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1 Intro duction

Input/Output communication (I/O) between primary and secondarymemory is a major
bottlened in many important computations. The I/O bottlened is especially troublesome
when parallel processorsare used. Of particular importance is the problem of external
sorting, in which the recordsto be sorted are too numerousto t in internal memory and
instead are kept in secondarystorage, typically made up of one or more magnetic disks.
Data are usually transferredin units of blacks, which may consistof se\eral kilobytes. Block
transfer is motivated by the fact that the seektime is usually much longer than the time
neededfor transmitting a singlerecord of data oncethe disk read/write headis positioned.
An increasingly popular way to get further speedupis to use many disk drivesworking in
parallel [CLG, GHK, GIS].

Initial work in the useof parallel block transfer for sorting was done by Aggarwal and
Vitter [AgV]. In their model, they consideredthe parameters

= # recordsin the le

# recordsthat can t in internal memory
= # recordsper block (or track)

= # blocks transferred per 1=0 (# of disks)

Ow < =2
11

whereM < N,and1 DB M=8. In ead /O, D blocks of B recordseadt can be
transferred simultaneously as illustrated in Figure 1. The notions of \blo ck" and \trac k"
are used interchangeablyin this model for easeof exposition; a track on one of the disks
correspndsto onelocation wherea singleblock of recordsis stored. This notion di ers from
actual hardware, in which a track on disk is usually divided into multiple blocks, but sut
considerationsare easyto deal with e ectively. For simplicity in this paper, we also adopt
the block-track corresppndence.

The above model generalizedthe initial work on 1/0O of Floyd [Flo] and Hong and
Kung [HoK]. Aggarwal and Vitter proved that the average-casend worst-casenumber of
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Figure 1. A simple D-parallel two-level memory model.
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Figure 2: Model of parallel disks

I/Os required for sorting is! |
N log(N=B) o
DB log(M=B)

Their lower bound is basedsolely on routing argumerts, exceptfor the minor casein which
M and B are extremely small, in which casethe comparisonmodel is used. They gave two
algorithms, a modi ed mergesort and a distribution sort, that ead adieved the optimal
I/O bounds.

Vitter and Shriver considereda morerealistic parallel disk model, in which the secondary
storage is partitioned into D physically distinct disk drives [ViS], as in Figure 2. Eadc
head of a multi-head drive can count as a distinct disk in this de nition, aslong as eadh
could operate independerily of the other headson the drive. In ead 1/0O operation, eat
of the D disks can simultaneously transfer one block of B records. Thus, D blocks can be
transferred per 1/0, asin the [AgV] model, but only if no two blocks accesghe samedisk.
This assumptionis very reasonablen light of the way real systemsare constructed.

Our measureof performancein this paper is the number of parallel I/Os required. The
model also appliesto the casein which the D disks are cortrolled by a P CPUs ead with
enoughinternal memory to store M =P records;the P CPUs are connectedby a network
that allows somebasic operations (like sorting of the M recordsin the internal memories)
to be performedquickly in parallel. The bottlened can be expectedto be the I/O whenP
is large enough.

Disk striping is a commonly-usedtechnique in which the D disks are syndironized, so
that eat of the D blocks accessediuring an I/O is located at the samerelative position
on its disk. This technique e ectively transformsthe D disksinto a single disk with larger
block sizeB°= DB. Mergesort combined with disk striping is deterministic, but whenD is
large the number of I/Os usedcan be much larger than optimal, by a multiplicativ e factor
of log(M =B).

In distribution sort, the algorithm partitions the setto be sorted into S setsof approx-
imately equal size called buckets Ead bucket consistsof consecutie recordsin the total

1We usethe notation logx to denote the quantity maxf 1;log, xg.
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sorted list. The algorithm makes a passover the data, separatingthe recordsinto their
respective budkets, and then sorts ead bucdket recursiwely. Finally, the buckets are con-
catenatedto form a totally sorted list. Sinceat any level in the recursion the sets have
appraximately equal size, a total of O(logs N) passesare required, ead of which accesses
O(N) recordsto adhieve a running time of O(N logg N). The dicult y in implemerting a
version of distribution sort that works on a setof D parallel disks is making surethat eah
of the bucdkets can be read e cien tly in parallel.

Vitter and Shriver preserted a randomizedversionof distribution sort usingtwo comple-
mertary partitioning techniques[ViS]. Their algorithm meetsthe I/O lower bound (1) for
the more leniert model of [AgV], and thus the algorithm is optimal. Randomizationis used
to distribute ead of the buckets evenly over the D diskssothat they canbereade cien tly
with parallel read operations. They posedasan open problem the questionof whether there
is an optimal algorithm that is deterministic. That question was answeredin the a rma-
tive by Nodine and Vitter using an algorithm called Greed Sort [NoVb]. That algorithm
was basedon mergesort, and did not seemapplicableto nding an optimal deterministic
algorithm for parallel memory hierarchies.

In this paper we descrike BalanceSort, the rst known optimal and deterministic sorting
algorithm basedon distribution sort. Our main result is that Balance Sort is optimal for
parallel disk sorting in terms of the number of I/O steps.

Theorem 1 Balanae Sort sorts N recordsin the parallel disk madelin O(N logN) internal
processingtime and with |
N log(N=B)"
DB log(M=B)

I/Os, whichare optimal. The lower boundsapplyto both the avelrageand the worst case. The
I/0 lower bound doesnot require the use of the comparison model of computation, exept for
the casewhenM and B are extremelysmal with resgect to N, namely, whenB log(M=B) =
o(log(N=B)). The internal processinglower bound usesthe comparison model.

