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Abstract.  We proposemeasuresfor compresseddata structures, in which spaceusageis mea-
sured in a data-aware manner. In particular, we consider the fundamental dictionary problem
on set data, where the task is to construct a data structure to represent a set S of n items
out of auniverseU = f0;:::;u 1g and support various querieson S. We use a well-known
data-aware measurefor set data called gap to bound the spaceof our data structures.

We describe a novel dictionary structure taking gap+ O(n log(u=n)=log n)+ O(n log log(u=n))
bits. Under the RAM model, our dictionary supports membership, rank, select, and prede-
cessorqueries in nearly optimal time, matching the time bound of Andersson and Thorup's
predecessorstructure [ATO00], while simultaneously improving upon their space usage. Our
dictionary structure usesexactly gap bits in the leading term (i.e., the constant factor is 1)
and answers queries in near-optimal time. When seenfrom the worst case perspective, we
presert the rst O(nlog(u=n))-bit dictionary structure which supports these queriesin near-
optimal time under RAM model. We also build a dictionary which requires the same space
and supports membership, select, and partial rank queries even more quickly in O(log logn)
time. To the best of our knowledge, this is the rst of a kind result which achievesdata-aware
spaceusageand retains near-optimal time.

1 Intro duction

The proliferation of data is su o cating our abilities to manageinformation. The infor-
mation cortent in many casess relatively low, and with proper represetation, there
is much potertial to save space.The newtrend of data structure designconsidersime
and spacee ciency together: The ultimate goal is to build structures that operate
in the optimal (or nearly so) time bound, while requiring the minimum amourt of
space,tuned for the particular input data.

Ideally, the spacerequired for a structure should be de ned with respect to the
Kolmogorov complexity of the data upon which the structure is built, asit is the
spaceof the smallestprogram that can generatethe input data. Unfortunately, it is
undecidablefor arbitrary input, making it an incorvenient measurefor practical use.
On the other hand, there may be simple spacemeasureghat are sensitive enoughto
capture the information in the input data set. Considerset data, which represen a
subsetS of n items from a universeU = f0;:::;u 1g. In many natural examples
of setdata, items are not purely randomly distributed amongthe universe.Examples
include IP addresseslUPC barcodes,and ISBN numbers. Thesetypesof data sets
are clusteredand items are closeto one another.

The gap measure[BMNM * 93] (described formally in Section2.2) has beenused
extensi\ely asa reasonablespacemeasuren the cortext of inverted indexesf\WMB99].
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The gapmeasurecourts the spacerequiredto encalethe distancesbetweensuccessig
items and is usually much lessthan the information-theoretic (combinatorial) lower
bounddog ; e nlog(u=n) bits.* (This boundis known asthe information-theoretic
minimum becauset is the minimum number of bits neededto di erentiate between
the | possiblesubsetsof n items out of a universeof sizeu.) A gap-style encaling
can be much smaller than dog . e bits for many of the data sets above, since it
exploits short distancesbetweenitems.

In this paper, we presern compressedrepresetations for both fully indexable
dictionaries (FID) and indexable dictionaries (ID), improving the spacerequired
by previous results without sacri cing near-optimal query time. In particular, un-
der the unit-cost RAM model, we dewelop a fully indexable dictionary (FID)|a
data structure supporting rank and selectqueries|of sizegap+ O(nlog(u=n)=logn)
+ O(nloglog(u=n)) bits, while supporting rank in time matching Andersson and
Thorup's (nearly-optimal) predecessorstructure [ATO0] and select even faster in
O(loglogn) time. For typical parameter values (hamely when n = o(u)), our fully
indexabledictionary is asymptotically equalto gap space(with a constart of 1) and
is strictly lessthan the information-theoretic minimum dlog ﬁ e bits. To our knowl-
edge, this result is the rst of its kind. Even when consideredfrom a worst-case
perspective, our data structures are the rst to take O(nlog(u=n)) bits with near-
optimal querytime. We alsodewelop an indexabledictionary (ID)|]a data structure
supporting partial rank and selectqueries|in the samenumber of bits that supports
eah query ewen faster in O(loglogn) time. This result is the rst to operate with
gap-syle boundsin spacewith time sublogarithmic in terms of the number of items
stored. Moreover, our data structures are useful in practice; we have a practical im-
plemertation and we discussalgorithmic engineeringand experimertal resultsin a
companionpaper [GHSVO0Y. Our preliminary resultsshow that gapis about 40 60%
of dog Y e for many practical data sets.

