} . (2.13)

Proof. This directly follows from Theorem 1 since in the symmetric case we really deal with a one dimensional problem. The stability region in this case is the intersection of the line λ_1 = λ_2 = · · · = λ_M = λ with the region R_M as defined in (2.8) for r_1 = r_2 = · · · = r_M = r. Even simpler proof can be obtained, by noting that (2.13) is a direct consequence of the above upper bound λ_j < r_j ∏ k∈Mj (1−rk) for j ∈ M. Setting in this inequality the symmetric model

assumptions, we obtain (2.13). From Tsybakov and Mikhailov (1979), and Szpankowski (1986) we also know that (2.13) is necessary for the stability.

To obtain more sophisticated bounds for the stability region R_M, one needs a tighter estimate for the probability Pr{χ(N^t_S ) = z_S } in (2.6) (cf. Szpankowski (1988), and Rao and Ephremides (1989)). For example, in Rao and Ephremides (1989) all probabilities Pr{χ(N^t_S ) = z_S } in (2.6) are skillfully bounded by a one dimensional probability Pr{N^t_k ≥ 1} for k ∈ S.

3. ANALYSIS: AN ALTERNATIVE APPROACH

In this section, we present our approach to compute stability conditions for multiqueue systems. We concentrate on proving Theorem 1, however, generality of the approach should be apparent from our discussion. We first prove sufficient conditions (cf. Section 3.1), and then necessary conditions (cf. Section 3.2) for stability. In the proof below, we shall use two general results, namely the so called isolation lemma (cf. Lemma 5), and Loynes’ scheme Loynes (1962) (cf. Borovkov (1976)) adopted to our situation (cf. Lemma 6).

We start with the isolation lemma which states that for substability of a multidimensional process N^t (not necessary Markovian) one requires substability of its components. More precisely, we prove the following.

Lemma 5. (i) If for all j ∈ M the one dimensional processes N^t_j are substable, then the M-dimensional process N^t = (N^t_1, N^t_2, . . ., N^t_M) is substable. (ii) If for some j, say j^∗, N^t_{j∗} is unstable, then N^t is also unstable.

(iii) If N^t is a Markov chain defined on a countable state space, then the stability of N^t_j for all j ∈ M implies stability of the multidimensional Markov chain N^t.

Proof. We first prove part (i). By definition (2.4), for all j ∈ M we have lim_{xj,t→∞} sup Pr{N^t_j > x_j} = 0. But,

1 ≥ lim_{xj→∞} lim inf_{n→∞} Pr{N^n_j ≤ x_j , for j = 1, 2, . . ., M} ≥ 1 − M∑ j=1 lim xj→∞ lim sup n→∞ Pr{N^n_j > x_j } = 1 .

Thus, lim_{x→∞} lim_{t→∞} inf Pr{N^t < x} = 1, as needed. If N^t is a Markov chain defined on a countable state space, then substability implies stability since such a Markov chain always converges to a random variable, which might be dishonest. This proves (iii). For results concerning Markov chains defined on more general spaces the reader is referred to Meyn and Tweedie (1992).

For part (ii) we notice that instability of N^t_{j∗} implies lim_{xj∗→∞} lim_{t→∞} inf Pr{N^t_{j∗} < x_{j∗}} < 1. Hence, lim xj_∗→∞ limt→∞ inf Pr{N t < x} ≤ lim_{xj∗→∞} lim_{t→∞} inf Pr{N^t_{j∗} < x_{j∗}} < 1 which proves Lemma 5.

Our second result is a simple consequence of the Loynes’ scheme (cf. Loynes (1962) and Borovkov (1976)). It provides stability criteria for a general single queue described by the following stochastic equation N^{t+1}_j = (N^t_j − Y^t_j )^+ + X^t_j (3.1) with stationary input sequences.

Lemma 6. [Loynes 1962), Borovkov (1976)]. Let the pair (X^t_j, Y^t_j ) be a strictly stationary and ergodic process. We denote by λ_j = EX_j and EY_j the corresponding mean values of X^t_j and Y^t_j respectively. Then the following holds

(i) if λ_j < EY_j, then the queue length N^t_j is stable in the sense of definition (2.3),

(ii) if λ_j > EY_j, then the queue is unstable, and lim_{t→∞} N^t_j = ∞ (a.s.).

