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Abstract
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1 In tro duction

Input/Output communication (I/O) between primary and secondarymemory is a major
bottleneck in many important computations. The I/O bottleneck is especially troublesome
when parallel processorsare used. Of particular importance is the problem of external
sorting, in which the recordsto be sorted are too numerousto �t in internal memory and
instead are kept in secondarystorage, typically made up of one or more magnetic disks.
Data are usually transferredin units of blocks, which may consistof several kilobytes. Block
transfer is motivated by the fact that the seektime is usually much longer than the time
neededfor transmitting a singlerecord of data oncethe disk read/write head is positioned.
An increasinglypopular way to get further speedupis to usemany disk drives working in
parallel [CLG, GHK, GiS].

Initial work in the useof parallel block transfer for sorting was done by Aggarwal and
Vitter [AgV]. In their model, they consideredthe parameters

N = # recordsin the �le

M = # recordsthat can �t in internal memory

B = # recordsper block (or track)

D = # blocks transferred per I=O (# of disks)

where M < N , and 1 � DB � M =8. In each I/O, D blocks of B records each can be
transferred simultaneously, as illustrated in Figure 1. The notions of \blo ck" and \trac k"
are used interchangeably in this model for easeof exposition; a track on one of the disks
correspondsto onelocation wherea singleblock of recordsis stored. This notion di�ers from
actual hardware, in which a track on disk is usually divided into multiple blocks, but such
considerationsare easyto deal with e�ectiv ely. For simplicity in this paper, we also adopt
the block-track correspondence.

The above model generalizedthe initial work on I/O of Floyd [Flo] and Hong and
Kung [HoK]. Aggarwal and Vitter proved that the average-caseand worst-casenumber of
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Figure 1: A simple D-parallel two-level memory model.
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Their lower bound is basedsolelyon routing arguments, except for the minor casein which
M and B are extremely small, in which casethe comparisonmodel is used. They gave two
algorithms, a modi�ed mergesort and a distribution sort, that each achieved the optimal
I/O bounds.

Vitter and Shriver considereda morerealistic parallel disk model, in which the secondary
storage is partitioned into D physically distinct disk drives [ViS], as in Figure 2. Each
head of a multi-head drive can count as a distinct disk in this de�nition, as long as each
could operate independently of the other headson the drive. In each I/O operation, each
of the D disks can simultaneously transfer one block of B records. Thus, D blocks can be
transferred per I/O, as in the [AgV] model, but only if no two blocks accessthe samedisk.
This assumptionis very reasonablein light of the way real systemsare constructed.

Our measureof performancein this paper is the number of parallel I/Os required. The
model also applies to the casein which the D disks are controlled by a P CPUs each with
enoughinternal memory to store M =P records; the P CPUs are connectedby a network
that allows somebasic operations (like sorting of the M recordsin the internal memories)
to be performedquickly in parallel. The bottleneck can be expectedto be the I/O when P
is large enough.

Disk striping is a commonly-usedtechnique in which the D disks are synchronized, so
that each of the D blocks accessedduring an I/O is located at the samerelative position
on its disk. This technique e�ectiv ely transforms the D disks into a singledisk with larger
block sizeB 0 = DB. Mergesort combined with disk striping is deterministic, but whenD is
large the number of I/Os usedcan be much larger than optimal, by a multiplicativ e factor
of log(M =B).

In distribution sort, the algorithm partitions the set to be sorted into S setsof approx-
imately equal size called buckets. Each bucket consistsof consecutive recordsin the total

1We usethe notation logx to denote the quantit y maxf 1; log2 xg.
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sorted list. The algorithm makes a passover the data, separating the records into their
respective buckets, and then sorts each bucket recursively. Finally, the buckets are con-
catenated to form a totally sorted list. Since at any level in the recursion the sets have
approximately equal size, a total of O(logS N ) passesare required, each of which accesses
O(N ) recordsto achieve a running time of O(N logS N ). The di�cult y in implementing a
versionof distribution sort that works on a set of D parallel disks is making sure that each
of the buckets can be read e�cien tly in parallel.

Vitter and Shriver presented a randomizedversionof distribution sort using two comple-
mentary partitioning techniques[ViS]. Their algorithm meetsthe I/O lower bound (1) for
the more lenient model of [AgV], and thus the algorithm is optimal. Randomization is used
to distribute each of the buckets evenly over the D disksso that they can be read e�cien tly
with parallel readoperations. They posedasan open problem the questionof whether there
is an optimal algorithm that is deterministic. That question was answered in the a�rma-
tiv e by Nodine and Vitter using an algorithm called Greed Sort [NoVb]. That algorithm
was basedon mergesort, and did not seemapplicable to �nding an optimal deterministic
algorithm for parallel memory hierarchies.

In this paper we describe BalanceSort, the �rst known optimal and deterministic sorting
algorithm basedon distribution sort. Our main result is that BalanceSort is optimal for
parallel disk sorting in terms of the number of I/O steps.

Theorem 1 Balance Sort sorts N records in the parallel disk model in O(N logN ) internal
processingtime and with
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I/Os, whichare optimal. The lower boundsapply to both the averageand the worst case. The
I/O lower bound doesnot require the useof the comparison model of computation, except for
the casewhenM and B are extremelysmall with respect to N , namely,whenB log(M =B) =
o(log(N=B)). The internal processinglower bound usesthe comparison model.

BalanceSort provides a more practical and yet deterministic alternative to the optimal
randomizedalgorithm of Vitter and Shriver [ViS]. Previously there was oneknown optimal
deterministic method for parallel disk sorting, called Greed Sort [NoVb], but BalanceSort
hasseveral important advantagesover GreedSort:

1. BalanceSort canbeusedasthe basisof optimal deterministic algorithms for all de�ned
parallel memoryhierarchies,asdescribed in the companionpaper [NoVa]. By contrast,
GreedSort is basedon mergesort, which doesnot lend itself to e�cien t implementation
in memory hierarchies.

