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Thispaperis a survey of our research on kinematictoler-
anceanalysisof mechanical systemswith parametricpart
tolerances.We presenta general algorithmfor planar sys-
temsand illustrate it with a designcasestudy. Thealgo-
rithm constructsa variation modelfor the system,derives
worst-caseboundson the variation, and helpsdesigners
�nd unexpectedfailure modes,such asjammingandblock-
ing. Thevariation modelis a generalizationof thecon�g-
uration spacerepresentationof nominalpart contacts.The
algorithm handlesgeneral planar systemsof curvedparts
with contactchanges,includingopenandclosedkinematic
chains.It constructsa variation modelfor each interacting
pair of parts then derivesthe overall systemvariation at
a givencon�guration by composingthepairwisevariation
modelsvia sensitivityanalysisandlinear programming. We
demonstrate the algorithm on a gear selectormechanism
in an automotivetransmissionwith 100 functionalparam-
eters. The analysis,which takes lessthan a minuteon a
workstation,indicatesthat the critical kinematicvariation
occursin third gearandidenti�es theparametersthatcause
thevariation.

1 Intr oduction

This paperdescribesour researchin kinematic tolerance
analysisof mechanicalsystems. The task is to estimate
the worst-caseor averageerror in critical systemparame-
tersdueto manufacturingvariation. This analysisplaysa
key role in improving designqualityandin reducingdevel-
opmenttime. In currentpractice,toleranceanalysisis an
imperfect,dif�cult, andtime consumingactivity. To keep
the analysisaffordableandon time, only thoseaspectsof
a designthat are presumedto be critical are considered.
Thesetypically include safety items, selectedclearances,
andareaswherepart interferencesareexpected.Unproven
assumptionsandsimpli�cations areoftenmadeto speedup
the analysis. Theselimitations causesigni�cant risks and
uncertaintiesdespitelargeanalysisefforts.

Themajorstepsin toleranceanalysisaretolerancespec-
i�cation, variationmodeling,andsensitivity analysis.Tol-
erancespeci�cation de�nes the allowable variation in the
shapesand con�gurations of the partsof a system. The
mostcommonareparametricandgeometrictolerancespec-
i�cations [16, 25]. Variationmodelingproducesmathemat-
ical modelsthatmaptolerancespeci�cationsto systemvari-
ations. Sensitivity analysisestimatesthe worst-caseand
statisticalvariationsof critical propertiesin the model for
givenpartvariations.Designersiteratethroughthesesteps
to synthesizesystemsthat work reliably andthat optimize
otherdesigncriteria,suchascostanddurability.

Thetolerancingobjectivesaretoproducedesignsthatcan
be assembledandthat function correctlydespitemanufac-
turing variation.In assemblytolerancing,generalpartvari-
ationsmustbe modeled,so geometrictolerancespeci�ca-
tionsarethenorm. Statisticalsensitivity analysisis appro-
priatebecauseguaranteedassemblyis moreexpensivethan
discardinga few defective products.Most algorithmsper-
form toleranceanalysisonthe�nal assembledcon�guration
[2], althoughrecentresearchexplorestolerancedassembly
sequencing[12] and �xturing [4]. In functional toleranc-
ing, therelevantpartvariationsoccurin functionalfeatures
whosedescriptionsareparametric.Parametrictolerances,
whicharesimplerthangeometrictolerances,arebestsuited
to capturethesevariations.Worst-caseanalysisis mostap-
propriatebecausefunctionalfailuresthatoccurafter prod-
uctdeliverycanbeunacceptable.

Our researchaddressesfunctional kinematic tolerance
analysis.Kinematictolerancingis themostimportantform
of functionaltolerancingbecausekinematicfunction,which
is describedby motion constraintsdue to part contacts,
largely determinesmechanicalsystemfunction. The task
is to computethevariationin thepartmotionsdueto vari-
ationsin the toleranceparameters.Variationmodelingde-
rivesthe functionalrelationshipbetweenthe tolerancepa-
rametersand the systemkinematic function. Sensitivity
analysisdeterminesthe variationof this function over the
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allowableparametervalues.