Balance Sort provides a more practical and yet deterministic alternative to the optimal
randomizedalgorithm of Vitter and Shriver [ViS]. Previously there was one known optimal
deterministic method for parallel disk sorting, called Greed Sort [NoVb], but Balance Sort
has seeral important advantagesover Greed Sort:

1. BalanceSort canbe usedasthe basisof optimal deterministic algorithms for all de ned
parallel memory hierarchies,asdescrilked in the companionpaper [NoVa]. By cortrast,
GreedSort is basedon mergesort, which doesnot lenditself to e cien t implemertation
in memory hierardhies.

2. Balance Sort has smaller constarts embeddedin the big-oh notation.

3. Balance Sort can be implemerted using only striped writes. This restriction is im-
portant in practical parallel disk systems,where striped writes may be required for
maintaining redundancyinformation to make recovery possiblein the evert of a disk
failure [CLG, Sd].



Subsequetty to our work, Aggarwal and Plaxton [AgP] deweloped another optimal de-
terministic external sorting algorithm. Their algorithm is basedon the hypercube sorting
method of Cypher and Plaxton [CyP] which hashigher constart factors. Barve, Grove, and
Vitter [BGV] deweloped a practical sorting method basedon mergesort, which does prob-
ably better than disk striping even for moderate valuesof D. The algorithm, howewer, is
not theoretically optimal for somevaluesof N, D, and B. This algorithm was improved by
Barve and Vitter [BaV].

Section2 descrikeshow to balancethe bucdketsin O(N=DB) parallel I/Os in sud a way
that eat bucket can be read e cien tly in parallel at a later stagein the recursion. The
balancing subroutine is the heart of the overall sorting algorithm. Section 3 describes how
to apply the balancing algorithm in sud a way asto adiieve optimal parallel sorting time.
Section5 explainsthe signi cance of this algorithm.

2 How to Balance

For simplicity, we assumethat the N keys are distinct; this assumptionis realizable by
appending to ead key the record'sinitial location. Distribution sort is a sorting paradigm
that choosesS 1 partitioning elemerts that partition the le to be sortedinto S rangesof
valuescalledbuckets The le is processedand the buckets are formed, and then the buckets
are sorted recursiwely. The sorted buckets are concatenatedin the right order to producea
completely sorted le. For example,if we want to sort chedks from a bank statemert, and
the cheds fall in the range350{399,we might choosefor our partitioning elemerts the values
360,370,380,and 390. We then partition the chedks into stacks (buckets). Onceead stak
is sorted, we then put the sorted 350s rst, followed by the sorted 360s,etc., and the cheds
are fully sorted.

In this paper we describe a new algorithm called Balance Sort that is basedon the
distribution sort paradigm. In BalanceSort,we nd S 1 partitioning elemerts that partition
the le into S nearly equal-sizedblocks. WereadD recordsinto memoryin parallel, partition
them, and write them badk to the disksin parallel. We read, partition, and write the next D
records,and soon, until the whole le hasbeenpartitioned into buckets. The crucial problem
we addressis how to minimize the number of parallel readsthat we will needduring the
next level of recursionto re-readead bucket. The heart of BalanceSort is a novel Balance
routine that guararteesthat eat bucket is spreadevenly amongthe disks. In this section,
we descrite the Balanceroutine. In the next section, we describe how to use Balanceto
achieve the optimal number of I/Os. For simplicity of exposition, we assumethat ead block
storesonly one record; that is, the block sizeis B = 1. We show in Section 3.2 how to
accommalate arbitrary block sizes.

Let xpq be the number of recordswritten to disk d from bucket b during the partition
process,we callthe S D matrix X = (Xpg) the histogram matrix. The number of parallel
readsrequired to read bucket b into internal memory during the next level of recursionis
'y = Max; 4 pfXpgg. Our goalis to minimize the sum

X
M-
1 bsS

We processthe le onetrack at a time (all of the disks are syncronized for reading) and
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Algorithm 1 [Simple Balance)]

f P contains the partition elemerts g

f Initialize g
for b:= 1to S
for d:= 1to D
Xpg:= 0
Yod := 0

f Processthe le g
for t ;= 1to d\N=De
read D recordsin parallel into array T in internal memory from track t
f Compute the matching matrix Z g
fori:=1toD
[i] := Bucket(T[i]; P)
for d:=1to D
Zid =Y [id
nd a permutation of T that is a min-cost matching of matching matrix Z
for d:=1to D
incremert x [ (d)d
incremert Y1 d):d
decremen any row of Y that hasno zeros
write out T in the permuted order
write out the location matrix L

usea greedystrategy that attempts to minimize the increaseof this sum. We compute an
S D matrix Y, calledthe skewmatrix, that measureshow unbalancedead bucket is. We
de ne

Yod = Xpa  XM;  wherex['" = _min_f Xpdg:

Intuitiv ely, the skew matrix elemen y,q indicateshow many more recordsof bucket b will be
on disk d after all the recordsin the budket that resideon someother disk have beenread.
We call y,q the skewof bucket b on disk d.

In Algorithm 1, wetry to minimize the elemerts of the skew matrix by computing a min-
cost bipartite matching betweenblocks and disks. In particular, a block from bucdket b will
have costy,g to be assignedto disk d. We assumethat the procedureBucket(a;P) returns
the number of the bucket to which a belongs, basedon the set of partitioning elemeits
P. Algorithm 1 is an on-line algorithm in that it makesits decisionsabout whereto place
elemens basedonly on the recordsit hasalready seen(as codi ed in the arrays X and Y).
The CPU time complexity of nding a permutation for the min-cost matching is O(D 3),
sinceZ isaD D matrix.