2. BalanceSort hassmaller constants embeddedin the big-oh notation.

3. Balance Sort can be implemented using only striped writes. This restriction is im-
portant in practical parallel disk systems,where striped writes may be required for
maintaining redundancyinformation to make recovery possiblein the event of a disk
failure [CLG, Sch].
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Subsequently to our work, Aggarwal and Plaxton [AgP] developed another optimal de-
terministic external sorting algorithm. Their algorithm is basedon the hypercube sorting
method of Cypher and Plaxton [CyP] which hashigher constant factors. Barve, Grove, and
Vitter [BGV] developed a practical sorting method basedon mergesort, which doesprob-
ably better than disk striping even for moderate valuesof D. The algorithm, however, is
not theoretically optimal for somevaluesof N , D, and B. This algorithm was improved by
Barve and Vitter [BaV].

Section2 describeshow to balancethe buckets in O(N=DB) parallel I/Os in such a way
that each bucket can be read e�cien tly in parallel at a later stage in the recursion. The
balancing subroutine is the heart of the overall sorting algorithm. Section3 describeshow
to apply the balancingalgorithm in such a way as to achieve optimal parallel sorting time.
Section5 explains the signi�cance of this algorithm.

2 How to Balance

For simplicity, we assumethat the N keys are distinct; this assumption is realizable by
appending to each key the record's initial location. Distribution sort is a sorting paradigm
that choosesS � 1 partitioning elements that partition the �le to be sorted into S rangesof
valuescalledbuckets. The �le is processedand the buckets are formed,and then the buckets
are sorted recursively. The sorted buckets are concatenatedin the right order to producea
completely sorted �le. For example,if we want to sort checks from a bank statement, and
the checks fall in the range350{399,wemight choosefor our partitioning elements the values
360,370,380,and 390. We then partition the checks into stacks (buckets). Onceeach stack
is sorted, we then put the sorted 350s�rst, followed by the sorted 360s,etc., and the checks
are fully sorted.

In this paper we describe a new algorithm called Balance Sort that is based on the
distribution sort paradigm. In BalanceSort, we�nd S� 1 partitioning elements that partition
the �le into S nearly equal-sizedblocks. WereadD recordsinto memoryin parallel, partition
them, and write them back to the disksin parallel. We read,partition, and write the next D
records,and soon, until the whole�le hasbeenpartitioned into buckets. The crucial problem
we addressis how to minimize the number of parallel reads that we will needduring the
next level of recursionto re-readeach bucket. The heart of BalanceSort is a novel Balance
routine that guaranteesthat each bucket is spreadevenly amongthe disks. In this section,
we describe the Balance routine. In the next section, we describe how to use Balance to
achieve the optimal number of I/Os. For simplicity of exposition, we assumethat each block
stores only one record; that is, the block size is B = 1. We show in Section 3.2 how to
accommodate arbitrary block sizes.

Let xbd be the number of recordswritten to disk d from bucket b during the partition
process;we call the S � D matrix X = (xbd) the histogram matrix. The number of parallel
readsrequired to read bucket b into internal memory during the next level of recursion is
rb = max1� d� D f xbdg. Our goal is to minimize the sum

X

1� b� S

rb:

We processthe �le one track at a time (all of the disks are synchronized for reading) and
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Algorithm 1 [Simple Balance(P)]

f P contains the partition elements g
f Initialize g
for b := 1 to S

for d := 1 to D
xbd := 0
ybd := 0

f Processthe �le g
for t := 1 to dN=De

read D recordsin parallel into array T in internal memory from track t
f Compute the matching matrix Z g
for i := 1 to D

� [i ] := Bucket(T[i ]; P)
for d := 1 to D

zi;d := y� [i ];d

�nd a permutation � of T that is a min-cost matching of matching matrix Z
for d := 1 to D

increment x � [� (d)] ;d

increment y� [� (d)] ;d

decrement any row of Y that hasno zeros
write out T in the permuted order

write out the location matrix L

usea greedystrategy that attempts to minimize the increaseof this sum. We compute an
S � D matrix Y, called the skewmatrix, that measureshow unbalancedeach bucket is. We
de�ne

ybd = xbd � xmin
b ; wherexmin

b = min
1� d� D

f xbdg:

Intuitiv ely, the skew matrix element ybd indicateshow many morerecordsof bucket b will be
on disk d after all the recordsin the bucket that resideon someother disk have beenread.
We call ybd the skewof bucket b on disk d.

In Algorithm 1, we try to minimize the elements of the skew matrix by computing a min-
cost bipartite matching betweenblocks and disks. In particular, a block from bucket b will
have cost ybd to be assignedto disk d. We assumethat the procedureBucket(a;P) returns
the number of the bucket to which a belongs, basedon the set of partitioning elements
P. Algorithm 1 is an on-line algorithm in that it makes its decisionsabout where to place
elements basedonly on the recordsit hasalready seen(as codi�ed in the arrays X and Y).
The CPU time complexity of �nding a permutation for the min-cost matching is O(D 3),
sinceZ is a D � D matrix.

It should be noted that after the �rst level of recursion,there is no longerany guarantee
that all buckets will occupy successive tracks on a disk. This di�cult y is easilyovercomeby
keepinganother D � S matrix L such that lbd is the last track with a block from bucket b
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on disk d. We augment each block with a pointer to the next block to read on that disk
for the samebucket. (This pointer actually points backwards to the most recently written
track for the bucket on that disk.) At the end, we are left with an S � D matrix giving the
locations where the next level of recursionmust begin processing.We refer to this matrix
as the location matrix, L . Thus, starting from the �nal con�guration of L, we can read the
bucket backwards, using only a constant amount of overheadin each block.