n

1.1 Comparisons to Previous Work

Previously, Jacobson[Jac89, Munro [Mun96], Brodnik et al. [BM99], Pagh [Pag99],
and Raman et al. [RRRO0Z] dewlop dictionaries that support constan-time queries.
The best amongtheseare the ID (supporting partial rank and select) and the FID
(supporting rank and select)by Ramanet al. [RRR0Z], which both support constar-
time queries,and respectively require only log , + o(n) + O(loglogu) bits and
log , + O(uloglogu=logu) + O(loglogu) bits. Theseresults seemquite strong,
asthe constart factor asseiated with the information-theoretic minimum term is 1;
unfortunately, the spaceis not boundedin a data-aware manner. Recern work by
Grossi and Sadalane [GS0g adieves an FID with constari-time queriesthat re-
quiresgap+ O(uloglogu=logu) bits of space.Still, theseFID structures do not work
well when n u, asthe o(u) term will be much (even exponenially) larger than
the information-theoretic minimum term dog ﬁ e, dwar ng any savings we want to
achieve. Considera typical exampleof maintaining a dictionary for IP lookup, storing
27 |P addresse®ut of a universeof size2®2. In this case,dog o eisroughly 345,661

! Throughout the paper, we assumethe base of the logarithm is 2.



(about 2!8) bits while their o(u) term is roughly 6:71 10° (about 2%°) bits|sev eral
ordersof magnitude larger than the information-theoretic minimum dog ﬁ e bits.

Blandford and Blelloch [BB04] recerily proposean interesting sdhemethat allows
easytransformation of any FID implemerted with O(n) pointers into another that
requiresO(gap + O(u logu) bits for any < 1.2 After the transformation, query
time is a factor of 1= slower than the original dictionary.

A fundamertal aspect of a dictionary's seart capabilities is captured by the
predecessoproblem, sincedictionaries that (implicitly) solve the predecessoprob-
lem require fundamenally more spaceand time than those that do not. Precisely
the predecessorguery determinesthe largest item in S smaller than the query.
Beame and Fich [BF99] descrike a data structure that takes O(n?logu) bits of
space so that menbership and predecessorgueries can be solved in BF (u;n) =
O(minf (loglogu)=(logloglogu); = (logn)=(loglogn)g) time. They also shav that
this bound is tight aslong aswe have only O(n°® logu) bits available 2

Anderssonand Thorup [ATO0O] provide a transformation to Beame and Fich's
data structure, improving the spaceto O(nlogu) bits and making the data structure
dynamic using exponertial seart trees. Howewer, the query time increasego
(s — )!

logn ~ loglogu . logn
loglogn’ logloglogu loglogn; loglogn + loglogu

AT (u;n) = O min

Since rank and selectcan be used to answer predecessomueries, we improve
Anderssonand Thorup's structure in terms of spacewithout sacri cing query time.
In the worst case our fully indexabledictionary comparedavorably with both Raman
et al. [RRR0Z] and Blandford and Blelloch [BB04]. With respectto the former, though
we cannot support O(1)-time queries,we have eliminated the problematic o(u) space
term. Our query time|whic h is AT (u; n)|is already closeto the optimal BF (u; n).
When comparingwith [BB04], we note that their method canbe tuned by someof the
techniquesdeweloped in our paper to achieve (1 + )gap bits of space.Howeer, this
increasegheir seard time by a multiplicativ e factor of 1= . In addition, they require
either complexRAM operationsor a decaling table that requires(potentially) much
more space.For our indexable dictionary, when comparedwith Raman et al.'s ID
structure [RRRO02], we pay a small price in the lookup time in exchangefor achieving
spaceboundsin terms of gap, which may be signi cant in practice.