Proof. The proof is a direct consequence of well known results. Indeed, set W^{t+1}_j = N^{t+1}_j −X^t_j and U^t_j = X^{t−1}_j − Y^t_j . Then, W^{t+1}_j = (W^t_j + U^t_j )^+ . (3.2)

and, by Loynes (1962) and Borovkov (1976) N^t_j is stable for EU^t_j < 0 and unstable for EU^t_j > 0. To prove the second part of (ii), we note that W^{t+1}_j ≥ W^0_j + ∑t k=0 U^t_j , and by Birkhoff’s Individual Ergodic Theorem (Breiman (1968)) ∑t k=0 U^t_j → ∞ (a.s.) provided EU^t_j > 0.

3.1 Sufficient Conditions

We use mathematical induction to establish sufficient condition for stability of the Markov chain N^t describing the ALOHA system. This part of the proof resembles the idea already used by Georgiadis and Szpankowski (1992).

For M = 1 the proof is easy. It suffices to note that the average drift becomes E{N^{t+1} − N^t|N^t ≥ 1} = λ − EY^t. Hence, the proof follows from the Lyapunov function method (cf. Tweedie (1976), Szpankowski (1990)).

Now, we apply induction. We assume that for any S such that |S| < M the set R_S (more specifically, R_S [b_U ] where b_U = 1 − ∏ j∈U (1 − r_j)) is the stability region of the S-copy of the ALOHA system under the partition P = (S, U). We shall prove that the stability region R_M of the original M-users ALOHA system is given by formula (2.8a) in Theorem 1.

We consider the modified system under the partition P = (S, U) that stochastically dominates the original system, as stated in (2.5). Hence, we concentrate on proving stability condition for the dominant system represented by N^t_P = (N^t_S , N^t_U ). We first consider users in S, and establish stability condition for N^t_S . Note that the set of users restricted to S is a smaller copy of the ALOHA model, with the probability of slot availability equal to 1 − b_U = ∏ k∈U−{j}(1 − rk). Hence, the probability of success P j succ(S) is given by (2.6).

Since |S| < M, by mathematical induction arguments N^t_S is stable for ˘_S ∈ R_S [b_U ] where ˘S = (λi_1 , . . ., λi_{|S|}) with ij ∈ S for 1 ≤ ij ≤ |S|. We now derive stability condition for a persistent queue j ∈ U. The idea is to apply Lemma 6 to an isolated persistent queue j ∈ U. For this we need to establish stationarity and ergodicity of the output process Y^t_j (S).

We proceed as follows. Let ˘_S ∈ R_S [b_U ], and consider a persistent user, say j ∈ U. As proved above, the Markov chain N^t_S is stable in R_S [b_U ]. More precisely, this Markov chain is ergodic, hence there exists a unique honest stationary distribution π for this process. But, (N^t_S , Y^{t+1}_j (S)) is another |S| + 1-dimensional Markov chain. It is easy to see that this chain is irreducible and aperiodic, too. Moreover, Y^t_j (S) is bounded from the above by one, hence (N^t_S , Y^{t+1}_j (S)) is substable. By Lemma 5(iii), this implies that the |S| + 1-dimensional Markov chain is stable, and also ergodic. Let its stationary distribution be π̄.

Now we construct a stationary version of the process (N^t_S , Y^{t+1}_j (S)) by starting it with the initial distribution π̄. This will imply that the process Y^t_j (S) for j ∈ U is stationary and ergodic for such an initial distribution. Then, by Lemma 6 the jth persistent queue is stable if λ_j < EY^t_j (S) = P^j_{succ}(S) where P^j_{succ}(S) is given by (2.6). This is true for every persistent queue j ∈ U, and hence by Lemma 5 the process N^t_U is stable for ˘_U ∈ R_U where

R_U = {˘_U : λ_j < P^j_{succ}(S) for all j ∈ U} , (3.3)

and the Markov chain N^t_P = (N^t_S , N^t_U ) is stable for ˘ ∈ R_P = R_S [b_U ]∩R_U . This is particularly true for S = M_k.

So far, we have established stability condition for a given partition P = (S, U) of M. Clearly, the dominant system represented by N^t is stable if there exists a partition P such that N^t_P is stable. Therefore, the stability region for N^t becomes R_M = ⋃ P R_P where the sum is over all partitions of M such that S ≠ M. However, from Remark (ii) we know that R_M = ⋃ Pk R_{Pk} = ⋃ P R_P , hence sufficient part of Theorem 1 is proved.