We illustratekinematictoleranceanalysisonanintermit-
tent gearmechanism(Figure1). The mechanismconsists
of a constant-breathcam,a follower with two pawls, anda
gearwith innerteeth.Thecamandthegeararemountedon
a �x ed frameandrotatearoundtheir centers;the follower
is free. Rotatingthe camcausesthe follower to rotatein
stepandto reciprocatealongits length(thehorizontalaxis
in the �gure). The follower engagesa geartoothwith one
pawl (snapshota), rotatesthegear57 degrees,disengages,
rotatesindependentlyfor 5 degreeswhile the geardwells
(snapshotb), thenengagesthegearwith its oppositepawl
andrepeatsthecycle(snapshotc). Themechanicalfunction
is conversionof rotary motion into alternaterotation and
dwell. Thedwell time is determinedby thegeartoothspac-
ing. Quantitative toleranceanalysisboundsthevariationin
the gearrotation,which is the critical parameterin preci-
sion indexing. Qualitative analysisdetectsfailure modes,
suchasjamming,whenonepawl cannotdisengagebecause
theotherprematurelytouchesthegear.

Creatinga variationmodelis the limiting factorin kine-
matic toleranceanalysis.In mostcases,theanalysthasto
formulateandsolve systemsof algebraicequationsto ob-
tain the relationshipbetweenthe toleranceparametersand
the kinematicfunction. The analysisgrows much harder
whenthesystemtopologychanges,that is, whendifferent
partsinteractat variousstagesof thework cycle,suchasin
the exampleabove. Contactchangesrepresentqualitative
changesin the systemfunction. They occur in the nomi-
nal functionof higherpairs,suchasgears,cams,clutches,
and ratchets. Part variation producesunintendedcontact
changesin systemswhosenominaldesignsprescribeper-
manentcontacts,suchasjoint playin linkages.Theanalysis
hasto determinewhich contactsoccurat eachstageof the
work cycle, to derive theresultingkinematicfunctions,and
to identify potentialfailure modesdueto unintendedcon-
tact changes,suchasplay, under-cutting,interference,and
jamming. Oncethevariationmodelis obtained,sensitivity
analysiscanbeperformedby linearization,statisticalanal-
ysis,or MonteCarlosimulationto quantifythevariationin
eachmode[2].

We have developeda generalkinematictoleranceanal-
ysis algorithmthat addressestheseissues[20]. The algo-
rithm constructsa variationmodel for the system,derives
worst-caseboundsonthevariation,andhelpsdesigners�nd
failure modes. The variationmodel is a generalizationof
our con�guration spacerepresentationof the nominalpart
contacts. The algorithm handlesgeneralplanar systems

(a)

(b)

(c)

Figure 1: Intermittentgear mechanism:(a) upperfollower pawl
engaged,(b) follower disengaged,(c) lower pawlengaged.
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of curved partswith contactchanges,including openand
closedkinematicchains.It analyzessystemswith 50to 100
parametersin underaminute,whichpermitsinteractivetol-
erancingof detailedfunctionalmodels.

In this paper, we survey our researchon kinematictoler-
anceanalysis[9, 19, 20, 21]. The diverseprior resultsare
presentedin an integratedmannerwith realisticexamples.
We describethecon�gurationspacerepresentation,explain
its role in toleranceanalysis,andoutlinetheanalysisalgo-
rithm for generalplanarsystems.We demonstratethe al-
gorithmon anindustrialapplication:tolerancinga gearse-
lectormechanismwith 100functionalparameters.We con-
cludewith a discussionof futurework andof applications
in pathplanningwith geometricuncertainty.