There is an obvious fact about the disk sumsin the histogram matrix X :

Lemma 1 The column sumsxd =
P

1� b� S xbd in the histogram matrix X are all equal.

Proof : By de�nition,
P

b xbd is the number of tracks written on disk d. Sincewe are reading
and writing whole tracks at a time, the sum must be constant over all disks.

It is not necessaryfrom an algorithmic standpoint to have a skew matrix Y, since the
min-cost matching will give exactly the sameresults if it consistsof rows from the histogram
matrix X . However, the skew matrix gives someinsight into how unbalancedthe buckets
are. Assigning a bucket b to a disk d for which ybd is zero is a good thing; it will never
increasethe number of reads required to processthe entire bucket beyond the minimum
needed.Alternativ ely, if we assigna bucket b to a disk d for which ybd is larger than ybd0 for
all other disksd0, we increasethe total number of readsneededto processthe bucket beyond
the number of readsthat are strictly needed.By doing a min-cost matching, we attempt to
spreadthe recordsof each bucket evenly over the D disks simultaneously. The skew matrix
hassomeuseful properties, as evidencedby the following simple lemmas:

Lemma 2 Every bucketb contains at least one 0 in the skewmatrix Y.

Proof : By de�nition of the skew matrix, thosedisks d for which xbd = min1� d� D f xbdg will
have ybd = 0.

Lemma 3 In the skewmatrix Y, we haveybd � 0 for all 1 � b � S and 1 � d � D.

Proof : By de�nition of the skew matrix, we subtract from each row of the histogram ma-
trix X the minimum value for each row.

Lemma 4 The column sumsyd =
P

1� b� S ybd in the skewmatrix Y are all equal.

Proof : This lemma is a simple consequenceof Lemma 1 and the fact that forming the
skew matrix from the histogram matrix subtracts the samenumber from each disk for each
bucket.

Beforewe proceed,we needa little information about how the skew matrix evolvesas a
function of the number of tracks processed.

De�nition 1 Let Y be a skew matrix and let Y 0 be the sameskew matrix after the next
track has beenprocessedusing the min-cost matching to assignbuckets to disks, and after
any rows without zeroeshave beendecremented by 1. If y0

bd > ybd then we say that bucket b
hasbeenpromoted on disk d.
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Lemma 5 At most one bucket is promoted on any given disk on any track. Furthermore,
that bucketcan increaseits skewby at most 1 on the disk.

Proof : Exactly one bucket has its value in the histogram matrix incremented by 1 for the
given disk, and henceit is the only onewhosevalue can increasein the skew matrix column
for that disk. Sincethe value in the histogram matrix is incremented by 1, the maximum
possibleincreasein its skew is also1.

The following lemmaabout changesto the skew matrix is pivotal in proving the optimal
behavior of our algorithm.

Lemma 6 Assumethat the largestelementof skewmatrix Y is max and that somemin-
cost matching for a matching matrix composed of rowsof Y resultsin a skewmatrix Y 0 for
which several bucketshavea skewof max + 1. Then all the bucketsthat attain the larger
skewin y0 must havea skewof max in Y on everydisk for which the skewin y0 is max + 1.

Proof : Assumethat bucket b reachesa skew of max + 1 on disk d and bucket b0 reachesa
skew of max + 1 on disk d0. Then in the partial matching, we have

d d0

b max i
b0 j max

whereunderlinesindicate that the elements are part of a min-cost matching. Hence,it must
be the casethat i + j � 2max. Sinceno element of Y is greater than max, it follows that
i = j = max. Sincethis fact is true for every pair of buckets that achieve a new maximum
skew, the result follows.

The upshot of Lemma 6 is that if several buckets are promoted to a new maximum
skew value, there must have beena \blo ck of maxes" in the matching matrix. That is, the
matching matrix must in part (up to permutations of the rows and columns) have looked
like this:

max max : : : max
max max : : : max

...
...

. . .
...

max max : : : max

The di�cult y with Algorithm 1 is that, although there is much empirical evidenceto
suggestthat it is always within a factor of 2 of the optimal number of I/Os for reading
all the buckets back in, it has been di�cult to prove this conjecture in the general case.
Intuitiv ely, the algorithm tries to spread the buckets among the disks that in a way that
con
icts least with what hasbeenpreviously placed. If it can be shown that the maximum
skew grows su�cien tly slowly (for example, that it takes at least a quadratic number of
tracks to attain any given skew value) or that the maximum skew is bounded linearly by
the number of buckets available, then it would be possibleto show that Algorithm 1 could
obtain optimal results for balancing.

Our alternative and provably optimal algorithm that we proposeinstead makes use of
two key ideas:

7



1. We rebalanceoccasionallyif the min-cost operation skewsthe balancetoo badly.

2. We only needto usesome(preferably large) constant fraction of the disks e�cien tly.

The point behind rebalancingis that when somebucket b getstoo skewed, that is, when
xbd � xbd0 > c for somedisks d and d0, where c > 0 is the skew threshold, we can read a
block from bucket b on disk d and write it to disk d0. In fact, any number of buckets (up to
bD=2c) can be rebalancedin a single parallel I/O operation, as long as the swaps all take
placeon distinct disks.

