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Abstract

Many datasetsto besortedconsistof a limited numberof distinctkeys.
Sortingsuchdatasetscanbethoughtof asbundlingtogetheridenticalkeys
andhaving thebundlesplacedin order;we thereforedenotethis asbundle
sorting. We describean ef�cient algorithmfor bundlesorting in external
memorythat requiresat most �����
	���
�������������� disk accesses,where � is
the numberof keys, � is the sizeof internalmemory, � is the numberof
distinctkeys, � is the transferblock size,and ��� �!�#" . For moderately
sized � , this boundcircumvents the $%�����
	���
������������&���
	���
�
 I/O lower
boundknown for generalsorting. We show that our algorithmis optimal
by proving a matchinglower bound for bundle sorting. The improved
running time of bundle sorting over generalsorting can be signi�cant in
practice,asdemonstratedby experimentation.An importantfeatureof the
new algorithmis that it is executed“in-place”, requiringno additionaldisk
space.

1 Intr oduction

Sorting is a frequentoperationin many applications. It is usednot only to
producesortedoutput,but alsoin many sort-basedalgorithmssuchasgrouping
with aggregation, duplicateremoval, sort-merge join, as well as set operations
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includingunion,intersect,andexcept[Gra93,IBM95]. In this paper, we identify
a common external memory sorting problem, presentan algorithm to solve
it while circumventing the lower bound for generalsorting for this problem,
prove a matchinglower boundfor our algorithm,anddemonstratethe improved
performancethroughexperiments.

External mergesort is the most commonly used algorithm for large-scale
sorting. It hasa run formationphase,which producessortedruns,anda merge
phase,which mergesthe runs into sortedoutput. Its running time, as in most
external memoryalgorithms, is dominatedby the numberof I/Os performed,
which is ���������	��

���	�

� ���

�����	��
�
 , where � is the numberof keys, � is the
sizeof internalmemory, and � is thetransferblocksize.It wasshown in [AV88]
(seealso[Vit99]) thatthereis amatchinglowerboundwithin aconstantfactor.

The numberof passesover the sequenceperformedby sortingalgorithmsis
�

����� �����������	��
�� in theworst case.Whentheavailablememoryis largeenough
comparedto thesizeof thesequence,thesortingcanbeperformedin oneor two
passesover the sequence(see[ADADC � 97] andreferencestherein). However,
therearemany settingsin which theavailablememoryis moderate,at best. For
instance,in multi-threadingandmulti-userenvironments,anapplication,process,
or threadwhich mayexecutea sortingprogram,might only beallocateda small
fractionof themachinememory. Suchsettingsmayberelevantto anything from
low-endserversto high-enddecisionsupportsystems.For moderatesizememory,

�����
�����

�����	��
 maybecomelargeenoughto imply a signi®cantnumberof passes
over thedata. As anexample,considerthesetting � ����� � GB, �!�#"$�	% KB,
and � �&"'� MB. Thenwe have ���	�

�����
����� ��
(�*) , andthenumberof I/Os per

disk block requiredby merge sort is at least � . For smallermemoryallocations,
theI/O costswill beevengreater.

Our contributions. Datasetsthatareto besortedoftenconsistof keystaken
from a boundeduniverse.This fact is well exploitedin mainmemoryalgorithms
suchascountingsort andradix sort, which aresubstantiallymoreef®cient than
generalsort. In thispaperweconsidertheextenttowhichalimit, + , onthenumber
of distinct keys canbe exploited to obtainmoreeffective sortingalgorithmsin
external memoryon massive data sets,where the attentionis primarily given
to the numberof I/Os. Sorting suchdatasetscan be thoughtof as bundling
togetheridentical keys, and having the bundlesplacedin order; we therefore
denotethis asbundlesorting. It is similar to partialsortingwhich wasidenti®ed
by Knuth [Knu73] asan importantproblem. While many algorithmsaregiven
for partial sortingin main memory, to the bestof our knowledge,thereexist no
ef®cient algorithmsto solve the problemin externalmemory. As we shall see,
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bundlesortingcanbesubstantiallymoreef®cient thangeneralsorting.
A key featureof bundle sorting is that the numberof I/Os performedper

disk block dependssolely on the number + of distinct keys. Hence,in sorting
applicationsin which thenumberof distinctkeys is constant,thenumberof I/Os
performedperdiskblockremainsconstantfor any datasetsize.In contrast,merge
sortor othergeneralsortingalgorithmswill performmoreI/Os perdisk block as
the sizeof the dataset increases.In settingsin which the sizeof the datasetis
largethis canbesigni®cant.In theexamplegivenearlier, six I/Os perdatablock
areneededto sort in theworstcase.For someconstant+�� "���� , bundlesorting
performsonly two I/Os per disk block andfor someconstant+�� "�������� , only
four I/Osperdiskblock regardlessof thesizeof thedataset.

The algorithm we presentrequiresat most ) �����

�����

+ passesover the se-
quence.it performsthe sortingin-place,meaningthat the input datasetcanbe
permutedasneededwithoutusingany additionalworkingspacein externalmem-
ory. Whenthe number + of distinct keys is lessthan ���	� , our bundlesorting
algorithmcircumventsthelower boundfor generalsorting. Thelower boundfor
generalsorting is derived by a lower boundfor permutingthe input sequence,
which is an easierproblemthangeneralsorting. In contrastto generalsorting,
bundlesortingis not harderthanpermuting;ratherthanrequiringthata particu-
lar key is to be moved to a speci®clocation, it is requiredthat the key is to be
moved to a locationwithin a speci®edrange,which belongsto its bundle. This
so-calledbundle-permutationconsistsof asetof permutations,andimplementing
bundle-permutationcanbedonemoreef®ciently thanimplementinga particular
permutation.

For casesin which +�� ���	� , theimprovementin therunningtimeof bundle
sorting over generalsorting algorithmscan be signi®cant in practical sorting
settings,assupportedby our experimentationdoneon U.S. Censusdataandon
syntheticdata. In fact, the numberof passesover the sequenceexecutedby our
algorithmdoesnotdependatall on thesizeof thesequence,in contrastto general
sortingalgorithms.