2 Previous work

Previouswork onkinematictoleranceanalysisof mechani-
cal systemsfalls into threeincreasinglygeneralcategories:
static (small displacement)analysis,kinematic(large dis-
placement)analysisof �x edcontactsystems,andkinematic
analysisof systemswith contactchanges.Staticanalysisof
�x edcontacts,alsoreferredto astolerancechainor stack-
up analysis,is themostcommon.It consistsof identifying
acritical dimensionalparameter(agap,clearance,or play),
building a tolerancechainbasedon partcon�gurationsand
contacts,and determiningthe parametervariability range
using vectors,torsors,or matrix transforms[5, 26]. Re-
centresearchexploresstaticanalysiswith contactchanges
[1, 4, 8]. Con�gurationswhereunexpectedfailuresoccur
caneasilybe missedbecausethe softwareleavestheir de-
tectionto theuser. Kinematicanalysisof �x edcontactme-
chanicalsystems,such as linkages,has beenthoroughly
studiedin mechanicalengineering[6]. It consistsof de�n-
ing kinematic relationsbetweenparts and studying their
kinematicvariation[3]. Most commercialcomputer-aided
tolerancingsystemsinclude this capability for planarand
spatialmechanisms[24]. Thesemethodsare impractical
for systemswith many contactchanges,suchas a chain
drive, andcanmiss failure modesdueto unforeseencon-
tact changes.Our methodovercomestheselimitations by
automatingvariationmodelingandanalysisfor generalpla-
narsystems.

3 Con�guration space

Wemodelnominalkinematicfunctionwithin thecon�gura-
tion spacerepresentationof rigid bodyinteraction.Con�g-
urationspaceis ageneralrepresentationfor systemsof rigid

partsthat is widely usedin robotmotionplanning[11, 15].
We constructa con�guration spacefor eachpair of inter-
actingpartsin the mechanicalsystem. The con�guration
spaceis a manifoldwith onecoordinateperpartdegreeof
freedom. Interactionsof pairs of �x ed-axes planarparts
aremodeledwith two-dimensionalspaces[18], whereasin-
teractionsbetweengeneralplanarpairs are modeledwith
three-dimensionalspaces[17]. In bothcases,pointsspecify
the relative con�guration (positionandorientation)of one
partwith respectto theother. We performcontactanalysis
by computingacon�gurationspacefor eachpair of parts.

Con�gurationspacepartitionsinto threedisjointsetsthat
characterizepartinteraction:blockedspacewheretheparts
overlap, free spacewherethey do not touch, and contact
spacewhere they touch without overlap. Blocked space
representsunrealizablecon�gurations,freespacerepresents
independentpartmotions,andcontactspacerepresentsmo-
tion constraintsdueto partcontacts.Thespaceshaveuseful
topologicalproperties.Freeandblockedspaceareopensets
whosecommonboundaryis contactspace.Contactspaceis
a closedsetcomprisedof algebraicpatchesthat represent
contactsbetweenpairs of part features. Patch boundary
curvesrepresentsimultaneouscontactsbetweentwo pairs
of partfeatures.

We illustratetheseconceptson thegear/follower pair of
the intermittentgearmechanism(Figure2). We compute
thecon�guration spaceof thegearrelative to the follower.
Thegearframeis at thecenterof theouterboundarycircle
and its � axis is horizontalin part a. The follower frame
is at the centerof the innersquarepro�le andits � axis is
parallelto the pawls. The con�guration spacecoordinates
aretheposition

�������	�

andtheorientation
 (in radians)of
thegearframein thefollower frame.