Saying that we needto useonly someconstant fraction � of the disks e�cien tly for any
given bucket meansthat the number of tracks neededto read that bucket will expand by
a factor of only about 1=� above the optimal. Our algorithm, given in Algorithm 2, uses
� = 1

2. In addition to keeping a histogram matrix X , the algorithm keepsan auxiliary
matrix A to ensurethat, after processingeach track, no bucket is too far out of balance.
Speci�cally, if mb is the mediannumber of blocks that bucket b hason all the disks (i.e., mb

is the median of xb1; : : : ; xbD),2 we de�ne

abd := maxf 0; xbd � mbg:

Invariant 1 about A below will guarantee that X bd � mb + 1 for all 1 � d � D.
The parts of Algorithm 2 that di�er from Algorithm 1 are underlined. Algorithm 2

requirestwo subroutinesto completeits work: ComputeAux and Rebalance,given in Algo-
rithms 3 and 4, respectively. We de�ne theseroutines so as to maintain two invariants on
the matrix A at step (1) in the algorithm:

In varian t 1 A is a binary matrix; that is, all of its elementsare either 0 or 1.

In varian t 2 Every row of A contains at least dD=2e 0s (or equivalently,everyrow contains
no more than bD=2c 1s).

It is easy to seethat Invariant 2 is maintained, since the smallest dD=2e elements all
become0, by our de�nition of the median.

To show Invariant 1, it is necessaryto understand a bit more about how the min-cost
matching a�ects the auxiliary matrix and how e�ectiv e the Rebalancesubroutine is. We use
induction to show that the invariant is maintained. Auxiliary matrix A is initially binary
(all 0s).

Wewill provesomelemmasthat assumethe invariant holdsat line (1) of Algorithm 2 and
show what happensto A at later points in the iteration. After this, we show somelemmas
neededto demonstratethat Rebalanceis able to remove any 2s introducedasa result of the
min-cost matching. Finally, Theorem2 establishesthat Invariant 1 holds.

Lemma 7 The only entries of the auxiliary matrix A that can be larger at line (3) of Algo-
rithm 2 than they were at line (1) of the sameiteration are thosematched in the min-cost
matching. Furthermore, any elementof A that increasescan increaseby only 1.

2We usethe convention that the median is always the dD=2eth smallest element, rather than the conven-
tion in statistics that it is the averageof the two middle elements when D is even.
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Algorithm 2 [Balance(P; T)]

f P contains the partition elements; T says wherethe �rst block is on each disk. g
f Initialize g
for b := 1 to S

for d := 1 to D
xbd := 0
abd := 0

f Processthe �le g
for t := 1 to dN=De

read D recordsin parallel into array M em in internal memory from track t
f Compute the matching matrix Z g
for i := 1 to D

� [i ] := bucket(M em[i ]; P)
for d := 1 to D

(1) zi;d := a� [i ];d

�nd a permutation � of M em that is a min-cost matching with matching matrix Z
write out M em in the permuted order
for d := 1 to D

increment x � [� (d)] ;d

(2) A := ComputeAux(X ) f X is the histogram matrix. g
(3) if there is a 2 in A
(4) Rebalance(A; X )
(5) A := ComputeAux(X )
(6) write out the location matrix L

Algorithm 3 [ComputeAux(X ) returns A]

for b := 1 to S
m := median of xb1; : : : ; xbD (the dD=2eth smallestelement)
for d := 1 to D

abd := max(0; xbd � m)

Proof : The elements of X not involved in the min-cost matching are the sameat line (3)
as they wereat line (1), so the crux of the proof is to show that the call to ComputeAux in
line (2) maintains this property of A. Sincethe median for a bucket either stays the same
or increasesas a result of the matching, the di�erence between any element not matched
and the median either stays the same or decreases. The elements of A involved in the
match increaseby only 1, and since the median does not decrease,the di�erence between
the matched elements and the median can increaseby at most 1.
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Algorithm 4 [Rebalance(A; X )]

f The array R tells us which bucket to read from each disk g
f The array W tells us on which disk to write the block g
for d := 1 to D

rd := 0
wd := 0

f Create a bipartite matching problem g
U := f d j abd = 2 for someb2 1; : : : ; Sg
V := f 1; : : : ; Dg � U
E := ;
for i := 1 to jUj

d := Ui

(1) b := (unique) bucket such that abd = 2
rd := b
for j := 1 to jV j

d0 := Vj

if abd0 = 0
E := E [ (d;d0)

f We will swap a pair of blocks for every edgein the following match g
(2) �nd a maximum bipartite matching on the graph G = (U [ V; E)

for each match (d;d0)
wd := d0

f Update X to re
ect the swap g
xbd := xbd � 1
xbd0 := xbd0 + 1

read the last block of bucket r d on disk d if r d 6= 0
write the block read from disk d onto disk wd if rd 6= 0

We now show that lemmassimilar to Lemmas5 and 6 for skew matrices also hold for
the auxiliary matrix.

Lemma 8 Assuming that the auxiliary matrix A is binary at line (1) of Algorithm 2, at
most one bucketwil l havea 2 in A for any given disk at line (3) during the sameiteration.
No bucketswil l haveany elementsin A larger than 2.

Proof : By Lemma 7, only those elements involved in a match can increaseand even then,
only by 1. SinceA is binary prior to the match, the largestelement will be no greaterthan 2
at line (3). Furthermore, by de�nition of the match, exactly oneelement of X is incremented
on each disk; that element is the only one that can becomea 2 for that disk.

Lemma 9 Assumethat the auxiliary matrix A is binary at line (1) of Algorithm 2 and let
D be the setof diskshavinga 2 in A at line (3) during the sameiteration. Then everybucket
that has a 2 in A at line (3) must havehad a 1 in A for every disk in D back in line (1)
during the sameiteration.
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Proof : The argument usedin the proof of Lemma 6 works hereas well, except that in this
case,max = 1 and someof the 2smay revert to 1sduring the call to ComputeAux at line (2)
of the algorithm, if the median for that bucket happensto increase.