It should be noted that after the rst level of recursion,there is no longerany guarartee
that all buckets will occupy successig tracks on a disk. This di cult y is easily overcomeby
keepinganother D S matrix L sud that lnq is the last track with a block from bucket b
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on disk d. We augmen ead block with a pointer to the next block to read on that disk
for the samebucket. (This pointer actually points backwards to the most recerily written
track for the budket on that disk.) At the end, we are left with an S D matrix giving the
locations where the next level of recursion must begin processing. We refer to this matrix
asthe location matrix, L. Thus, starting from the nal con guration of L, we canread the
bucket badkwards, using only a constart amourt of overheadin ead block.

There is an obvious fact about the disk sumsin the histogram matrix X :

P . : :
Lemma 1 The columnsumsxy = 4 ,, s Xpg IN the histogram matrix X are all equal.

" P . : . : :
Proof: By de nition, = ,Xpq IS the number of tracks written on disk d. Sincewe are reading
and writing whole tracks at a time, the sum must be constart over all disks. O

It is not necessaryfrom an algorithmic standpoint to have a skew matrix Y, sincethe
min-cost matching will give exactly the sameresultsif it consistsof rows from the histogram
matrix X . Howewer, the skew matrix givessomeinsight into how unbalancedthe buckets
are. Assigning a bucket b to a disk d for which yuq is zerois a good thing; it will never
increasethe number of readsrequired to processthe ertire bucket beyond the minimum
needed.Alternativ ely, if we assigna budket bto a disk d for which yyq is larger than y,p for
all other disksd®, we increasethe total number of readsneededto processthe bucket beyond
the number of readsthat are strictly needed.By doing a min-cost matching, we attempt to
spreadthe recordsof eat bucket evenly over the D disks simultaneously The skew matrix
has someuseful properties, as evidencedby the following simple lemmas:

Lemma 2 Every bucketb contains at least one O in the skewmatrix Y.

Proof: By de nition of the skew matrix, thosedisksd for which Xpq = min; 4 p fXpgg Will
have ypq = 0. O

Lemma 3 In the skewmatrix Y, wehavey,y Oforalll b Sandl d D.

Proof: By de nition of the skew matrix, we subtract from ead row of the histogram ma-
trix X the minimum value for ead row. O

P . .
Lemma 4 The columnsumsyy = 1 p sVYbg IN the skewmatrix Y are all equal.

Proof: This lemma is a simple consequenceof Lemma 1 and the fact that forming the
skew matrix from the histogram matrix subtracts the samenumber from ead disk for eah
bucket. 0O

Beforewe proceed,we needa little information about how the skew matrix ewlvesasa
function of the number of tracks processed.

De nition 1 Let Y be a skew matrix and let Y be the sameskew matrix after the next
track has beenprocessedising the min-cost matching to assignbuckets to disks, and after
any rows without zerceshave beendecremered by 1. If y2, > y,4 then we say that budcket b
has beenpromotad on disk d.



Lemma 5 At most one bucketis promoted on any given disk on any track. Furthermore,
that bucketcan increaseits skewby at most 1 on the disk.

Proof: Exactly one bucket hasits value in the histogram matrix incremerted by 1 for the
given disk, and henceit is the only onewhosevalue canincreasein the skew matrix column
for that disk. Sincethe value in the histogram matrix is incremened by 1, the maximum
possibleincreasein its skew s also 1. O

The following lemma about changesto the skew matrix is pivotal in proving the optimal
behavior of our algorithm.

Lemma 6 Assumethat the largestelementof skewmatrix Y is max and that somemin-
cost matching for a matching matrix composel of rowsof Y resultsin a skewmatrix Y © for
which seveal bucketshavea skewof max + 1. Then all the bucketsthat attain the larger
skewin y® must havea skewof max in Y on everydisk for which the skewin y®is max+ 1.

Proof: Assumethat bucket b reachesa skew of max + 1 on disk d and budket b° readhesa
skew of max + 1 on disk d®> Then in the partial matching, we have

\ d d®
max i
] max

b
P
whereunderlinesindicate that the elemerts are part of a min-cost matching. Hence,it must
be the casethat i + ] 2max. Sinceno elemen of Y is greaterthan max, it follows that

I = J = max. Sincethis fact is true for every pair of budkets that achieve a new maximum
skew, the result follows. O

The upshot of Lemma 6 is that if seweral buckets are promoted to a new maximum
skew value, there must have beena \blo ck of maxes"in the matching matrix. That is, the
matching matrix must in part (up to permutations of the rows and columns) have looked
like this:

max max .. maxX
maxX max ::.: maxX
max max .. maxX

The dicult y with Algorithm 1 is that, although there is much empirical evidenceto
suggestthat it is always within a factor of 2 of the optimal number of I/Os for reading
all the buckets badk in, it has beendicult to prove this conjecturein the generalcase.
Intuitiv ely, the algorithm tries to spreadthe buckets among the disks that in a way that
conicts leastwith what has beenpreviously placed. If it can be shovn that the maximum
skew grows su cien tly slowly (for example, that it takes at least a quadratic number of
tracks to attain any given skew value) or that the maximum skew is bounded linearly by
the number of buckets available, then it would be possibleto show that Algorithm 1 could
obtain optimal results for balancing.

Our alternative and provably optimal algorithm that we proposeinstead makes use of
two key ideas:



1. We rebalanceoccasionallyif the min-cost operation skewsthe balancetoo badly.
2. We only needto usesome(preferably large) constant fraction of the disks e cien tly.