2 Dictionaries and Data Aw are Measures

Let S = bhsy;:::;syi beanorderedsetof n itemsfrom auniverseU = f0;1;:::;u 19
of sizeu; that is, i < j impliess; < s;. We wart to represen S in a succinctform so
that we can also perform basic dictionary queriesin its compressedepresetation.
We de ne dictionaries more formally in Section2.1. In Section 2.2 we descrike two
measuresfor represeting the set S, motivating these as reasonablemeasuresfor
2 They only claim O(nlog((u + n)=n)) + O(u logu) bits in their paper.

3 It is this result which necessitatesRaman et al.'s FID [RRR02] o(u) spaceterm, since constant-time rank
and select queries imply constant-time predecessorqueries as well.



analyzing the spacerequired by a dictionary. We further show strong relationships
betweenthesemeasuresn Section2.3.

2.1 The Dictionary Problem

The dictionary problem appearsasa fundamenal black box in a number of applica-
tions usedto o er fastaccesgfor somequeries,evenconstari-time accessjo the data.
Someexamplesinclude su x arrays and IP lookup tries. In particular, dictionaries
are key building blocks in encaling the Burrows-Wheelertransform (BWT) of a text
succinctly and supporting fast decaling. Our interest is to exploit the great poten-
tial for a functional but compressedlictionary data structure. In someapplications,
dictionaries are the bottlened, both in terms of spaceand query time.

We descrite somefundamerial querieson setdata. Here,a2 Uand1 i n.
We de ne membel(S;a), rank(S;a), select(S;i), prank(S;a), and predS;a) below.

member(S;a) = 1if a2 S, 0 otherwise
prank(S;a) = rank(S;a) if a2 S, 1 otherwise
predS;a) = maxfsjjs; ag

rank(S;a) = fsjjsi ag
select(S;i) = s

De nition 1. An indexabledictionary (ID) representsa subsetS U and supports
the queriesprank(S;a) and select(S;i). A fully indexabledictionary (FID) represents
a subsetS U and supprts the queriesrank(S;a) and select(S;i).

Fully indexable dictionaries can solvwe predecessoqueries,and so they immediately
nd application in rich problem areasas IP lookup structures [CDG99], compressed
text indexing [GGVO03], and su x arrays [GV00]. Sometimesan item s; is assaiated
with a piece of satellite data d; and an operation to lookup s; returns the satellite
data d;. Note that this lookup canbe supported by usingrank and select operations.

2.2 The gap and trie Measures

Onewell-known method for represeting the setS is gapenading [BMNM * 93], which
is often usedin compressinginverted indexes.(We refer the readerto [WMB99] for
a detailed treatment of the various applications of this method, as well as a source
for further references.)Considerthe gapsbetweenconsecutie itemsin S, wherethe
ith gapg isequalto s; s; ;. We can now represenh the set S as the stream of

be stored using variable length encaling basedon their size. Supposewe could store
eat g in dog(g + 1)e bits. Then, the total space,which we call the gap measur, is

X
gap(S) =  dog(g + 1)e

i=1

bits. Note that a represetation of S in gap(S) bits is not decalable, sincewe needto
mark the separationbetweensuccessigitems. One popular techniqueto \mark" these
separatorss by usinga pre x codesud asthe codel[Eli75].In coding, we represen
eah g in dog(g + 1)e+ 2diogdog(g + 1)eebits, wherethe rst dogdog(g + 1)eebits



are the unary encaling of the number dogdog(g; + 1)ee the next dogdog(g + 1)ee
bits arethe binary represetation of the number dog(g + 1)e, andthe nal dog(g + 1)e
bits are the binary represemation of g.. With proper shemes,we can represeh the
streamof gapsG = gi; O; ::5; g by concatenatingthe encaling of ead g; sud that G
is uniquely decalable. We refer to theseextra bit%,of overheadbeyond gap(S) asthe
decaling overheadZ(S). For coding, Z(S) = 2 ; dogdog(g + 1)eebits.

