A Framework for Index Bulk Loading
and Dynamization

Pankaj K. Agarwal*, Lars Arge**,
Octavian Procopiuc***, and Jeffrey Scott Vitter

Center for Geometric Computing, Dept. of Computer Science,
Due nierit,Dur m, C , S

nt i p per ein e tig te utom te met o fore tern i ing

intern memor t tructure. econier c of nce tree t t e
c or forin e ing et of point
in . e mnone mpe of ptree incu e tree , D tree ,peu o
u tree, n tree. eetree re e ne it e egree n re
t u uite for intern memor imp ement tion . Gi en n e cient p tree
con truction gorit m, e pre ent gener fr me or for utom tic o
t ining ne n mice tern t tructure. ingt i fr me or toget er
it ne gener con truction u o ing tec ni ue of in epen ent in
teret, eo t in t tructure it gu r ntee goo up te perform ncein
term of tr nfer . ur ppro c gi e coni er impro e con truction
n up te oun of e.g. tree n D tree .
Supporte rm eerc ce gr nt D , Sonfe o
ip, S gr nt , n CC n gr nt from

te .S. rei in tion Science oun tion.
Supporte inp rt t e tion Science oun tiont roug SS gr nt

gr nt n C gr nt . rtofti or one
ie 1iiting CS, mnierit of r u,Denmr .

Supporte t e tion Science oun tiont roug ree rc gr nt n
te rm eerc cet roug gr nt D . rtoft i or

one ie i iting CS, mierit of r u,Denmr .

Supporte in p rt t e tion Science oun tion t roug reerc gr nt

CC n n te rm eerc ce t roug

gr nt D . rtofti or one ie i iting CS, ni er

it of r u,Denmr .



ot int e data ase and algorit co  unities, uc attention as recently een
given to t e develop ent o O e cient data structures or inde ing point data. A
largenu er o data structures or ave een developed, re ectingt e any
different re uire ents put on suc structures s all o ten linear si e,e cient uery
o update ounds, capa ilities o answering a wide variety o ueries  ainly range
and pro i ity wueries , and si plicity. See recent surveys , , . e proposed
data structures can roug ly e divided into two classes, na ely practically used and
o ten euristics ased structures, or w ic worst case uery per or ance guarantees
canonly egiven i atall int e case, and t eoretically opti al struc
tures, w ic  ave yet to e proven practically e cient. e rst class o structures
are o ten e ternal versions o well known si ple internal e ory structures.
n t is paper, we try to co ine t e advantages o t e two classes o structures

y developing a general ec anis or o taining e cient e ternal data structures
ro a general class o si ple internal e ory structures, suc t at t e e ternal
structures are e cientint e case. Part o our result is a new general inde
construction ulk loading tec ni ue w ic is o independent interest.

n t is paper we analy e t ¢ O and space co ple ity o data structures in t e

standard two level O odel de ned y t e ollowing para eters , ,te
nu ero inputele ents, ,t enu ero ele entst at tin ain e ory,and |,
t enu ero ele entst at tin one disk lock, w ere and

One or si ply int is odel consists o reading one lock ro

disk into ain e ory or writing one lock ro ain e orytodisk. e easure
o peror anceo an algorit  or data structureist enu ero O operations it
peror sandt e a i u disk space locks it uses. or notational si plicity, we

use and to denote t e input si e and e ory si e in units o
data locks.

Aggarwal and Vitter developed opti al algorit s or sorting a set o el
e ents in e ternal e ory, in log Os. Su se uently, O e cient algo

rit s ave een developed or large nu er o pro le s. ecently, any e cient
and o ten opti al data structures ave also een developed. deally, an e ter
nal data structure s ould use linear space, locks, and answer a uery in

log Os,w ere ist enu ero ele entsreported yt e uery.

ese ounds are o tained y t e tree data structure or one di ensional range
searc ing , . or two di ensional range searc ing, - ist e esto
taina le uery ound wit linear space . Structures t at use ore t an linear
space are generally in easi le in practical applications. e er to surveys y Vitter
and Arge or re erences.