The point behind rebalancingis that when somebucket b getstoo skewed, that is, when
Xpd Xpe > C for somedisks d and d° wherec > 0 is the skew threshold, we can read a
block from bucket b on disk d and write it to disk d° In fact, any number of buckets (up to
bD =2c) can be rebalancedin a single parallel /0O operation, as long as the swaps all take
placeon distinct disks.

Saying that we needto useonly someconstart fraction of the diskse ciently for any
given budcket meansthat the number of tracks neededto read that bucket will expand by
a factor of only about 1= above the optimal. Our algorithm, given in Algorithm 2, uses

= 1. In addition to keepinga histogram matrix X, the algorithm keepsan auxiliary
matrix A to ensurethat, after processingead track, no bucket is too far out of balance.

Speci cally, if my is the median number of blocks that bucket b hason all the disks (i.e., my

Qg ;= maxt 0; Xpg  MyQ:

Invariant 1 about A below will guararteethat X,y my+ 1foralll d D.

The parts of Algorithm 2 that dier from Algorithm 1 are underlined. Algorithm 2
requirestwo subroutinesto completeits work: ComputeAux and Rebalance givenin Algo-
rithms 3 and 4, respectively. We de ne theseroutines so asto maintain two invariants on
the matrix A at step (1) in the algorithm:

Invariant 1 A is a binary matrix; that is, all of its elementsare either O or 1.

Invariant 2 Everyrow of A contains at least dD =2e Os (or equivalently, everyrow contains
no more than bD=2c 1s).

It is easyto seethat Invariant 2 is maintained, sincethe smallest dD =2e elemers all
become0, by our de nition of the median.

To show Invariant 1, it is necessaryto understand a bit more about how the min-cost
matching a ects the auxiliary matrix and how e ectiv e the Rebalancesubroutineis. We use
induction to shaw that the invariant is maintained. Auxiliary matrix A is initially binary
(all 0s).

We will prove somelemmasthat assumethe invariant holdsat line (1) of Algorithm 2 and
shov what happensto A at later points in the iteration. After this, we shov somelemmas
neededto demonstratethat Rebalanceis ableto remove any 2sintroducedasa result of the
min-cost matching. Finally, Theorem 2 establisheghat Invariant 1 holds.

Lemma 7 The only entries of the auxiliary matrix A that can be larger at line (3) of Algo-
rithm 2 than they were at line (1) of the sameiteration are those matchel in the min-cost
matching. Furthermore, any elementof A that increasescan increaseby only 1.

2We usethe cornvertion that the median is always the dD =2eth smallestelemen, rather than the corven-
tion in statistics that it is the averageof the two middle elemens when D is even.
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Algorithm 2 [Balance@;T)]

f P contains the partition elemers; T says wherethe rst block is on ead disk. g

f Initialize g
for b:= 1to S
for d:= 1to D
Xpg:= 0
ang:= 0

f Processthe le g
for t := 1to d\N=De
read D recordsin parallel into array M em in internal memory from track t
f Compute the matching matrix Z g
fori:=1toD
[i] := bucket(M em(i]; P)
for d:=1to D
(1) Zid = @i
nd a permutation of M em that is a min-cost matching with matching matrix Z
write out M em in the permuted order
for d:=1to D
incremert X [ (d)]:d
(2) A = ComputeAux(X) f X is the histogram matrix. g
3) if thereisa2in A
4) RebalanceA; X))
(5) A := ComputeAux(X)
(6) write out the location matrix L

Algorithm 3 [ComputeAux(X) returns A]

for b:= 1to S
m := medianof Xy;:::;Xpp (the dD=2eth smallestelemer)
for d:= 1to D

Apg ;= Max(0; Xpg M)

Proof: The elemeits of X not involved in the min-cost matching are the sameat line (3)
asthey wereat line (1), sothe crux of the proof is to show that the call to ComputeAux in
line (2) maintains this property of A. Sincethe medianfor a bucket either stays the same
or increasesas a result of the matching, the di erence betweenany elemen not matched
and the median either stays the sameor decreases. The elemerts of A involved in the
match increaseby only 1, and sincethe median does not decreasethe di erence between
the matched elemerts and the median canincreaseby at most 1. O
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Algorithm 4 [Rebalancef; X)]

f The array R tells us which bucket to read from ead disk g
f The array W tells us on which disk to write the block g

for d:=1to D
rd:—O
wg =0

U:=fdjay= 2forsomeb2 1;:::;Sg

V:i=11:::;Dg U
E:=;
for i := 1to jUj
d:= U
Q) b:= (unique) bucket sud that apg = 2
Mg =Db
for j ;= 1to V]
d:=V,
if app =
E:=E[ (d;d9

f We will swap a pair of blocks for every edgein the following match g
(2) nd a maximum bipartite matching on the graphG = (U[ V;E)
for eat match (d;d9
wy = d°
f Update X to re ect the swap g
Xpd := Xpg 1
Xpep := Xpp + 1
read the last block of bucket rq ondiskdif rg 6 0
write the block read from disk d onto disk wy if rq 6 O

We now show that lemmassimilar to Lemmas5 and 6 for skew matrices also hold for
the auxiliary matrix.

Lemma 8 Assuming that the auxiliary matrix A is binary at line (1) of Algorithm 2, at
most one bucketwill havea 2 in A for any givendisk at line (3) during the sameiteration.
No bucketswill haveany elementsin A larger than 2.