By Jensen'sinequality,* gap(S) is maximized when all gapsg are the same.In
this case,gap(S) would require roughly nlog(u=n) bits, since ead of the n gaps
would be of sizeu=n. Z(S) is alsomaximizedin this casefor coding. Hence,Z(S) is
roughly 2n loglog(u=n) bits. Other pre x codes,sut asthe code [Eli75] and some
combination of Hu man and xed-length coding result in a somewhatdi erent Z(S).
In this paper, we usethe encaling stheme,and denotethe bit represetation of S
using this encaling by GAPS). The sizeof GAES) is JGAPS)j = gap(S) + Z(S) bits.

Another method for compressiorof S isthe pre x omissionmetha (POM) [KS02],
which is generallyusedto represen bitstrings of arbitrary length. Considerthe bit-
strings sorted lexicographically We can represeth ead bitstring with respect to the
previousbitstring by omitting the commonpre x of the two. To compressS by POM,
we think of ead item of S asits logu-length bit represetation. The POM for S can
alsobe seenasa subtree(of n leaves) of the completebinary tree on u leaves(which
is a trie). Eadh root-to-leaf path in this trie de nesanitem sin S.

Forx;y 2 S, let x y denotethe bitstring formed by omitting the commonpre x
of x and y from the bit represetation of x. To represeh S by POM, we generate

and l; = s; sj 1. Let jl;j denote the number of bits in |;. Thus, the cost of this
represemation, which we call the trie measure, is

- X] - - - - X1 - -
trie (S) = jlij = jsi + ISi Sl
i=1 i=2

which equalsthe number of edgesin the trie. Similar to the gap measure the above
represemation with trie (S) bits is not decalable asead string | isrgf variable length.
Hence,we needsomeextra bits Z{S) for decaling, which takes2 ,dogjl;je bits in
the caseof encaling. Similarly, we use TRIES) to denote the bit represetation
of S using POM, which takesjTRIES)j = trie (S) + Z{S) bits of space.

Let S + a denotethe setin which the positive integer a is added (modulo u) to

mod ug. We de ne the shifted trie measure strie(S) = min,ftrie (S + a)g, which
correspnds to the number of bits neededto compressS by POM under the "best
shift'. We denote STRIKES) to be the correspnding TRIES + a).

2.3 Relationship Between gap, trie and strie

In this section,we show a strongrelationship betweenthe gap, trie and strie measures.
For any item s;, dog(g + 1)eis always smallerthan jl;j, but jl;j could be much larger.

4 For a concave function f and x; + X» + + Xk = X, f(xi) is maximized when x; = x=k.



For example,whens; ; = 2¢ lands; = 2, jl;j = k eventhough dog(g; + 1)e= 1
We shaw that this scenariocannot occur too frequerly and prove that trie (S)
2gap(S). However, by applying a ‘random shift', sud casesare nearly eliminated. In
the following lemma, we bound trie (S) moretightly usingthis intuition. We omit the
proof of Lemma 1 due to spaceconstrairts, but it follows from a courting argumert
for the number of bits required for a particular gap g, under all possibleshifts.

Lemma 1. The trie measure onthesetS+ a, trie (S+ a), is at mostgap(S)+ 2n 2
bits on averageover all valuesof a 2 [1;u]. Thus the shifted trie measure, strie(S),
is at mostgap(S) + 2n 2

Note that jl;j is boundedon averageby dog(g; + 1)e+ 2 bits. Sincethe g,eccding over-
headis d2logjlije with the code, we canbound the total overhead2  dogjlije by
2n loglog(u=n) bits usingJensen'snequality. Thus, the spacerequiremen jSTRIES)]

is at most strie(S) + 2nloglog(u=n) + logu bits.

Fig. 1. The left hand side
shows a binary search tree
built on the items 1, 4, 8,
9, 12, 13, and 15. Beneath
that is its pre-order layout on
disk, where the arrows rep-
resert pointers to the right
subtree. The right hand side
shows the trie built on the
same items. Beneath that is
the corresponding layout on

| 4 | 1 | 13 | | | 1001| 0100| 001 ! | 101| 0 | | disk, but ead item s is en-

coded with respect to anc(s).
\_/’ \/’ \/’ \/' For instance, 8 is encoded in
the layout on the right as 0,

since anc(8) = 9 diers from
it by a single bit.