One ainc allengeint e design o e ternal inde ing data structures is o taining
good uery per or ancein adyna icenviron ent. arly structures,suc ast e grid
le ,t evarious uadtrees , ,andt e d tree , were poorly e uipped



to andle dyna ic updates. Later structures tried to e ploy various euristic tec
ni ues to preserve t e uery per or ance and space usage under dyna ic updates.
ey include t e LS tree , t e uddy tree ,t e tree ,and  tree
variants , , , , . ese data structures areotent e et ods o c oice in
practical applications, ecause t ey use linear space and reportedly per or well in
practice. owever, in a ig ly dyna ic environ ent t ey are all very uery su op
ti alin t e worst case. e tree or oley rick tree, or e a ple, is ased on
t e statically uery e cient d tree, w ic co inest e spatial uery capa ilities
ot e dtree wit t e Oe ciencyo t e tree. ile nodes in a d tree
represent rectangular regions o t e space, nodes in an tree represent so called
oley ricks , or rectangles ro w ic s aller rectangles ave een cut out. is
allows or t e underlying tree to e aintained during updates insertions . n
ortunately, a si ilar clai cannot e ade a out t e underlying d tree and t us

good uery e ciency cannot e aintained.

ecently,anu ero t eoretical worst casee cient dyna ic data structures ave
een developed. e cross tree and t e O tree ore a ple, ot uselinear
space, answer range ueriesint eopti alnu ero Os,andt ey can e updated
O e ciently. owever,t eir practical e ciency asnot een investigated, pro a ly
ecause a care ul t eoretical analysis s ows t at t eir average uery per or ance is
close to t e worst case per or ance. n contrast,t e average case per or anceo t e
d tree and t e structures ased on it is uc etter t an t e worst case per or

ance . Ot er linear space and uery and update opti al data structures ave
een designed or special types o range ueries, like or sided two di ensional
range ueries , , , and al space range ueries . e practical e ciency o

t ese structures still asto e esta lis ed.

n t e data ase literature, t e ter ulk loading is o ten used to reer to t e
process o constructing an e ternal data structure. Since ulk loading an inde us
ing repeated insertion is o ten ig ly non e cient ,t e develop ent o speciali ed

ulk loading algorit s as received a lot o attention recently. ost work on ulk
loading as concentrated ont e tree , , , , , , .Alt oug not opti

al, relatively e cient algorit s can oten e o tained y constructing an inde
level y level.

n Section o t is paper, we de ne a class o linear space trees or inde ing a set

o points in .  ese so called generali e known internal e ory data
structures like d trees, uad trees, trees ,and A trees . ealsos ow
ow a wp tree can e e ciently apped to e ternal e ory, t at is, ow it can
e stored in e ternal e ory using locks suc t at a root lea pat can e

traversed O e ciently.

n Section , we t en design a general tec ni ue or ulk loading wp trees. sing
t istec ni ueweo taint e rst O opti al ulk loading algorit s or d trees,
pseudo uad trees, trees and A trees. Our algorit s use log Os
w ereas previously know algorit s use at least log Os.



inally, in Section we descri e several tec ni ues or aking a wp tree dyna ic.
Our tec ni ues are ased on dyna i ation et ods developed or internal e ory
partial re uilding and t e logarit ic et od ut adapted or e ternal e ory.
oget er wit our ulk loading tec ni ue, t is allows us to o tain prova ly O
e cient dyna ic versions o structures like t e d trees, pseudo wuad trees,
trees, and A trees. Previously, no suc structures were known.

n t is section we present t e class o trees on w ic our ra ework can e applied.
osi pliyt e presentation, we develop t is ra ework in . All t e results can
easily e generali ed to any di ension.