The call to ComputeAux at line (2) guarantees that every bucket in A at line (3) of
Algorithm 2 hasat least dD=2e 0s. We needonemore fact about A beforewe can complete
our analysisof the Rebalanceroutine.

Lemma 10 Assuming that the auxiliary matrix A is binary at line (1) of Algorithm 2, at
most bD=2c diskswil l have2s in A at line (3) on the sameiteration.

Proof : By Lemma 9, a necessarycondition for the introduction of 2s on k di�eren t disks
is to have a \blo ck of 1s" in the matching matrix Z . But each bucket has at least dD=2e
zeroes,which meansthat the maximum width of the block of 1s is bD=2c.

Now that we know the structure of the auxiliary matrix A at the call to Rebalance
at line (4) of Algorithm 2, we need to show somefacts about the Rebalancesubroutine.
Lemma 8 implies that the bucket at line (1) of Algorithm 4 is unique.

Lemma 11 Assuming that the auxiliary matrix A is binary at line (1) of Algorithm 2, the
maximum matching at line (2) of Algorithm 4 will include all vertices in U.

Proof : By Lemma 10, we have jUj � bD=2c. Each vertex in U hasat least dD=2e outgoing
edges.Each edgethat is chosenfor the matching can invalidate at most one possibleedge
for every other vertex of U. Sincethe minimum number of edgescoming out of any vertex
in U exceedsjUj, then the simple greedyalgorithm (namely, choosing the �rst edgefor the
�rst vertex of U, the �rst remaining edgefor the secondvertex of U, and so on) producesa
matching that includesall the verticesof U.

At long last, we are ready to prove that Invariant 1 holds.

Theorem 2 The auxiliary matrix A is a binary matrix at line (1) of Algorithm 2.

Proof : The proof proceedsby induction on the number of tracks processed. Before any
tracks have beenprocessed,it is trivially true, sinceall the elements of A are 0.

Assumethat the invariant holds at the beginning of an iteration. We now show that
the invariant will hold at the end of the iteration, and thus at the beginning of the next
iteration. If there is no 2 in A at line (3) of Algorithm 2, then the invariant is clearly
maintained. Assumethat abd = 2 at line (3) of Algorithm 2. We know from Lemma 11 that
the vertex corresponding to disk d in U will be matched to somedisk d0 for which abd0 = 0.
The rebalancing algorithm will read the last block of bucket b on disk d and write it to
disk d0. This operation guaranteesthat the call to ComputeAux in line (5) of Algorithm 2
will result in abd � 1 and abd0 � 1, since the median element cannot be on disk d, and so
there is no chanceof lowering the median. By Lemma 11, in a singleparallel I/O operation
we can simultaneously rebalanceall of the 2s that appearedin A . Thus, A is binary at the
end of the loop and doesnot changebefore line (1) at the next iteration (or at the end of
the algorithm, if this was the last iteration).
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The following theoremtells how well each bucket is balanced.

Theorem 3 The number of I/Os needed to read any bucketb during the next levelof recur-
sion of Balance Sort wil l be no more than a factor of about 2 above the optimal.

Proof : Let mb denote the median element in bucket b. By Invariant 1, which is also main-
tained at termination of the algorithm, the number of tracks neededto read bucket b is no
more than mb + 1. Bucket b hasat least dD=2emb elements in it, so it requiresat least

&
dD=2emb

D

'

�
� mb

2

�

tracks to read it. Thus, we are a factor of at most

mb + 1
dmb=2e

� 2

from the optimal.

Algorithm 2 assumesthat it readsD blocks on every track, whereasthe previousphase
doesnot guarantee that every track up to the last is fully utilized. Adjusting the algorithm
for partial tracks is simple: if no block is available to be read on somedisk d, we pretend
that we read from a dummy bucket 0. Bucket 0 has the characteristic that x0d = 0 for all
1 � d � D, so in particular, its row of the matching matrix contains all 0s. The part of the
algorithm that increments the valuesof X should ignore bucket 0.

Step (6) requires writing a set of cardinality DS, which can be done in S=B parallel
writes.

We can now bound the total number of parallel I/Os neededfor balancing N records
into S buckets:

Theorem 4 A phaseof Balance requires no more than about 2N=DB parallel reads and
about 4N=DB + S parallel writes.

Proof : Weknow from Theorem3 that the N recordsweareprocessingoccupy about 2N=DB
tracks. Each of thesetracks cangive rise to at most oneparallel readand two parallel writes:
oneread and write for the original assignment to disks accordingto the min-cost matching,
and at most oneparallel write in rebalancing. Thoseblocks that require rebalancingdo not
needto be written in the �rst parallel write. The extra S parallel writes are for writing the
location matrix L.

Subsequently to our work, an alternative de�nition of the auxiliary matrix wasproposed,
although without the development of a full sorting algorithm. It has a similar e�ect of
making each bucket balancedwithin a factor of 2; the term abh is de�ned to be 1 when the
number of blocks per bucket is more than twice the desiredevenly-balancednumber [Gro].
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Algorithm 5 [BalanceSort(N; T)]

if N � M
(1) Readthe whole bucket into memory

Sort internally
(2) Write the bucket out again

else
S := minfb2

p
M =Bc; b2N=M cg

(3) P := ComputePartitionElements(S)
f The T array givesthe starting tracks on each disk. g

(4) Balance(P; T)
for b := 1 to S

(5) T := Readbth row of L f Written in Balanceg
Nb := number of elements in bucket b

(6) BalanceSort(Nb; T)
(7) Append sorted bucket to output area

3 The Full Sorting Algorithm

In this section we describe how to �t the balancing algorithm into an optimal algorithm
for sorting, which we call Balance Sort. We assumethat the Balance routine has been
modi�ed to return the starting (ending) blocks of each bucket on each disk, as described
in the previous section. Algorithm 5 gives the actual algorithm. We assumefor simplicity
without lossof generality that N; M and B are powers of 2 and that

p
M =B is an integer.