We �rst examinetwo con�guration spacesliceswhere
the gear translatesat a �x ed orientationof 
���
 and


���������� . Thedistancebetweentheseorientationsis max-
imal becausethecon�gurationspaceis 
 -periodicwith pe-
riod ������� . Freespaceis white, blockedspaceis grey, and
contactspaceis black. At 
���
 , the free spaceconsists
of threeconnectedcomponents(thecon�gurationshown in
the �gure is in the middle one). All part motionsstay in
thecomponentcontainingtheir startingcon�guration. The
complex shapeof the contactspaceencodesthe way that
thegearcanslidealongthefollower pawls. At 
�������� � ,
thefreespaceconsistsof a singlecomponent.Thecontact
curveshavechangedbecausedifferentgearteethcantouch
the follower pawls at this orientation.Thenarrow channel
betweentheupperandlower regionsis traversedwhenthe
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Figure2: Gear/followercon�guration spaceslices.

Figure 3: Detail of the gear/follower con�guration space. The
horizontalaxis is the # translation,the axis into the page the $

translation,andthevertical axisis the % rotation.

geardisengagesonepawl andengagestheother.

Thecon�gurationspaceof a pair is a completerepresen-
tation of the part contacts.Contactsbetweenpairsof fea-
turescorrespondto contactpatches(curvesegmentsin two
dimensionsand surfacepatchesin three). The patchge-
ometryencodesthemotionconstraintandthepatchbound-
ary encodesthe contactchangeconditions. Part motions
correspondto pathsin con�guration space. A path is le-
gal if it lies in freeandcontactspace,but illegal if it inter-
sectsblockedspace.Contactsoccuratcon�gurationswhere
the path crossesfrom free to contactspace,breakwhere
it crossesfrom contactto free space,andchangewhereit
crossesbetweenneighboringcontactpatches.

Figure3 shows a detailof the three-dimensionalcon�g-
urationspacewherethegeartranslatesandrotates.Thela-
belsa, b, andc mark the con�gurationsdisplayedin Fig-
ure1. Thecon�gurationfollows themotionpath(shown in
grey) up(increasing

�

) alongthehighlightedpatch,into the
page(decreasing

�

), thenleft (increasing
 ). It thenleaves
thepatch,crossesfreespace(ablackregion),andentersan-
otherpatch. (A moredetaileddescriptionof the indexing
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mechanism,including a faulty variant, appearselsewhere
[22]).

Thecon�guration spacerepresentationgeneralizesfrom
pairsof partsto systemswith morethantwo parts. A sys-
tem of & planarpartshasa ��& -dimensionalcon�guration
spacewhosepointsspecifythe & partcon�gurations.A sys-
tem con�guration is free whenno partstouch, is blocked
whentwo partsoverlap,and is in contactwhentwo parts
touchandno partsoverlap.Computingthecompletehigh-
dimensionalmechanismcon�gurationspaceis impractical.
Instead,we constructthe relevant systemcontactpatches
from thepairwisespaces.

We have developeda con�guration spacecomputation
programfor planarpairswhosepart boundariesconsistof
line segmentsandcirculararcs[17, 18]. Thesefeaturessuf-
�ce for most engineeringapplicationswith the exception
of involute gearsandprecisioncams,which arebesthan-
dledby specializedmethods[7, 14]. Theprogramcomputes
an exact representationof contactspace: a graphwhose
nodesrepresentcontactpatchesand whosearcsrepresent
patchadjacencies.Eachnodecontainsa contactfunction
thatevaluatesto zeroonthepatch,is positive in nearbyfree
con�gurations,andis negativein nearbyblockedcon�gura-
tions. Eachgrapharccontainsa parametricrepresentation
of theboundarycurvebetweenits incidentpatches.

4 Kinematic variation

We model kinematicvariation by generalizingcon�gura-
tion spacesto tolerancedparts. The contactpatchesof a
pair areparameterizedby the touchingfeatures,which de-
pendon the toleranceparameters.As the parametersvary
aroundtheir nominalvalues,the contactpatchesvary in a
bandaroundthe nominalcontactspace,which we call the
contactzone.Thecontactzonede�nes thekinematicvari-
ationin eachcontactcon�guration: everypair thatsatis�es
theparttolerancesgeneratesa contactspacethat lies in the
contactzone.Kinematicvariationsdonotoccurin freecon-
�gurations becausethepartsdonot interact.