To complementthe algorithmic component,we prove a matching lower
bound for bundle sorting. In particular, we show that the number of I/Os
requiredin the worst caseto sort � keys consistingof + distinct key valuesis

	

� �����	��

�����
�����

+ 
 . This lower boundis realizedby proving lower boundson
two problemsthatarebotheasierthanbundlesorting,andthecombinationof the
lowerboundsgivesthedesiredresult.The®rst specialcaseis bundlepermutation
andthesecondis atypeof matrix transposition.Bundlepermutationis thespecial
caseof bundlesortingin whichweknow thedistributionof key valuesbeforehand,
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andthusit is easierthanbundlesortingfor muchthesamereasonthatpermuting
is easierthangeneralsorting.Theotherspecialcaseof bundlesortingis a typeof
matrix transposition,in which we transposea +�� ����+ matrix,but the®nal order
of the elementsin eachrow is not important. This problemis a specialcaseof
bundlesortingof � keysconsistingof exactly ����+ recordsfor eachof + different
keys and is thus easierthan bundle sorting. Interestingly, thesetwo problems,
whencombined,capturethedif®culty of bundlesorting.

Ourbundlesortingalgorithmis basedonasimpleobservation: If theavailable
memory, � , is at least +
� , then we can sort the datain threepassesover the
sequence,asfollows. In the ®rst pass,we countthe sizeof eachbundle. After
this passwe know the rangeof blocks in which eachbundle will resideupon
terminationof thebundlesorting.The®rst block from eachsuchrangeis loaded
to main memory. The loadedblocksarescannedconcurrently, while swapping
keyssothateachblock is ®lled only with keysbelongingto its bundle.Whenever
a block is fully scanned(i.e., it only containskeys belongingto its bundle),it is
written backto disk andthenext block in its rangeis loaded.In this phase,each
block is loadedexactly once(except for at most + blocks in which the ranges
begin), and the total numberof accessesover the input sequencein the entire
algorithmis hence) . Whenever memoryis insubstantialto hold the + blocksin
memory, we groupbundlestogetherinto � �	� super-bundles,implementingthe
algorithmto sort thesuper-bundlesto � �	� sub-sequences,andre-iteratewithin
eachsub-sequence,incurring a total of �����

�����
+ iterationsover the sequenceto

completethebundlesorting.
Thereare many applicationsand settingsin which bundle sorting may be

applied, resulting in a signi®cantspeed-upin performance. For instance,any
applicationthat requirespartial sorting or partitioning of a dataset into value
independentbuckets can take advantageof bundle sortingsincethe numberof
buckets( + in bundlesorting)is small thusmakingbundlesortingveryappealing.
Anotherexamplewould be accelerating sort join computationfor suitabledata
sets: Considera join operationbetweentwo large relations, each having a
moderatenumberof distinctkeys; thenour bundlesortingalgorithmcanbeused
in asortjoin computation,with performanceimprovementovertheuseof general
sortalgorithm;

Finally, weconsideramoreperformance-sensitivemodelthat,ratherthanjust
countingthe numberof I/Os as a measurementfor performance,differentiates
betweena sequentialI/O and a random I/O and assignsa reducedcost for
sequentialI/Os. We studythetradeoffs thatoccurwhenwe applybundlesorting
in this modelandshow a simpleadaptationof bundlesorting that resultsin an
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optimalperformance.In this sense,we alsopresenta slightly differentalgorithm
for bundlesortingthatis moresuitablefor sequentialI/Os.

The rest of the paper is organizedas follows. In Section2 we explore
relatedwork. In Section3 we describetheexternalmemorymodelin which we
will analyzeour algorithm andprove the lower bound. Section4 presentsour
algorithmfor bundlesortingalongwith the performanceanalysis. In Section5
we prove the lower boundfor externalbundlesorting. In Section6 we consider
a more performance-sensitive model which takes into accounta reducedcost
for sequentialI/Os andshows the modi®cationsin our bundlesortingalgorithm
requiredto achieve an optimal algorithmin that model. Section7 describesthe
experimentsweconductedandSection8 is ourconclusions.

2 Relatedwork

Externalmemorysorting is an extensively researchedarea. Many ef®cient in-
memorysortingalgorithmshavebeenadaptedfor sortingin externalmemorysuch
asmerge sort, andmuchof the recentresearchin externalmemorysortinghas
beendedicatedto improving therun timeperformance.Over theyears,numerous
authorshave reportedtheperformanceof their sortingalgorithmsandimplemen-
tations(cf [Aga96, BBW86, BGK90]). We note a recentpaper[ADADC � 97]
which shows externalsortingof � GB of datain underoneminuteon a network
of workstations.For theproblemof bundlesortingwhere + � ���	� we notethat
our algorithmwill reducethe numberof I/Os that all thesealgorithmsperform
andhencecanbeutilized in benchmarks.We alsoconsidera moreperformance-
sensitivemodelof externalmemoryin whichratherthanjustcountingtheI/Osfor
determiningtheperformance,thereis areducedcostfor sequentialI/Oscompared
to randomaccessI/Os. We study the tradeoffs there,and show the adaptation
in our bundlesortingalgorithmto arrive at an optimal algorithmin that model.
We alsonote that anotherrecentpaper[ZL98] shows in detail how to improve
themergephaseof theexternalmergesortalgorithm,a phasethat is completely
avoidedby usingour in-placealgorithm.

In thegeneralframework of externalmemoryalgorithms,Aggarwal andVitter
showedalowerboundof

	

�������	��

���	������� �����	��
�
 onthenumberof I/Osneeded
in theworstcasefor sorting[AV88, Vit99]. In contrast,sinceouralgorithmrelies
on the number + of distinct keys for its performance,we areableto circumvent
this lower boundwhen + � ��� � . Moreover, we prove a matchinglower bound
for bundlesortingwhichshowsthatouralgorithmis optimal.

Finally, sorting is usednot only to producesortedoutput,but also in many
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sort-basedalgorithmssuchasgroupingwith aggregation,duplicateremoval, sort-
mergejoin, aswell assetoperationsincludingunion,intersect,andexcept[Gra93,
IBM95]. In many of thesecasesthe numberof distinct keys is relatively small
and hencebundle sorting can be usedfor improved performance.We identify
importantapplicationsfor bundle sorting, but note that sincesorting is sucha
commonprocedure,thereareprobablymany moreapplicationsfor bundlesorting
thatwedid not consider.