Proof: By Lemma 7, only those elemens involved in a match can increaseand even then,
only by 1. SinceA is binary prior to the match, the largestelemen will be no greaterthan 2
at line (3). Furthermore, by de nition of the match, exactly oneelemen of X is incremeried
on ead disk; that elemen is the only onethat can becomea 2 for that disk. O

Lemma 9 Assumethat the auxiliary matrix A is binary at line (1) of Algorithm 2 and let
D be the setof diskshavinga 2 in A at line (3) during the sameiteration. Then everybucket
that hasa 2 in A at line (3) must havehada 1 in A for everydiskin D backin line (1)
during the sameiteration.
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Proof: The argumert usedin the proof of Lemma 6 works here aswell, exceptthat in this
casemax = 1 and someof the 2smay revert to 1sduring the call to ComputeAux at line (2)
of the algorithm, if the median for that bucket happensto increase. O

The call to ComputeAux at line (2) guararteesthat ewery bucket in A at line (3) of
Algorithm 2 hasat least dD =2e 0s. We needone more fact about A beforewe can complete
our analysisof the Rebalanceroutine.

Lemma 10 Assumingthat the auxiliary matrix A is binary at line (1) of Algorithm 2, at
most bD =2c diskswill have2sin A at line (3) on the sameiteration.

Proof: By Lemma 9, a necessarycondition for the introduction of 2son k di erent disks
is to have a \blo ck of 1s" in the matching matrix Z. But ead bucdket has at least dD =2e
zerces,which meansthat the maximum width of the block of 1sis bD =2c. O

Now that we know the structure of the auxiliary matrix A at the call to Rebalance
at line (4) of Algorithm 2, we needto shov somefacts about the Rebalancesubroutine.
Lemma 8 implies that the bucket at line (1) of Algorithm 4 is unique.

Lemma 11 Assumingthat the auxiliary matrix A is binary at line (1) of Algorithm 2, the
maximum matching at line (2) of Algorithm 4 will include all verticesin U.

Proof: By Lemma 10, we have jUj bD=2c. Each vertex in U hasat least dD =2e outgoing
edges.Each edgethat is chosenfor the matching can invalidate at most one possibleedge
for every other vertex of U. Sincethe minimum number of edgescoming out of any vertex
in U exceedgUj, then the simple greedyalgorithm (namely, choosingthe rst edgefor the
rst vertex of U, the rst remaining edgefor the secondvertex of U, and soon) producesa
matching that includesall the verticesof U. O

At long last, we are ready to prove that Invariant 1 holds.

Theorem 2 The auxiliary matrix A is a binary matrix at line (1) of Algorithm 2.

Proof: The proof proceedsby induction on the number of tracks processed. Before any
tracks have beenprocessedit is trivially true, sinceall the elemerts of A are 0.
Assumethat the invariant holds at the beginning of an iteration. We now shaw that
the invariant will hold at the end of the iteration, and thus at the beginning of the next
iteration. If thereis no 2 in A at line (3) of Algorithm 2, then the invariant is clearly
maintained. Assumethat ayq = 2 at line (3) of Algorithm 2. We know from Lemma11 that
the vertex correspnding to disk d in U will be matchedto somedisk d° for which ape = O.
The rebalancing algorithm will read the last block of bucket b on disk d and write it to
disk d° This operation guararteesthat the call to ComputeAux in line (5) of Algorithm 2
will resultin a,g 1landay,e 1, sincethe medianelemen cannot be on disk d, and so
there is no chanceof lowering the median. By Lemma 11, in a single parallel I/O operation
we can simultaneously rebalanceall of the 2sthat appearedin A . Thus, A is binary at the
end of the loop and doesnot changebeforeline (1) at the next iteration (or at the end of
the algorithm, if this wasthe last iteration). O
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The following theoremtells how well ead bucdket is balanced.

Theorem 3 The numker of I/Os needed to read any bucketb during the next level of recur-
sion of Balance Sort will be no more than a factor of alout 2 alove the optimal.

Proof: Let my, denotethe median elemen in budket b. By Invariant 1, which is also main-
tained at termination of the algorithm, the number of tracks neededto read bucket b is no
more than my+ 1. Bucket b hasat least dD =2em; elemeits in it, soit requiresat least

& '
dD =2em b My

D 2

tracks to readit. Thus, we are a factor of at most

mp+ 1
dmb:2e

from the optimal. O

Algorithm 2 assumedhat it readsD blocks on ewery track, whereasthe previous phase
doesnot guarartee that every track up to the last is fully utilized. Adjusting the algorithm
for partial tracks is simple: if no block is available to be read on somedisk d, we pretend
that we read from a dummy bucket 0. Bucket O hasthe characteristic that xoq = O for all
1 d D, soin particular, its row of the matching matrix cortains all 0s. The part of the
algorithm that incremeris the valuesof X shouldignore bucket 0.

Step (6) requireswriting a set of cardinality DS, which can be donein S=B parallel
writes.

We can now bound the total number of parallel I/Os neededfor balancing N records
into S buckets:

Theorem 4 A phaseof Balance requires no more than alout 2N=DB parallel reads and
alout 4AN=DB + S parallel writes.