A or onaset o
points in satis es t e ollowing constraints

ac node corresponds to aregion in ,calledt ee tento . ee tent
o0 t e root node is
ac non lea node  as ¢ ildren corresponding to a partition o into
disjoint regions
ac lea node stores e actly one point ro inside
. Let et e o node ,de nedast enu ero datapointsstoredint e
su tree rooted at and let et e t ancestoro . en ,

or all nodes and

e wp tree generali es a nu er o internal e ory data structures used to in

de point data sets d trees , pseudo uad trees , trees ,and A
trees are all wp trees.

e weig t condition insures t at wp trees are alanced. ntuitively, it says t at
only a constant nu  er o partition steps is re uired to o tain regions containing

a raction o0 t e points eac .
log

e rst s ow ow to store a wp tree on disk using disk locks so t at a root
lea pat can e traversed O e ciently. Starting wit t e root we 1l disk locks
wit t esu tree o tained y peror inga readt rstsearc traversal ro until

we ave traversed at ost nodes reerto igure . e recursively lock t e tree
starting in t e leaves o t is su tree. e o tained in t is way can
e viewed as a anout tree wit eac disk lock corresponding to a node. e
call t ese nodes in order to differentiate t e ro wp tree nodes. e
lea lock nodeso t e locked wp tree are potentially under ull contain less t an
wp tree nodes , and t us locks are needed to lock t e tree in t e worst case.

o alleviate t is pro le , we let certain lock nodess aret esa e disk lock. ore
precisely, i  is a non lea lock node, we reorgani e all s c ildren t at are lea
lock nodes, suc t at at ost one disk lock isnon ull. is way we only use
disk locks and since eac non lea lock node contains a su treeo eig t log
we o tain t e ollowing.



log

ede nitiono awp treee p asi est estructureo t etree oret ant egeo e
try o t e partitioning. edyna i ation et odst at will e presented in Section
can e applied to any wp tree. owever, wit out in or ation a out t e partitioning
used, we cannot uantiy t e update and uery O ounds o tained using t ese

et ods. ere ore we now restrict t e de nition o a wp tree y adding geo tric

constraints on t e e tent o a node and t e partitioning et od used. e resulting

is general enoug to enco pass all data structures t at interest us,

and at t esa eti e is restrictive enoug to alow us to prove general update, ulk
loading, and wuery ounds.

A isa wp tree in w ic eac node
satis es t e ollowing constraints

ee tento ist esett eoretic difference o two conve polygons, .
e ust e inside t e , and t e orientations
o edges or ing and ust e taken ro a constant set o directions
ee tentso t e c ildreno areo tained ro y applying t e ollowing
cuts a constant nu er o ti es
a A .Ageo etriccutisaline ,w ic asto ealonga direction
and s ould not intersect
A . A rank cut is a line along direction , w ere . Let
et eline along suc t at ote points stored in t e su tree
rootedin istot eleto . en ist e closestlineto not intersecting
t e interior o
c A . A rectangle cut can e applied to only i and are
ot at rectangles i.e.,t eratio etweent e longest and s ortest sides is at
ost . ent ecutisa atrectangle suc t at and ot
and contain at  ost points.

Like wp trees, restricted wp trees generali e internal e ory data structures like

d trees, trees, pseudo uad treesand A trees. elow we urt er discuss d
trees and trees. nt e ull paper wes ow ow pseudo uad treesand A trees
are also captured y t e restricted wp tree de nition.

ntroduced y entley , t e dtree is a classical structure or

answering range or window ueries. tis a inary tree t at represents a recursive

deco position o t e space into su spaces y eanso yperplanesort ogonaltot e
coordinate a es. n ,t e partition is y a es ort ogonal lines reer to igure

ac partition line divides t e point set into two e ual su sets. On even levels o

t e tree t e line is ort ogonal tot e a is, w ile on odd levels it is ort ogonal to



x2 x1 x3

yl

y3 .