Weillustratecontactzonesonthegear/followerpair. The
gearis parameterizedby the inner radius '�()�*�,+.-0/�121 ,
theouterradius '435�6���.- 78191 , andthe ratio :��;
.- � be-
tweenthe angularwidth of a tooth and the angularspac-
ing betweenteeth. The follower is parameterizedby the
camradius '4<9�=+�121 (which determinesthe sizeof the
inner square),the pawl thickness>?�@
.-0+�191 , and the
length AB�DCE- F8121 of the arms. The worst-caseparame-
ter variationsare GH
E- 
E�I191 . The full con�guration space
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Figure 4: Contactzonesfor gear/follower con�guration space
slices.

hasa three-dimensionalcontactzonethat is hardto visual-
ize. Instead,we examinecon�gurationspaceslices,which
have planarcontactzones(Figure4). The contactzoneis
boundedby the curves that surroundthe nominal contact
curves. Its width varieswith thesensitivity of thenominal
contactcon�gurationto thetoleranceparameters.
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Eachcontactpatchgeneratesa regionin thecontactzone
thatrepresentsthekinematicvariationin thecorresponding
featurecontact. The region boundariesencodethe worst-
casekinematicvariationover theallowableparametervari-
ations. They aresmoothfunctionsof the toleranceparam-
etersand of the part con�gurationsin eachregion. They
aretypically discontinuousat patchboundariesbecausethe
adjacentpatchesdependon differentparameters,ascanbe
seenin the gapsbetweenadjacentcontactzoneboundary
curvesin Figure4. Thevariationatboundarycon�gurations
is themaximumover theneighboringpatchvariations.The
contactzoneregions representthe quantitative kinematic
variation,while therelationsamongregionsrepresentqual-
itative variations,suchaspossiblejamming,under-cutting,
and interference.For example,the narrow channelin the
centerof freespacecanclose,which preventsthefollower
from switchingbetweenpawl contacts,becausethecontact
zonesof thechannelsidesoverlap.

The contactzone is obtainedfrom the parametricpart
modelsand the nominal contactpatches.Eachpatchsat-
is�es a contactequationJ

�K�L�M�N�




�

�;
 , which we rewrite
as J
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 to makeexplicit thedependenceon the
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Following the standardtolerancingapproximationwhich
considersonly the�rst-order effectsonkinematicvariation,
we obtainthelinearexpression
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wherethepartialderivativesof J areevaluatedat
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( is the Y th elementof O p. This equationapproxi-
matestheportionof theperturbedpatchnearthecon�gura-
tion
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with a plane.

Theleft sideof Equation2 speci�esthenormaldirection
of theperturbedcontactpatch,which is independentof the
parametervariations. The right sidespeci�es the distance
betweentheperturbedandthenominalpatch,which is the
kinematicvariation,for any allowableparametervariation

A
([Z

O

X

([Z

�

( with A
([Z


 and
�

([\

 . The worst-case

kinematicvariation(largestdistance)occurswhentheright
sideis maximalor minimal. It is maximalwhenevery term
is maximal,i.e.,when O
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otherwise.Switching
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( yieldstheminimalvalue.

The derivatives
S

JE�

S X

( measurethe sensitivity of the
contactcon�guration to the toleranceparameters.Design-
ers canmake small changesin the kinematicfunction by
changingthe parametersin accordancewith the sensitiv-
ities. The following table shows the sensitivities of the
gear/follower pair to the designparametersin the 
6�D


slice.

parameter maximum minimum average
' < 0.87 0.00 0.58
> 3.00 1.00 2.33

A 1.00 0.00 0.67
',( 1.00 0.00 0.39
'43 1.00 0.00 0.31
: 1.54 0.05 0.68

The valuesarefrom 84 contactcon�gurations. Linear in-
terpolationbetweenthesecon�gurationsapproximatesthe
entire contactspaceto threesigni�cant digits, hencethe
samplesensitivities are representative of the entire space.
Theaveragepawl thicknesssensitivity is four timesthatof
theotherparameters,which makesit a goodcandidatefor
smalldesignchanges.