Proof: We know from Theorem3 that the N recordswe are processingoccupy about 2N=DB
tracks. Eadh of thesetracks cangiveriseto at most oneparallel read and two parallel writes:
oneread and write for the original assignmenh to disks accordingto the min-cost matching,
and at most one parallel write in rebalancing. Thoseblocks that require rebalancingdo not
needto be written in the rst parallel write. The extra S parallel writes are for writing the
location matrix L. O

Subsequetty to our work, an alternative de nition of the auxiliary matrix was proposed,
although without the dewelopmen of a full sorting algorithm. It has a similar e ect of
making ead bucket balancedwithin a factor of 2; the term ay, is de ned to be 1 whenthe
number of blocks per bucket is more than twice the desiredevenly-balancednumber [GrOQ].
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Algorithm 5 [BalanceSort(N; T)]

if N M
Q) Readthe whole bucket into memory
Sort internally
(2) Write the bucket out again
else D
minfb2 M=Bc; b2N=M cg
(3) ComputePartitionElements(S)
f The T array givesthe starting tracks on ead disk. g
(4) BalancdP; T)

S:
P:

for b:=1t0 S
(5) T := Readhbth row of L f Written in Balanceg
Ny, := number of elemerts in bucket b
(6) Balance Sort(Ny; T)
(7) Append sorted bucket to output area

3 The Full Sorting Algorithm

In this section we descrike how to t the balancing algorithm into an optimal algorithm
for sorting, which we call Balance Sort. We assumethat the Balance routine has been
modi ed to return the starting (ending) blocks of ead bucket on ead disk, as described
in the previous section. Algorithm 5 givesthe actual algorithm. We assumefor simplicity
without lossof generality that N;M and B are powersof 2 and that = M =B is an integer.
The Balanceroutine hasup until now assumedthat B = 1. In Subsection3.2, we descrike
how to handlethe generalcaseB 1.

The correctnessof the algorithm is easyto establish,sincethe bottom level of recursion
by de nition producesa sortedlist, and ead level thgtifter concatenatessorted lists in the
right order. In this algorithm, we will let S = minfb2" M =Bc; b2N=M cgin orderto produce
optimal performance,asshovn in Section4.

The next few subsectionsestablishthe proof of Theorem 1, that Balance Sort usesan
optimal number of I/Os. The lower bounds on the number of I/Os neededto sort follows
from [AgV], where the samelower bound was establishedfor a more powerful (but less
realistic) model. The lower bound is basedonly on routing concernsand doesnot assumea
comparisonmodel of computation, exceptin a pathologicalcase.The well-knowvn ( N logN)
lower bound for internal processingdoesassumethe comparisonmodel of computation.

3.1 Finding the partition elements

The following procedurefor nding the partition elemers is basedon that of [ViS], and is
preserted in Algorithm 6. The algorithm is deterministic.

Lemma 12 Algorithm 6 nds S 1 partition elementssuch that, for any bucketb, the
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numker of elementsin that bucketN, obeysthe constraint
NN
2 " 25"

Proof: We constructed M ? to consistof every bS=8cth record. Thus, eah elemen of M ?
represeis exactly bS=8c elemerts that arelessthan or equalto it but largerthan the previous
elemen of M °. Sothe elemen b de ned asthe j N=(bS=8cSth elemen of M ®hasat least

iN
bS=8cS

. N
bS—8c—j§

elemerns lessthan or equalto it. But it could have more, sinceead of the otherdN=Me 1
memoryloadscould have up to bS=8c 1 recordslessthan or equalto by. Soly hasat most
] N=S+ z recordslessthan or equalto it, where

z=(dN=Me 1)(bS=8c 1):

The largest a bucket could be is if the previous partition elemen hasrank j N=S and the
next hasrank (j + 1)N=S+ z, giving it a sizeof N=S+ z. Similarly, the smallesta bucket
could beis N=S z. Soto prove the lemma, we needto demonstratethat

z= (N=Me 1)(bS=8c 1) ;'S:

SinceN > M, we candivide by dN=M e 1. We thus needto show that

4N

2 .
S S((Smod8) 1) N-Me 1

where we have expandedbS=8c in terms of the modulo function. This inequality is clearly
satis ed if we can show that AN

dN=Me 1

But we know that S 2IO M=B soS? 4M=B. The lemmawill be proved if we shav that

SZ

4M AN
B dN=Me 1’

We expandthe ceiling
=2 — 1 IMJjN]

wherethe notation
1 if M dividesN

M N]= 0 otherwise.

So
4N aM

dN=Me 1 1 ZI((M modN)+ MM | N])’
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Algorithm 6 [ComputePartitionElts( S) returns P]

for each memoryloadof recordsM ; (1 i dN=Meg)
ReadM ; into memory
Sort internally
Construct M ? to consistof every bS=8cth record
Write M ©

M%=MP[ [ M{xoue

forj:=1t0S 1
b := Selec{M %4Nj=S%)

return(fy g)

Now (M modN)+ M[M jN]=M if M jN andisat mostM 1if M mod N 6 0. Thus,
l\ll((M mod N)+ M[M jN]) < 1;

sinceM < N. Therefore,the fraction is de ned and exceedsAM . Putting the two halves
together, we have that

4M 4M
- < - -
B M dN=Me 1’
which completesthe proof of the lemma. O

Algorithm 6 was analyzedin [ViS] and shovn to take O(N=DB) parallel /O operations
which, aswe will seein the analysis,is su cien t for achieving optimal performance.

The procedurefor nding the partitioning elemens usesas a subroutine Algorithm 7,
which computesthe kth smallest of n elements in O(n=DB) I/Os. It does this task by
recursively subdividing about an elemen that is guararteed to be closeto the median.

3.2 Dealing with larger blocks

There hasuntil now beenno descriptionof how the algorithm collectsthe recordsinto blocks.
The modi cations to do this take placein the Balanceroutine (Algorithm 2). Algorithm 8
shows the modi ed Balanceroutine. The number of I1/0Os performed is not a ected; the
changesonly a ect the amourt of memory needed.