The Balanceroutine has up until now assumedthat B = 1. In Subsection3.2, we describe
how to handle the generalcaseB � 1.

The correctnessof the algorithm is easyto establish,sincethe bottom level of recursion
by de�nition producesa sorted list, and each level thereafter concatenatessorted lists in the
right order. In this algorithm, we will let S = minfb2

p
M =Bc; b2N=M cg in order to produce

optimal performance,as shown in Section4.
The next few subsectionsestablish the proof of Theorem 1, that BalanceSort usesan

optimal number of I/Os. The lower bounds on the number of I/Os neededto sort follows
from [AgV], where the same lower bound was establishedfor a more powerful (but less
realistic) model. The lower bound is basedonly on routing concernsand doesnot assumea
comparisonmodel of computation, exceptin a pathologicalcase.The well-known 
( N logN )
lower bound for internal processingdoesassumethe comparisonmodel of computation.

3.1 Finding the partition elements

The following procedurefor �nding the partition elements is basedon that of [ViS], and is
presented in Algorithm 6. The algorithm is deterministic.

Lemma 12 Algorithm 6 �nds S � 1 partition elementssuch that, for any bucket b, the
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number of elementsin that bucketNb obeysthe constraint

N
2S

� Nb �
3N
2S

:

Proof : We constructed M 0
i to consist of every bS=8cth record. Thus, each element of M 0

i
represents exactly bS=8c elements that arelessthan or equalto it but larger than the previous
element of M 0

i . So the element bj de�ned as the j N=(bS=8cSth element of M 0 hasat least

j N
bS=8cS

bS=8c = j
N
S

elements lessthan or equal to it. But it could have more, sinceeach of the other dN=M e� 1
memoryloadscould have up to bS=8c � 1 recordslessthan or equal to bj . Sobj hasat most
j N=S+ z recordslessthan or equal to it, where

z = (dN=M e� 1) (bS=8c � 1) :

The largest a bucket could be is if the previous partition element has rank j N=S and the
next has rank (j + 1)N=S+ z, giving it a sizeof N=S+ z. Similarly, the smallesta bucket
could be is N=S� z. So to prove the lemma, we needto demonstratethat

z = (dN=M e� 1) (bS=8c � 1) �
N
2S

:

SinceN > M , we can divide by dN=M e� 1. We thus needto show that

S2 � S((S mod 8) � 1) �
4N

dN=M e� 1
;

wherewe have expandedbS=8c in terms of the modulo function. This inequality is clearly
satis�ed if we can show that

S2 �
4N

dN=M e� 1
:

But we know that S � 2
p

M =B so S2 � 4M =B. The lemma will be proved if we show that

4M
B

�
4N

dN=M e� 1
:

We expandthe ceiling
� N

M

�

=
N
M

�
M mod N

M
+ 1 � [M j N ];

wherethe notation

[M j N ] =

(
1 if M divides N
0 otherwise.

So
4N

dN=M e� 1
=

4M
1 � 1

N ((M mod N ) + M [M j N ])
:
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Algorithm 6 [ComputePartitionElts( S) returns P]

for each memoryloadof recordsM i (1 � i � dN=M e)
ReadM i into memory
Sort internally
Construct M 0

i to consistof every bS=8cth record
Write M 0

i
M 0 := M 0

1 [ � � � [ M 0
dN =M e

for j := 1 to S � 1
bj := Select(M 0; 4N j =S2)

return(f bj g)

Now (M mod N ) + M [M j N ] = M if M j N and is at most M � 1 if M mod N 6= 0. Thus,

1
N

((M mod N ) + M [M j N ]) < 1;

sinceM < N . Therefore, the fraction is de�ned and exceeds4M . Putting the two halves
together, we have that

4M
B

� 4M <
4M

dN=M e� 1
;

which completesthe proof of the lemma.

Algorithm 6 was analyzed in [ViS] and shown to take O(N=DB) parallel I/O operations
which, as we will seein the analysis,is su�cien t for achieving optimal performance.

The procedurefor �nding the partitioning elements usesas a subroutine Algorithm 7,
which computes the kth smallest of n elements in O(n=DB) I/Os. It does this task by
recursively subdividing about an element that is guaranteed to be closeto the median.

3.2 Dealing with larger blo cks

Therehasuntil now beenno descriptionof how the algorithm collectsthe recordsinto blocks.
The modi�cations to do this take place in the Balanceroutine (Algorithm 2). Algorithm 8
shows the modi�ed Balance routine. The number of I/Os performed is not a�ected; the
changesonly a�ect the amount of memory needed.

At the point in the loop whereD recordsare read from disk in parallel into array M em,
we read whole blocks, and repack into blocks containing only records that belong in the
samebucket. Whenever we have D full blocks, we go into the normal processof min-cost
matching and rebalancingif necessary. At the end, we alsousethe min-cost and rebalancing
method to output the partially full blocks.