x4 x5

tree p rtitioning. e wue o n ret ecoor in te oft e
iier. oint re tore in e e n i oc re out ine it
e ine.

t e a is. ese partitions are rank cuts , W ere isort ogonaltot e or
ais. wus,itiseasytoseet att e d treeis a restricted wp tree.

e , OT , was introduced y

Arya et al or answering appro i ate nearest neig or wueries. Like t e d tree,

t e tree is a inary tree representing a recursive deco position o t e space into

su spaces. e region associated wit a tree node is t e set t eoretic difference

o two rectangles, and wit included in , W ere t e rectangles are at,
eaning t at t e ratio etween t e longest and s ortest sides is ounded.
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D tree p rtition . Sp it no e. S rin no e.

ore precisely, a tree consists o two types o nodes and
na , t e partition is done using an a is ort ogonallinet at cutst e

longest side o so t at t e resulting rectangles are at and lies entirely inside
oneo t e reer to igure a. na , t e partition is done using a

o rat ert analine. is o liesinside and deter inest ee tento t e two
¢ ildren ist ee tent o t e inner ¢ ild and ist ee tent o t e outer
c ild reer to igure . ile split nodes reduce t e geo etricsie, t e o
used in s rink nodes is ¢ osen so astoreducet enu er o points y a actor o

y alternating split nodes and s rink nodesin t e tree, ot t e geo etricsi e and
t enu er o points associated wit eac node decrease e ponentially as we descend
aconstantnu ero levelsint e tree see or details . tiseasy toseet at
t e split node uses a geo etric cut, and t e s rink node uses a rectangle cut. nt e
ull paper we s ow t at a tree is a restricted , , wp tree.



n t is section we descri e an opti al algorit or ulk loading constructing a
locked restricted wp tree.
t is natural to ulk load a wp tree using a top down approac . or e a Dple,

to construct a d tree on  points in we rst nd t e point wit t e edian
coordinate in Os. et en distri ute t e points into two sets ased on t is
point and proceed recursively in eac set, alternating etween using t e edian
coordinate and coordinate to de ne t e distri ution. is way, eac level 0 t e
wp tree is constructed in a linear nu er o  Os, so in total we use log
Osto ulk load t e tree. is oundis a actor o log iggert ant e opti al
log ound t e sorting ound .
ntuitively, we need to construct log levels o t e wp tree instead o just

one in a linear nu er o  Os in order to o tain t is ound. oing so see s
di cult ecause o t e way t e points are alternately split y and coordinates.
evert eless, elow wes ow ow to ulk load a locked restricted wp tree, and t us

a dtree, in log Os.
osi pliy t e presentation, we present our restricted wp tree ulk loading al
gorit  only ort e two di ensional case and w en and contains only t e

two directions ort ogonal tot e coordinate a es. e detailso t e general algorit
will e given in t e ull paper.

Let e aseto points in . e rst step in constructing a locked wp
tree or is to sort t e points twice once according to t eir coordinate, and
once according to t eir coordinate. all t e resulting sets and , respectively.

e t t e recursive procedure _ is called wit and as input sets.
_ uilds a su treeo eig t log in eac recursive call, until t e input

ts in internal e ory. e ainideain t e algorit istoi poseagridont e
set o input points. e grid is co puted so t at it can e used as an esti ate o
t e point distri ution, allowing partitions to e co puted wit out reading all t e

points. ore precisely, _ starts y dividing t e current region initially
into in ~ vertical sla s and  ori ontal sla s, eac containing
points. esesla s or a grid. enu er o points in eac grid cellist en
co puted and storedina atri ,w ic iskeptin e ory. Allt ree types o cuts
can now e co puted ast using . A rank cut or anode , ore a ple is
co puted y rst ndingt esla along t at contains t e cutting line.  is can

e done wit out per or ing Os, y scanningt e entries ro in t e appropriate
order and adding t e untilt e su e ceeds . esla w eret e scanning
stoppedis . en,in Os, is scanned in order to nd t ee act cutting
line.