3.2 Necessary Conditions

In this section we prove necessary conditions for stability of the ALOHA system. We establish the following result, which in view of Remark (iii) directly implies the necessary part of Theorem 1.

Theorem 7. If ˘ ∈ R^{(k)}_M where

R^{(k)}_M = {˘ = (λ_1, . . ., λ_M) : λ_k > P^k_{succ}(M_k) and ˘_{Mk} ∈ R_{Mk} } (3.4)

then the kth queue N^t_k → ∞ with a positive probability, hence the original Markov chain N^t is unstable.

We carry out the proof of Theorem 7 in two steps. The main idea behind the proof is to show that:

(i) if (3.4) holds, then the kth queue under the partition P_k = (M_k, {k}) is unstable in the dominant system N^t_{Pk} ,

(ii) the last assertion can be extended to the original system .

Step 1. Instability of the dominant system

Let us consider the dominant system under the partition P_k = (M_k, {k}). The arrival process to a persistent queue (e.g., the kth one) does not effect the stability condition for nonpersistent queues represented by the Markov chain N^t_{Mk} . Hence, for ˘_{Mk} ∈ R_{Mk} the Markov chain N^t_{Mk} is stable, as proved in Section 3.1. Using the same construction as above, we can assure stationarity and ergodicity of N^t_{Mk} as well as the output process Y^t_k (M_k). Therefore, the stationarity and ergodicity assumptions of Loynes’ scheme hold, and we can apply Lemma 6 to the kth queue. In particular, part (ii) implies that if λ_k > EY^t_k (M_k) = P^k_{succ}(M_k), then N^t_k → ∞ (a.s.).

Step 2. Instability of the kth queue in the original system

We now prove that for ˘ ∈ R^{(k)}_M the kth queue is also unstable in the original system. We shall use a coupling argument to show that with positive probability the dominant system and the original system are indistinguishable for ˘ ∈ R^{(k)}_M .

Except for formalism – that is left for the interested reader – we proceed as follows. Consider the dominant system N^t_{Pk} with P_k = (M_k, {k}). From Step 1, we know that for ˘ ∈ R^{(k)}_M the kth queue length in the dominant system tends to infinity (a.s.). Therefore, there exist B, T > 0 such that N^t_k ≥ B for t ≥ T (a.s.). We now shift the input process U^t_k = X^{t−1}_k − Y^t_k (cf. (3.2)) by T , that is, we consider U^{t+T}_k which is distributed as U^t_k due to stationarity of the pair (X^t_k, Y^t_k ). Thus N^0_k ≥ B, and clearly on a set (of sample paths) of positive probability the queue N^t_k never returns to zero for all t ≥ 0. Let now N^0 = N^0_{Pk} with N^0_k = N^0_k ≥ B, so on this set of positive probability the dominant system and the original system are identical, that is, N^t = N^t_{Pk} for all t ≥ 0. In conclusion, we observe that N^t_k → ∞ with positive probability.

4. FURTHER RESULTS AND CONCLUSION

The technique proposed Section 3 is clearly not limited to the ALOHA system. It is, however, restricted to queueing systems since the real engine of our proof is the Loynes’ scheme which allows for the treatment of non-Markovian subsystems (of persistent queues). In Georgiadis and Szpankowski (1992) we used this technique to prove the stability of token passing rings. In fact, our technique can be successfully used to derive stability regions for a large class of queueing networks such as token passing rings with contractive and monotonic policies (cf. Georgiadis and Szpankowski (1993)), general network of queues, coupled processors systems (cf. Szpankowski (1990)), rings with spatial reuse and quotas, and so forth. We shall return to some of these problems in forthcoming papers.

To generalize our scheme, we repeat main ingredients of our proof of Theorem 1. As the first step, we partition the set of users M into nonpersistent users S and persistent ones U. It is assumed that users in S form a smaller copy of the original system, while persistent users in U attempt sending dummy packets even when empty. We denote by N^t_P the queueing process representing this modified system. For our technique to work, we need the following three properties:

(P1) Monotonicity Condition

The queue lengths in a system increase whenever dummy messages are sent by a persistent user, that is N^t ≤_{st} N^t_P for all t ≥ 0.

(P2) Stationary Version of S

The set of users S is a smaller copy of the original systems. Then, we request that the departure process from S that effects a persistent queue k ∈ U is stationary and ergodic (so Loynes’ scheme can be used for establishing stability of a persistent queue).