3 External memory model

In ourmainbundlesortingalgorithmandin thelowerboundweprove,weusethe
externalmemorymodelfrom Aggarwal andVitter [AV88] (seealso[Vit99]). The
modelis asfollows. We assumethatthereis a singlecentralprocessingunit, and
we modelsecondarystorageasa generalizedrandom-accessmagneticdisk (For
completeness,themodelis alsoextendedto thecasein which thedisk hassome
parallelcapabilities).Theparametersare

� � # recordsto sort�

� � # recordsthatcan®t into internalmemory�

� � # recordstransferredin asingleblock�

�

� # blocksthatcanbetransferredconcurrently�

where "�� ��� � �	� , � � � , and "��

�

����� �	�	� . For brevity we consider
only thecaseof

�

�*" , which correspondsto asingleconventionaldisk.
The parameters� , � , and � are referredto as the �le size, memorysize,

and transferblock size, respectively. Eachblock transferis allowed to access
any contiguousgroupof � recordson thedisk. We will considerthecasewhere

�

� " , meaningthat thereis no disk parallelism.Performancein this modelis
measuredby thenumberof I/O accessesperformedwherethecostof all I/Os is
identical.In Section6 weconsidera moreperformance-sensitivemodelin which
wedifferentiatebetweencostsof sequentialandrandom-accessI/Os andassigna
reducedcostfor sequentialI/Os.

4 External bundle sorting algorithm

In this sectionwe presentour bundle sorting algorithm which sorts in-placea
sequencethat resideson disk andcontains+ distinct keys. We startby de®ning
thebundlesortingproblem:
Input: A sequenceof keys 
���
���������������������� froman ordereduniverse � of size + .
Output: A permutation
����




�����

�

�������������

�

� of the input sequencesuch that: ���




�
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� �

�������

� � �

�

.
In our algorithm, it will be easy, andwith negligible overhead,to compute

and use an order preservingmapping from � to 
 "�� ����� � + � ; we discussthe
implementationdetailsof this functionin Section4.2; this enablesusto consider
the problemat handasan integer sortingproblemin which the keys are taken
from 
 "������ � � + � . Hence,weassumethat � � 
 "������ ��� + � .

We usethe external memorymodel from Section3, whereperformanceis
determinedby thenumberof I/Osperformed.Ourgoalis to minimizethenumber
of disk I/Os. In Section6 we considera moreperformance-sensitive model in
which rather than simply countingI/Os as a measurementof performancewe
differentiatebetweenasequentialI/O andarandomI/O andassignareducedcost
to sequentialI/Os. We show the necessarymodi®cationsto the bundlesorting
presentedin this sectionrequiredto achieveanoptimumin thatmodel.

4.1
�����	�	�	�
����


Integer sorting
Westartby presenting“one-passsorting”—aprocedurethatsortsasequenceinto

�

� ��� �	� � distinct keys. It will be usedby our bundlesortingalgorithmto
performoneiterationthatsortsachunkof datablocksinto � rangesof keys.

Thegeneralideais this: Initially weperformonepassonthesequence,loading
oneblock of size � at a time, in which we countthe numberof appearancesof
eachof the � distinct keys in the sequence.Next, we keepin memory � blocks
andapointerfor eachblock,whereeachblock is of size � . Usingthecountpass,
we initialize the � blocks,wherethe � th block is loadedfrom theexactlocationin
thesequencewherekeysof type � will startresidingin thesortedsequence.Weset
eachblock pointerto point to the®rst key in its block. Whenthealgorithmruns,
the � th block pointeris advancedaslong asit encounterskeys of type � . When
a block pointer is “stuck” on a key of type � , it waits for the � th block pointer
until it too is stuck(this will happensincea block pointeronly yields to keys of
its block), in which casea swap is performedandat leastoneof the two block
pointersmaycontinueto advance.Whenany of the � block pointersreachesthe
endof its block,wewrite thatblockbackto disk to theexactlocationfrom which
it wasloadedandloadthenext contiguousblock from disk into memory(andof
courseset its block pointeragainto the ®rst key in the block). We ®nish with
eachof the � blocksuponcrossingtheboundariesof thenext adjacentblock. The
algorithmterminateswhenall blocksaredonewith. Following is a pseudocode
of thealgorithm.SeealsoFigure1.
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One-passsorting algorithm

procedure one-pass-sort( ���������	��
���� + � � � � )
for � � � to ��� �	�	�


������������ ������


+ = � -th block of �

����������
��

for � � � to � of 
	����� ���!� �	����


+

"

�#������$

�

�����!���%
	�&$

�

�

�(' �*)+) ++
"

�#�!�!��$

+,' "�) � �

for � � " to +

�-$

�.) = block at position
"

�����!��$

�.) from �

�����!���%
	�

��/103254�6 7�298

��:<;>=

$

�>) � �

��?@0A25/1BC0 7	2>8

��:<;.=

$

�>) �

"

�#�!�!��$

�.)

������


+D� E

�����

� �

while ������


+D� E

�����

� +

for � � " to +

if ��?@0A25/1BC0 7	2>8

��:<;.=

$

�>) �

"

�#�!�!��$

��' "�)

while �%/103254�6 7�298

��:<;.=

$

�>) � � and �F$

�>)

$ �%/103254�6 7�298

��:<;.=

$

�>)+) � �

�%/10A254�6 7�298

��:<;>=

$

�.) ++
��?C0329/1B@0 7�298

��:<;>=

$

�>) ++
�

�G�!


+

$

�>) � �

�%/10A254�6 7�298

��:<;>=

$

�.) � � and ��?@0A25/1BC0 7	2>8

��:<;.=

$

�>) �

"

�#�!�!��$

��' "�) 


�

�G�!


+ H �

���!�

�

�F$

�>)

$ ��/103254�6 7�298

��:<;.=

$

�>)+)

if �

�G�!


+

$

�>) and �

�G�!


+

$

�

�G�!


+ H �

�1�!�

) then
swap �-$

�.)

$ �%/103254�6 7�298

��:<;.=

$

�>)+) with �F$

�

�G�!