At the point in the loop whereD recordsare read from disk in parallel into array M em,
we read whole blocks, and repad into blocks containing only recordsthat belongin the
samebucket. Whenewer we have D full blocks, we go into the normal processof min-cost
matching and rebalancingif necessaryAt the end, we alsousethe min-costand rebalancing
method to output the partially full blocks.

There can be no more than S partially lled blocks, and consequetly the amourt of
spaceneededbeforewe nd D completely lled blocks is never more than (S+ D)B. We
thus can show the following theorem:

Theorem 5 The amount of space needed for bu ering and collecting into bucketswill never
exeed M aslongasM  8DB.
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Algorithm 7 [SelectS; k)]

t:= djSj=Me
fori:=1tot
ReadM elemerts in parallel (from dVI =DB e tracks, the last possibly partial)
Sort internally
R; := the medianelemen
ift=1
return(kth elemer)

Partition into two setsS; and S, such that S; < sandS, s
Ky 1= jS4j
kz := |Sz]
if kK ki
return(Select(S;; k))
else
return(Select(Sz; k- ki)

Proof: As shown above, the amourt of spaceneededfor collecting into blocks is no more
than (S+ D)B. In addition, we needspaceD B for the input bu er. Thus, the total amourt
of sto(gageneededfor bu ering and collecting into blocks will never exceedSB + 2DB. But
S M =B throughout the algorithm and by hypothesis, M 8DB, sothe amourt of
spaceneededis no more than

p—
SB + 2DB pMB+2DB
SMDB+2DB

MM, oM

8 8
< M

4  Analysis

In this section,we prove Theorem1 that BalanceSort is optimal with respect to the number
of parallel /O stepsand number of disk blocks in the parallel disk model.

4.1 1/0 performance of the sorting algorithm

We have numbered eat of the stepsof Algorithm 5 that can causean I/O operation. Let
T(N) denotethe number of I/O stepsneededfor sorting N records. Steps(1) and (2) occur
only at the innermostlevel of recursion. From Theorem 3, the bucket will take no morethan
3N=DB readsand writes.
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Algorithm 8 [BalanceWith _Blocks(P)]

f Initialize ¢
for b:=1to S
for d:= 1to D
Xpd = 0
apd:=0

f Processthe le g
for t := 1to dN=DBe
read D blocks in parallel into input array
Gather recordsinto blocks that ead represeh only one bucket
if there are at leastD full blocksort = dN=De
if there are at leastD full blocks
De ne array M em to compriseD full blocks
else
De ne array Mem to be any D blocks that needwriting
f Compute the matching matrix Z g
fori:=1to D
[i] := bucket(M em[i])
for d:=1to D
Zig = A Jild
nd a permutation of M em that is a min-cost matching with matching matrix Z
write out M em in the permuted order
for d:=1to D
incremert X [ (d)]:d
A = ComputeAux(X)
if thereisa2in A
Rebalancef; X)
A := ComputeAux(X)
write out the location matrix L

Step(3), as mertioFgled, hasbeenshown by [ViS] to require only O(N=DB) I/Os, regard-
lessof whetherS = 2 M=B or S = 2N=M. Step (4), asshavn in Theorem4, requiresno
morethan 6N=DB I/Os. Step(5) canbe donein a singleparallel read, sincethe cardinality
of the setis only D, for a total of S reads. The number of I/Os for step (6) is

T(Np);
1 b S

wherlng is the number of elemerts in bucket b. Let N, = N=S+ |, wherej j N=(2S)
and ; , s b= 0. Finally, step (7) canread the bucket in no more than 3N,=DB 1/Os
and write it in no more than N,=DB 1/Os, for a total (over all buckets) of AN=DB [/Os.
Recallingthat S 2N=M andthat M 2DB, we seethat S N=DB, sowe canfold any
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terms with S into an overall O(N=(DB)) term. This analysisgivesus the recurrence

— if N M
%D !

X N
DB

T(N) =

§ b +0O if N> M

By the de nition of S, we have

8
2N . M 32
P w0 TN o
S AT} AU
- B B

. o P =
Let us considerthe caseN M 3%2= B. We get the recurrence

N

T(N) X T M @
= -7t b * ;
1bs 2 DB

wherej j M=4. In particular, eat bucket has sizeat most 3M =4, and sowe can sort it
internally. Thus,

1 X M N N
T(N)= — T4 L, 40 —— =0 —— ;
N)= 58 es 2 ° DB DB
sinceM > DB. B
WhenN M 3%2= B, we demonstrateby induction below that
T(N) N log(N=B) ;
DB log(M=B)

where is some positive constart of proportionality. The base caseclearly satis es the
constraint. Thus we needto show that

X N N N N N log(N=B)
DB DB log(M=B)’

1bsS

where is an upper bound of the constart of proportionality assumedby the \big Oh" in
the recurrence.By the induction hypothesis,the left-hand sideis boundedby
X N LoD log(N=SB) + log(1+ p=(N=9)) N N
1,s SDB DB log(M =B) DB

Sincej p=(N=S) 1=2,andlog(l+ x) < x whene\er x < 1, this quartity is no more than

X N ., b logN=SB)+ =(N=S) N
., s SDB DB log(M =B) DB’
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- o . P
By splitting the suminto individual terms and usingthe factthat , , s b= 0, we get

N Iog(N:SB)+ S X 2, N
DB log(M=B) NDBlogM=B), , s ° DB’