Aterasu tree o eigt log is uilt, and aredistri uted into sets

eac , corresponding to t e leaves o, and _ is called recursively on eac

pair o t ese sets in order to uild t e rest o t e tree.



ivide into sets, corresponding to vertical sla s , eac con
taining points. Store t e oundary coordinatesin e ory.

ivide into  sets, corresponding to ori ontal sla s , eac
containing points. Store t e oundary coordinatesin e ory.

reate a atri in e ory.Scan andco putet e grid cell counts

a is partitioned using a ort ogonal to t e a is, de
ter ine t e sla containing t e cut line using t e oundary
coordinates.

e t scan and, or eac cell , , CO pute t e counts
o su cells and o tained y splitting cell at reer to
igure . Store t ese counts in ain e ory, y splittingt e atri

into two and , containing t e rst colu ns and t e last
colu nso ,respectively colu n ro atri appears
in ot and . enlet and ,
oto .d.

is partitioned using a ort ogonaltot e a is, rstdeter ine

t esla containing t e cut line using ,t en scan to deter ine

t e e act position o t e cut line. e tsplit into and as a ove.
oto .d.

c is partitioned using a , use t e ollowing algorit  to

deter inet esideso .Let e alineort ogonal tot e longest side o

t at cuts into two at rectangles and does not intersect . sing

only t e grid cell counts, decide w et er any o t e two new regions

contains oret an points. it does, repeat t e process in t at

region. Ot erwise, t e region wit t e largest nu er o points o t e
two eco es .Scant e upto oursla st at contain t e sides o

and co putet ecountso t e su cells . ese counts will e stored in
,acell count atri or , and ,acell count atri or
oto .d.

d oreac o t e two regions constructed, create a new wp tree node. or
eac o0 t ese two nodes, deter ine its partition y repeating step , in
w ic t e role o is played y and , respectively. Stop w en
reac ing level log

. Scan and and distri ute t e points into pairs o sets ,
corresponding tot e leaves o



or eac pair o sets co putedinstep ,eit erloadt e in e ory
and construct t e re aining wp tree nodes, or,i t ey dont tin e ory,

recursively call - on
log

e value in ~ ort enu ero sla swasc osensot at all
necessary ite s t ininternal e ory. ndeed, consistso  integers, so ,

and t e wise distri ution in Step uses disk locks, so
Sorting t e points takes log Os. Once sorted, t e points are kept sorted
t roug out t e recursive calls to t e _ procedure. onsider one call to
- .Steps , and o _ are linear scans o t e input sets  and
. Step can also e peror edin Ossince  and  are distri uted into

sets.

@ (b)
in ingt eme i nuingt egri ce gri ine re e . S
cont ining i compute u ing . n re compute p itting

ong .

Step recursively co putes asu tree o eig tlog , using a different algorit
or eac 0 t et ree patition types. A geo etric or rank cut Step .a or

can e co puted in Os since sla is scanned at ost t ree ti es.
Si ilarly, a rectangle cut Step .c can also e co puted in Os. e
details o t is argu ent will e given in t e ull paper. t can also e proven t at a
rectangle cut always e ists .Su ingup overt e nodes uilt, we
o taint at Step peror s Os. Since asu treeo eig t log log
can e uiltin alinearnu ero Os one call to - ,t ecost o uilding
t e entire locked restricted wp tree is log Os.
log

n t is section we present a ra ework or aking wp trees dyna ic. e present
t ree et ods t e rst one takes advantage o t e weig t alancing property o



t e wp trees and uses partial re uilding to aintaint e tree alanced , ,andt e
ot ertwo et odsare asedont eso calledlogarit ic et od , . ilet ese
et ods are not new, we s ow ow t eir application to locked restricted wp trees
produces new dyna ic data structures or inde ing pointsin  t at are co petitive
wit or etter t an e isting data structures in ter so O per or ance.
e et od o c oice depends on t e speci ¢ application and on t e insertion,
deletion, and uery ounds. Allt ree et ods take advantageo t ei proved ulk
loading ounds o tained in t e previous section.