3 Binary Searchable Dictionary Representation

Despite all the dewelopmen on the POM model, the trie encaling of S does not
support time-e cien t queriesaswe would like. Klein and Shapira[KS02] usethe trie
encaling to seard in compressedlictionaries, but their searting algorithm essen-
tially consistsof a linear scanof the items in the dictionary and takesat least (n)
time. Most algorithms using gap encaling alsoneeda linear scan.In this section,we
build a binary seartable data structure BSD which resohesrank and selectqueries
in O(logn) time. We shaw that the spacerequired by this structure is gap bits plus
low-order terms. In fact, the main point of this sectionis in shaving that a binary-
searhable represetation requires about the samenumber of bits as simple linear
encaling shemes.Also, BSDOs our main building block and will be usedlater in this
paper to support fast lookup in our FID and ID dictionary structures.

The BSDstructure encalesa pre-ordertraversalof a balancedbinary seart tree T
built onthe n items of S. In Figure 1, the pre-ordertraversalfor the setSis 9,4, 1, 8,
13,12,and 15. The key point is that instead of storing ead item s; explicitly in logu
bits, we encale an item with respect to an ancestoranc(s;), de ned as follows. Let
A; be the set of all the ancestorsof s; in the binary seard tree T. Then, anc(sj) =



x 2 A; sud that Icp(s;; x) is maximized over all ancestorsin A;. We represen s; by
si anc(sj) usinglogu jlcp(si; anc(si))j bits, similar to our trie encaling. Now we
de ne the BSIS) encdling.

We usea recursiwe layout to descrite the pre-ordertraversal of the binary seard
tree of n items. Let the subsetsS, = 181, Sy, i Si=2e 11 aNd Sg = hSgn=oe+1 ; :i%; Snl
represen the left and right subtreesof the sy,-2cth item. In general,we de ne S;; =
hsi; Si+1; i1, Let anc(Sg=2¢) = 0. For BSIPS), let |BSIPS)j denotethe number of bits
neededto encale BSIPS). Then, we de ne the BSDencaling as

BSIDS) = MSgn=2e  aNC(San=2¢); JIBSHS, )j; BSOS, ); BSDSR)i :

Note that sg-2¢ anc(sg=2¢) is a variable-length string, which is stored using
coding. The term jBSIPS, )j constitutes additional overheadbut is neededin order to
jump to the right half of the setwhile seartiing. It turns out that BSDrequiresnearly
the samespaceas doesthe TRIE encaling. Next, we descrike how rank and select
functions are supported in O(logn) time using BSIPS) and analyzeits spaceusage.

In Sections4 and 5, we use BSIS) as a bladk box on O(logn) items and achieve
O(loglogn) time; in order to do so, we must be able to decale a -coded item (or
bitstring) in O(1) time in the RAM model. We assumethat the word size of the
madineis at leastlogu bits, and that we areallowedto perform addition, subtraction,
multiplication, and bitshift operationsin O(1) time. We also assumethat we can
calculate the position of the leftmost 1 of a subword x of loglogu bits in O(1) time.
(This task is equiwvalert to calculating dog(x + 1)e when the word x is seenas an
integer.) We can also easily encale and decale the  operator using bitshifts and
additions. Theseassumptionsare su cien t to allow O(1) decaling time. If this model
is not applicable, we can simulate the decaling by explicitly storing the decaling
result of every possibleloglogu-bit number in a table with logu ertries. Note that
this table takesO(logulogloglogu) bits, which is negligible overhead.