(P3) Identical Behaviors When Non-Empty

The dominant system and the original system are identical as long as their queues do not empty out.

If the above three properties are satisfied, then we can carry out our analysis, and establish sufficient and necessary condition for stability of a system. We illustrate this below, on another multiqueue systems (we leave, however, details of the proof to an interested reader who should follow our footsteps from Section 3). In passing, we note that the above properties can be weakened. For example, our analysis is still valid if in (P1) we assume only that N^t ≤_{st} N^t_P +X for some random variable X that is bounded (a.s.). In property (P2) asymptotic stationarity suffices to carry out the analysis. Finally, in (P3) both, the dominant and the original systems, should behave identically only for sufficiently large queues.

As an example, we now investigate a buffered multiaccess system with a conflict resolution algorithm. The system works as the ALOHA except that it adopts another multiaccess protocol, namely the so called blocked conflict resolution algorithm (blocked CRA) of Capetanakis (1979), and Tsybakov and Mikhailov (1978).

More specifically, the system works as follows. If there is a collision, then all users not involved in it are blocked, and are not allowed to transmit until the current collision is resolved. The collision is solved by a divide-and-conquer algorithm, that is, all users involved in a collision flip a coin and only those who flipped ”tails” are allowed to transmit in the next slot. This process is continued until all users in the current collision are successfully transmitted. The quality of such a systems depends on the length L^t of the conflict resolution session (CRS), where t is a nonnegative integer representing the beginning of the tth CRS. More details can be found in Capetanakis (1979), Tsybakov and Mikhailov (1978).

It is easy to verify that properties (P1) and (P3) hold for the above system. To establish (P2) (more precisely, the “smaller copy property”), we consider a slightly generalized system. Namely, we assume that in addition to M regular users there are K persistent users that always send dummy messages. Clearly, now (P2) holds in such a system, and its stability region we denote as R_M[K]. Thus, reproducing our previous analysis, we can establish the following result.

Theorem 8. The buffered multiaccess system with a blocked conflict resolution algorithm is stable iff^∗ ˘ ∈ R_M[0] with

R_M[0] = M⋃ k=1 {˘ = (λ1, . . ., λM ) : λjEL(Mk) < 1 for all j ∈ M} = M⋃ k=1 {˘ : λkEL(Mk) < 1 and ˘M_k ∈ RM_k [1]} where EL(M_k) denotes the average session length under the partition P_k = (M_k, {k}) in the stationary regime.

The following result is a direct consequence of Theorem 8 and elementary properties of the protocol (cf. Capetanakis (1979), Tsybakov and Mikhailov (1978))

Corollary 9. The buffered CRA system with M = 2 users is stable if and only if (λ_1, λ_2) ∈ R with

R = {λ_1 < 1/ℓ_2 = 0.2 and λ_2 < 1 − 4λ_1} ∪ {λ_1 < 1 − 4λ_2 and λ_2 < 1/ℓ_2 = 0.2} = {λ : λ_2 + 4λ_1 < 1 or λ_1 + 4λ_2 < 1}

where the Markov chain N^t is imbeded at the beginning of CRS.

Furthermore, observing that EL_m < αm + β, where α = 2.8867 and β = 1.2336 (cf. Capetanakis (979) and Szpankowski (1987)), we obtain the following bound for the stability region.

Corollary 10. The buffered CRA system is stable if ˘ ∈ R_1, where

R_1 = M⋃ k=1 {˘ = (λ1, . . ., λM) : λj <^{1 − α} ∑ i≠k λi α + β for all j ∈ M}

where the constants α and β are given above.

Finally, it should be mentioned that our technique can be extended to multiply channels (i.e., multiserver case) when several packets are sent simultaneously. This even works for infinite number of servers (cf. Georgiadis and Szpankowski (1992)). We point out that for such multidimensional models the Malyshev and Mensikov (1981) criteria do not work in such a system since homogeneity property is not preserved.

ACKNOWLEDGMENT

It is my pleasure to acknowledge several conversations that I have had with Professor Jean Walrand (University of California at Berkeley) on stability problems. I am particularly obliged to Dr. Leonidas Georgiadis (IBM T.J. Watson Research Division) for very careful reading of previous versions of the paper, numerous enlighting discussions, and several suggestions that led to important improvements of the text and better understanding of stability problems.