nt e de nition o wp trees, let et e ini u valueo t atsatis est e al
ancing condition. owever,i werela t e alancing condition y c oosing a constant
,we will e a le to per or updates wit good a orti ed co ple ity. A node

0 a wp tree is i t ereis anot er node suc t at and

n ot er words, a node is out o alancei it astoo uc weig tin

one o its descendants. Also, a node is i any node suc t at
satis es .

n order to allow dyna ic updates on a locked wp tree, we e ploy a partial

re uilding tec ni ue, used y Over ars or aintaining uad trees and d trees

alanced, and rst adaptedtoe ternal e orydatastructures y Arge and Vitter
en inserting a new point into t e data structure, we ndits placeint e appropriate
lea,and t en c eck ornodesont e pat ro t atlea tot eroott at are out o
alance. ist e ig est node on t is pat out o alance, we re uild t e w ole
su tree rooted at into a per ectly alanced tree.

— log log log
log log
eletions do not use t e partial re uilding tec ni ue. nstead, a glo alre uild
ing tec ni ue is used, w ere y t e w ole tree is re uilt during updates,
to keep it alanced. e deletion cost is 0 tained y addingt e cost o searc ing or
t e relevant lea, log , tot e glo al re uilding cost ¢ arged to t is deletion,
— log
o insert a point we rst searc or t e relevant lea using log Os, and
t en insert t e point into t at lea . Let et enodet at eco esout o alance.
e uilding t e tree rooted at takes — log Os. is re uilding
cost is ¢ arged to t e updates t at ave een peror ed on t e su tree
rooted at since t e last re uilding, resulting in an — log O cost per

update. Since we are ¢ arging t is cost to t e sa e update or eac node on t e
pat ro root tot e corresponding lea, t e resulting co ple ity o an insertion is
— log log log Os.

As tends to in nity, t e rst additive ter do inates t e insertion ound. n
practice, owever, we e pect t € e avior to e consistent wit t e second ter ,



log , ecause t e value o isin t e t ousands, t us cancelling t e effect o
t e log actor int e rst ter

An alternative et od o o taining a dyna ic locked wp tree is y adapting t e
logarit ic et od , tot ee ternal e ory setting.

e ainideain t e logarit ic et od is to partition t e set o input o jects

into log su sets o increasingsi e ,and uild a per ectly alanced data structure

oreac o t esesu sets. wueries are per or ed y ueryingeac o t e per ectly

alanced structures and co  ining t e answers. nsertion is peror ed y ndingt e

rst e pty structure , discarding all structures , and uilding ro
t e new o ject and all t e o jects stored in . oadaptt is et od to
work O e ciently, two approac escan etaken lett e t su set contain ,
or let it contain . ecallt etwo resulting et ods
and , respectively.
As entioned, t e t su set contains locks,
or points, log . wueriesareperor ed yco iningt e answers ro

t elog  structures. nsertions are also si ilar to t e internal e ory case, ut we
need to aintain a uffer lock or eac tree all insertions go into t is lock until
t e lockis ull, at w ic ti et e re uilding is per or ed using all points in t is
lock.
e ollowingt eore su ari est e oundst at we o tain using t e logarit
ic et od.

— log log
log log
log log
e proo ollowst elineso Over ars and is o itted ere, or revity. ote
t at, or realistic valueso , and , we need lesst an one O to insert a point,
a orti ed over insertions. o pared wit partial re uilding, t is et od i

proves alot t einsertion ound, ut as worse deletion and point uery per or ance.