Sincej ,j N=2S, we can bound the above by

N log(N=SB) S N2 N
DB log(M=B) = NDBlog(M=B)~ 2S DB
N log(N=B) N logS 14 N

DB log(M=B) DB log(M=B) ' DB’

wherewe have removed the S from the log(N=SB) and rearranged. SinceS 2p M=B 1,
the above doesnot exceed

N log(N=B) N Iog(2p M=B 1) 14 N

DBlog(M=B) DB log(M =B) DB’

Now M=B > 1, soif wereplacethe\ 1" above with \ P M=B", the value will increase
to

N log(N=B) N Iog(pm) 1= N
DB log(M=B) DB log(M=B) OB
N log(N=B) N 1 1 . N
DB log(M=B) DB 2 4log(M=B) DB’

The bound is thus proved aslong as

N N L 1

B BD 2 4log(M=B)
or ]
ot
2 4log(M=B)

Sincethe coe cient of is always between1=2 and 1=4, if we choose > 4 , the induction
condition is held independerlly of M and B. Thus,

N log(N=B) | _

TN)=0 5B logM=8)

which completesthe proof of Theorem 1.

4.2 Memory usage of the sorting algorithm

We still needto shav that we do not exceedthe memory requiremerts of the computer. The
algorithm maintains threeS D arrays: L, A, and X ..

Theorem 6 For any 0 < < 1=2, the amount of primary memory space needed for the
data structures of the sorting algorithm is O(M ¥=2* ) = o(M).
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Pﬁoﬁn either range of S, it is easyto shav that the spacerequired is no more than
2 M=BD. At rst glance,it seemsf D = ( M) and B = 1 that we will require ( M 3%2)
storagespacein primary memory, which is clearly impossible. Howewer, we can usea patrtial
disk striping method throughout the courseof the algorithm, as descriked in [NoVb]. If D
doesnot grow asfast asM =2, then the memory cannot be exceeded Assumethat D grows
fasterthan M , where0 < < 1=2. We can cluster our D disksinto clustersof D%= M

clusters of B® = BD=D° disks syndronized together. Eadh of the D? clusters acts like a
logical disk with block sizeB° Thus, the number of primary storagelocations we needis at
most

q q
D° M=B® M M=B0= O(M¥?" ):

The expressionfor the number of I/Os remainsthe same,namely,
!

N loggs _ o N logy |

D®Blog ¥, DB log %

5 Conclusions

In this paper, we have described a new algorithm called Balance Sort for sorting on parallel
disk subsystems. This algorithm has the following advantages over the previously known
optimal deterministic algorithm, Greed Sort [NoVb]:

1. The new algorithm is also applicable to parallel processorsand to parallel memory
hierardhies, as descrited in the companionpaper [NoVa].

2. The hidden constarts in the big-oh notation are small. The problem with the Greed
Sort algorithm is that it usesColumnsort [Lei] as a subroutine, which introducesat
least an additional factor of 4 into the constart of proportionality.

3. The algorithm can operate usingonly striped write operations. Someparallel disk sub-
systems,suc as Thinking Machine's Data Vault, imposethis requiremen sothat they
can maintain error chedking and redundancyinformation to give acceptablelevels of
reliability whendealingwith many disks, ead of which hasan independen probability
of failure. It is unclearhow to adapt Greed Sort to useonly striped writes.

A promising approad to balancingthat the authors rst considereds to do a greedybal-
ancevia min-cost matching on the placemem matrix. We conjecturethat sud an approad
resultsin globally balancedbuckets.

There is still a signi cant hurdle to overcomebefore Balance Sort can be usedto do
sorting optimally in terms of internal processingtime on parallel processorsand in terms of
time on parallel memory hierarchies. In the modelsthat we considerin the companionpaper
[NoVa], thereis arequiremern that the internal processingnust be doablein O((N=P) logP)
parallel time in orderto achieve optimal performance whenP CPUs are used. The min-cost
matching in the Balanceroutine is operating on a 0-1 matrix, and thereforethe full power
of min-cost matching is not required; indeed, maximum matching on the complemen of
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the matching matrix will do the job. The proof that the \blo ck of 1s" is presern doesnot
depend upon maximum matching, but only that the matching is maximal. Likewise,it is
not hard to shav that any maximal matching in the Rebalanceroutine is alsoa maximum
matching. Thus, we can use maximal matching in both the Balance and Rebalancerou-
tines. Unfortunately, the best known deterministic parallel time for maximal matching is
O(log®n) for a problem of sizen and with n processorglsS], which is not good enoughto
get optimal performanceon the parallel memory hierarchies with e ectiv e logarithmic cost
functions. The interesting and elegarn adjustmerts necessaryo obtain optimal performance
on P processorsare the subject of the companionpaper [NoVa]. The sorting algorithm in
the companionpaper [NoVa] for the D  1;P 1 disk model gives an alternate optimal
algorithm for the P = 1 model we considerin this paper.

The two distribution sort methods BalanceSort and GreedSort perform write operations
in completestripes, which make it easyto write parity information for usein error correc-
tion and recovery. But sincethe blocks written in ead stripe typically belongto multiple
buckets, the buckets themseheswill not be striped on the disks, and we must usethe disks
independerily during read operations. In the write phase,eat budket must therefore keep
track of the last block written to ead disk sothat the blocks for the budket can be linked
together.

An orthogonal approad investigatedmorerecerly (sincethe appearanceof this work in
conferences)s to stripe the cortents of ead bucket acrossthe disks sothat read operations
canbe donein a striped manner. A summary of someapproatesalong thoselines and the
issuesthat arise are descrilked in the survey article [Vit].
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