The contactzonemodel generalizesfrom pairs to sys-
tems. The contactspaceis a semi-algebraicset in con-
�guration space: a collection of points, curves, surfaces,
andhigherdimensionalcomponents.As the tolerancepa-
rametersvaryaroundtheir nominalvalues,thecomponents
vary in abandaroundthenominalcontactspace,which is a
higher-dimensionalanalogof thethree-dimensionalcontact
zoneof a pair. It is impracticalto computethe full con-
tactzone,sowe sampleit at critical con�gurations. These
con�gurationscanbespeci�edby a designeror canby de-
rivedby simulatingthesystemfunctionandsamplingperi-
odically. Several simulationsmaybe neededto sampleall
theoperatingmodesof thesystem.

We computethesystemvariationat a samplecon�gura-
tion by determiningwhich pairsof partsarein contact,ob-
taining the correspondingparameterizedcontactequations
from thepairwisecon�gurationspaces,andsolvinga linear
optimizationproblem. The variablesare the part coordi-
natevariations

�

O

�

(

�

O4a
(

�

O4b
(

�

andthe toleranceparameters
X

( . Theconstraintscomefrom the tolerancesandfrom the
contactpatches.Thetolerancesprovidetwo constraintsper
parameterAc(

Z

X

(
Z
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( . We collect thecontactequations
into a vectorequation
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with x partcoordinatesandp toleranceparameters.We lin-
earizethe contactequationsaroundthe currentcon�gura-
tion andthenominalparametervaluesto get

d

xgO x
P

d

pgO p ��
 (4)

with
d

xg the Jacobianmatrix with respectto x and
d

pf
theJacobianmatrix with respectto p. This equationis the
systemanalogof Equation2. It approximatesthe portion
of the perturbedcon�guration spacenearx with a hyper-
plane. Additional constraintsmodeldriving motions,part
play, anddynamicaleffects.Theobjectivefunctionsarethe
maximaandminimaof thecoordinatevariations.We solve
onelinear programfor eachfunction to obtainthe system
variation.Thedetailsandexamplesappearelsewhere[20].

5 Casestudy: the gearselectormechanism

We have appliedthekinematictoleranceanalysisprogram
to automotivepowertraindesignwheretheshortcomingsof
the currenttoleranceanalysispracticeareacute[23]. The
ordersto purchasethetransferlines,machines,andtoolsare
placedwhenthetoleranceanalysisbegins. Whenthetoler-
anceanalysisrevealsaproblem,modi�cationsto thedesign
oftenrequirevery expensive changesto themanufacturing
process.Engineersmustconductastatisticalanalysisto de-
termineif theprobabilityof troubleis acceptable,decrease
thepart tolerances,which increasescosts,or accepthigher
warrantycostsand customerdissatisfaction. During pro-
duction,downstreamconsequencesof yet-to-bediscovered
toleranceproblemscan stop production. Many tolerance
problemsre�ect incorrectsimplifying assumptionswhere
engineersignoredan importantfeatureor wherethe geo-
metriccomplexity of theparts,their motions,andtheir in-
teractionsproducedunexpectedeffects.