+ H �

�1�!�

)

$ �%/103294.6 7�298

��:<;>=

$

�

�G�!


+ H �

�1���

)+)

if �%/103294.6 7�298

��:<;>=

$

�>) � �

Write �F$

�.) as a block to the location from which it was loaded
�F$

�>) = block at position �%?C0325/1BC0 7�298

��:<;.=

$

�>) from �

����������
��

�%/10A254�6 7�298

��:<;>=

$

�.) � �

if ��?C0325/1BC0 7�298

��:<;.=

$

�>) �

"

�#�!�!��$

�!' "�)

���.��


+D� E

�#�%� ++;

LEMMA 4.1. Let I bea sequenceof � keysfrom 
 "�� ����� �

�

� , let � bethetransfer
block sizeand let � be the availablememorysuch that � J

�

� . Thenthe
sequencecan be sortedin-placeusingthe procedure “one-passsorting” with a
total of

�

)����	�K' �	� �	� � I/Os.

Proof. We ®rst show that the algorithm indeedsorts the input sequence.The
algorithmallocatesonepointerin memoryfor eachof the � distinctkeys,andthe

� -th suchpointer only writes contiguousblocks of recordswhosekeys consist
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Figure 1: Initialization of the � �	� blocks in “one-passsorting”. After the
countingpass,weknow wherethesortedblocksresideandloadblocksfrom these
locations.Swapsareperformedin memory. Whenany of the blocksis full, we
write it to disk to the locationfrom which it wasloadedandload thenext block
from disk.

solely of the � -th key. Thus, to show that the sequenceis sortedby “one-
passsorting”, it suf®ces to show that the algorithm terminatesand that upon
terminationthe � -th pointerwrites its blocksin a physicallocationthatprecedes
theblockswritten by any � pointerfor ��� � . Theorderingbetweenthepointers
is ensuredby settingthecontiguousblock of the � -th pointerto write to theexact
locationwherekeysof its typeshouldresidein thesortedsequence.This location
is derivedfrom the®rstpassin whichwecountthenumberof appearancesof each
of the � distinctkeys. Terminationis guaranteedsinceateachstepat leastoneof
thepointersencounterskeys of its type,or a swapwill beperformedandat least
oneof the pointerscanproceed.Note that sucha swap will alwaysbe possible
sinceif the � -th pointer is “stuck” on a key of type � , thenthe � -th pointerwill
necessarilyget stuckat somestep. Sinceat eachsteponeof the keys is written
andthereare � keys, thealgorithmwill terminate.

For computingthenumberof I/Os,notethatthe®rst countingpassreadseach
block onceandthusrequires

�

���	� � I/Os. All the � pointerscombinedreadand
write eachblock once,addinganother

�

�	���	� � I/Os. Finally, if the numberof
appearancesof eachdistinctkey is not anexactmultiple of � , thenevery pair of
consecutive pointersmayoverlapby oneblock at theboundaries,thusrequiring
anadditional

�

��� �	� � I/Os.

We now presentthe completeintegersortingalgorithm. We assumethat the
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sequencecontainskeys in the range "�� ����� � + where + is the numberof distinct
keys. In Section4.2 we discussthe adaptationneededif the + distinct keys are
not from this integerrange.We usetheabove “one-passsorting” procedure.The
generalideais this: Weinitially performonesortingiterationin whichwesortthe
sequenceinto +��
� ��� �	�	� keys. Weselectamappingfunction � suchthatfor all

" � � � + we have � � � 
 �

�

� +�� ��+ � , andwe apply � to every key whenthekey is
examined.Thisensuresthatweareactuallyin therangeof "������ ��� + � . Moreover, it
will createsortedbucketson disksuchthatthenumberof distinctkeys in eachof
thebucketsis roughly +
��+�� . We repeatthis procedurerecursively for eachof the
sortedblocksobtainedin this iterationuntil the wholesequenceis sorted.Each
sortingiterationis doneby calling theprocedurefor one-passsorting.We give a
pseudocodeof thealgorithmbelow, followedby ananalysisof its performance.

The integer sorting algorithm

procedure sort( ���������	��
�� � + � � � � )
+

�
� ����� � ��� �	� ��� ��
 // compute+

�

if ��+ � ��
 then
call one-passsorting � ���������	��
���� +�� � � � ��


for � � " to +
�

���!


+

���

� the � th bucket sorted
call sort �

���!


+

���

�

�

+
��+

�

��� � � ��


THEOREM 4.1. Let I be a sequenceof � keys from 
 "�� ����� � + � , let � be the
availablememoryand let � be the transferblock size. A sequenceresidingon
diskcanbesortedin-placeusingthebundlesortingalgorithm,while thenumber
of I/Os is at most �

)��

�

�������

�����
	

+�� '�
 +��

�

���

�

Proof. We®rst show thatbundlesortingresultsin asortingof theinputsequence.
Sincewe mapeachkey � to

�

� +�� ��+ � , it follows from thecorrectnessof the“one-
passsorting”, that after the ®rst call to one-passsorting, the sequencewill be
sortedsuch that for all � , keys in the range 


�

� ��� "$
 +
�

��+ � ' "����������

�

� +
�

��+ � �

precedeall keys greaterthan
�

� +�� ��+ � . Eachof theresultingrangeof keys is then
recursively sorted. After at most ���	���

������	

+ recursive iterations,the numberof
distinctkeys will belessthan +

� , in which casetheone-passsortingwill resultin
a full sortingof thesequence.
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For the number of I/Os, we can view the bundle sorting algorithm as
proceedingin levels of recursion,whereat the ®rst level of recursionbundle
sorting is applied once, at the secondlevel it is applied + � times, and at the

� -th level it is applied +��

8��


 times. The total numberof levels of recursionis
����� �

������	

+ . Eventhoughat the � -th recursive level, bundlesortingis applied+��

8��




times,eachapplicationis givena disjoint shortersequencethan � asinput, and
all applicationsof bundlesortingat the samerecursive level cover the � input
sequenceexactly once. Thus, the countingpassof all applicationsat the same
recursive level will still require

�

��� � � I/Os,andall suchapplicationswill result
in a readandwrite of eachblock, incurringanadditional

�

�	���	� � I/Os. Finally,
sincein generalthe numberof distinct keys will not be a multiple of � , there
might be an overlap of at most one block betweenevery pair of consecutive
pointersin one-passsorting. Thus,we requirean additional � ��� �	�	� I/Os for
eachapplicationof one-passsorting. One-passsortingis calledoncefor the®rst
level of recursion,+

� for thesecondlevel, and +
�

8��


 for the � -th level, andthusthe
total numberof timesthatone-passsortingis calledis

6������	� 
���


�




�




6

�

�




�

6

�

6��




6

�

�




� ��+ .
Hence,we addanadditional 
 + ��� �	� � I/Os, which resultsin thedesiredbound
on thenumberof I/Os.