There can be no more than S partially �lled blocks, and consequently the amount of
spaceneededbeforewe �nd D completely �lled blocks is never more than (S + D)B. We
thus can show the following theorem:

Theorem 5 The amount of space needed for bu�ering and collecting into bucketswil l never
exceed M as long as M � 8DB.
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Algorithm 7 [Select(S; k)]

t := djSj=M e
for i := 1 to t

ReadM elements in parallel (from dM =DBe tracks, the last possiblypartial)
Sort internally
Ri := the median element

if t = 1
return(kth element)

s := the median of R1; : : : ; Rt using algorithm from [BFP]
Partition into two setsS1 and S2 such that S1 < s and S2 � s
k1 := jS1j
k2 := jS2j
if k � k1

return(Select(S1; k))
else

return(Select(S2; k � k1))

Proof : As shown above, the amount of spaceneededfor collecting into blocks is no more
than (S+ D)B. In addition, we needspaceDB for the input bu�er. Thus, the total amount
of storageneededfor bu�ering and collecting into blocks will never exceedSB + 2DB. But
S �

q
M =B throughout the algorithm and by hypothesis, M � 8DB, so the amount of

spaceneededis no more than

SB + 2DB �
p

M B + 2DB

�
p

M DB + 2DB

�

s

M
M
8

+ 2
M
8

< M

4 Analysis

In this section,we prove Theorem1 that BalanceSort is optimal with respect to the number
of parallel I/O stepsand number of disk blocks in the parallel disk model.

4.1 I/O performance of the sorting algorithm

We have numbered each of the stepsof Algorithm 5 that can causean I/O operation. Let
T(N ) denotethe number of I/O stepsneededfor sorting N records.Steps(1) and (2) occur
only at the innermost level of recursion. From Theorem3, the bucket will take no more than
3N=DB readsand writes.
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Algorithm 8 [BalanceWith Blocks(P)]

f Initialize g
for b := 1 to S

for d := 1 to D
xbd := 0
abd := 0

f Processthe �le g
for t := 1 to dN=DBe

read D blocks in parallel into input array
Gather recordsinto blocks that each represent only onebucket
if there are at least D full blocks or t = dN=De

if there are at least D full blocks
De�ne array M em to compriseD full blocks

else
De�ne array M em to be any D blocks that needwriting

f Compute the matching matrix Z g
for i := 1 to D

� [i ] := bucket(M em[i ])
for d := 1 to D

zi;d := a� [i ];d

�nd a permutation � of M em that is a min-cost matching with matching matrix Z
write out M em in the permuted order
for d := 1 to D

increment x � [� (d)] ;d

A := ComputeAux(X )
if there is a 2 in A

Rebalance(A; X )
A := ComputeAux(X )

write out the location matrix L

Step (3), asmentioned, hasbeenshown by [ViS] to requireonly O(N=DB) I/Os, regard-
lessof whether S = 2

p
M =B or S = 2N=M . Step (4), as shown in Theorem 4, requiresno

more than 6N=DB I/Os. Step (5) can be donein a singleparallel read, sincethe cardinality
of the set is only D, for a total of S reads. The number of I/Os for step (6) is

X

1� b� S

T(Nb);

whereNb is the number of elements in bucket b. Let Nb = N=S+ � b, wherej� bj � N=(2S)
and

P
1� b� S � b = 0. Finally, step (7) can read the bucket in no more than 3Nb=DB I/Os

and write it in no more than Nb=DB I/Os, for a total (over all buckets) of 4N=DB I/Os.
Recalling that S � 2N=M and that M � 2DB, we seethat S � N=DB, so we can fold any
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terms with S into an overall O(N=(DB)) term. This analysisgivesus the recurrence

T(N ) =

8
>>>>>><

>>>>>>:

3N
DB

if N � M

X

1� b� S

T
� N

S
+ � b

�

+ O
� N

DB

�

if N > M

By the de�nition of S, we have

S =

8
>>>>><

>>>>>:

� 2N
M

�

if N �
M 3=2

p
B

6
6
6
42

s
M
B

7
7
7
5 if N �

M 3=2

p
B

Let us considerthe caseN � M 3=2=
p

B. We get the recurrence

T(N ) =
X

1� b� S

T
� M

2
+ � b

�

+ O
� N

DB

�

;

wherej� bj � M =4. In particular, each bucket hassizeat most 3M =4, and so we can sort it
internally. Thus,

T(N ) =
1

DB

X

1� b� S

� M
2

+ � b

�

+ O
� N

DB

�

= O
� N

DB

�

;

sinceM > DB.
When N � M 3=2=

p
B, we demonstrateby induction below that

T(N ) � �
N

DB
log(N=B)
log(M =B)

;

where � is somepositive constant of proportionalit y. The basecaseclearly satis�es the
constraint. Thus we needto show that

X

1� b� S

T
� N

S
+ � b

�

+ 

N

DB
� �

N
DB

log(N=B)
log(M =B)

;

where 
 is an upper bound of the constant of proportionalit y assumedby the \big Oh" in
the recurrence.By the induction hypothesis,the left-hand side is boundedby

X

1� b� S

�
� N

SDB
+

� b

DB

� log(N=SB) + log(1 + � b=(N=S))
log(M =B)

+ 

N

DB
:

Sincej� bj=(N=S) � 1=2, and log(1 + x) < x whenever x < 1, this quantit y is no more than

X

1� b� S

�
� N

SDB
+

� b

DB

� log(N=SB) + � b=(N=S)
log(M =B)

+ 

N

DB
:

18



By splitting the sum into individual terms and using the fact that
P

0� b� S � b = 0, we get

�
N

DB
log(N=SB)
log(M =B)

+
� S

N DB log(M =B)

X

1� b� S

� b
2 + 


N
DB

:

Sincej� bj � N=2S, we can bound the above by

�
N

DB
log(N=SB)
log(M =B)

+
� S

N DB log(M =B)
S

� N
2S

� 2

+ 

N

DB

= �
N

DB
log(N=B)
log(M =B)

� �
N

DB
logS � 1=4
log(M =B)

+ 

N

DB
;

wherewe have removed the S from the log(N=SB) and rearranged.SinceS � 2
p

M =B � 1,
the above doesnot exceed

�
N

DB
log(N=B)
log(M =B)

� �
N

DB
log(2

p
M =B � 1) � 1=4
log(M =B)

+ 

N

DB
:

Now M =B > 1, so if we replacethe \ � 1" above with \ �
p

M =B", the value will increase
to

�
N

DB
log(N=B)
log(M =B)

� �
N

DB
log(

p
M =B) � 1=4

log(M =B)
+ 


N
DB

= �
N

DB
log(N=B)
log(M =B)

� �
N

DB

 
1
2

�
1

4log(M =B)

!