We summarizethe analysisof the cam/pistonassembly
in a gearshiftmechanism.Figure 5 shows the four main
partsof thecam/pistonassembly:theroostercam,thepin,
the piston, and the valves body. Thereare threemoving
parts,eachwith onedegreeof freedom,that form two 2D
con�gurationspaces.Thecamrotatesaroundanaxisat its
center. Its angularpositionis controlledby the shift stick
(notshown). Its sidepin is mountedon thepiston's left end
andcausesit to slidebackandforth insidethevalvesbody,
whichis �x ed.Thedifferentpistonpositionsopenandclose
theconductson thevalve. Thepin, which is spring-loaded,
temporarilylocks the roostercamin oneof seven settings
labeled1, 2, 3, D, N, R, andP. Eachof the camsettings
determinesa nominalopeningof the valves. The angular

q

cam

pin
w

x

piston

valve body

1
2

3
D

N

P

R

Figure 5: CAD drawing of gear selectormechanism(top) and
cam/pin/pistonassembly(bottom).

position of the cam is determinedby the pin that pushes
thelowercampro�le. Variationsin thepin, piston,andcam
shapesandpositionsaffectthepistondisplacementandthus
thevalveopening.

Thekinematictoleranceanalysistaskis to determinethe
maximumvariationof thepistondisplacementfor eachcam
setting.It is alsoimportantto determinewhichfeaturevari-
ationscontribute the mostto the pistonvariation: the cam
axial position, its pro�le, the pin radius,or others. The
many part features,complex kinematicrelations,andcon-
tactchangesmakemanualanalysisimpractical.

We obtainedthenominalboundaryrepresentationmodel
of thegearselectorcamsubassemblyfrom Ford. We con-



8 L. Joskowicz, E. Sacks

structeda parametricmodelof thesubassemblyby adding
variationparametersto the functionalfeaturesof theparts.
For thecam,we tolerancedthe line segmentsthat form the
toothsides,thesmallarcsegmentsthatform thetoothtips,
thearcsegmentsthatconnecttheteeth,andthecircularpin
that engagesthe piston. For the piston,we tolerancedthe
two verticalsegmentsthatarein contactwith thecampin.
For thepin, we tolerancedthesingle,circularfeature.Line
segmentsweretolerancedby varyingthecoordinatesof the
two endpoints;arcsegmentsweretolerancedby varyingthe
radiusand the centercoordinates.To accountfor uncer-
taintiesin the positionof the rotationaxes,we also toler-
ancedthecentersof rotationof thecamandthepin. Since
we chosethe pistonasthe referencepart of the assembly,
therewasno needto tolerancethe orientationof its trans-
lation axis. Themodelhasin total 86 toleranceparameters
for the cam, 8 for the piston, 5 for the pin, and99 over-
all. We assignedeveryparameteranindependenttolerance
of GH
E-e� mm. Constructingthe parametricmodelsandin-
puttingthemto theprogramtook onepersontwo hours.

To determinethekinematicvariations,we computedthe
nominalcon�guration spacesandthe contactzonesof the
cam/pistonandcam/pinpairs,asshown in Figures6 and7.
Thecomputationtook about20 seconds,usinga Lisp pro-
gramrunningonanIndigo2 Workstation.In thecam/piston
zone,thepistonoffset, � , hasa worst-casevariationof be-
tween0.41mmand0.45 mm over the functional rangeof
the cam angle, b . In the cam/pinzone, the pin orienta-
tion, f , hasa worst-casevariationof between0.013radi-
ansand0.018radians.We computedthe kinematicvaria-
tion of the systemat the con�guration bg�h
.- � /�� radians,

fi�jTk
E- 
�
8
8F radians,�

�!�8�8
.- F mmwherethegearselec-
tor is in third gear(Figure5). Theworst-casevariationof �

is 0.9 mm—roughlyhalf from eachpair. Themain factors
in thecam/pistonvariationarethecamcenterhorizontalpo-
sition (25%),verticalposition(25%),toothbase� position
(25%),andthe � coordinatesof thepistonverticalsegments
(10%). The cam/pinvariationis evenly distributedamong
theparametersof thetouchingfeaturesandthepartcenters
of rotation.