I would also like to thank an anonymous referee, Dr. R. Chang (IBM T.J. Watson Research Division), Dr. Philippe Jacquet and Dr. Philippe Robert (INRIA, France), and Professor V. Malyshev (INRIA, France, and Moscow State University, Russia) for several comments that led to a better version of this paper.

References

[1] Anantharam, V. (1991), The stability region of the finite-user slotted ALOHA protocol, IEEE Trans. Information Theory, 37, 535-540.

[2] Borovkov, A.A. (1976), Stochastic Processes in Queueing Theory, Springer-Verlag, New York.

[3] Breiman, L. (1968), Probability, Addison-Wesley, Reading, MA.

[4] Capetanakis, J. (1979), Tree Algorithms for Packet broadcast Channels, IEEE Trans.

Information Theory, 25, 505-515.

[5] Falin, G. (1981), On ergodicity of a multiaccess system, Tech. Kibern., 4, 126-131. [6] Fayolle, G.(1989), On random walks arising in queueing systems: Ergodicity and transience via quadratic forms as Lyapunov functions. Part I., Queueing Systems, 5, 167-184.

[7] Georgiadis, L., Szpankowski, W. (1992), Stability of token passing rings, Queueing Systems, 11, 7-33.

[8] Georgiadis, L., Szpankowski, W. (1993), Stability criteria for yet another class of multidimensional distributed systems, Purdue University, CSD-TR-91-071, (1991).

[9] Loynes, R. (1962), The stability of a queue with non-independent inter-arrival and service times, Proc. Camb. Philos. Soc., 58, 497–520.

[10] Malyshev, V.A. (1972), Classification of two-dimensional positive random walks and almost linear semimartingals, Dokl. Akad., Nauk SSSR, 22, 136–138.

[11] Malyshev, V.A. and Mensikov, M.V. (1981), Ergodicity, continuity and analyticity of countable Markov chains, Trans. Moscow Math. Soc., 1-18.

[12] Mensikov, M.V. (1974), Ergodicity and transience conditions for random walks in the positive octant of space, Soviet. Math. Dokl., 15, 1118–1121.

[13] S. Meyn and R.L. Tweedie (1992), Criteria for Stability of Markovian Processes I: Discrete Time Chains, Adv. Appl. Prob., 24, 542-574.

[14] Nain, P. (1985), Analysis of a two-mode ALOHA network with infinite capacity buffer, Proc. of Intern. Seminar on Computer Networking and Performance Evaluation, Tokyo, North-Holland, Amsterdam, 49–64,

[15] Paterakis, M., Georgiadis, L., and Papantoni-Kazakos, P. (1987), On the relationship between the finite and the infinite population models for a class of RAA’s, IEEE Trans. Commun., 35, 1239-1240.

[16] Rao, R. and Ephremides, A.(1989), On the stability of interacting queues in multiple access system, IEEE Trans. Inform. Theory 34, 918-930.

[17] Rosenkrantz, W. (1989), Ergodicity conditions for two dimensional Markov chains on the positive quadrant, Probab. Theory and Related Fields, 83, 309-319. 5

[18] Szpankowski, W. (1986), Bounds for queue lengths in a contention packet broadcast system, IEEE Trans. on Commun., 34, 1132-1140.

[19] Szpankowski, W. (1988), Stability conditions for multi-dimensional queueing systems with computer applications, Oper. Res, 36, 944–957.

[20] Szpankowski, W. (1990), Towards computable stability criteria for some multidimensional stochastic processes, in Stochastic Analysis of Computer and Communication Systems (ed. H. Takagi), Elsevier Science Publications B. V. (North-Holland), 131-172.

[21] Tsybakov, B. and Mikhailov, W. (1978), Free Synchronous Packet Access in a Broadcast Channel with Feedback, Probl. Peredachii Infor., 14, 259-280.

[22] Tsybakov, B. and Mikhailov, W. (1979), Ergodicity of slotted ALOHA system, Probl.

Peredachii Infor., 15, 73–87.

[23] Tweedie, R.L. (1976), Criteria for classifying general Markov chains, Adv. Appl. Prob., 8, 737–771.

[24] Vaninskii, K. and Lazareva, B. (1988), Ergodicity and nonrecurrence conditions of a homogeneous Markov chain in the positive quadrant, Problemy Peredachii Informatsii, 24, 105-110.

[25] Walrand. J. (1988), An Introduction to Queueing Networks, Prentice Hall, New Jersey.