+ 

N

DB
:

The bound is thus proved as long as



N

BD
� �

N
BD

 
1
2

�
1

4log(M =B)

!

� 0

or


 �

 
1
2

�
1

4log(M =B)

!

� :

Sincethe coe�cien t of � is always between1=2 and 1=4, if we choose� > 4
 , the induction
condition is held independently of M and B. Thus,

T(N ) = O

 
N

DB
log(N=B)
log(M =B)

!

;

which completesthe proof of Theorem1.

4.2 Memory usage of the sorting algorithm

We still needto show that we do not exceedthe memory requirements of the computer. The
algorithm maintains three S � D arrays: L, A, and X .

Theorem 6 For any 0 < � < 1=2, the amount of primary memory space needed for the
data structures of the sorting algorithm is O(M 1=2+ � ) = o(M ).
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Proof : In either range of S, it is easy to show that the spacerequired is no more than
2
p

M =BD. At �rst glance,it seemsif D = 
( M ) and B = 1 that we will require 
( M 3=2)
storagespacein primary memory, which is clearly impossible.However, we can usea partial
disk striping method throughout the courseof the algorithm, as described in [NoVb]. If D
doesnot grow as fast asM 1=2, then the memory cannot be exceeded.Assumethat D grows
faster than M � , where0 < � < 1=2. We can cluster our D disks into clustersof D 0 = M �

clusters of B 0 = BD=D0 disks synchronized together. Each of the D 0 clusters acts like a
logical disk with block sizeB 0. Thus, the number of primary storagelocationswe needis at
most

D 0
q

M =B0 � M �
q

M =B0 = O(M 1=2+ � ):

The expressionfor the number of I/Os remainsthe same,namely,

k
N

D 0B 0

log N
B 0

log M
B 0

= O

 
N

DB
log N

B

log M
B

!

:

5 Conclusions

In this paper, we have described a new algorithm called BalanceSort for sorting on parallel
disk subsystems. This algorithm has the following advantages over the previously known
optimal deterministic algorithm, GreedSort [NoVb]:

1. The new algorithm is also applicable to parallel processorsand to parallel memory
hierarchies,as described in the companionpaper [NoVa].

2. The hidden constants in the big-oh notation are small. The problem with the Greed
Sort algorithm is that it usesColumnsort [Lei] as a subroutine, which introducesat
least an additional factor of 4 into the constant of proportionalit y.

3. The algorithm canoperateusingonly stripedwrite operations. Someparallel disk sub-
systems,such asThinking Machine's Data Vault, imposethis requirement sothat they
can maintain error checking and redundancy information to give acceptablelevels of
reliabilit y whendealingwith many disks,each of which hasan independent probability
of failure. It is unclear how to adapt GreedSort to useonly striped writes.

A promisingapproach to balancingthat the authors �rst consideredis to do a greedybal-
ancevia min-cost matching on the placement matrix. We conjecturethat such an approach
results in globally balancedbuckets.

There is still a signi�cant hurdle to overcomebefore Balance Sort can be used to do
sorting optimally in terms of internal processingtime on parallel processorsand in terms of
time on parallel memoryhierarchies. In the modelsthat we considerin the companionpaper
[NoVa], there is a requirement that the internal processingmust bedoablein O((N=P) logP)
parallel time in order to achieve optimal performance,whenP CPUs areused. The min-cost
matching in the Balanceroutine is operating on a 0-1 matrix, and therefore the full power
of min-cost matching is not required; indeed, maximum matching on the complement of
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the matching matrix will do the job. The proof that the \blo ck of 1s" is present doesnot
depend upon maximum matching, but only that the matching is maximal. Likewise,it is
not hard to show that any maximal matching in the Rebalanceroutine is also a maximum
matching. Thus, we can use maximal matching in both the Balance and Rebalancerou-
tines. Unfortunately, the best known deterministic parallel time for maximal matching is
O(log3 n) for a problem of sizen and with n processors[IsS], which is not good enoughto
get optimal performanceon the parallel memory hierarchies with e�ectiv e logarithmic cost
functions. The interesting and elegant adjustments necessaryto obtain optimal performance
on P processorsare the subject of the companionpaper [NoVa]. The sorting algorithm in
the companionpaper [NoVa] for the D � 1; P � 1 disk model gives an alternate optimal
algorithm for the P = 1 model we considerin this paper.

The two distribution sort methodsBalanceSort and GreedSort perform write operations
in completestripes,which make it easyto write parity information for usein error correc-
tion and recovery. But sincethe blocks written in each stripe typically belong to multiple
buckets, the buckets themselveswill not be striped on the disks, and we must usethe disks
independently during read operations. In the write phase,each bucket must thereforekeep
track of the last block written to each disk so that the blocks for the bucket can be linked
together.

An orthogonalapproach investigatedmore recently (sincethe appearanceof this work in
conferences)is to stripe the contents of each bucket acrossthe disksso that read operations
can be donein a striped manner. A summary of someapproachesalong thoselines and the
issuesthat ariseare described in the survey article [Vit].
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