Arge and Va ren old used t e logarit ic

et od to give an O e cient solution to t e point location pro le . n contrast

to t e version e plained a ove, in t eir et od eac set contains points, rat er

t an locks. ollowing closely t e ideas o Arge and Va ren old, we o tain anot er
dyna i ation tec ni ue ort e locked wp tree.

log log
log log

o pared wit t e previous et od,t einsertion ound ereisa actor o
igger, w ile t e deletion ound is a actor o log s aller.




e now ocus on t e two running e a ples,t e dtreeand t e tree, and
give uery and update ounds ort e wusingt et ree dyna i ation et ods.

e can e ploit a property o t e d tree partitioning et od to derive
worst case ounds ont erange uery per or ance. is will effectively give us a new
linear space data structure or inde ing large sets o points in , on w ic updates
and range ueriescan e peror ed O e ciently.

— log log log log
N — log log
log log
log log log
Let ea locked d treeusingt e dyna 1i ation et od.
e aiu eigto t eunderlying d tree is log ,ass owninLe a
osi pliyt eco putation, consider t e locked dtree ,w ic is a
locked d tree w ose underlying d tree as eig t log ,and is a
su tree o . e range uery cost on isan upper ound ort ecosto t esa e

uery on

enu ero inary nodes visited during a range uery on s
is is o tained y counting t e nodes cut y t e our edges o t e uery

rectangle - , and adding t e interior nodes , w ose corresponding re
gions arenot cut yt e uery rectangle . 00 taint enu ero lock nodes
cut y eac edge we need only o serve t at d tree nodes ro eac lock

node are cut y an a is ort ogonal line.

e proo o t e second part 0 t et eore is also a conse uence o t e a ove
considerations, since eac  d tree in t e logarit ic et od is a per ectly alanced
treeo eig t log

ote t at,in t e logarit ic et ods,t e uery ound o t e dyna ic
structure is t e sa east e ound ort e static structure, alt oug a logarit ic
nu er o trees are ueried in t e worst case.  is is true in general,i t e wuery
ound on t e static structure is polyno ial. t e uery oundont e static structure
is polylogarit ic, as in our ne t e a ple, t e ound on t e dyna ic structure
increases asy ptotically.



e tree is used in  to answer appro i ate nearest
neig or wueries. e can answer t is type o ueries using t e locked tree
O e ciently.

— log log log

— log log log
log

log log
— log log log log
log log log

Let e a locked tree using t e partial re uilding et od. e al
gorit or nding a appro i ate nearest neig or is an e ternal e ory
version o t e algorit  proposed y Aryaetal . e rst ndt elea containing
t e uery point . e t,in order to enu erate leaves ased on t eir distance ro

, we use an e ternal e ory priority ueue o nodes, w ere t e priority o a
node ist edistance etween and . erooto t e tree is initially inserted
in t e priority ueue. en we e tractt e node wit t e lowest priority ro t e

ueue and, starting ro , we descend t e tree to t e lea node closest to t e

uery point . As we descend, we insert t e si ling o eac visited node into t e pri
ority ueue. en we reac t e lea node, we co pute t e distance ro t e point
ound inside t at lea node tot e uery point . e aintain t e closest point
e searc ter inates w en t e distance etween t e current node and is igger
t an .Aryaetal ©provet att enu er o cells visited during t is
algorit  isat ost .
e uery per or ance is o tained y adding t e cost o nding t e lea node

containing tot e cost o t e actual nearest neig or nding algorit . e rstis
log . esecond is ti est ecosto deter iningt e nearest cell. nserting
an ite and e tracting t e lowest priority ite ro t e ueue takes — log
Os, using t e e ternal priority ueue y rodal and Katajainen . So t e total
cost o deter iningt e nearest cellis  — log log log .

en dyna i ation is done using t e two logarit ic et ods,eac treeo t e
orest asto e ueried, encet e added actorint e uery ound.
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