4.2 Generalbundle sorting
In Section4.1 we assumedthat the input is in therange "�� ����� � + , where + is the
numberof distinct keys in the sequence.We now discusshow to constructa
mappingfunctionwhentheinput is not in this range.

In thesimplecasewheretheinput is from a universethat is not ordered,(i.e.,
thesortingis donejustto clusterkeystogether)wecansimplyselectany universal
hashfunctionasour mappingfunction. This ensuresthat thenumberof distinct
keys that will be distributed to eachbucket is fairly equal and our algorithm
performswithout any lossof performance.

For thegeneralcasewe assumethat the input is from anordereduniverse�

andconsistsof + distinct keys. We show how to constructa mappingfunction
from � to " ������� � + . More speci®cally, we needa way to mapthe keys into the
range$

" � � �	� ) ateveryapplicationof theone-passsortingprocedure.A solution
to this mappingis to build an � �	� -ary tree,whoseleavesarethe + distinctkeys
in sortedorder and eachinternal nodestoresthe minimum and the maximum
valuesof its � �	� children.Eachapplicationof one-passsortingin integersorting
correspondsto an internal nodein the tree (startingfrom the root) along with
its children, so the tree provides the appropriatemapping. This is becausein
eachrun of one-passsortingthe keys arewithin the rangeof the minimum and
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maximumvaluesstoredin thecorrespondinginternalnode,andthemappinginto
"�� ����� � � �	� is doneaccordingto therangesof theinternalnode'schildren.

Constructingthe sortedleavescanbe donevia countsort, in which we are
givenasequenceof size� with + distinctkeysandweneedtoproduceasortedlist
of the + distinctkeys andtheir counts.An easyway to do countsort is via merge
sort, in which identicalkeys arecombinedtogether(and their countssummed)
whenever they appeartogether. In eachmergesortpass,theoutputrunwill never
belongerthan + �	� blocks.Initially, therunscontainatmost � �	� blocks.After

�����

�����

� + �	��
 passes,the runswill be of length at most + �	� blocks,andafter
thatpoint thenumberof runsdecreasegeometricallyandtherunningtime is thus
linearin thenumberof I/Os. Therestof thetreecanbecomputedin at mostone
extra scanof the leaves-arrayandlower orderpost-processing.We canshow the
following:

LEMMA 4.2. ([WVI98]) A sequenceof size � consistingof + distinctkeyscan
becount-sorted,usinga memoryof size � andblock transfersize � , within an
I/O boundof

� �

�

�����

�����

+

�

�

An interestingobservationis thatby addinga countto eachleaf representing
its frequency in the sequence,and a count to eachinternal nodewhich is the
sumof the countsof its children,we caneliminatethe countphaseof the one-
passsortingprocedurein the integersortingalgorithm. Thus,thegeneralbundle
sortingalgorithmis asfollows. Initially, we usecountsortandproducethetree.
Wenow traversethetree,andoneachinternalnodewecall one-passsortingwhere
themappingfunctionis simply therangesof valuesof thenode's � �	� children.
By combiningTheorem4.1 andLemma4.2 we canprove theboundfor general
bundlesorting.

THEOREM 4.2. Let I bea sequenceof size � which consistsof + distinctkeys,
let � betheavailablememoryandlet � bethetransferblock size. Thenwecan
in-placesort I usingthebundlesortingalgorithm,while thenumberof I/Os is at
most

�	�

�

�

����� �

������	

+,' ���	� �

����� 	

+

���

�

For all + � �

� , thisboundwouldbebetterthantheboundfor integersorting.
Note that we cantraversethe treein eitherBFS or DFS. If we chooseBFS, the
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sortingwill bedoneconcurrentlyandwe getanalgorithmthatgraduallyre®nes
thesort. If wechooseDFS,wegetfully sorteditemsquickly while therestof the
itemsareleft completelyunsorted.Theoverheadwe incur by usingthemapping
will bein memory, wherewenow haveto performasearchoverthe � � � children
of the internalnodethat we aretraversingin orderto determinethe mappingof
eachkey into therange"�� ����� � � �	� . Usingasimplebinarysearchovertheranges,
theoverheadwill beanadditional�����

�

��� �	��
 memoryoperationsperkey.

5 Lower bound for external bundle sorting

In thissectionwepresenta lowerboundfor theI/O complexity of bundlesorting.
We let + be the numberof distinct keys, � be the availablememory, � be the
sizeof thesequence,� be the transferblock sizeanddifferentiatebetweentwo
cases:

1. + �	� � ���

�


�� or � � � � ���

�


�� . Weprove thelowerboundfor this caseby
proving a lower boundon bundlepermutationwhich is an easierproblem
thanbundlesorting.

2. + �	�!���

2

�


�� and � �	� ���

2

�


�� . We prove the lower boundfor this case
by proving a lowerboundonaspecialcaseof matrix transpositionwhich is
easierthanbundlesorting.

Lower bound using bundle permutation. We assumethat + � � � ���

�


�� or
� � � � �

�

�


�� and usea similar approachas in the lower boundfor general
sorting of Aggarwal and Vitter [AV88] (seealso [Vit99]). They proved the
lower boundon the problemof computingan arbitrary permutation,which is
easierthan sorting. Bundle sorting is not necessarilyharderthan computing
an arbitrary permutation,sincethe output sequencemay consistof one out of
a setof permutations,denotedasa bundle-permutation.A bundlepermutation
is an equivalenceclassof permutations,wheretwo permutationscanbe in the
sameclassif onecanbe obtainedfrom the otherby permutingwithin bundles.
Computinga permutationfrom an arbitrarybundlepermutation,which we will
referto asthebundlepermutationproblem,is easierthanbundlesorting.