In order to support rank and select, we just needto store the singlevalue n (in
logn bits) at the beginning of the BSDto indicate how many items are stored within
the structure. Sinceour structure is a well-de ned balancedbinary tree, at any node x
with ny items, we know that the sizeof our left subtree cortains dn,=2e 1 items,
and our right subtree cortains ny,  dny,=2e items. Hence, we can compute rank
and select based upon this information. More precisely given BSDS), rank(S;a)
and select(S;i) can be computedin O(logn) time by calling the recursiwe functions
rrank(BSPS); a; 0; u; n) and rselect( BSPS); i; 0; u; n) as detailed below.
function rrank(B;a;’;r;n)

if (n= 0)return O;

X  root(B);

z decoddx; ";r);

if (z= a) return dn=2e+ 1;
else if (z< a)

return dn=2e+ rrank(BSQSr);a;z;r;n dn=2¢);
else return rrank(BSDS. );a;; z;dn=2e 1);

function rselect(B;i; ~; r;n)
X root(BSDS));
z  decod€x; ; r);
if (i = dn=2e) return z;
else if (i > dn=2e)
return rselect(BSDSg);i dn=2e;z;r;n dn=2¢);
else return rselect(BSDS, );i; *; z;dn=2e 1);

In the pseudaode, the function root(B) returns the rst encaled string in B
(i.,e., root(B) = s; and(s;)), and the function decodéx; '; r) returns the item s;
that correspnds to the root of B. The latter function can be computed by rst



determining anc(s;), which is one of * or r basedon the rst bit of root(B). Then,
si = (anc(s;) div 2Y) 2 + root(B), wherey = jroot(B)j.

We denote rank(S;a) and select(S;i) functions for BSIPS) by BSD_rank(B;a)
and BSD selet(B;i) whereB is a pointer (of logu bits) to BSIPS). We shall usethis
notation in Sections4 and 5. We now bound the spaceof our BSIDS) represetation.

Lemma 2. The BSIS) representationrequires at most trie (S) + O(n loglog(u=n))
bits and supports rank and selet in O(logn) time.

Proof. (sketch) The spaceof BSIPS) can be divided into three parts: (i) the spacefor
all s; anc(sj); (i) their decaling overhead;and (iii) the spaceto encaleall |BSDS, )j,
usedto jump to the right half of the encaing. The spacefor (i) can be shavn
to be equal to the number of edgesin the trie, which is exactly trie (S). For (ii),
the overheadis analogousto Z(S) and we can bound it by O(nloglog(u=n)) using
Jensen'sinequality. For (iii), it canbe boundedby a path recursionsum and showvn
to be O(nloglog(u=n) + n) bits. t

The above lemmasuggestshat BSPS+ a) requiresmin,fjf BSPS+ a)jg bits, which
is at most gap(S) + O(nloglog(u=n)) bits by Lemma 1. For the rest of the paper, we
assumethe BSDrepresetation for S is basedon its bestshift. We obtain the following
theorem, which is usedin constructing our data structures in Sections4 and 5.

Theorem 1 (BSD). The BSIPS) representationis a fully indexabledictionary (FID)
requiresgap(S) + O(n loglog(u=n)) bits and supports rank and selet in O(logn) time.

4 The Fully Indexable Dictionary Structure

We descrile our structure in a bottom-up way. At the bottom level, we store a BSD
dictionary for ewery log? n items from set S, ead of which can resole a rank or se-
lect query in O(loglogn) time. We also store B:f ir st_rank along with ead BSDB,
where B:fir st_rank is the rank in S of its rst item in B. We also keep an ar-
ray P[1::dn=log? ne], whereP[i] storesa pointer to the ith BSDstructure, which stores

In order to support rank, let 8 = fs;ji mod (log?n) = 1g be the set of smallest
items from ead BSD We build an instance of Anderssonand Thorup's predecessor
structure [AT00] on S, called R. To support rank, we usea lookup dictionary L from
Section 2.1 built on $ as keys with pointers to the correspnding BSDas satellite
data. We denotethe processof looking up the satellite data ass@iated with s 2 S by
L:lookup(s). Then, rank and select can be solved as follows.

function rank(S;a) function select(S;i)
s pred(R;a): i di=(log®n)e
B  L:lookup(s); B P[l;
return B:fir st_rank + BSD _rank(B; a); return BSD_selet(B;i B:firstrank + 1);

We obtain the main theorem below, along with a worst-caseanalysis, since gap
and O(n loglog(u=n)) are boundedby O(n log(u=n)).