6 Conclusion

We describeda kinematictoleranceanalysisalgorithmfor
mechanicalsystemswith parametricpart tolerancesand
presenteda designcasestudy. The algorithmconstructsa
variationmodelfor the system,derivesworst-casebounds
onthevariation,andhelpsdesigners�nd unexpectedfailure

q

x

-0.6 0.6
220

280

q

x

0.36 0.38
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Figure 6: Comb/pistoncon�guration spaceandcontactzonede-
tail.

modes,suchasjammingandblocking.Wehaveappliedour
programto detailedparametricmodelsof a varietymecha-
nismsincludingaGenevacampair, a35mmcamerashutter,
amovie camera�lm advance,anda micro-mechanicalgear
discriminator. In all cases,theprogramproducedusefuland
interestingqualitativeandquantitativeresults.

We plan to extendthe scopeof our algorithmto spatial
toleranceanalysisof planarsystems.Planarpairsmustbe
analyzedas spatialpairs to study axis misalignmentdue
to manufacturingvariation, assemblyerror, or wear. We
have developeda con�guration spacecomputationalgo-
rithm for spatialpairswhosepartsmove along �x ed axes
[10]. The contactzonemodelappliesto thesespaces.To
implementit, we needto programthepartialderivativesof
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Figure7: Comb/pincon�guration spaceandcontactzonedetail.

thecontactfunctions, J

�������R�

p
�

, for every type of contact,
e.g.plane/cylinder, cylinder/sphere,andcylinder/circle.We
arealsostudyingtolerancesynthesiswithin the con�gura-
tion spacerepresentationandare extendingthe algorithm
to variationalpartmodelsproducedby modernCAD tools,
suchasProEngineerandCatia.

Kinematic toleranceanalysishaspotentialrelevanceto
robotpathplanningwith uncertaingeometry. Theanalysis
providesa detailedunderstandingof how small variations
in geometryeffect nominalcontactrelations. This knowl-
edgecouldbeusefulin compliantmotionandin manipula-
tion wherethe robot plansbasedon thedomaingeometry.
The maximummaterialestimaterepresentsa singlepoint
in thecontactzone,henceprovidelessinformationthanthe

full zone. In coarsepath planning, the extra information
is probablyunnecessarybecausethe robot wantsto avoid
obstaclesrobustly, not to interactwith them.

Acknowledgments

Ralf Schultheissand Uwe Hinze collaboratedin the case
study. Sacksis supportedby NSFgrantsCCR-9617600and
CCR-9505745andby thePurdueCenterfor Computational
ImageAnalysisandScienti�c Visualization. Joskowicz is
supportedby a grant from the Authority for Researchand
Development,TheHebrew Universityof Jerusalem,Israel.
Both aresupportedby a Ford University ResearchGrant,
theFord ADAPT200project,andby grant98/536from the
IsraeliAcademyof Science.

References

[1] Eric Ballot andPierreBourdet. A computationmethodfor
the consequencesof geometricerrors in mechanisms. In
Proc.of the5th CIRPInt. Seminaron Computer-AidedTol-
erancing, Toronto,1997.

[2] K. W. ChaseandA. R.Parkinson.A survey of researchin the
applicationof toleranceanalysisto thedesignof mechanical
assemblies.Research in EngineeringDesign, 3(1):23–37,
1991.

[3] KennethChase,SpencerMagleby, andCharlesGlancy. A
comprehensive systemfor computer-aided toleranceanal-
ysis of 2d and 3d mechanicalassemblies. In Proc. of
the5th CIRPInt. Seminaron Computer-AidedTolerancing,
Toronto,1997.

[4] Jingliang Chen, Ken Goldberg, Mark Overmars, Dan
Halperin,Karl Bohringer, andYanZhuang.Shapetolerance
in feedingand�xturing. In P.K. Agarwal, L. E.Kavraki,and
M. T. Mason,editors,Robotics,TheAlgorithmic Perspec-
tive: 3rd Workshopon AlgorithmicFoundationsof Robotics
(WAFR). A. K. Peters,1998.

[5] AndréClemént,Alain Rivi �ere,PhillipeSerŕe,andCatherine
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