LEMMA 5.1. Under the assumptionthat +
�	� � ���

�


�� or � �	� � ���

�


�� , the
numberof I/Os required in theworst casefor sorting � data itemsof + distinct
keys,usinga memoryof size � andblock transfersize� , is

	

�

�

�

���	�

�����

+

�

�



14

Proof. Given a sequenceof � data items consistingof + bundles of sizes
�


 �

�

������� � �

� 6 , thenumberof distinctbundlepermutationsis

�

�

�




�

�

�

�

�

�����

�

� 6

�

J

�

�

�����

6��

�

�

6

�

theinequalityis obtainedusingconvexity argument.
For thebundle-permutationproblem,for each�

J � we measurethenumber
of distinct orderingsthat arerealizableby at leastonesequenceof � I/Os. The
valueof � for which thenumberof distinctorderings®rst exceedstheminimum
orderingsneededto beconsideredis a lower boundon theworst-casenumberof
I/Osneededfor thebundlepermutationproblemandthusonthebundlesortingon
disks.

Initially, the numberof differentpermutationsde®nedis " . We considerthe
effect of an output operation. Therecan be at most ��� � '

�

� " full blocks
beforethe � thoutput,andhencethe � th outputchangesthenumberof permutations
generatedby at mosta multiplicative factorof ��� � '

� , which canbe bounded
trivially by � ������� .

For aninputoperation,weconsiderablockof � recordsinput from aspeci®c
block on disk. The � data keys in the block can intersperseamongthe �

keys in the internalmemoryin at most
�

�

�

� ways,so the numberof realizable
orderingsincreasesby a factorof

�

�

�

� . If the block hasnever beforeresidedin
internalmemory, thenumberof realizableorderingsincreasesby anextra factor
of �

�

, sincethekeys in theblock canbepermutedamongthemselves.This extra
contributioncanonly occuroncefor eachof the ���	� originalblocks.Hence,the
numberof distinctorderingsthatcanberealizedby somesequenceof � I/Os is at
most

���

�




�

���

�

� �������

�

�

� � �

:

�

We want to ®nd the minimum � for which the numberof realizableorderings
exceedstheminimumorderingsrequired.Hencewehave

���

�




�

���

�

� �������

�

�

�

� �

:

J

�

�

�����

6��

�

�

6

�

TakingthelogarithmandapplyingStirling'sformula,with somealgebraicmanip-
ulations,weget

�

�

����� � ' � �����

�

� �

�

	

�

� �����

+

� �

�
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By solvingfor � we get

numberof IOs �

	

�

�

�

����� �����

+

���

�

Recallthatwe assumeeither + �	� � � �

�


�� or � �	� � ���

�


�� . In eithercase,it is
easyto seethat ���	� ����� � + � ��
 ����������� ����� + 
 , which givesusthedesiredbound.

Lower bound using a specialcaseof matrix transposition. We now assume
that +
�	� � �

2

�


�� and � �	� � �

2

�


�� (the casenot handledearlier)andprove a
lowerboundonaspecialcaseof matrix transposition,which is easierthanbundle
sorting. Our proof is underthe normalassumptionthat the recordsare treated
indivisibly andthatnocompressionof any sortis utilized.

LEMMA 5.2. Under the assumptionthat + �	� � �

2

�


�� and � �	� � �

2

�


�� , the
numberof I/Os required in theworst casefor sorting � data itemsof + distinct
keys,usinga memoryof size � block transfersize � , is

	

�

�

�

���	�
�����

+

�

�

Proof. Considertheproblemof transposinga + � ����+ matrix, in which the®nal
orderof theelementsin eachrow is notimportant.Morespeci®cally, let usassume
thattheelementsof thematrixareoriginally in column-majororder. Theproblem
is to convert thematrix into row-majororder, but theplacein a row to wherethe
elementgoescanbearbitraryaslong asit is transferredto theproperrow. Each
elementthatendsup in row � canbe thoughtof ashaving the samekey � . This
problemis aspecialcaseof sorting � keys consistingof exactly ����+ recordsfor
eachof the + distinctkeys. Hence,thisproblemis easierthanbundlesorting.We
now provea lowerboundfor thisproblemof

	

�

�

�

�����
� ���

����� ��+ � ��


�

I/Os. Underour assumptionthat +
�	� �&�

2

�


�� this provesthedesiredboundfor
bundlesorting.

Wecanassumethat + � ���	� sinceotherwisebundlesortingcanbeexecuted
by usingany generalsortingalgorithm.Weassume,without lossof generality, by
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the indivisibility of recordsassumption,that thereis alwaysexactly onecopy of
eachrecord,andit is eitheron disk or in memorybut not in both. At time � , let

�

8�� , for " � � � + and " � � � ���	� , bethenumberof elementsin the � th block
on disk thatneedto endup on the � th row of thetransposedmatrix. At time � , let

�

8 bethenumberof elementscurrentlyin internalmemorythatneedto go on the
� th row in thetransposedmatrix. Weusethepotentialfunction � ��� 
���� ������� , for
all � J � . Its valueat � � � is � � � 
 � � . We de®netheoverallpotentialfunction

�
	��

to be
�
	��

�




8�� �

� �

�

8��


 '




8

� �

�

8


 �

Whenthe algorithmterminates,we have
�

8

� � for all � andthe ®nal valueof
potential

�
	��

is
�

�

��� ����� ��
 ' � � � ����� � �

If + � � , theinitial potentialis

�

�

+

�

�

+

���	�

�

+ �

� � �����

�

+

andtheinitial potentialis � otherwise(if + J � ).
Notethatourpotentialfunctionsatis®es

� � � '

�


 � � � '

�



���	� � � '

�


 J � � � 
 ' � �

�




for all ���

�

J � . Consideran outputoperationthat writes a completeblock of
size � from memoryto disk. If we write �

8 recordsthat needto go to the � th
row and therewere �

8 suchrecordsin memory, then the changein potentialis
�

8

�

� ���

8


�' � ���

8


 � � ���

8

'��

8




�

��� . Hence,outputoperationscanonly decrease
thepotentialsowe only needto considerhow muchaninput operationincreases
thepotential.