Theorem 2. Givena setS of n items from a universe[1; u], we implementan FID
in gap(S) + O(nlog(u=n)=logn) + O(nloglog(u=n)) bits sothat rank takesAT (u; n)
time and select takes O(loglogn) time. In the worst case, our data structure takes
O(nlog(u=n)) bits of space with the sametime bounds.

5 The Indexable Dictionary Structure

In this section, we build upon our earlier approad and partition S into lower level
BSDstructures, ead of sizeat most log® n. We usea top level “distributor' structure to
accesghe correct BSDwhile answering a rank query. If the query item is not preser
in S, our top level distributor may not return any asseiated BSDtherefore,we cannot
support rank or predecessogueries.

Our top level distributor takesO(loglogn) time to return the correctBSDsinceour
partitioning schemeis somewhatmore complexthan that of our FID. Sincesearding
in an O(log n) sizeBSDstructure is similarly bounded,we cansupport partial rank and
selectqueriesin O(loglogn) time. To bound the overheadspacerequired by our top
level distributor, we limit the number of partitions to at most O(n loglogn=Ilog®n)
to match the samesecond-orderterm asin our FID. Next, we outline our top level
distributor structure, which is similar to the van Emde Boas(VEB) tree [VEBKZ77].
With this distributor structure, for any x 2 U, we can either report that x 2 S or
obtain the BSDthat might cortain Xx.

Our distributor structure is a recursiwe structure analogougso a VEB tree. Instead
of having O(loglogu) levelsof recursionasin the casefor a VEB tree, our distributor
only hash = 3loglogn levels. At the top level (Level 1), we have a singledistributor
(with parameter p = 0 to be explained shortly) to distribute all items in S. For
leveli = 1toh 1,aleveli distributor with parameterp connectsto somelLeveli+ 1
distributors, which are then usedto distribute the items recursiwely; the parameterp
indicates that all the items in the distributor sharethe same rst p bits. At the
bottom level (Level h), a Level h distributor directsthe itemsto their designatedBSD
structures. More preciselyfori = 1to h 1, aleveli distributor with parameterp =
pi works as follows:

1. Partition the items into groupsaccordingto the rst p; + logu=2' bits.
2. For eath group with more than log®n items (which we call a densegroup), the
items are passedto a Level i + 1 distributor with parameterp = p; + logu=2'.
3. For all items not in a densegroup, they are grouped together.
(a) If the number of items is at most log® n, the items are passedto a Level h
distributor with parameterp = p;.
(b) Else,the items are passedto a Level i + 1 distributor with parameterp = p;.

Theorem 3. Given a setS of n items from a universe[1; u], we implementan in-
dexabledictionary (ID) in gap(S) + O(nlog(u=n)=logn) + O(n loglog(u=n)) bits sup-
porting partial rank and selet queriesin O(loglogn) time.

6 Conclusions

In this paper, we have formalized and deweloped measuresfor analyzing the space
neededto store set data. Thesemeasuresprovide a framework for further investiga-



tion of compressediata structuring techniques. We have adhieved a fully indexable
dictionary that operatesin near-optimaltime (AT (u; n)) to support rank, select,and
predecessogueries,while taking just gap+ O(nlog(u=n)=logn) + O(n loglog(u=n))
bits of storage. Our result improves a number of existing compresseddata struc-
tures [ATO0,RRR02BB04] by reducingspaceusage while maintaining nearly-optimal
time bounds. Our gapterm hasa constart of 1, which is extremely important when
consideringspacee ciency. Equally important are the properties of the the other
spaceterms|if n = o(u), they amourt to o(log , ) bits. Also, our dictionary is the
rst that achievesO(n log(u=n)) bits of spacewithout sacri cing the querytimes. We
also provide an indexabledictionary which operatesin the samespaceand supports
queriesin O(loglogn) time.
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