If we read during an input operationa completeblock of � recordsthat
contains�

8 recordsthat needto go to the � th row andthereare �

8 suchrecords
alreadyin memory, thenthechangein thepotentialis





��

8

�

6

� � ���

8

'��

8


 � � ���

8


 � � ���

8


 
 �

By a convexity argument, this quantity is maximizedwhen �

8

� ���	+ and
�

8

� � � � ��
���+ for each " � � � + , in which casethe changein potential
is boundedby � ����� ��� �	��
 .
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We get a lower bound on the numberof read operationsby dividing the
differenceof theinitial and®nal potentialsby theboundon themaximumchange
in potentialperread.For + � � , wegettheI/O bound

� ������� � � �����

�

6

� �����

�

�

�

�

�

�����

�����

+ �

For + J � , we gettheI/O bound

� ������� � �

� �����

�

�

�

�

�

�����

�����

� �

We have thusproveda lower boundof
	

� �����	��

����� ����� � � � � + � ��
�
 I/Os. Under
our assumptionthat + �	� � �

2

�


�� , this givesusanI/O lower boundfor this case
of bundlesortingof

	

�

�

�

���	�

�����

+

�

�

Theorem5.1for thelowerboundof bundlesortingfollows from Lemmas5.1
and5.2,sincetogetherthey coverall possibilitiesfor + , � , and � .

THEOREM 5.1. Thenumberof I/Osrequiredin theworstcasefor sorting � data
itemsof + distinctkeys,usinga memoryof size � andblock transfersize� , is

	

�

�

�

���	�

�����

+

�

�

6 The disk latency model

In this sectionwe considerthe necessarymodi®cationsin the external bundle
sorting algorithm in order to achieve an optimum numberof I/Os in a more
performancesensitive model as in [FFM98]. In this model, we differentiate
betweentwo typesof I/Os: sequentialI/Os and randomI/Os, wherethereis a
reducedcost for sequentialI/Os. We start by presentingthe model, followed
by themodi®cationsnecessaryin thebundlesortingaspresentedin Section4.2.
We also provide an additional,slightly different integer sorting algorithm that,
dependingon thesetting,mayenhanceperformanceby up to )�)�� in this model
for theintegersortingproblem.
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6.1 The model
Theonly differencebetweenthismodelandtheexternalmemorymodelpresented
in Section3 is that we now differentiatebetweencostsof two types of I/O:
sequentialand randomI/Os. We de®ne � to be the latency to move the disk
read/writeheadto a new positionduring a randomseek. We de®ne � to be the
costof readingablockof size � into internalmemoryoncetheread/writeheadis
positionedat thestartof theblock.

Theparameters� , � , and � , asbefore,arereferredto asthe�le size, memory
size, andtransferblock size, respectively, andthey satisfy " �!� � � ��� and

� � � . We will considerthe casewhere
�

� " , meaningthat thereis no
disk parallelism.It shouldbeclear, from theabove parameters,that thecostof a
randomI/O that loadsonetransferblock into memoryis � '

� andthecostof a
sequentialI/O is simply � .

6.2 Optimal bundle sorting in the disk latencymodel
Themodi®cationfor bundlesortingis basedon theobservationthat in theworst-
casescenarioof thealgorithmasdescribedin Section4.2,everyI/O in thesorting
passcanbearandomI/O. Thisis becauseweareloading ��� �	� � blocksfrom disk
into ��� �	� � bucketsandin the worst casethey may be written backin a round
robin fashionresultingsolelyin randomI/Os. However, if wedecideto readmore
blocks into eachbucket, we will increasethe total numberof I/Os, which will
resultin theworstcasewith sequentialI/Os in additionto randomI/Os.

Let � be the numberof blocksthat we load into eachbucket, whereclearly,
" �

�

� � � ��� ��
 . Thus,in eachcall to one-passsortingof bundlesortingwe
sort into ��� �
�

�

��
 � distinct keys resultingin a total of ���	�

� �

���

�

�

+ passesover
thesequence.However, we arenow surethatat least �

�

� "$
 �

� of the I/Os are
sequential.We differentiatebetweenthe I/Os requiredin theexternalcount-sort
in which we only performsequentialI/Os andthesortingpassin which we also
haverandomI/Os. UsingTheorem4.2,theperformanceis now

�	�

�

�

"

�

��� '

� �



�����
���

�

�
+ '

�

�����
�����

+

� �

I/Os,andtheoptimalvalueof � canbedeterminedvia anoptimizationprocedure.
In Section7 weshow experimentallyhow theexecutiontimevariesin this model
aswechange� .
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7 Experiments

We conductedseveral experimentswith various data setsand settings,while
changingthesizeof thedatasets� , theavailablememory � , thetransferblock
size � , and the numberof distinct items + . The datasetswere generatedby
theIBM testdatagenerator(http://www.almad en.ib m.co m/cs /qu es t ), or
takenfrom theU.S.Censusdata,andthefollowing experimentswereexecutedon
both datasources.In all our experiments,the recordsconsistedof "�� -byte keys
in "���� -byterecords.All experimentswererun on a Pentium2,300Mhz, 128MB
RAM machine.

We ®rst demonstratean importantfeatureof bundlesorting: As long asthe
number+ of distinctkeys remainsconstant,it performsthesamenumberof I/O
accessesperdisk block with no dependenceon thesizeof thedataset.This is in
contrastto generalsort algorithmssuchasmerge sort, which requiremoreI/Os
perdisk block asthesizeof thedatasetincreases.SeeFigure2: Theparameter

� was set to "�� KB and we testedfor a memoryof " MB and a memoryof
� � MB. In both thesecasesmerge sort, as expected,increasesthe numberof
I/Os per disk block asthesizeof thedatasetincreased.In contrast,bundlesort
performeda constantnumberof I/O accessesperdiskblock. As � increases,the
improvementin performancebecomessigni®cant,demonstratingtheadvantages
of bundlesorting.For instance,evenwhen + � "���� ��� , andtheavailablememory
is � � MB, the break-even point occursat � � " GB. As � increases,bundle
sortingwill performbetter. If + � � ��� , thenin thesettingabove, thebreak-even
pointoccursat �!� "�� MB, makingbundlesortingmostappealing.

The next experimentsdemonstratethe performanceof bundle sort as a
functionof + . SeeFigure3. Weset � ata®xedsizeof " GB and � at "�� KB. We
ranthetestswith amemoryof " MB and � � MB andcountedthenumberof I/Os.
We let + vary over a wide rangeof valuesfrom � to "���� ( + �*� is alwaystrue).
Sincemergesortdoesnotdependonthenumberof distinctkeys,it performedthe
samenumberof I/O accessesperdiskblock in all thesesettings.In all theseruns,
aslongas + � ��� � , bundlesortperformedbetter. When + is smallthedifference
in performanceis signi®cant.

As for the disk-latency model, we show the optimal � valuesfor various
settings.Recall that in this modelwe attribute differentcoststo sequentialand
randomI/Os. SeeFigure4. We measured� for differentratiosbetween� , the
cost of moving the disk readerto a randomlocation (the latency), and � , the
cost of readinga transferblock of size � . Parameter� also dependson the
relationbetween� and � , sowe plot � �	� on thex-axisof thegraph. As can
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Figure2: Bundlesortingvs. regularsorting(bestmergesort, for instance).The
x-axisis thesizeof thedatasetdrawn ona log-scale.They-axisis thenumberof
I/Os performedperblock of input. As canbeseen,in contrastto mergesort, the
numberof I/Os perblock in bundlesortingremainsthesamefor a constant+ as

� increases.

be seen,whenthe ratio is " , the optimalalgorithmis exactly our bundlesorting
algorithmwhichonly countsI/Os(henceit assumesthatthecostof a randomand
a sequentialI/O areequivalent).As this ratio increases,� increases,calling for a
largeradaptationof ouralgorithm.Also affecting � , but in amoremoderateway,
is � �	� . As this ratio increases,theoptimumis achievedfor a larger � .

8 Conclusions

We consideredthe sortingproblemfor large datasetswith moderatenumberof
distinctkeys,whichwedenoteasbundlesorting,andidenti®edit asaproblemthat
is inherentlyeasierthangeneralsorting. We presenteda simple,in-placesorting
algorithmfor externalmemorywhich mayprovide signi®cantimprovementover
currentsortingtechniques.We alsoprovideda matchinglowerbound,indicating
thatour solutionis optimal.

Sorting is a fundamentalproblemandany improvementin its solutionmay
have many applications. For instance,considerthe sort join algorithm that
computesjoin queriesby ®rst sortingthetwo relationsthatareto bejoined,after
which thejoin canbedoneef®ciently in only onepasson bothrelations.Clearly,
if therelationsarelargeandtheirkeysaretakenfrom auniverseof moderatesize,
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Figure3: Bundlesortingvs. regularsorting(bestmergesort, for instance).The
x-axisis thenumberof distinctkeys( + ) in thesequencedrawn onalog-scale.The
y-axisis thenumberof I/Osperdiskblock. As canbeseen,for + � ��� � , bundle
sortingperformsbetterthanmergesortandthedifferenceis largeas + is smaller.

thenbundlesortingcouldprovidemoreef®cientexecutionthangeneralsort.
It is interestingto notethatthenatureof thesortingalgorithmis suchthatafter

the � th passover thedataset,thesequenceis fully sortedinto � ��� �	�	� 


8

keys. In
effect,thesequenceis graduallysorted,whereaftereachpassafurtherre®nement
is achieved until ®nally, the sequenceis sorted. We cantake advantageof this
featureanduseit in applicationsthatbene®tfrom quick, roughestimateswhich
are graduallyre®nedas we perform additionalpassesover the sequence.For
instance,we could useit to produceintermediatejoin estimates,while re®ning
the estimatesby additionalpassesover the sequence.We canestimatethe join
aftereachiterationover thedataset,improving theestimateaftereachsuchpass,
andarriveat the®nal join afterbundlesortinghascompletely®nished.

Bundlesortingalgorithmcanbeadaptedef®ciently andin a moststraightfor-
wardwayin theparalleldiskmodel(PDM) describedin [Vit99]. Wenow assume,
in theexternalmemorymodel,that

�

� " , meaningthatwecantransfer
�

blocks
into memoryconcurrently. This is like having

�

independentparalleldisks. As-
sumethat thedatato bestoredis initially locatedon oneof thedisks. In the®rst
stepwe sort the datainto exactly

�

buckets,writing eachbucket into a distinct
disk. Next, we sort, in parallelon eachof the disks,the datasetthat wasparti-
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Figure4: Optimumbundlesorting in the disk latency model—resolving� asa
functionof � , � , and � � � .

tionedinto eachof thedisks.Exceptfor theinitial partitioningstepwe make full
utilization of theparalleldisks,thusenhancingperformanceby a factorof nearly

�

over all theboundsgivenin this paper. Note thatextendingbundlesortingto
®t the PDM modelwasstraightforward becauseof its top-down nature. Bundle
sortingcanalsobe utilized to enhancethe performanceof generalsortingwhen
theavailableworkingspaceis substantiallysmallerthantheinput set.

Bundle sorting is a fully in-place algorithm, which in effect causesthe
availablememoryto be doubledascomparedto non-in-placealgorithms. The
performancegain from this featurecan be signi®cant. For instance,even if

� � � � "������ , theperformancegainis "�� � andcanbemuchhigherfor asmaller
ratio. In somecases,anin-placesortingalgorithmcanavoid theuseof high cost
memorysuchasvirtual memory.

Weconsideredthedisk latency model,which is amoreperformance-sensitive
modelwherewedifferentiatebetweentwo typesof I/Os—sequentialandrandom
I/Os—withareducedcostfor sequentialI/Os. Thismodelcanbemorerealisticfor
performanceanalysis,andwe have shown thenecessaryadaptationin thebundle
sortingalgorithmto arriveatanoptimalsolutionin thismodel.

We have shown experimentationwith real and syntheticdata sets, which
demonstratesthatthetheoreticalanalysisgivesanaccuratepredictionto theactual
performance.
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